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173.

ON LAPLACE’S METHOD FOR THE ATTRACTION OF ELLIPSOIDS.

[From the Quarterly Mathematical Journal, vol. I. (1857), pp. 285—300.]
[The method referred to is that given in Book III, of the Mécanique Céleste, Ed. i. 1798.J Let the equation of the surface of the ellipsoid be

la? + my2 + nz2 -k = 0,and take a, b, c as the coordinates of the attracted point, which is supposed to be •exterior to the surface. Imagine an indefinitely thin cone, having the attracted point for vertex, and intersecting the surface of the ellipsoid ; let ξ, η, ζ be the direction- cosines of the cone, and dS its spherical angle. Then if for a moment r denote the radius vector corresponding to a point within the ellipsoid, the element of the mass within the cone is r2drdS∖ and we may thence, by an integration with respect to r, find the attractions parallel to the axes (and tending towards the centre) and the potential of the mass within the cone, viz. if r', r" be the values of r at the surface of the ellipsoid, the attractions are (r,z — r') ξdS, (r', — r,) ydS, (r" — r') ζdS, and the potential is ⅜ (r"2 — r'2) dS. And putting for shortness
L =lξ2 + my2 + nζ2,

I = laζ + mby + ncζ,

P — la2 + mb2 + nc2 — 1,
P = I2 -PL,then r', r" will be the roots of the equation Lr2 — 2Ir + P = 0, and we have consequently y_ T-∖-∖ Ii

r'= ——, r" =—-j-—. We have, therefore, for the attractions parallel to the axes
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54 ON LAPLACES METHOD FOR THE ATTRACTION OF ELLIPSOIDS. [173(and tending towards the centre) and for the potential of the entire ellipsoid the well-known expressions A = 2∫ dSξ-^,

B = 2jdSr^1 
C = 2 JdS ,and F=

where the integrations extend over the spherical angle of the circumscribed cone R = 0.We have moreover, by the general theory of attractions,
A--d∑ κ--dv r--d∑ 

da, db, dc'Since at the limits of the integration the quantity under the integral sign vanishes, it is easy to see that the first differentials of V, A, B, C with respect to any of the quantities α, b, c, I, m, n, k, may be found by simply differentiating under the integral sign without its being necessary to pay attention to the variation of the limits, so that, for instance, = 2 J" dS d- —jj— ∙ It is proper to remark that the expressionsthus obtained for the attractions A, B, C, are of a different form from the foregoing expressions for the same quantities. Laplace writes
F=aA + bB + cC,and he remarks that it may be shown by differentiation that the quantities, B, C, F, V,are connected by an equation which (writing k for Λ2, and ~ , y for m, n, theequation of the ellipsoid being with Laplace λ∙2 + my2 + nz2 = k2) becomes, in the notation of the present memoir,

÷κx→i-*)
÷K)<→⅞H

C-(ι≈-<=o∙
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173] on laplace’s method for the attraction of ellipsoids. 55I write this equation in the form
(Zα∙ + ^+nc∙-i)(^-f)+K-r

÷<< →H≈-sK(i-<-÷a
÷ <m → p (>- 3+â (If- * If- b) - s

+<n →f-<≈*(s-SK (i-4f-cr) -3 

= 0;and I remark that this equation may be broken Up into two equations, each of which separately is satisfied ; these equations are
7 (dV dF∖ ι zτz _ dF dF dF 
k∖dk dkΓ^v F) ldl mdm n dn

ι (dF .dV Λl,(dF 1 dV τj∖ (dF λ dV n∖ ^
+ a∖da ~ da A)+b\db ⅛ db β)+c∖dc i dc c√^θ, and

( +6 +c dk) di dm dn

a (dF dV Λ b (dF dV D\ c (dF dV r∖ a+ ds-⅛-Λ)+∞(aδ-⅛-∙δ)M*-⅛-c7=θ∙
It may be added that the functions under the integral signs, and consequently the integrals, are all of them homogeneous of the degree zero in I, m, n, k. The thing to be verified is that the foregoing two equations are satisfied by the functions under the integral signs, independently of the integrations, in fact by the values

r b = c=ζ-^,
L ’ L ’ L ,

L ’

