CHAPTER XVIIL

RECTIFICATION (II1.). MISCELLANEOUS THEOREMS.

621. Arc of an Inverse Curve.
Let s and §" be the corresponding arcs of a curve and of its
inverse with regard to a fixed point O, the constant of inver-

sion being k. Q
Q
ﬁ ﬁp P
o
Fig. 167.

Then if P, @ be points on the curve and P’, ' the inverse

points, we have 350) P .
PO == 0P .%Q' (See Diff. Calc., p. 174.)
And ultimately, when @ and ¢ are made to travel along their

respective paths to ultimate coincidence with P and P,

dsl=k2(;lT:}
- , ds
€. =i P CRRTR R IPIC RPN (1)

giving the arc of the inverse in terms of elements of the
original curve.

622. Modifications for Various Coordinate Systems.

This formula may be modified as required for different
systems of coordinates, and with the usual notation, we have
for polars, the inversion being with regard to the pole,

kzj’vd’“’“’zd@z_;zf I )zdé). ......... @)

df
R S0, o ds Kasdiniaisnas) 3
a1 i 3
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644 CHAPTER XVIIL

Again, we may write
1 ds

§=R|S i =REdy, .

Ry

i.e. as a formula suitable for tangential polars,

or for pedal equations,

s_kj 98 oo it =kZI L AP

2 o 7‘2008¢ q-/1-2_p3

and for Cartesians,

da®+ dy j V ZZ)

8 —I z2 +y z2 AE y2 Ly cosesssessase
the inversion being with regard to the origin ;

’ LY, dz? + dyi
or 8 = k2

if the inversion is with regard to the point (a, b).

623. Illustrative Examples.
1. Consider the arc of the inverse of the parabola

p=ar (or 27&=l+cos 0)

with regard to the focus? ze. a cardioide.

Here
dr dr du : 1
=2 =k’f FIOTny T DS A O
n. ralri— p? ra/ri—ar s Ni—aw itr w
2
2k 1- au—zismg

(m ) Teesessissssssssssrestsresananns

2. Rectification of the inverse with regard to the centre of the first

negative pedal of an ellipse with regard to the centre.

The ellipse being 2?/a’+y%/b?=1, the first negative pedal is the enve-

lope of n
Sl 1 _cos?y | sin?y
zcosY+ysiny=p, where p”_TJ" o

Hence the tangential polar equation is
guilist
Na? sin?y + b2 cos?y
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ARC OF AN INVERSE CURVE. 645

Differentiating we have

L AR i 0 o e

d (a?siny+ b2 cos? )t

dipil ab(a?—b) b%costy) —a?sinty) — 2(a® - b?) sin®Y cos®yp

ay* (a?sin?y + b2 cos? ;/;)1"' 4
whence

112(2002 b?) sin?y + b2(26% — a?) cos®y
P + d‘P
(a?sin?y + b2 cos? t/«)ar

and

970 atsin?y 4 b cos?P

dp\? _
+(&7) = OO sy P oty

Hence

, ab  [a%(2a®— b?) sin®y + b2(282 — a2) cos?Y) ) ——s—r——5 7
- 'F=.[ ( azsin2$+b‘(cos?¢ = ¢Ja2g1n2¢+bzcosz¢d¢
a?b? g o Y
= ( TSty + 5% oot ¢) ~a?sin?y + b2 cos?y dyp
=f[2 Va?sin® § + b cos?)
__a’h? (a* sin?y + b* cos® Y +a?b?) ] "
a®+b% (af sin? ) + b cos?yy)a/a? sin?yf + b2 cos?y.

Hence if e be the eccentricity of the ellipse, and the integration be

taken from i to ;—r and if x be the complement of , we have

v=2[ 2, -0 11(x, o, t-209|.

This curve therefore requires all three kinds of the Legendrian integrals
for its rectification.
Note for the first negative central pedal of an ellipse that we have
incidentally
a%(2a2 — b?) sin?y + b2 (2b% — a?) cos?y |
(a? sin2y +b? cos?y)t i

atsin?y +bicos?’y |
(a?sin?y + b2 cos? )3’

M  p=ab

@) 12 =a%?

3) fpz df =fp;fd¢ =3ab tan“‘(% tan \[a)—(az2 +0?) tan“(%ﬁt&n 1/»);

@) f pdy= bfw Jl_ezmw— o[ «/l—e-sm- —bF(x, o)
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646 CHAPTER XVIIL

3. Central inversion of epi- or hypo-cycloids.
Here p=Asin By, where A4d=a+2b,
a See Diff. Cale., Art. 410

“a+2b
b e TP

=k %ﬂ,

d¢’
2+(ag)

i Fig. 168.
goppf AQ-B)sinBydy =, A(B*—1)sin By dy
7 Jo 421 — (1 - B%)cos? By}’ o AX{1+(B*—1) cos? By}
_® 1 0) for the inverses of epi-
=51~ B[ tanh1 (/= Bicos B‘p)lh} —
B N & ¥ for the inverses of hypo-
or = H’JB“ -1 [tan 1(JBE=1 cos B¢)]o Cyclbica

Eg. in the case of the inverse of the cardioide with regard to the centre
of the fixed circle a=b, _A=3a, B=},

3 = 2k32;/§ l:tanh‘l(?%g cos ‘k)]:

3
In the case of the inverse of the three-cusped hypocycloid

b=—}a, A=§, B=3,

; 2k NOT £5 — ¥
O [_tau (2+/2 cos 3\/1)]0 P

Note that these inverses are such that their arcs are expressible
logarithmically if derived from epicycloids, or by means of circular
functions if derived from hypocycloids.

4. Inverse of the parabola y?=4ax with regard to the point z= —3a,
y=0.

The general problem for any point on the axis is discussed by Mr. R. A.

