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422.

ON THE GEODESIC LINES ON AN OBLATE SPHEROID.

[From the Philosophical Magazine, vol. XL. (1870), pp. 329—340.]

The theory of the geodesic lines on an oblate spheroid of any excentricity what­
ever was investigated by Legendre (9; and the general course of them is well known, 
viz. each geodesic line undulates between two parallels equidistant from the equator 
(being thus either a closed curve, or a curve of indefinite length, according to the 
distance between the two parallels): at a point of contact with the parallel the curve 
is, of course, at right angles to the meridian; say this is V, a vertex of the geodesic

line, and let the meridian through F meet the equator in Λ ; the geodesic line proceeds 
from V to meet the equator in a point A, the node, where ΛN is at most =90°; 
and the undulations are obtained by the repetition of this portion FA of the geodesic 
line alternately on each side of the equator and of the meridian.

’ Mem. de I’Inst. 1806; see also the Exer. de Galcul Integral, t. i. (1811), p. 178, and the Traite des 
Fonctions Elliptiques, t. i. (1825), p. 360.
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16 ON THE GEODESIC LINES ON AN OBLATE SPHEBOID. [422

I consider in the present paper the series of geodesic lines which cut at right 
angles a given meridian AC, or, say, a series of geodesic normals. It may be remarked 
that as V passes from the position Λ on the equator to the pole C, the angular- 
distance AN increases from a certain determinate value (equal, as will appear, to

90°, if C, A are the polar and equatorial axes respectively) up to the value 90°; 

and it thus appears that, attending only to their course after they first meet the 
equator, the geodesic normals have an envelope resembling in its general appearance 
the evolute of an ellipse (see fig. 1 and also fig. 2), the centre hereof being the point

B at the distance BA = 90°, and the axes coinciding in direction with the equator 
BA and meridian BG: this is in fact a real geodesic evolute of the meridian CA. 
The point a is, it is clear, the intersection of the equator by the geodesic line for 

which V is consecutive to the point A (so that Z BOA = 90°); and the point

γ is the intersection of the meridian GB by the geodesic line for which V is con­
secutive to the point G; and its position will be in this way presently determined. 
I was anxious, with a view to the construction of a drawing and a model, to obtain 
some numerical results in relation to a spheroid of considerable excentricity, and I 

(J
selected that for which = ⅛ (pθlar axis = ⅜ equatorial).

Before proceeding further, I remark that Legendre’s expression “ reduced latitude ” 
is used in what is not, I think, the ordinary sense; and I propose to substitute the

term “parametric latitude”: viz., in fig. 3, referring the point P on the ellipse by means 
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422] ON THE GEODESIC LINES ON AN OBLATE SPHEROID. 17

of the ordinate MPQ to a point Q on the circle, radius OK(= 0A, fig. 1), and drawing 
the normal PT, then we have for the point P the three latitudes.

normal latitude, 

central latitude, 

parametric latitude;.

viz. λ' is the parameter most convenient for- the expression of the values of the 
coordinates x, y (x = A cos λ', y = 0 sin λ') of a point P on the ellipse. The relations 
between the three latitudes are 

so that ', X are in the order of increasing magnitude. I use in like manner 
I, Γ, I" in regard to the vertex F. The course of a geodesic line is determined by the 
equation 

where λ' is the reduced latitude of any point P on the geodesic line, and α is at 
this point the azimuth of the geodesic line, or its inclination to the meridian. Hence, 
if I' be the parametric latitude of the vertex F, the equation is

(whence also, when λ'=0, α = 90°-1' that is, the geodesic line cuts the equator at 
an angle = l', the parametric latitude of the vertex). The equation in question, 
cosλ' sin α=cos l', leads at once to Legendre’s other equations : viz. taking, as above. A, G for 

and to determine the position of P on the meridian, using (instead of the parametric 
latitude λ') the angle φ determined by the equation 

and writing, moreover, s to denote the geodesic distance FP, and Λ to denote the 
longitude of P measured from the meridian GA which passes through the vertex F, 
these are 

which differential expressions are to be integrated from φ = 0; and the equations then 
determine λ', s, and Λ, all in terms of the angle φ,—that is, virtually s and Λ, the 
length and longitude, in terms of the parametric latitude λ'.

c. VII. 3
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18 ON THE GEODESIC LINES ON AN OBLATE SPHEROID. [422

Writing, with Legendre, 

also 

then the formulae become

Hence integrating from φ = 0, and using the notations F, E, ∏ of elliptic functions, 
we have 

viz, these belong to any point P whatever on the geodesic line, parametric latitude 
of vertex = I'; and if we write herein φ = 90°, then they will refer to the node N, 
or point of intersection with the equator.

