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Wave decay in nonhomogeneous elastic rods
H. COHEN (WINNIPEG)

THis PAPER deals with the propagation and decay of shock and acceleration waves in nonhomo-
geneous linear hyperelastic constrained rods. The decay equations are integrated to find the
growth-decay laws for all shock and acceleration waves which can propagate in the rod.
Expressions for the form of the induced higher order waves are also obtained. Specific results
are given for a simple example.

Praca poswiecona jest zagadnieniu propagacji i zanikania fal uderzeniowych i fal przyspieszenia
w niejednorodnych hiposprezystych, ograniczonych pretach. Przeprowadzono calkowanie
rownan i znaleziono wyrazenia na wzrost i malenie amplitud fal uderzeniowych i fal przyspie-
szenia. Okre$lono rowniez postaé fal wyzszego rzedu. Szczegblowe rezultaty uzyskano dla
prostego przykladu.

PaGora MocBAIEHA 3a]a4d PACIIPOCTPAHEHHA M 3ATYXAHHUA YAADHLIX BOJIH M BOJNH YCKODEHHUS
B HEOJHOPOIHLIX THIIOYIIPYTHX,, OTPaHW4eHHBIX cTep)kHAX. [IpoBe/icHO HHTerpUpoBaHue ypaB-
HEeHWIl ¥ HalifieHb] BHIDDKEHHA [UIA POCTA M YOBLIBAHMA aMIUIMTY[ YJAPHBIX BOJH H BOJH
ycropennsi, Onmpenenen ToXe BHJ BONH Beicliero mopagxa. [ToapodHuie pesymsTaTel momy-
YeHBI IUISL IIPOCTOTO IPHMEPA.

Introduction

THE PROBLEM of shock and acceleration waves, within the framework of the modern rod
theory as proposed by COHEN [1] and GREEN and LAws [2], has been dealt with recently
in the paper by CoHEN and WHITMAN [3]. Particular attention was paid in that study to
the propagation and decay-induction equations for the case of uniform rods, a concept
introduced by ERICKSEN [4], relating to the homogeneity of rod . For general hyperelastic
constitutive relations, it was shown that weak shock waves in uniform rods propagate
without growth or decay. Specific results were presented for the linear elastic rod consti-
tutive equations in the form proposed by GReeN, KNOPs and LAws [5). In this case, wave
speeds, wave modes and induced wave effects were presented for the various uniform rod
geometries; emphasis was put on how rod geometry influences the results. In addition,
the case of an arbitrary plane rod was treated in order to show the nature of growth-decay
effects for non-uniform rods. The special case dealing with the constrained rod theory(!),
as developed by WHITMAN and DESILVA [6], was discussed calling attention to the simpli-
fication that takes place due to the reduction in the number of degrees of freedom. Addi-
tionally, we pointed out that in this case, there exist a set of more easily interpretable
linear and angular strain variables.

In the study to be presented here, our objective is to formulate and deal with the problem

(*) A constrained rod is one in which the cross-sections of the rod do not deform, and hence are restric-
ted to execute only rigid motions.



176 H. CoHEN

of shock and acceleration waves, within the framework of the constrained linear theory
of hyperelastic rods. Our goal is to carry out this study, while allowing the constitutive
relations to be fully general and nonhomogeneous. By this we mean that none of the
constitutive relations take on any simplified forms, due to special symmetries, material
properties or rod geometries, but rather depend in a fully general way on these governing
influences. Within this general setting, our ultimate aim is to solve the decay-induction
equation, thereby obtaining explicit results for the growth-decay and induced wave character
of all waves which can propagate in the rod.

We begin in Sect. 1 by giving the governing equations. These consist of the conservation
of linear and angular momentum equations for both discontinuous and continuous motions,
the strain-displacement and constitutive relations, as well as the jump compatibility rela-
tions. Following an idea introduced by ERICKSEN [7], these equations are then reformulated
in terms of a six-dimensional Euclidean vector space ¥, which allows them to take on
a concise form, convenient for algebraic manipulation. In terms of this abstract setting,
we obtain the propagation condition and decay-induction equation for shock waves in
a highly compressed form. Basic to these relations are two symmetric constitutive tensors
M and K, K positive-definite, which are linear operators on ¥, and which describe the
elastic and inertial properties of the rod, respectively. The propagation condition is an
eigenvalue problem in which the right eigenvectors of K~' M, which is in general a non-
symmetric tensor, define the possible modes of wave propagation. Moreover, the eigen-
values of this problem define the squares of the possible speeds of propagation. The decay-
induction equation is a vector differential equation in the wave mode vector, dependent
on M, K and a tensor X associated with the direction of the rod axis. This equation governs
the growth-decay characteristics of all shock waves, in addition to determining the acceler-
ation waves induced by the various propagating shock waves.

In the next section, using the positive definite bilinear operator K as metric, we define
a new inner product on V which symmetrizes K~'M, thus yielding real eigenvalues for
the squares of the shock wave speeds entering the aforementioned eigenvalue problem.
Moreover, with respect to this new inner product the associated eigen or wave mode
vectors can be made to constitute an orthonormal basis of ¥. By manipulating with this
basis we are able, for the case of distinct wave speeds, to integrate explicitly the growth-
decay equation so as to yield an expression for the amplitude of the wave mode vector.
This leads to a result which we interpret physically in terms of the propagation of the kinetic
energy jump.