τι (aξ + bη + cζ') fR
I -------- Z-------- ∙We find by differentiating these values, and after a few obvious reductions,

da~lξ∖L∙> + L' JR) + α (z√7j) ’^-cl√√-K i /ł A ∣ α√ ~7 Ί I pf 3ZVÆ p Ί 
dl U∙JR)+a ∖2L<JR) + ξ∖ 2L~ ~ 2Ü ~jR) ’

dT_ I
dk 2L fR ’

www.rcin.org.pl



56 ON LAPLACE,S METHOD FOR THE ATTRACTION OF ELLIPSOIDS. [173

f =(af + ^ + ^H⅛ + al(2⅛) + f(-^-2√⅛)}∙

f .(af + 6, + ef){ ⅛ J,
values which give, as they should do,

jdF dF dF 1dF.
!'-jτ + nι-j---- h n -r- + k rτ = 0.db cbm cbn dkHence forming the values of the different parts of the first equation,

z (dV dF∖ τι dF dF dF
-k{dk--dk) + v-F-ldi-m&-n^

"^τr~2i7∕R+^^bη+c^{~τ+7R}>

α(s-7l)+i(af-'δ) + c(⅛'-c)= (≈f+⅛+o(
l 1 <*f∖ 1*JR , M

tY da db+c dc) L2 + 2LfR,which satisfy the first equation.And in like manner for the second equation,- <∙' * 1' * ■·· Gt - S - - (*■ ÷ t'+∙'> ,1's ÷ I·' * *∙ » « « * »· * ∙f∣ 2⅛.
5<2-)÷i(S-*H(5H

= (aξ + bη + cξ)2 ~ (α2 + b2 + c2)(aξ + + cO >1 ∕α dV ι b dV c dV∖ , 7 I , ∕JR p ∖^ i G ⅛ + m ⅛ + ή * ) = + δi + c2)2i√S -(αί + δ,! + ‰ + 2Z⅞s)

AF AF dF , , I i- az-⅛-s = -(≈f+⅛+⅛)s2r√s+<α,+i,+cl)(itf+⅛ + ⅛)2√s
+(0f+6,+cf)(^+aL5).which satisfy the second equation
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173] on laplace’s method for the attraction of ellipsoids. 57Now considering V, F, A, B, G as standing for the definite integrals, we may replace A, B, G by the differential coefficients of V, and retaining for shortness F to stand for

It should be remarked that there is nothing in what has preceded which tends to show that these values must satisfy the differential equations. The definite integrals must, of course, satisfy as before the equations, but it does not follow that the equations are satisfied by the elements separately. And in fact only the first equation is so satisfied; the second equation is not satisfied. To verify this I form the differential coefficients
dW lt( k kl2 ∖iln( kl ∖
du ~ ξ ∖LJR LR∖JR) ∖R∖∕R) ’

dW _ 1 _ Æ_
dk L<JR 2R∖∕R,

∕ k kl2 λ ι ∕ -%kl ⅛P ∖ kl
dl ~aξ∖L>dR LRJR) ξ ∖2L2^R 2L2R^RΓ 2R>JR'c. in. 8
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58 ON LAPLACE’S METHOD FOR THE ATTRACTION OF ELLIPSOIDS. [173We have as before
, dF dF dF 1 dF .* ^J7 + m ~j----- Σj------- ~JT — θ,al am an aleand forming the expressions for the different parts of the first equation,

7 (dV dF∖ t ιr τ, 1dF dF dF
k∖dk dk)+v F l dl m dm n dn

— — 5fc d,V j. 2k + 3 V — W — ___ k?I' dk+ ^ dk 3 W L2 2LfR RfR’

(dF 1 dPr∖ p c¾ + ⅛) + ifec∙ =
JdV,1iV, dV∖ ( dW .dW dW∖Hα da +b db+c dc) + [a da+b db+c dc)’and
„ ∕ dV ι 7 dV ι dF∖ 37√P 3A√-H,t⅛+'j⅛+c<fcJ =—ΰ +2L7R’

( dW 1 dW dW∖ k2I
V da + db + C dc ) ~ RfR’which show that the first equation is satisfied.Proceeding in the same manner with the second equation,→,+fti+c,)(ai-3 =
iM÷*-

_3 zą ⅛f + 1 ⅛Z , C dF∖ (a dW b_dW c dW∖ .
V da m db n dc ∕ ∖l da + m db + n dc ) ’and

3 (a dV b dVcdV∖ z 2 1 ,2 l 2λ 3/ z f, , , <a∕ 3√P 3∕2 ∖
^∖l da + m db + n dc) (α + δ + c ) 2Z√P + + bη + c& { 2L2 2L2fRj ’

(a dW b dW c dTF∖ z β lo .x . . . ∕ k kF ∖(l da + m db +n~dc)~(a + + c^P√P +(aξ + bη + cζ)( LfR~ LRfjR) ’