Roberts, in the Proceedings cf the London Mathematical Society, vol. xviii.,
p- 202.
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JOHN BERNOULLI’'S THEOREM. 647

Taking am? 2am as the current coordinates of a point P on the curve
y*=4ax, an element of arc is given by

ds=NdZ ¥ dyP=2a\ 1+ m? dm.

[6) Al s [

Fig. 169.
Also OP%=(am? + 3a)? + 4a’m?=a’m* + 10a?n? + 9a?
=a?(m? + 1)(m* + 9),

and the element ds’ of the inverse is ds’= k’UF”

5 N1+ m? dm
. 8'=k3. 2a m
21‘:s
f(m2+9)~/’71' 3l e

21‘:2 cos pdo
b Sin’¢ + 9 coszdx

_2k® dsing _ k* [ dsing
_/°9 85m’4>_4a 2-sin?’¢

L. 24 3+2v/2sing

" 6an/2 g3—2«/§sin¢>

Example. Mr. Roberts shows in the article above cited that for
points between — and — 3z on the x-axis the arc of the inverse curve
can be expressed as a pure logarithm. For points from —3a to @ such
arcs are partly logarithmic, partly inverse circular. For points from a
to + the arcs are inverse circular expressions, Examine the truth of
this,

624. John Bernoulli's Theorem.

Let a number of points P, (z,, ¥,), Py(,, ¥s), etc., be moving
in a plane, and let ds,, ds,, ds,, etc., be elements of the paths
described. Let us impose upon their motion the condition
that they are all moving at every instant in parallel directions

www.rcin.org.pl



648 CHAPTER XVIIL

in the same sense. Let v be the angle the tangents to their
respective paths make with the z-axis.

Suppose heavy particles of masses m,, m,, ete., to be placed
at P, P,, ete.,, and let Z, y be their centroid.

= _2Zmx - _Zmy
Then T= o™ y——-zm ’
da Emdx Imds
€T =

= S

- _Zmdy Zmds . :
dy——zT—Wsm\/r.

]
w0

Fig. 170.
Hence __c_lm_=_d_37_
cos sinyr
centroid is always parallel to the motion of the several
particles ; moreover, if ds be the corresponding element of the

, and therefore the motion of the

path of the centroid, dg—zm s
Zm
-_2Zms

and Sz

625. This result is ascribed by Mr. R. A. Roberts, in the
paper before cited, as due to John Bernoulli, the intention
being to give a method for the generation of new rectifiable
curves from any system of curves whose rectification has
already been effected.
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BERNOULLI’S THEOREM. 649

It is to be remarked that the same theorem obviously holds
for any system of particles moving in the manner prescribed
upon twisted or tortuous curves in space.

Again, several of the points may be moving on different
branches of the same curve.

It appears from Bernoulli’s result that as m,, m,, ms, ... can
be arranged at will, we can from any set of rectifiable curves
generate an infinite number of other curves which are rectifiable
in the same manner and in terms of the same functions.

Thus, for instance, taking any set of: catenaries with parallel
directrices whose typical equation is s=a--ctan;
or any set of equal equiangular spirals, type s=abem¥+e);
or any set of circles, type s=a+b;
or any set of involutes of circles, type s=a+b(\r+a)?;
or any set of similar epi- or hypocycloids, type

s=a-+bsin(nml+a);
or any set of semi-cubical parabolas with parallel axes, type
s=a-+bsec®yr;

or, in fact, any of the cases in which EE—T: reduces to an ex-

pression of the same form, the locus of the centroid
Zme. — Imy
Sm’ Y= Em’
is another curve of the same kind, and the length of any
portion of its arc is to be found from the formula
8= 'E—m .

And further, when curves of different nature are taken as
the original curves, though the derived locus be not of the
same nature as that of any one of the original curves, yet it is
still rectifiable in terms of the same functions as those in terms
of which the original curves are rectifiable.

626. Extension of Bernoulli’s Theorem.

When the forward-drawn tangents at the several points are
not all in the same sense, we may still apply the theorem, but
with the precaution of reckoning all those elementary arcs
which are traversed in the same sense as positive, and the
remaining ones as negative.
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Thus, if P (2, ¥,), Py(@,, ¥,) be at opposite extremities of a
diameter of an ellipse, or centric oval, and if cos+/, siny, be
the direction ratios of the tangent at P;, —cosr, —siny» will
be the direction ratios of the forward drawn tangent at P,, and

_my da, +my day My (ds, cos yr) +my(—dsycos V)

o
my+my m,+me
My ds, —my ds,
O mytmy, 008 2fe,
_m,ds;—m,ds, .
and dy= R sin,
and ds="21Za—" 205, g 4 giving pRL . e )
mytmy my+me
R
i

Fig. 171.

Moreover, for an ellipse, or centric oval, obviously ds,=ds,
and 8,=s,, and if we make m,=m,, §=0, as it should be, since
all diameters are bisected at the centre, and the centroid locus
degenerates into a point.

In the case when -one of the curves degenerates to a point
and one other point describes a given curve, Bernoulli’s
Theorem states that the similar and similarly situated centroid-
locus is such that corresponding arcs on this locus and on the
original curve are proportional, which is a priori obvious.

627. Ovoid with One Axis of Symmetry.

Let us consider the case of any ovoid with one axis of
symmetry, and discuss the locus of the mid-points of chords
which are such that the tangents at their extremities are
parallel. Let PP, be such a chord and @ its mid-point. If
we take the direction ratios at P, as cos v, sin, then at P,,
where the forward-drawn tangent is parallel, but in the
opposite direction, they must be taken as —cosr, —sin». If
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SYMMETRICAL OVOID 651

it be a question of applying the theorem to the locus of the
mid-point G of the chord P,P,, we have

do =it
where ds,, ds,, do are the elementary ares traced by P,, P,, G
respectively, and as the inclination of all three tangents to the
x-axis is the same, i P1—Ps

where p;, p,, p are the corresponding radii of curvature.