The position of the point a is at once obtained by writing Γ = 0: viz. this gives 
C Cc = 0, b=l, M≈-^, n=0: the differential expressions are ds = Gdφ, άΑ. = -τάφ. Or A A

C Gintegrating from φ = 0 to φ = ^7r, we have s = J,. =

C* . i Cother, and givine∙ longitude of α = j-. ⅜τr ; or, what is the same thing, Z aOB

Writing in the formulae l', = 90°, we have c=δ, b = , - = 0 ., whence d  ≈ 0, orΔ. n
Λ = const., =⅜7r, since the geodesic line here coincides with the meridian GB↑ and 
moreover s = AE{^, φ)viz. this is merely the expression of the distance from G of 
a point P on the meridian CJ5. But we do not thus obtain the position of the point γ.

To find it we must consider a position of V consecutive to G, sa,y, l' = ^ιr-e, where 
e is indefinitely small; n is thus indefinitely large, and the integral ∏ (n, c, φ) is not 
conveniently dealt with. But it may be replaced by an expression depending on
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422] ON THE GEODESIC LINES ON AN OBLATE SPHEROID. 19

-, c, φj, where — is indefinitely small; viz. (Legendre, Fonct. Ellipt. vol. i. p. 69) 

we have

where

We thus have

where, — being small,n

And expanding also the tan~^ term, we thus have

which, in the term in { } neglecting negative powers of w, becomes

We may moreover write c 

that the formula is
and therefore so

where I retain c, b as standing for / respectively.

3—2
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•20 ON THE GEODESIC LINES ON AN OBLATE SPHEROID. [422

Writing herein λ' = 0, we have 

where the coefficient E^c — b'~F^ c is 

consequently positive; that is, Λ, the longitude of the node, is less than 90°, as it 
should be. Hence in order that Λ may be = 90°, we must have λ' negative, say, 
λ' = — μf, where μf is positive; and, observing that we may under the signs E, F 
write 90° — μ instead of 90° + √, we thus have 

that is, we must have 

viz. μ is here the parametric latitude (south) of the intersection of the meridian GB 
with the consecutive geodesic line—that is, of the point 7. As μ increases from 
0 to 90°, the left-hand side increases from 0 to ∞; and the right-hand side, beginning 
from a positive value and either attaining a maximum or not, ultimately decreases 
to 0; there is consequently a real root, which is easily found by trial.

(7Thus -τ = ⅜, <7 = ⅜V3 (angle of modulus =60°), ό = or the equation is 
A

tan ∕i' √1 — f cos’’ μ —E (90° — μ} — |.F(90° — μ}.

Using Legendre’s Table IX., we have

so that we see the required value is between 30° and 40°; and a rough interpolation 
gives the value μ' = 37° 40'. But repeating the calculation with the values 37° and 
38°, we have

whence, interpolating, μ' = 37° 55'.
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4 2 2]  O N  T H E  G E O D E SI C  LI N E S  O N  A N  O B L A T E  S P H E R OI D.  2 1

T h e  s e mi a x es of  t h e g e o d esi c e v ol ut e, m e as ur e d  a c c or di n g t o t h eir l o n git u d e a n d  
p ar a m etri c l atit u d e r es p e cti v el y, ar e t h us B a,  l o n g, of α  =  4 5 ° ; B γ,  p ar a m, l at. =  3 7 °  5 5'.  
B ut  m e as uri n g  t h e m a c c or di n g t o t h eir g e o d esi c dist a n c e,  t h e e q u at ori al r a di us Λ  b ei n g  

t a k e n =  1, w e  h a v e

=  ∙ 7 8 δ 4 0.

R e v erti n g  t o t h e g e n er al f or m ul a e f or s, Λ,  b ut  writi n g  t h er ei n J. =  1, a n d t h er ef or e 

( 7 = V 1-δ· ’; writi n g  als o φ  =  9 0 ° (t h at is, m a ki n g  t h e f or m ul a e t o r ef er t o t h e n o d e  

N  of  t h e g e o d esi c li n e), w e  h a v e  

b ut f or t h e c al c ul ati o n of t h e s e c o n d of t h es e f or m ul a e b y  m e a ns  of L e g e n dr e ’s T a bl es  
it is n e c ess ar y  t o e x pr ess ∏ X n,  c) i n t er ms of  t h e f u n cti o ns E,  F.