_dF _dF^__dF=2fdV dV d;V\_fdW dW dW∖ 
dl dm dn ∖dl+dm+dn) ∖dl + dm + dn ) ’
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173j on laplace’s method for the attraction of ellipsoids. 59and
n(dV , dV <ZF∖ z , ,, ∕ -1 ∖ z „ , ι <a∕2√jR 2∕2 ∖ SFJR I3∖dl + dm + dn)~^a +b +cΛ∑√⅞) + <α^+ bη + { & + IQr) ~1Γ"'Ι^∕R

(dW dW dΨ∖ z , x(-kl∖ z «. 1 , . ja ( — k kl2 ∖∖dl +dm + ^n)~^a + b + c^∖2RjIV + + bη + Gl√⅞ + LRJr)

Ski kl3 
+ 2L3>JR 2L3R √Λ ’and the value of the left-hand side of the second equation is therefore,z fi 1 7„ 1 1 3p λ 3∕√jR I3 1 MI kl3

^ + 0v + cυ∖2L2 + 2L3y∕R) L3 2L3∖∕R + 2L2↑∕R 2L2R^∕R,which is not equal to zero, or the second equation is not satisfied.
d V dFI consider again V, F as denoting the definite integrals, and I eliminate t — 
dk dkby means of the equations

tdV dV dV 1dV λ
i -j7 + m-τ- +n-j- + k-rr =0,dl dm dn dk

jdF ι dF dF ι jdF a
6 ~JT + 3-----H 3--- 1" ~JT = θ∙dl dm an aleThe first equation thus becomes

1dV dV dV (1dF dF ι dF∖ .. „
I ~rτ + m-j—t- n -j-----2 (I -jτ + m -j—l· n -j- + V — Fdl dm dn ∖ dl dm dn)

1 ∕ dV ,dV ,dV∖ ι ∕ dF jdF dF∖ λ+ iΓ 5Ï+⅛ + i*) + (αdα+⅛+c⅛) = 0-and the second equation becomesz, L, dV dv∖ ∕ 2 , ι, , dp dp∖
.fadV bd V c <dV∖ fa dF b_ dF c dF∖ (dF dF dF∖

+ ⅛∖l da m db+n de) [Î da m db n dc ∕ ∖dl + dm + dn) ~ ’and it will be remembered that in these equations
τι dV 1dV dV 

~ a da db C dcThe first equation (it is easy to perceive) shows merely that V is made up of terms separately homogeneous in a, b, c, and in Z, m, n, and such that the degrees in the two sets respectively being κ, λ, then λ — ⅜ (κ — 2). In fact V being a function of the form in question, if we attend only to the term the degrees of which are κ,Jλ,
8—2
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60 on laplaoe’s method for the attraction of ellipsoids. [173then, by the properties of homogeneous functions, F=-Vi and the first equation is satisfied if only λ + 2λ∕c + 1 + κ + ∣∕c — k? = 0,i.e. if λ (2κ +1) = ∕e2 — j/c — 1 = ⅜ (∕c — 2)(2κ +1) or λ = ∣(zc — 2). Or, what is the same thing, we may say that the first equation shows that V is made up of terms the degrees of which in a, b, c and in I, m, n are — 2i — 1, and — i— ∣ respectively. Attendinghenceforth only to the second equation, I write ∣ = —s , ζ* = ∏- * λ , v =—: so 
j 1 ka+θkβ+θky+θthat a + θ, β+θ, y + θ denote the squared semiaxes of the ellipsoid. We have

d _ (tt+⅛)* d
dl~ k da’ ’and the equation becomes-(o≈ + 61 + ci)( (a + ,) ÉT + (β+θ) d^+(y + β) <£)

+ (α≈ + δ∙ + c≈)( (β + 0) f+ (β + β) g + (γ + 0) g)
+ i(α(a + ,)^+^ + f,)^+c(γ + ^
+ ( <°+*>,f+ <'s+≤+ ⅛+*>ιg)=°∙

Put for shortness Θ = (a + θ) (β + θ) (γ + θ), and writeFr=v√Θ, P=∕√Θ,(√Θ is to a constant factor près the mass of the ellipsoid) then v, f are connected by the equation
,. dv . dv dv 
^-ada~bdb-°dc'and observing that