E
B
B
!\Gf\
C X X

D

F
Fig. 172.

Now, in integrating to find o for the whole length of the
path of @, considerable care is necessary, for when the points
P,, P, pass through positions at which the radii of curvature
become equal, ds;,—ds, in general changes sign. So that in

estimating jd” for the whole G-locus, for some parts we must

take a=j§8#;ﬁ and for others Jd—sz;—dﬁ, i.e. we must take

care that the difference of the elementary arcs at the ends of
the chord is reckoned positively.
Hence we shall write the result

o_=j'd81;d82.

In such an ovoid there will in general be points 4, B, C, D,
of which the first and third are the extremities of the axis of
symmetry, where the radii of curvature are respectively

minimum, maximum, minimum, maxXimum ;
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and there may be a pair of points, one between D and 4 and
one between B and C, at which the tangents are parallel, and
such that the radii of curvature at those points are equal; and
the same is true of the portions 4B, CD of the ovoid. In such
case, on the G-locus there is therefore a point at which p=0,
with a change of sign of p. Hence there is at such a point a
singularity on the G-locus, in general a cusp at which the
tangent is parallel to the tangents at the corresponding points
on the ovoid.

628. Geometrical Examination.

Let us examine more closely, in a geometrical manner, what
is in general happening at such a point.

Let P,P,, P,P;, P,P;, P,P,, PP, ... be elements of the
ovoid, with equal increments dy» in the angle of contingence,

i i
Fig. 173.

and drawn in the neighbourhood of a point on the ovoid,
which has the peculiarity under consideration, viz. that the
radius of curvature at that point is equal to that at the
opposite extremity of the chord.

And let pyp;, P1Ps> PoPs> PsPss PuPs, --- be the opposite parallel
elements, the angles between consecutive pairs of either system
being therefore dv, and let P,P,=p,p,.
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SYMMETRICAL OVOID. 653

Let Gy, G4, G,, G;, Gy, ... be the mid-points of the chords
P,poy, Pypy, Pypy, Pyps, ... respectively ; then it will be obvious
that G oG =} (PoPy—popy),

G\Gy=3(P\Py—pyp,),

GGy =} (PyP3—pyps),

G3G =3 (P3Py—psps) =0,

GG5=1(paps—P4Py),

GsGs= 4 (psps—PsPs),
ete.

The points G;, G, coincide, the element G,G; makes an angle
2dyr with the element @,G,, the direction of the tangent to

Fig. 174.

the path having turned through an angle 7-+2dy. Ulti-
mately then we have at G5 two coincident tangents to the
G-locus, %.e. there is a cusp on the G-locus at such a point, and
this cusp lies upon the envelope of the chord, for G is the
point of intersection of two consecutive positions of the chord.

629. Again, at the points E, F' on the double ordinate at the
widest part of the ovoid the radii of curvature are obviously
equal, and at the mid-point ¥ of EF there will be a cusp on
the G-locus, whilst at X, the mid-point of the axis of symmetry
AC, the tangent to the G-locus will be perpendicular to 4C.

Let IJ be that chord of the ovoid for which the tangents
at I and J are parallel and for which the radii of curvature at
the ends are equal, and whose mid-point is situated at the
cusp L of the G-locus, and let I'"J” be the corresponding chord
through the cusp M, symmetrically situated with regard to
the axis of symmetry.
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Then, integrating along corresponding arcs,
are MXL =3¢ I'CI—arcJ'AJ

2 ’
e ¥ =a,chDF2—arcIE,
are VM =a,tcEBJ"‘Z—a,rc FI '

Thus theé whole perimeter of the tricuspidal G-locus

=} (arc I'C{ —arc I E +arc EJ' —arc J'J +arc JF—arc FT'),
2.e. in short, half the difference of the two sums of alternate
arcs of the original ovoid, the points of division being those

B D
Fig. 175.

at which, whilst the opposite tangents are parallel, the radii
of curvature are equal. =

630. Of course, in the case of any closed oval symmetrical
about two perpendicular axes, such as an ellipse, the diameters
are all bisected at the intersection of the axes of symmetry,
and the tricusp is evanescent, the radii of curvature at all
opposite points being equal and the tangents parallel.

631. Note (i) that if lines be drawn through the points @
paraliel to the tangents at the extremities of the chords through
@, then the points G are the points of contact of such lines
‘with their envelope;

(ii) that the cuspidal tangents to the G-locus are parallel
to those parallel tangents to the ovoid at whose points of
contact the opposite radii of curvature are equal ;
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SYMMETRICAL OVOID. 655

(iii) if R be a point on such a chord P,P, as has been

described, and dividing it in the ratio m,:m,, then the theorem
M8 —Mys,
my + My

is true for the whole perimeter s of the ovoid,
=M,

my+my
(for in integrating round the curve s, =s,=s), provided that
R does not lie intermediate between a certain pair of points
R,, R, on the chord, for which m;p,—m,p, can vanish,
v.e. if X and A~! be the greatest and least values of the ratio
p1/ps attained as P, travels round the perimeter of the ovoid,
the points R,, R, are the positions of R for which m,=Am,
and m,=Am, respectively. Thus, for all points R on the chord
or the chord produced which do not lie between R, and R,,
the perimeter of the R-locus is

2.6 s

_my—m,
a—-—m1 ry o 8.
But for points between R, and R, thus defined, precautions
similar to those described for the mid-point must be taken.

Fig. 176.

