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939.

ON A CASE OF THE INVOLUTION A4F+BG+CH=0, WHERE
4, B, C, F, ¢, H ARE TERNARY QUADRICS.

[From the Messenger of Mathematics, vol. XXI1I. (1893), pp. 182—186.]

WE have here the six conics
A'=0,B=0, C=0, F=0, G=0; H=0;

the curves AF=0 and BG =0 are quartics intersecting in 16 points, and if 8 of
these lie in a conic H =0, then the remaining 8 will be in a conic C=0. I take
the first set of eight points to be 1, 2, 3, 4, 5, 6, 7, 8; the quartics AF=0 and
BG =0 each pass through these eight points; and I assume for the moment

A =1234, F=5678; B=1256, G = 3478,

viz. that 4 =0 is a conic through the points 1, 2, 3, 4, and similarly for F, @, B.
Here H=0 is a conic through the points 1, 2, 3, 4, 5, 6, 7, 8, or attending only to
the last four points it is a conic through 5, 6, 7, 8; we have therefore a linear
relation between F, G, H, and supposing the implicit constant factors to be properly
determined, this may be taken to be ¥ + G+ H=0; the identity AF+ BG+ CH=0
thus becomes F(A4—-C)+G(B—-C)=0. We have thus F a numerical multiple of
B —C, and by a proper determination of the implicit factor we may make this relation
to be F=B-C; the last equation then gives G=C— A4, and from the equation
F+G+H=0, we have H=A — B; the six functions thus are

A, B —C, or if we please, 4 —D, B —C,
B, C-4 B 1,0 ol
0 A8 C-D, A-B,

where D is an arbitrary quadric function. The solution
(A4-D)yB-C)+(B-D)(C—-A4)+(C-D)(4-B)=0

of the involution is an obvious and trivial one.
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But the case which I proceed to consider is
A=—11234, F=5678: B=1256,G 3478
here AF=0, and BG=0, meet as before in the points 1, 2, 3, 4, 5, 6, 7, 8, and in
eight other points, say that
A=0, B=0 meet in 1, 2 and in two other points a, 3,

A=0, G=0 a 3, 4 b s %8
F = 0, .B = 0 7] 5, 6 » ”» €, E:
F = 0, G = 0 ”» 7, 8 2 2 uh 0 5

then the 8 points a, B, v, 5, € & 7, 6 will lie in a conic C = 0.

I take 7*—2z=0 for the conic H=0; for any point in this conic we have
z:y:2=1:0:86, and we may take 6,, 6,, 0,, 6,, 0;, 0;, 0,, 6; for the parameters
of the points 1, 2, 3, 4, 5, 6, 7, 8 respectively.

Write (a, b, ¢, £, g, hQz, y, 2)*=0 for the conic 4, =1234=0; therefore we have

a+b0+cl+ [0+ 9P +h0=0—-6,.0—0,.0—06,.0—06,;

or, 1t
p1m=61+92+03+94; '
Qi34 = 6.0, + 6,0, + 0,6, + 0,6, + 6,6, + 6,6,,
Tion = 0,0,0, 4 6,6,6, + 0,0,0,+ 6.6,6,,
81y = 0,0,6,6,,
then
! c=1, f=_}71234, b+g=%zm h=—17uu, =84
or, writing g=—2, we have

S103s B + Qrogy Y? + 2% — Pragg Y2 — T &Y + N (Y — 22) = 0
for the equation of the conic in question. We may without loss of generality put
A=0; and then if, in general,
O = s2® + qy* + 22 — pyz — ray,
we have A =0,,=0 for the conic A=0. And +hus the equations of the four

conics are
A =0=0, F=Q4=0; B=0=0, C=Qp=0,

or, as for shortness I write them,
A=0=0, F=Q'=0; B=0Q"=0, (=0",

viz. in Q the suffixes are 1, 2, 3, 4, in Q’ they are 5, 6, 7, 8, in Q" they are 1, 2, 5, 6,
and in Q" they are 3, 4, 7, 8.
I find that the implicit constant factors of AF and BG are 1, —1, and con-
sequently that the form of the identity is
00— 010" W (y2 s za:) C= 0’
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where € is a quadric function to be determined; or, what is the same thing, we have