(', + β'>'⅛SΓ + <Ji + <r> ¾r + O + s) =
(β + ^^ + (3 + ,^ + (γ + ^

— (α + /3 + 7 + 30) Θ 2ξ∕θ = ⅜(0≈ + ∕3 + 7 + ⅛θ) Jθ,
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173] ON laplace’s method for the attraction of ellipsoids. 61the equation becomes→1+*+*)( (α+,)∣ + ^+φ* + (γ+,)*)
+ (α- + 6> + c∙)( (<, + i) f + (β + 6) ^+(y + *) f)
— I (α2 + b2 + c2) v +1 (a2 + δ2 + c2) f

»+ (a<*+0> s÷6^÷<i+c^ ί)
+ ( (≈+^l+ <*+*>∙g+
+ ⅛(a + β + 7÷ 30)∕= θ∙Now v ( = —f) may be expanded in the form

v ≈ Uo + U1 + L7j... + iTt∙...,where Ui is of the degree 2¾ in the semiaxes √(α + 0), J(β + Θ∖ √(γ + 0), and of the degree — 2¾ — 1 in the coordinates a, b, c. And it is easy to see that the first term of the expansion is (7 ________1. -0 3 √(α2 + b2 + c2) 'The preceding value of υ gives
f— i∕o + 3C7ι + 5i∕2∙∙∙ + (2⅛ + 1) Ui + ∙.∙,and substituting the values of v, f in the differential equation, and attending only to the terms which are of the same dimensions as (α2 ÷62 + c2) iΓi+1, we have

∣- (i + 1) + (i + 1) (2t + 3) - I +1 (2⅛ + 3)∣ (α2 + δ2 + c2) Ui+1 
+{“ ¾+bι3 d⅛+⅛ - <2i+ι > gσ} 0 ÷ 2≈ ÷11 
÷ (* d⅛+2≈w∙ -θ' (dsJ+⅛+Si)i <2i+1>+ ⅜(α + ∕3 + y+30)(2⅛ + l) iΓi = Oj
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62 ON LAPLACES METHOD FOR THE ATTRACTION OF ELLIPSOIDS. [173or, reducing,
(i + 1) (2√ + 5) (α2 + 62 + c2) t7i+1

z . . ∕ dUi ιθdUi ι dUi∖+<2ι+⅛Hαα-<to+wd⅛+cγτ)
+ (2Z + l)(α≈^ + ^^ + γ≈^ + i(α + ^ + γ)σi)
-<2i+1>(^+^+fi)=θ∙

Now Ui is a function of α + θ, β + θ, γ + #; if, therefore, for any particular value of i, Ui is independent of θi it is clear that Ui must be a function of the differences of these quantities, and we shall have + + d~ = 0 ; and this being so, theequation of differences, and consequently C7t∙+1, will be independent of θ. But Uo is independent of θ, hence U1, U3, &c. are all of them independent of θ, or v is inde­pendent of 0; i.e. for ellipsoids having the same foci for their principal sections, and acting on the same external point, the potentials, and therefore the attractions, are proportional to the masses, which is Maclaurin’s theorem for the attractions of ellipsoids upon an external point.
The foregoing equation, omitting the term which vanishes, gives /ft ∙ ∣ β ∖ Z Fi ∣ I Ώ * d Ui∖-v'+v(aads+b0db+σ>-dfττ -<2i+1>(αi^+'3≈⅛i+^+i<a+^+γ>σ')

(√ √ 4-1 — ““———β
(i + 1) (2i + 5) (α2 + b2 + c2)It may be remarked that this equation, with the assistance of the equation

dUi jl dUi dUi __
da + dβ + dy θ,gives

(i + iχ2i + 5)(^±ι + ^ + d%f) = -(2i + ^ad* + bd* + cd^

- (2i +1) (2 (<x + β '<∣* + γ ^i) + ∣σi) - ((2i + }) (2i +1) - (2i +1) (2i + ⅜)) Ui = 0,
which is as it should be.Write

JJ.=_______ ⅛_______t (α2 + b2 + c2)2i'+⅛ ’
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173] on laplace’s method for the attraction of ellipsoids. 63where tZi is of the degree i in a, β, y, and of the degree 2i in a, b, c. We haveα≈ Ï + b0 Ή + C7 ⅛ = («■ + + c>)→→ (a≈ f + ⅛⅛ <7 f )
- (⅛' + 1) (a2 + δ2 + c2)-2i~⅛ (a2a + b2β + c2γ) Qi,

= (a· + V + c≈)-≈i-* («’ + P + γ3 ^i) + ł (a + β + γ) ft.
Hence, putting in like manner