632. An Instructive Problem.

Let us discuss the locus of the centroid of the triangle PQR when
these points lie upon a cardioide and are such that the tangents at
P, Q, R are always parallel.
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The equation of a normal to the curve r=a(l+cosfd) at the point
=20 is
* (3t~ )z (1-38)y=3((3~ ) +1(1+8)),

where t=tan a (Diff. Calc., p. 158).
The three normals will be parallel at points such that

-3 g k
IT&§=k’ say, e tan3a=F.
Let tan 3y =tan 3a.
Then 3x=nm+3a,
; X=a, (l+1:—l;, a+2—3:-r.

4mr
3
therefore also the tangents, are parallel.

Let these be called 2a, 23, 2y.
If (2, %1), (%3 Ya), (3, y3) be the coordinates of P, @, R,

Hence 2a, 2a+25—’r, 20+ are points at which the norn;als, and

2, =2a cos? g cos f =2a cos®a cos 2a=§(l +2 cos 2a + cos 4a), etc.,

9=2a cos’gsin 6=2a cos?asin 2a=%(2 sin 2a.+ sin 4a), etc. ;

o 35=32=22, gj=Ty,=0.

U

U
/

Fig. 177.

()i 3:=g, #=0, and the centroid is therefore at a fixed point @

on the axis.
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HOMOGENEOUS COORDINATES. 657

(ii) Let PG, QG, RG cut the sides of the triangle at Z, M, N. Then,
since GP=2GL, etc., the points L, M, N, i.e. the mid-points of the sides
lie on another cardioide of half the linear dimensions of the former.

(iii) The tangents at L, M, N to this cardioide are parallel to the
tangents to the original cardioide at P, @, R.

(iv) The triangle PQR might have been described as one in which each
of the sides subtends an angle 120° at the pole O.

(v) All other points which divide the sides, or the medians, in a
constant ratio, or any points connected with the triangle PQR by the
formulae ¢ Sz Sty

¢ gh 77=§ ’
where I, m, n are either numerical or not dependent upon the magnitude,
shape and position of the triangle, also trace cardioides ; and lines through
such points parallel to the tangents at P, @, R, envelope cardioides.

633. Areals and Trilinears.

It has already been explained that such systems are not
well adapted for metrical purposes (Art. 460).

We can, however, readily obtain suitable formulae for such
cases if necessary.

Denoting the trilinear coordinates of any two points by
(az, B1s y1)s (aa, Ba, v2), the triangle of reference being some
given triangle ABC of sides a, b, ¢, and area A, the distance
between these points is

8= — g%% [a(B1—B)(y1—v2) +b(y1—ve)(ar—as)

+c(ay—a)(B;—Ls)]
or 32 [a.c05 A (ay—ay)+b o B(By—B+0 €08 C sy,

(Ferrers’ Trilinears, p. 6).
Accordingly, the length of an elementary arc ds between

two points (g, 8, ), (a+da, B+dp, y+dy)
may be written either as

dst= _Zi:g(a B8 dy+bdydatcdadp)

oras ds?= Z—Z‘; (acos A da®+b cos Bdf2+ccos C dy?),

where aa+bB+cy=2A,
and therefore ada+bdB+cdy=0.
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The corresponding expressions in Areals will obviously be
ds?= —(a? dy dz+b*dz de+c* dx dy)
or ds®=be cos 4 da*+ca cos B dy?+ ab cos C dz?,
with the identical relations
z+y+2=1, de+dy+dz=0.
The Areal results are a little the simpler.

634. Unicursal Curves.

In the case of a curve being unicursal, i.e. such that the
coordinates of a point upon it can be expressed as rational
functions of some parameter ¢, then if we have taken‘areal
coordinates @, y, z, so that their sum is unity, we may write

P o 0% . AT
AU AC IV AG N0}
where FO=F@)+1(0)+75(2).

Let these functions be made homogeneous and of the same
degree, say the n', by the insertion of a proper power of
another letter T, Where =1.

_JOf O —FOf ()

Then dt FOP

Now, by Euler’s Theorem,

Yy oy

fn Ao | _1|tetTer F

Fe el » of o
ot | at

of ofy

g =

of ofy

¥

-

S

1
=;},Jl’

where J, is the Jacobian of f; and f with regard to ¢ and 7, 7.e.
_1a(f.1)

noE T’
and 7 is to be put =1 after the differentiations are performed.

Thus : de= 2 j.;dt
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UNICURSAL CURVES. 659

Similarly dy = 01@ T2 dt,
e

dz==-3dt,
nfE

where J, and J, are respectively
a(fz:f) o(f5, [
a(t 'r) ot ) (t T)
Thus the areal formulae for rectification in the case of a
unicursal curve become

s=1[y/ -1 e[0T T+ T

or 8=:_z_‘.\/%‘ [be cos AJ 2+ ca cos BJ,2+ab cos CJ 2] dt.

These simplify a little further in the case where it is
possible to take the reference triangle equilateral.

635. Ex. 1. For example, if it be required to apply this method to
rectify a circle referred to a pair of tangents inclined at 60° and the
chord of contact, the equation is

=ys,
B
P,
[}
A (o) D
C
Fig. 178.
z_y_ 2z 1
and we may put P Y
dz 1-¢ dy 142¢ de 2+

di - (L+i+ 02 di-  (Q+i+P dt Q+H+o2
da’=+%(dz’+dgﬂ+dz’)=a’

dt
R el e

a8
142422’
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We take the negative sign, because we measure the arc from 0, where
¢=1, the nearest point to 4, and as the current point 2> moves from O
towards B (Fig. 178), ¢ decreases, t.e. s increases as ¢ decreases, z.e.

_[___ Ges 2z+1
===( tan™s/3 - tan~1
Al
2a 11-¢
bt b ) (f 1+z)
[Clea.rly the radius=-%; hence we can determine the geometrical

V3’

/3

meaning of the parameter ¢, viz. ¢t= doys 3“"“%001)]
1++/3tan30DP

1

2:/4;1)

.

