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664.

ON THE 16-NODAL QUARTIC SURFACE.

[From the Jouwrnal fiir die reine und angewandte Mathematik (Crelle), t. LXXX1v. (1877),
pp. 238—241.]

bl

Pror. BORCHARDT in the Memoir “ Ueber die Darstellung u. s. w.” Crelle,
t. LXXXIIL (1877), pp. 234—243, shows that the coordinates #, y, z, w may be taken as
proportional to four of the double H-functions, and that the equation of the surface
is then Gopel's relation of the fourth order between these four functions: and he
remarks at the end of the memoir that it thus appears that the coordinates z, v, z, w
of a point on the surface can be expressed as proportional to algebraic functions,
involving square roots only, of two arbitrary paramcters £, £

It is interesting to develope the theory from this point of view. Writing, as in
my paper, “ Further investigations on the double %-functions,” pp. 220—233, [663],

[a] = ad',

[b] = b¥,

[e] = cc',

[d]=dd’,

[e] = ee,

Llmr,
[4b) = @_lg.)—ﬁ (Vabfe'd'e — Na'bf odey,
ete.,

where on the right-hand sides a, b,...,d/, ... denote a—§, b—E& ...,a—§&,... (§ ¥
being here written in place of the x, &' of my paper), then the sixteen functions
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are proportional to constant multiples of the square-roots of these expressions; viz.
the correspondence is

S, = Vs, Sl =V, R, =%, R =Ny, Q=Sn Qz =D,
ivavial, VbV, ivevie, ivavidl, ivevia, VIVl
Q1=S'2, P1=S'34, P=S’m, S=—%,, -P2=Sl2) P3=S'5;
Vab\[ab], Vacvac), ad/[ad), Vaev[ael, vbcv/[bc], vbd+/[bd];
Ss=323, Q3=S'Oa R3=S’4, R2=S(,3,

Vbevbel, vedv[ed], voer/[ce], v der/[de];
where, under the signs y/, a signifies bedef, that is, be.bd.be.bf.cd.ce.cf.de.df . ef,
and ab signifies abf.cde, that is, ab.af.bf.cd.ce.de, in which expressions be, bd, ...,

ab, af, ... signify the differences b—c, b—d,...,a—b, a—f,... But in what follows,
we are not concerned with the values of these constant multipliers.

Prof. Borchardt’s coordinates z, y, z, w are
=R =Y S s Ry S = S = Py

viz. P, S, P;, S; are a set connected by Gopel’s relation of the fourth order—and
this relation can be found (according to Gopel's method) by showing that @* and R?
are each of them a linear function of the four squares P2, P2 S% Sg2 and further
that QR is a linear function of PS and P,S;; for then, squaring the expression of

QR, and for * and R? substituting their values, we have the required relation of
the fourth order between P, S, P,, S;,.

Now we have P, S, P;, 8;, @ R=constant multiples of V[ac], V[ab], [ed],
V[bd], V[b], V[c] respectively: and it of course follows that we must have the like
relations between these six quantities; viz. we must have [b], [¢] each of them a

linear function of [ac), [ab], [cd], [6d]; and moreover m v [6] a linear function of
V[ac] ¥[ab] and V[bd] V[ed].

As regards this last relation, starting from the formula

Viae] == Waefbde + Vo),
V[bd] = E—l g WVbdfu'dd +VET ace,
V{ab] = g Wabfode +Valby'ede),
V[ed] = - (WodfaBe + NTdF abe),

E...

e
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we have at once

V[ac] V[ab] = (Z:—l—f) (afde + af 'de) Nbb'd + (be’ + Vo) Vadea de),

Vb Vied] = (_E_—IE—) (dfae + df'ae) VBT + (be' + bo) Vadedde) ;

the difference of these two expressions is
]- ’ ’ o/ ’ SR AR
=Mé(ad —a,d)(fe —-fe)'\/bcbc,

where substituting for a, d, ¢, f, @, ... their values a —§ d—§ e—§ f—§& a—¢, ...

we have ad’ —a'd=(a—d)(E—&), f¢' —f'e=(f—e)(E—F); also Vbeb'c' =V[b]¥[c]; and

we have thus the required relation

As regards the first mentioned relation, if for greater generality, € being arbitrary,
we write [0]=00, that is, =(0—§)(0—&), then it is easy to see that there exists
a relation of the form

V [6] = A [ab] + B [ac] + O [bd] + D [ed],

where A+ B+ C+D=0. The right-hand side is thus a linear function of the
differences [ab]—[ac], [ab] - [bd], [ab] —[cd]; and each of these, as the irrational
terms disappear and the rational terms divide by (£—£)% is a mere linear function
of 1, £+ &, EF; whence there is a relation of the form in question. I found
without much difficulty the actual formula; viz. this is

(@=d)b=o)e-)| 1, e+f of |[6]

1, b+e¢ be |
‘ 1, a+d, ad [
=|1,¢ f & [[a,c]—‘ 1, e f, ¢f |[[abl—|1, e f, ¢of |[cd]+]| 1, ¢ [ ef |[bd],
{1, b ¢ be | 1;.7¢" bribe 1., e, i0e Lo ibeibo
11, a o adi 1, deriai o I1, aid, ad | 1, a, d, ad
11, 0 6, ¢ | 1,6, 6 ¢ 11,6 0, ¢ 11,06 6 ¢

where observe that on the right-hand side the last three determinants are obtained
from the first one by interchanging b, ¢: or a, d: or b, ¢ and @, d simultaneously: a
single interchange gives the sign —, but for two interchanges the sign remains +.
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Writing successively § =b and €=c, we obtain
(a—d)(e—f)| L, e+ f of |[b]
1, b+¢ be
1, a+d, ad

=(@—f)(b—ad)(b-e)[ac] - (¢ —b)(b—f) (d—e) [ad]

+(@—-b)(G-e(d—f)[cd]-(a—e)(b—d)(b-f)[bd];
[c]

(a—d)(e=f)| 1, e+ [, o

bt be
1, a+d, ad
=—(a—c)(c—f)(d—e)[ac] +(a—f)(c — d)(c —e)[ab]

—(a—e)(c—d)(c—f)[ed] +(a—c)(c—e) (d-f)[bd]:

which values of [b] and [¢], combined with the foregoing equation

(a—d)(e~f) V[b] V[e] = = V[ac] V[ab] + V[cd] V[bd],

give the required quartic equation between V[ac], V[ab], V[cd], V[bd).

Cambridge, 2 August, 1877.
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