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687.
NOTE ON THE FUNCTION Sa=d?(c—a) = {c(c—a)—b.

[From the Quarterly Jowrnal of Pure and Applied Mathematics, vol. xv. (1878),
pp. 338—340.]

STARTING from the general form

O B,
vz + 98
we have
(xn+1 GEE] ]_) (,y$ + 8) 4 ()VL s )\,) ('y.’l? e a) >

where ‘

1 _ a+8°+ 28y

TR s,

For the function in question

Dol iens |

LAy e

(a form which presents itself in the problem of the distribution of electricity upon
two spheres), the values of a, 8, v, & are

a=—a) B=da, y=—¢ °o=c—1b;
the equation for A therefore is

1 _a'+ (2= b = 2a%
¥ A a?b? .

or, what is the same thing,
()\, h 1)2 (az b= 62)2
_wf_ = ab? 5
39—2
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Suppose that @, b, ¢ are the sides of a triangle the angles whereof are 4, B, C;
then ¢ = a?+ b*— 2ab cos C, or we have

2
Q+TD =4 cos?C;
or, writing this under the form

1
\/()\4) + ;/(5\.) = 2 cos 0,

the value of N is at once seen to be =e%’; and it is interesting to obtain the
expression of the nth function in terms of the sides and angles of the triangle.

The numerator and the denominator are
AP+ Q,

AR 4+ S,
where
P= ANoax+B)+ (—82+B), R= A(yr+d)+ qr-—a,

=— (@+B)—r(—=%+B), S=— (y2+0)—A(yz—a).
Hence, writing the numerator and the denominator in the forms
AMr P o4 AinQ,
AR R4S,
these are
(P + Q) cosnC + (P — Q) ¢sinnC,

(R +8)cosnC+ (R—S)isinnC;
viz. they are
(A =1)(a+8)zcosnC+ (A + 1) {(a—8) z+ 2B} 7 sin nC,

(A=1)(a+8).cosnC+(N+1){2yz —(a—38) } 2 sin nC,

: A— . ; 4
or, observing that = -4_}=ztan0 and removing the common factor ¢ (A +1), they may

be written
tan C' (a + &) z cos nC + {(a — 8) # + 2} sin nC,

tan C' (a + &) . cos nC + {2yz — (a— &) }sinnC.
Substituting for a, B, v, & their values, these are
tan C {(¢® — a* — b*) = cos nC'}
tan C {(¢* — a* — b?) . cos nC

+ {(b® — a* — ¢*) z + 2a%]} sin nC,
+ {— 2¢z — (b* — @* — ¢*)} sin nC,
+{

= )
—accos B.z+ a’c }sinnC,
} sin nC,

J
= tan C {— ab cos Cz cos nC }
tan C' {— ab cos Cz cos nC } + {— cz + ac cos B
=& {— ab sin C cos nC — ac cos B sin nC} + a’ sin nC,

— ca sin nC + {ac cos B sin nC — ab sin C cos nC} ;
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or, writing herein bsin C'=csin B, these are

— acz {sin B cos nC' + cos B sin nC} + a’c sin nC,

— ¢ sinnC + ac {cos B sin nC — sin B cos nC},
whence finally
Qg = a*sin nC' — axz sin (nC + B)
asin(nC — B)— zsinnC

As a verification, writing n=1, we have

a*sin C —axsin A

iy =0 7wy ey,

bR sin 4

e sin (/

~ sin(C—B) h
0 —— e —

3 cw
sin C

or observing that
sin (C'— B)
ac——~— =
sin C

(for this is sin 4 sin (C — B)=sin?C —sin? B), we have

¢t — b2

@ (¢ —x)
¢ —b—cx

Sz =
as it should be. If in the formula for %z we write #=0, we have a formula given

in the Senate-House Problems, January 14, 1878: it was thus that I was led to
investigate the general expression.
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