Ex. 2. Take as triangle of reference any pair of tangents to a parabola
and the chord of contact. The equation of the curve then is

2% =4ysz,
i LN P R
and we may write T ey
N i A b )8
CodtT T+ de (A4 de (L+ep’
J al32=(1 -tt)“ [becos A (1 —t)2+ca cos B+ab cos C'¢¥]de?

4
=(—1-‘f_'t—)ﬁ ((32 —2bccos At + bzl2)dt2,
8_2/~/(bt—ccosA)2+c“sm’A
5 (1+t)=
Put bt—ccosA=csind .tanf; .. bdt=csin Asec?0df;

do
[(b+ccos 4) cos §+csin A sin G

df
=8A2/(p cos G+¢sin )

- f (o-tan—xﬂ)da

@+ q*)*
[tan(O ta.n“q)sec(a ta.n“q)

dt.

.. 8=2b%%sin?

where p=b+ccos 4,
g=csin 4,

(b%+2bccosA+c=)*
i, 0N 1 —1Q)
+logtan(4+2—§t,an » ],
gq_ csind o _bt—ccos A
where p btccosd and tan 6= ¢sind ’

which, when taken between limits ¢;, #,, determines the length of the
intercepted arc in terms of ¢, ¢ and the elements of the triangle of
reference.
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QUADRATURE AND RECTIFICATION. 661

636. Connexion between Quadrature and Rectification.

It is perhaps of historical rather than mathematical import-
ance to point out the connexion between the problems of
rectification and of quadrature.

If y=f(z) be the Cartesian equation of the curve to be con-
sidered, we shall suppose a new curve to be constructed from

o Rl N QL
Fig. 179.
it, taking the same abscissa and an ordinate y=asec, where
\ is the slope of the tangent to the original curve and a is
any constant. Then

ds=dzsec\[r=2da';

as =qu dz.

Hence the rectification of the first curve may be regarded as
the quadrature of the second.

Secs may be interpreted in various ways to facilitate the
drawing of the graph of the new curve; for example,

Tangent _ Normal
Subtangent " = Ordinate’ **

Accordingly, if the ordinates of the original curve be all
increased to a length 5 so that

] Tangent Normal
7%= Subtangent " Ordinate’

a new curve will be found for which the area bounded by the
new curve, the z-axis and the terminal ordinates is equal to a
rectangle, one side of which is @ and the other side is the
corresponding arc of the given curve. Also a, being at our
choice, may be taken as unit length.

sec\r=
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637. Ex. If the ordinate of the semicubical parabola ay?=2® be

Normal
produced to a length 7 so that n=a Ordinate’ show that the path of the

new point thus found is the parabola
4n’=4a’+9ax.

Find the area of a portion of this parabola bounded by two given
ordinates, and deduce the result of Ex. 1, Art. 516, for the length of
the corresponding arc of the semicubical parabola.

Van Huraet’s rectification of the semicubical parabola referred to in
Art. 516 was effected thus. (Williamson, Int. Calc., p. 249.)

638. On a Class of Rectifiable Curves.

If %:F(t) cos f(t) P i
d we have 7 F(t).
and d—g = F(¢) sin f(t,)

Hence in the curve
m=jF(t) cos f(t) dt,

y =IF(t)sin f)dt,
The functions F(¢) and f(f) being at our choice a large
number of rectifiable curves arise.

In constructing a rectifiable curve, a common method is to
make f(t)=mn tan-1¢ and make use of the formulae

cos (n tan-1¢) = %(1 — Ot n0 8t —...),
(14-2)?
sin (n tan—! t)—-—-—l—n("C'It — Oyt nOte —...),
(14122
and either to choose an even value for m, or to take (14¢2)% as
one of the factors of F(t),if » be odd, to facilitate integration.

639. Ex. 1. Thus, taking

we have s=IF(t) dt.

here n=2 and F(t)=1+2

we have : 2= }
and
VA

VWVVW.ICII \,-i‘\,lnfm
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The curve in question is then

x\2 .
y“:z(l - §) , & cubie,
and we have in this curve

62=z(1+§)2
or & —yt=4a?
Ex. 2. Let us take %:a G - t),
%=2a.
Then %:a(%+t),

2 2
Fe==0 (logt_%) y y=2al, s=a (10g1+t§>;

. ¥ _ g L
. ax+g=a log %
is the Cartesian equation of the curve.

Also Lhel Lt
and the intrinsic equation is

B oY ¥
s=gtan’y +alogt.an2.

Ex. 3. Take & ~Za-n
and %=%. 2t.
Then x=4a(ti-t—:), }
y=fadk,
and %=3—%(1 +12),

Hence s? - 22=29? and the intrinsic equation is

s=da Vtan —g(l+} tan’%).
Ex. 4. In the curve for which

& _1-entd,

ay_
Z=41-),
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we have £= 1+202414,
s 2 1
1.6, a=t+§ +5,
16
where 2=1—28+4,
y=282-14

ohid ¢=%=m 46, if t=tan9;

. 0=

LS

and the intrinsic equation is
- ._'/( 2
s=tan 4 1+ 3

the Cartesian equation being the ¢-eliminant from the values of z and y.
Several examples of this class of curve will be found in Wolstenholme’s
Problems (No. 1800 onwards).

2.‘[.’ ]_ l‘k)v 4
tan’ 4+5 tan’ i

640. Since (m?—n?)?+(2mn)?=(m?+n?? we may construct a curve
such that

2= [$OURO-F20)
y=2[60O1,Of0

and then we shall obviously have

s= [SOU X+ 201 d
where ¢(t), f1(t), f(t) are all at our choice. This artifice amounts to a
form of the last method.

641. Ex. Let - B2 (e ),

dy_
E—2at.#’t¢.

Then 3_: =at(t% +t%).