(2 +qy +22—pyz —ray )2 +qy +2—pyz —rzy ),

— (@ + ¢y + 2 — p'yz —17ay) (s

"’ "

2+ Q"+ 22— pyz — " ay),

+ (2 —22) C=0.
Writing for shortness :
6+6,=a , 66,=8,
0,+6,=d , 6,0,=8,
Os+60,=a”, 6,6,=p8",
6,+6,=a", 0.6,=8",
we have :
p =q + al pl e all + all/ pll =a + a/l pll/ o al + all/
q i aal + B + BI q/ o a//alll + BN + BIU qll= aal/ + B + BII qlll =ala/ll + a/B//I + a/I/B’
r= aﬁ/+ a/B 7‘/ ) a/’BIII +aI/IBII 7‘,/ bl aIB// + a//ﬁ T”’ — a/BIlI+aI//BI
s = BBI Sl = BIIBI/I 8// = IB /! 8//I= BIBI//'

In the last-mentioned equation, the first and second lines together are a quartic

function of (z, y, 2), say the value is
= Aot + Byt + 07
+ Fy*z + G2z + Haby,
+ Iyz? + Jza*  + Kay?,
+ Latyz + May’s + Nayz,

+ Py*2® + Q%> + Ra*yp,
where after all reductions

A= ss—8"s" =0,
B= q9-47" =(af” - a"B)(d —a’
+ (@B =B (a—a") - (B'—B") (B—RB"),

C= 1-1 =)
F =-pg -pa+p'q"+9"¢ =(@a—a”) (B =B")+(« —a") (B—B"),
G= 0-0 =0, i

=—rs —7's+r"s" +1"s" =0,
d =—p=p + 9 4P =0,

= 0-0 =0,

" " o

=—qr—qr+q"r" +q"r
o _psl _pls +pl/81// +p”/s/1 8
7 I s

pr'+pr—pr" —p"'r
N=—’I‘—7",+'7‘/,+’I"///

SN
II

oy (a e alll) (B// 254 Bl) + (a/ e - al/) (BIII w2 B)’
—_ pp/ +q+ ql _p//})//I bl qll_ qlll . i 0’
e g =8 -B)(B-B")

I
Q
R 7"’)’" +qs/ +qls L 7_//7‘/// £l qllslll Al ql//sll e 0:

— @8 = a"B) (8" - 8)+(«8" ~ a"8) (8" ~ B),
— (@B~ ") (B — B") + @B’ —a'B) (B~ B"),
= @B - a"B) (@' — &)+ @A — &'B) (4" — a),
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values which satisfy

F+ N =0,
K+ L =0,
B+M+Q=0.

The quartic function is thus seen to be
= (y* — zz) (By* + Fyz - Qzz + Kay) =0,
viz. we have By®+ Fyz — Qza + Koy =0 for the equation of the conic C'=0.

Moreover, substituting for p, ¢, 7, s, &c., their values, we have finally for the
required involution

[BB2*+ (ad' + B+ B) y*+ 2 — (a + &) yz — (af + &) wy]
X[B"B"a* +(a"a" +B" +B") 2 + 22 — (" + ") yz — ("B + «”"B") wy]
— [BB"@ + (ad” + B+ B") y*+ 22— (a+ &) yz — (a” + ') wy]
X[BB 2+ (da” + B + By +2*—(d +a") yz— (B +d"B) wy],
- —m)x ( P[(ep” -a"B)(d —a")+ (@B —a"B) (a—a")—(B—-B") (B —B")]
+yz[(a—a”)(B' = B") +(« —a") (B —B")]
-z [(B—-B") (B -B")]
—ay[(aB” —a"B) (B = B")+ (@B —oa"B) (B—B")]

It will be recollected that this is the solution for the case A =1234, F=5678;
B =1256, G=3478: being that to which the present paper has reference.

Chi XIII, 45
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