',i + 1) (2i + 5) ft+1 = - (2i + j) j(a2 + δ≈ + c3) (aa + bβ + cγ ⅛i)
— (4t + 1) (a2a + δ3∕3 + c8γ) ftj∙-(2Z + l)(a> + δ3 + c3)(a3⅛ + )S>⅛ + γ3gi + i(a + 3 + γ)⅛), i.e. (» +1) (2i+ 5) ft+1 = - (a≈ + i> + c3) ∫(2i + j) (act + dβ f + cγ ⅛i)

+ (2i + 1) (a3 + ∕33 + γ≈ + ⅛ (a + + γ) ft)∣ + (2i + j) (4i + 1) (a≈a + i33 + c*y) ρ4,
from which the functions Qi may be calculated successively.We may, it is clear, write

ττ. _ ⅛7r ______________1____________ /z
t 3 , 2<1.2.3..t5.7..2ι + 3 i,and we shall then have(α≈ + δ3 + c3) ‰ + (4t∙ + 3) (αα f< + iβ df + cy f-‘)

+ (4i+2)(α3^+33^+7≈⅛)
+ (2i+l) (a + β + y)Ki = 0,where
K - 10 √(α2 + δ2 + c2),I proceed to show that _ Z d2 ι zp d2 ι d2 y 1 i V da2 + P db2 + y dc2) √(α2 + b2 + c2) ‘

www.rcin.org.pl



64 on laplace’s method for the attraction of ellipsoids. [173In fact, assuming this equation for any particular value of i, we find first(a' ⅛ + ⅛ + γ, ⅛) = i (“ έ + 's ⅛ + γ έ) Jδi + '3⅛ + 7⅛) √(α> + ⅛> + c,)
= i(α2⅛ + ^⅛ + 7*Si) (α<⅛= + 3⅛' + 7S'∙) √(α∙+⅛ + c≈)
= ∕^>÷7^F∙→'

Now putting for shortness
a d2 o d2 , d2 
^~a da2+ db2 + y dc1 ’we find, replacing ∆Ki+i and ∆∕fi by their values Ki+i and Ki+l,Δ ( a2 + b2 + c2 ) Ki+ι = ( α2 + b2 + c2 ) -β√+2

+ 4(ms+^s+c7⅛) Km+ 2 ( a + β +7 ) Ki+l,

,λ(aaiL + bl3^ + cyiιc)κ' = (m3i + dβTb + cy^ κ,+'

+ *(*β + ^÷*S^
Δ(αϊέ+^έ+7’^)^= (β,^+'32⅛+7*⅛)^i÷'

- (α*⅛+^⅛+7*⅛)ir'∙
Δ( a + β + 7 ) Ki≈ (α + β +7 ) Ki+1 ;hence operating on the equation of differences with the symbol Δ, we obtain(α2 + b2 + c2) Ki+2 + (4i + 7) ( aa + bβ ~ + cy Ki+1

+(4i+2)(α*^+^+7ilz)⅛,
+ (2 (4i + 3) - (4j + 2)} (a- egi + β> + 7s ⅛) ⅛

+ (2i + 3) ( a + β +7 ) Ki+1 = 0,
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173] on laplace’s method for the attraction of ellipsoids. 65the third liue of which is4 (ι+ i) (α2 da2 + ∕32 db2 + γ2rfc2) Ki,-4> (α2 + βi~dβ + 72 rfγ) Ai+1,
by a foregoing equation, and the assumed equation of difference thus leads to

4(α2 + b2 + c2) Ki+2 + (4i +7) Çaa + + c7 ⅞u
+ (4i + 6)(β∙⅛+^⅛ + γ∙⅛)‰
+ (2ι + 3)(α +β +7 )∕fi+1 = 0,which is the assumed equation, writing i + 1 instead of i. The equation, if true for i,is therefore true for ⅛ + l, and it is easily seen to be true for i = 0; hence it is truegenerally, or the value

jz _ ∕ d2 ι r d2 d2 ∖i 1 i ~ Vχ da2 + P db2 + y dc2) √(α2 + b2 + c2)satisfies the equation obtained by Laplace’s method, and gives, moreover, the proper value for Ko. We have thus the value of Ki∙, and remembering that
V=M(a + θ)(β + θ)(y + θ) v, and observing that the symbol Δ may be replaced by

λ ∕ a∖ d2 fa zlλ d2 . n. d2Δ = + + + + +the value of V is
V 3 √(α + 0)(∕3 + 0)(γ + 0)⅛o {2iΥ.2...i.5M...2i + ^^ J(a2 + δ2+c2)) '

which is in fact the value which I have found by a much more simple method in the Cambridge Mathematical Journal, t. in. p. 69 [2].

C. III. 9
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