Hence, for the curve x——a(ﬁ% - 2‘—;::_—22
p+a+2
p+q+2
{2r+2 {22+2
e=o(gprstages
; +q9+2)* »?
i.e. s’—ﬂ=(7(l_"_—1§(;_%%.

- y=2a

we have
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642. A Theorem by Mr. R. A. Roberts.
An important transformation may be used in some cases to
derive one rectifiable curve from another, as follows :

Put 4y =u,
iy ='u,} where (=+—1.
Then clearly ds®=daz®+dy?=(dx+ dy)(de—: dy)
=dudv.
In cases where the equation of the original curve takes the
form ¢(u) ¢(v)=const., say unity,

if another curve be derived from this one by taking
w=[lpaI du,

v=[lp@rd,
it is plain that
du' dv'=[¢(u)]" [¢(v)]" du dv=du dv,
and therefore ds?—ds* and . ds'—ds,
and corresponding arcs will be equal.

The theorem is given by Mr. R. A. Roberts [Proc. LM.S.,
vol. xviii.].

643. Precantions.

Some circumspection is necessary in the inference to be
made as to the whole perimeter of the derived curve. For
instance when the point P(z, ) of the curve, supposed closed,
traces out the complete path ¢(u) ¢(v)=1, the corresponding
point P’ on the derived curve may not trace out the whole of
the derived curve, or it may trace the derived curve several
times. This point must be examined in all cases of applica-
tion of the theorem.

644. Tnillustration it will be instructive to consider the most elementary
case, viz. that in which the primary curve is the circle 2%+ y%=a?

With the proposed transformation, viz. 24w =%, 2—1y=v, we have

uww=a?
Taking the derived curve as

2
u’=f§§du, v’=faZ:dv,
we get ds'=ds, and corresponding arcs are equal.

e N . 1
Now « =3g gives x+zy=w(x+zyf.
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Therefore St i 2B, O, Sl mretea A AV (1)

SR EBY i iniagees st e i (2)
And upon squaring and adding,
9at (2% +y'?)=(2+y2)P’ =al.
Hence the corresponding locus is the circle
a®
e
viz. one of radius g.

The whole perimeters are obviously not equal.

But noticing that if we put ‘Z—,: tan 6’ and %: tan 6, we get

tan @’'=tan 36, or & =36, ?

and it appears that the derived circle is traced out at three ¢imes the anguiar
rate of the primary circle, and whilst the point P(z, y) traces the whoie
of the primary circle, the derived point P'(z’, y’) traces the derived circle
thrice, and the circumference of the first, viz. 2ra, is thrice the circum-
ference of the second, Z.e. 3x (2_1:;_11 -

645, As an illustration of the derivation of a new rectifiable curve by
this method, take as primary curve the lemniscate

r2=a? cos 20,
e (#2432 =a?(2? - %),
2
e Wyt % (u2+2),
13-\ (2 _ ‘L’)_“_‘.
or (u 5 (v 7

5952 a?
v=> (»2 = —2—)dv,
ol Bl a? a?
and therefore du' dv =—3(u”— —)(v’*——)du dv=dudv;
a 2 2
whence ds’=ds, and corresponding arcs are equal.
How u'_Z(’_‘f._‘lf ) ., (”' Z )
T3 FUPRETERYTEP
3 a® FARTN T ]
ie. E(z’+zy')=(Ty) "5(""*' ty),

3a’r’ =2(2* - 3zy®) — 3alx,

22— g2(a? —
3a23/'=2(3x3y—y3)—3a2y,}Where (@ +y?f=a*(a? -5,

www.rcin.org.pl
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which may be written as
3z’

== =n/cos 20 [cos 50 — 2 cos ],

a 0 being an arbitrary

3% =4/cos 20 [sin 56 — 2 sin 6], 1) i
Hence as arcs of a lemniscate can be expressed as elliptic integrals of
the first kind, the same is true of this derived ¢urve.
The elimination of % and » from the equations
5 LS s 3 BaiNy S LAty Y
—3p-w v=3a-u (@-F)(»- )%

in this example may be performed as follows :

u

Let u2=;~2(1+t2), v2=(§(1+tlz>‘ g
Then 3u' =u(?-2), 3v’=v(t12—2);
L ouwr=2a Loy, 9v’2-——‘§(1+:—2)<:—2—2)2;
LN L
=4, say, =B, say.
Then t2+21§=]0_3/1 B=p, say;

1 1
t“+t—4=p2—2, t6+2—0=p3——3p;
s A+ B=(p*-3p)-3(p*-2);
. A+B-5=(p+1)(p?-4p+1), ,
27(4+B—5)=(13— AB)(42B*—-84B-11);
. A’B3—2142B%+934B+27(A + B)+8=0 is the locus required, where

36, 0.
A+B=?(x2—g/ )-8,

324 joxa 144, ,
AB=7(.7/;’2+3/2)'—712 (2"2—y'?)+16.

The desired curve is therefore one of the 12th degree, and its arcs are
of the same length as corresponding arcs on Bernoulli’s lemniscate.

646. Serret’s Mode of Derivation of Rectifiable Curves.

M. Serret (Calcul Intégral, p. 252) indicates a process by
means of which algebraic curves can be produced which are
rectifiable in terms of ares of a circle, 7.e. without the aid of
the elliptic functions. Let =+ —1.

