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NOTE ON THE HYDRODYNAMICAL EQUATIONS.

[From the Proceedings of the Royal Society of Edinburgh, vol. Xv. (1889), pp. 342—344.]

WRrITING for shortness D = dit + uj OZJ-I- 'w;l , then if from the hydrodynamical

equations

i ot A _d(y_p
Du=g (¥ p), D=2 (v-2), Dw—(—i—z(V B),
without the aid of the equation

du dv  dw

da:+dy+dz .

we eliminate V—%’, we obtain equations not equivalint to those of Helmholtz,

d d d du  dv dw
De=(Eg+ag+ig)w ~Eg gtz &
dv dw dw du du dv
(20 %, 2= dz dy’ dae” dz’ dy da’
means of the omitted equation, agree as they should do with his equations. But
the form of the equations obtained directly by elimination as above, is an interesting
one, which it is worth while to give.

We have
dv dw d d
(d d d
d

= —-+u—+v—+wi><di)—‘iiv)
dt * ~ dx Y dz) \dz dy
d <dv dv dv dv)

"\ttt 'y

d /dw dw dw dw
+@<%+ d_+ d +wdz>

as usual), but which, transforming them by
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where the terms containing second derived functions disappear of themselves, and the
expression on the right-hand is thus

du dv‘ dvdv dwdv

de dz dzdy dz dz

dudv  do dv | dw dw
dy de  dy dy ~ dy dz

Representing for shortness the Matrix

du du
de’ dy’ dz
do do dv
de’ dy’ dz
do dw dw
de’ ‘dy’ dz

we have

” 1/ 1 d'v dU
A B il gbi
do’ dy’

dw

da’ dy’

A B0 i

by

du

@,b,c. |,and its square by | A, B, C
AL B iy
A/I, B//’ CII

b el

a/l’ b/l’ cll

dw dw) oﬁa d_v lw
: (dz’ dz’ dz

dy’ dy

’

dw

du

AI’ B/, C/ —(T_Z" Ey’ dZ &

dv
dz 2

dw
dz e

»

»

viz. the combinations which enter into the foregoing formula are

and

Cl

BII

_dvdu dvdy  dvdw
“dwdz Vdydz " dz dz’

_dwdu  dudo dvdv
Tdedy  dydy  dzdy’

and the equation thus is D(¢'—b")4 C' —B’=0; viz the three equations are

D( -b)+C —B =0,
D(a’—c)+A4"—C =0,
Db —d)+B -4 =0,

which are the equations in question.

Observe that we have
CI o BII e (a/’ bl, c//) (c’ c/, c’/) Lk ((LII’ b/l, CI/) (b’ bl’ b//)

and thence, writing

we have

P a/cl

+b'c +cc”

—a’b— b = b'e",

p=a( =b")+b(a —c)+c(b—0a),

= ac’

—ab” +a’b—dc,

CI—BI’+p=(a+bl+cvl)(cl_b//)=0’
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if a+b'+c¢’"=0; viz. this being so, (" — B” = —p, or the first equation is
D —=b")Y=p, =a(d—b)+b(a"-c)+c(b—a),

du

dy

equations of Helmholtz, if a —b"+ ¢” =0, that is, if Z—Z +

+.& Z_Z’ the first equation of Helmholtz, and we thus have the

do dw_
dy " dz

that is, DE=§ Z—Z +17
0.

The foregoing three equations D(¢'—b")+C'— B”"=0, &c., are the quaternion
f e Ldueieed dd ; !
equation (o =wu+jv+kw, V =1 e & +k R D, denotes a complete differentia-
tion),
dit VPN o= ViVic:80 V.4
of Mr M‘Aulay’s paper “Some General Theorems in Quaternion Integration,” Messenger

of Mathematics, vol. X1v. (1884), pp. 26—37; see p. 34.
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