T h e  pr o p er  f or m ul a is gi v e n  i n F o n ct.  Elli ρt.  v ol. I. p. 1 3 7  ; vi z. t his is 

w h er e  Δ  ( h, 0)  =  √ 1  —  F-  si n ≡ θ. θ is a n a n gl e gi v e n b y t h e e q u ati o n c ot =  V w ; w e  

h a v e n  =  t a n ® I'; c o ns e q u e ntl y θ  =  9 0 °  —  Γ. S u bstit uti n g t his v al u e, e x c e pt t h at f or 

s h ort n ess I r et ai n E  ( b, θ), F( h,  θ } i n pl a c e of  E( b,  ̂ Q ∣ ° —  I' }, F  ( b, ̂ Q ° —  I' }, ∖ v q h a v e  

a n d t h e n c e 

w h e n c e

B ut

H e n c e

w w w.r ci n. or g. pl



22 ON THE GEODESIC LINES ON AN OBLATE SPHEROID. [422

and multiplying this by 

the exterior factor is 

and we have 

which is the formula I used in the calculations. It would, however, have been better 
to reduce a step further; viz. we have 

and thence 

or, finally,

It is easy with this expression of Λ to obtain the results already found for the 
extreme values Γ = 0°, Z' = 90°.

As Legendre’s Tables have for argument, not the modulus c, but the angle of the 
modulus, say χ (that is, sin χ = c = δ sin ι), it is convenient to replace Vl — sin≡ I by 
its value cos^; and the formulae thus are 

where 

and in the case intended to be numerically discussed, δ = ⅜VS, Vl — δ^ = ⅜. I take I' 
as the argument, giving it the values 0°, 10°, ... 90°, and perform the calculation as 
shown in the Table.
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422] ON THE GEODESIC LINES ON AN OBLATE SPHEROID. 23

χ, 90° -χ in degrees and decimals of a degree, to correspond with Legendre’s Tables.

where the columns marked with an * show respectively the longitude of the node, 
and the length (or distance of node from vertex), for the geodesic lines belonging to 
the different values of the argument V.
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24 ON THE GEODESIC LINES ON AN OBLATE SPHEROID. [422

The remarks which follow have reference to the stereographic projection of the 
figure on the plane of the equator, the centre of projection being the pole (say the 
South Pole) of the spheroid. It is to be remarked that if a point P of the spheroid 
is projected as above, by means of an ordinate into the point Q of the sphere radius 
OK(==OA  then projecting stereographically as to the spheroid and the sphere from 
the south poles thereof respectively, the points P and Q have the same projection. 
And it is hence easy to show that an azimuth α at a point of the meridian 
^parametric latitude λ', normal latitude λ, and therefore tan = tan is projected 

into an ansfle (a) such that

In fact in fig. 3, if we take therein OK, 00 for the axes of x, z respectively, 
and the axis of y at right angles to the plane of the paper, and if we have at P 
on the surface of the spheroid an element of length PR at the inclination α to the 
meridian PK, then if x, y, z are the coordinates of P, and xΛ-^x, + z + δ^∙ those 
of R, we have 

and thence

Now, if the meridian and the points P, R are referred by lines parallel to Oz to the 
surface of the sphere radius 0Λ, the only difference is that the ordinates z are 
increased in the ratio (7 : A ; so that if the projected angle be (a), we have 

and then projecting the sphere stereographically from its south pole, the angle in the 
projection is = (α). And according to the foregoing remark, the angle (a) thus obtained 
is also the projection of α from the south pole of the spheroid. We have thus 

which is the required relation.

The foregoing equations.
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422] ON THE GEODESIC LINES ON AN OBLATE SPHEROID. 25

determine in the stereographic projection the inclination (a) to the radius, or projection 
of the meridian, of the geodesic line (parametric latitude of vertex = l'} at the point 
the parametric latitude of which is =λ'; viz. they enable the construction (in the 
projection) of the direction of the successive elements of the geodesic line. There 
would be no difficulty in performing the construction geometrically; but it would, 
I think, be more convenient to calculate (a) numerically for a given value of l' and 
for the successive values of λ'. Observe that for λ' = 0 we have (as above) 90° — α = l', and 
then = 2“*^ consequently tan (a) = cot l': but we have also cot l' = cot I,

sm λ tan λ √1 ' 2l G
so that this equation becomes tan (a) = cot I, or we have 90° — (a) = Z; viz. in the 
projection, the geodesic line cuts the equator at an angle Z = the normal latitude of 
the vertex of the geodesic line.

The preceding formulae and results have enabled me to construct a drawing, on 
a large scale, of the stereographic projection of the geodesic lines for the spheroid, 
polar axis =⅜ equatorial axis.
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