Taking : and —;, @ and a, b and B, ¢ and v, ete, to be
k pairs of conjugate constant complex quantities, C any real

www.rcin.org.pl
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constant quantity, and « a real constant angle, and m, n, p, g,
ete., positive integers, and putting
t=(z—a)*t(z—bp+i(z—c)1tL...,
T=(s—a)™ (e— B+ (e—y)it...,
he states that the proposed problem is answered by the formula
x+ay=0¢~j%,é—z_‘—_7)i),mdz, .................. (1)
provided the k—1 pairs of constants (a, a), (b, B), ete, be
chosen so as to make the result of integration algebraic. As
there are k repeated factors in the denominator of the
integrand, this will entail the satisfying of £—1 mdependent
conditions (Art. 149), for the degree of the denominator is
greater by 2 than the degree of the numerator.
To see the truth of M. Serret’s assertion, we observe that

do+dy = Cew %%z £3-
. de—idy=0Ce f(z(z-*.——‘—)‘,l—ﬂdz
Hence ds®=da?+dy*= (1_5__:&?
and ds=C liz”
giving Ciz{Oar b it S AN o edione et (2

647. M. Serret discusses a slightly different form in
Liouville’s Journal, vol. x.,* viz.
ot iy= Cewj(z(_za)fz,((::a‘;z A R 3)
(z—a)™(z+a)? &
Z—a)" (2 +q)" 1 %%
(—ay"z+a)

Here dz+dy=Cew

de—idy = Ce~ e—ay (z4a) 1%}
dz2
whence dsz = d$2+dys = 0’ (—'—m
and - g C’I J——z——’ ) —ad)

a form readily made to depend upon an elliptic integral.

*See also Lond. Math. Soc. Proc., vol. xviii.; Mr. R. A. Roberts; and
Cayley, Bll. Funct., Art. 448 (where the Ce' is omitted).
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In the equation (3), the denominator is still in degree higher
by 2 than the degree of the numerator, and there are two
repeated factors in the denominator ; hence one condition only
is necessary that the resulting rectifiable curve should be
purely algebraic (Art. 149). The integral (3) is not in all
cases obtainable, but if one of the indices, say m, be a positive
integer and if the equation of condition be satisfied, the
integration can be effected in terms of z, involving complex
constants. Then, equating real and imaginary parts, « and y
can be found, and when z has been eliminated the Cartesian
form of the equation of the derived curve will result.

648. The Equation of Condition.
The form of the conditional equation is very remarkable, viz.

taking (a+a)?

£ 4aa ’
g 1 /d\m i
it is Z—ﬂm (d—'f) f (f—l) =0

This is discussed at length by Cayley, chap. xv., Ell. Funct.,
to which we must refer the advanced student for the work.

MISCELLANEOUS PROBLEMS.
1. Show that any point on the Lemniscate 72=a?cos 20 may be

represented by 2428 2—28
=t YT
and hence obtain the rectification of the curve. [SERRET. ]

Show that the integral obtained for s reduces to the standard
Legendrian form by the further substitution

cos = zy/2
V1 +
[CayLEY, Bll. Functions, Art. 63.]
. Z—1 a—t
2. By the transformation R B

show that the equation

(2 — Q)1 (2 — m
w™(u — 1)+ 3

(u ks s)n-}-l. 2
_@+9@-9 Cem<a+z)"“(a—t)’"“

T (a-v)(atr) % a4 a+te

z + 1y = Cew dz

takes the form z+uw=4

where ¢
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Hence show that the condition that 2+ should be purely
algebraic is dar
’ 0, A A

a and a being supposed conjugate, and m, n positive integers.
Discuss the roots of this equation. [SERRET, Calc. Intég., p. 254.]

3. In Bernoulli’s Lemniscate 7%= 2a2cos 26,
show that if z+w=u and z-w=v,
the equation of the curve may be written

(u? — a?)(v? - a?) = at,

Further, expressing »? and v? as ?(1 +#?) and a2(l + 1) respec-
tively, show that the tangent of the angle which the tangent
at any point makes with the z-axis is
1+
1-&

Hence, putting the coordinates of two points at which the tangents
are parallel, as wp, w?p where w®=1, show that the locus of the mid-
points of chords joining such points is

[16uv? — 8a?(u? + v2) + 3a']?

=4a*[16{u* +v* — w?} — 12a2(u? + %) + 9at),
i.e. a curve of the eighth degree.
[R. A. RoBERTS, Proc. L.M. Soc., vol. xviii.]

i

4. Obtain an integral for the rectification of the inverse of the
parabola #?=4ax, with regard to a point on the axis whose
coordinates are (k, 0).

If A= — 3a, show that
aliaat 3+2V/2sino

~6av3 8 3_ 2350
where atan?w, 2etanw are taken as the current coordinates of a
point on the parabola, and the arc of the inverse is measured from
the pomt corresponding to the vertex of the parabola.
[MR. RoBERTS, loc. cit.]
Show that the semiperimeter is bisected at the point w=sin-13.
5. Show that the tangents to the parabola 32=4a(z+a) at the
points {asinh?(u +v) - a, 2a sinh(u+v)},
where u is variable but- » is a constant, intersect on a confocal
parabola ; and that if 7" be a point on this second parabola, and
TP,, TP, the tangents to the first, then

TP, + TP, - arc P, Py =a(sinh 2v - 2v),
and is constant. [OxForp 1. P., 1911.]
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6. Show that ‘”%4, taken over the area cut from a parabola of

latus rectum 4a by an ordinate distant ¢ from the vertex (c<a),
where 7 denotes the distance from the focus, is equal to

Na +/e

4/ac-2(a- olog Ja—Je [0xrorn L P.,1911.]

il

Tsin156 ., = 1 L 3
7. Show that j d0=1+i—§+5—7.

o sinf@
8. If

-|¢pda( |pdz - |¢pdz
u=e I jej (Co+ e+ ct® + ...+ c.a) fda+ Ce I ;
where ¢g, ¢, ¢y,..., ¢, C are (n+ 2) arbitrary constants, and

é=a0+alac+az:cz+ - +a,2m

5

where @, a,, ..., a,, are (m+ 1) given constants, show that if m be not
greater than n, “%, obtained by the direct differentiation of u with

regard to z, contains only (n+ 1) arbitrary constants.
[MaTa. TRIPOS, 1878.]

9. It f(m, n)=j 2™ (cosh z)-"dz, where m and m are positive
0

integers, each greater than 2, prove that

(n =1 (n—2)f(m, n)=(n—-2)f(m, n—2)—m(m—1)f(m-2, n—2).
[OxForp I. P., 1914.]

10. Given that a and ¢ are positive, show that the limit when
m—>w and n—>w of

1[l+ ey qebas ok e s gl :
n|ar c\” 2c\" denr c\"
(a+-) (a+ﬁ> (a+—) (a+'nm—>
n n n n,

is finite when »>1; and find this limit. [OxF. L. P., 1914.]

11. The increase dS in a man’s satisfaction S by an increased
expenditure dz on a certain commodity, is expressed by the law

48 250 i, S T bl
rT—-a

il 2 gl
dS—y—bdy’ ds z_cdz,

hold for two other commodities, where A, p, v, a, b, ¢ are all positive.
Find how the man should expend a given sum E (>a+b+c¢) so
that his total satisfaction is greatest. [OxForp L P., 1914.]
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Show that the maximum satisfaction is measured by
Mpry (B —a — b — cp ety
Ar vt

S=log
12. Evaluate

z-1 dz
f..z’— 2zcosv +1 /22 — 2z coshu+1"
[Oxrorp IL P., 1914.]
13. Show that the tangent to the curve
3a?(y - 2) +22=0,
at the pomt whose abscissa is A, cuts the curve again at the point
whose abscissa is — 2k, and that the area included between the curve
and the tangent is 9A%/4a’ [OxF. L. P., 1918.]
14. If f,(z) and f,(z) are both polynomials in z, show that the
integral of f,(2)/f,(x) with respect to # can always be written in the
form &1 (2)/ b2 (7) + log by (2)/4 (@),
where ¢,, ¢,, $5, b, also denote polynomials, not necessarily real.
Find the general form of the integral with respect to # of
fi@+a2 = 1)/fy(z—Ja?-1). [Oxr. L P, 1918.]
15. Show that the area bounded by the curve
3at? 3at
i+ e
its real asymptote z +y+a=0, and by two lines at right angles to
this asymptote through the points = —a, =0 of the curve, is
3a? ut—1
T @)
and find the whole area bevween the curve and its real asymptote.
[Oxr. L. P., 1917.]
16. If #(2) be a rational function of z without singularities in the
range 0 < z< 1, prove that

j ¢ (sin 2z) cos?z cos 2z dx = r¢(sm 2z) cos?x cos? 2z dz

L=

=I ¢ (sin 2z) costz cos 2z dz.
¥ [OxForD L P., 1907.]
—a)1dz
17. Integrate I st )
n gra (l) (z E b){(z Pl b)gb =1 ((C R a)?a}*

il 29 paPte — qaP* ) dr
(aﬂ’*"I 3 ap+q)2 + 220029 "
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% 5
18. In the curve %’ =<%y> —(i—yy, show that s?=224 1842,

s being measured from the origin.
Show that the curve is a quintic of which the y-axis is an axis of

%
symmetry, and that the area of the loop = (T-gg) (g) a*

19. 1f 2¢ be the eccentric angle of the point 7, & on the ellipse
c¢=r(1l - ecos ), prove that
: ! df\?
{(1+¢)? - 4esin¢p} (EE) =4(1 - e%cos?0).
Use the fact that

H
_r F(cos6) d0=2j F(cos?6) d6
0 0
and the above to obtain a value of a, such that

J" de Lot d¢
o J(1+e)?—desin’d .‘-o J(1+¢)2—4desin¢’
[Oxrorp L. P., 1917.]
20. A uniform rod of mass M has its extremities at the points
Ty, Y5 %y Yo Show that the product of inertia of the rod with
respect to the axes is given by

MI: (t2y + (1 - )2} {tyg + (1 - )y, } d.

Hence show that the product of inertia of the rod is the same as
that of three particles of masses
M M M
e
placed at the extremities and the middle point of the rod respectively.
[Oxrorp 1. P., 1913.]

21. Show that the coordinates of any point on the curve whose
intrinsic equation is s=a(secny — 1),

where n is an odd integer greater than unity, can be expressed
rationally in terms of tany, and show that when 2=0 the curve
is a cubic with a cusp. [Oxr. I P., 1911.]

22. Show how to evaluate the integral j f(z, y)dw, where

y2=aa?+ 20z +c
and f(z, ¥) is a rational function of  and .
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Prove that
R -
@) j z+Ja?-22 *7’

ady
@i )Y(Z+W f108(1+J2),

the positive sign being taken for the radical in each of the subjects
of integration.

[Maru. Trre., Parr. I1., 1913.]
23. Show by means of the transformation y=-"~———/ s ])

that
t dx Il
T RO T =210, J 2+1
.‘-:(a:+l)(x’+l)* 1/\/2(2_1/2 1)* 8 ),
and verify the result in an independent manner.
[MatHn. Trre., Parr IL., 1914.]
sin 2
. St I sin (z — a) [MarH. Trip., PArT IL, 1914.]
25. Evaluate
z+2
(z+1)2(2? + 4)’ (z’+1)4’ (5- Scosz)z’

and the corresponding definite integrals taken between the limits
(0, ®), (0, ) and (0, =) respectively.

26. Show that

sin 49: _1fsin 22
@ IsmSz ———t;a.nh ( )

[MaTn. Trip., ParT IL., 1914.]

€os
6

2w T
()J'sm&t =1 sm 10 sm(5 +x> 9 sm(5+x>
sin bz 5

T M e camn

27. Prove that

™ e

_[ 1+ sm20) 2+sm’(i) =51
28. Prove that
“‘ 2 cos 0 +sin 6

2sin 0
(1 +sin 6 cos 6)

=(1 +sin 6 cos G)i.
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