In Sect. 3, utilizing the same abstract setting for our problem we obtain for the case
of distinct wave speeds an expression for the deterministic component of the induced
higher order wave vector. The component of this induced second-order wave, parallel
to the wave mode vector being considered, turns out to be indeterminate. We ultimately
express the induced wave vector in terms of its components along the orthonormal basis
of wave mode vectors. These components are expressed in terms of the matrix of X with
respect to the orthonormal basis of wave vectors and a set of scalars measuring the varia-
tion along the rod of this orthonormal system.

In Sect. 4 we examine briefly the related problem of acceleration waves in rods. We
find that the propagation condition for acceleration waves is the same as that for shock
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waves, while the decay-induction equation for acceleration waves differs somewhat from
the corresponding equation for shock waves. In a manner similar to that utilized in dealing
with shock waves, we obtain for acceleration waves of distinct wave speeds both the
growth-decay law and the form of the induced wave.

In Sect. 5 our aim is to illustrate the results by means of a simple example. We make
assumptions on M, K and the wave modes which are equivalent to choosing a special
simple form for the constitutive equations, common in the classical literature on rods.
These constitutive equations uncouple the mechanical response with respect to the various
classical linear and angular strain effects, such as extension, transverse shear, bending
and twisting. For this case we give explicit formulae for the wave speeds, wave modes
and decay in terms of the constitutive coefficients. In addition, we give expressions for
the induced waves. For these we restrict ourselves to the case based on an assumption
which is equivalent to considering straight rods with uniform cross-sectional material
properties.

Finally, in the appendix we record the form taken by the decay equations for multiple
wave speeds. These decay equations comprise a coupled system of first-order differential
equations in the components of the wave mode vector. For eigenvalues of multiplicity r,
there are r equations governing the variation of the wave mode vector in the associated
r-dimensional eigenspace. However, the magnitude of this vector is seen to obey precisely
the same growth-decay laws found earlier for the case of distinct wave speeds. We conclude
the paper by also recording an expression for the induced wave in the case of multiple
wave speeds.

1. Formulation of the basic equations

Prior to stating the basic equations governing wave propagation in rods, we shall
define some of the mathematical notation and terminology to be used in the sequel. We
believe it to follow accepted common usage. We will denote three-dimensional Euclidean
point space by E and the associated translation space of vectors by V. We use r to denote
the position vector to points in E relative to a chosen origin. Bold face roman lower case
letters will denote vectors in V, while bold face roman upper case letters will denote linear
transformations or, equivalently, tensors on V. The standard Euclidean inner product
on V will be denoted by ¢, ) so that for u, v € V, {u, v> € R where R denotes the real num-
bers. The norm or length ||v|| of v is defined by |[v|| = {v, v)*/2, The transpose M” of a
tensor M is defined by (M ", v) = (u, Mv), Vu, veV, and M is symmetric and skew-
symmetric if M = M” and M = —M?7, respectively. We say that M is positive-definite,
denoted M > 0, if M is symmetric and {v, Mv) > 0, Vv 0. We assume V to be en-
-dowed with a fixed orientation so that to any vector v there corresponds a unique skew-
symmetric tensor V satisfying Vua = vxu, Yae V. If e, (i = 1, 2, 3) is a basis of V, then

3
the matrix M, of M with respect to this basis is defined by Me, = > M,e;.
j=1

The direct sum ¥ = V, @V, where V; = V, = V will consist of all pairs (u, v) made
into a vector space in the standard way. Vectors and tensors in ¥ will be denoted by bold-
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face italic lower and upper case letters, respectively, viz. u, 9, M, T, etc. The natural injec-

tions J, (¢ = 1, 2) and projections P, (« = 1, 2) are linear maps from V —» Vand V- V,
2

respectively. These are defined by J,u = (ud;,, ud,,) and P,u = Z u; d,; where
p=1

u = (u;, u,) and dy is the Kronecker delta. The inner product {, » on V induces in a natural
way an inner product {, } on V, defined by {u, v} = (P,u, P,2)+{P,u, P,v), making
the two factors of ¥ orthogonal complements of one another. The notions of norm, trans-
pose, symmetry, skew-symmetry and positive-definiteness are all defined for V, with respect
to the inner product {, }, in the same way as for V. Similarly, with respect to any basis

6
e; (i=1,...,6) of V one can define the matrix M;; of M by Me; = > Mje;. Other
i=t

notations will be introduced as is needed in what follows.

We initiate our study by giving the basic equations governing the dynamical behaviour
of constrained rods within the framework of a linear isothermal hyperelastic theory.
These equations derive from either the work of WHITMAN and DESILVA [8], or of GREEN
and LAws [9](%). The modern definition of a rod in mathematical parlance is a “vector
bundle” which here consists of a curve C called the rod axis, having a two-dimensional

subspace V of V attached at each point. V is specified by choice of a basis d, (¢ = 1, 2),
called directors, which characterize the size and shape of the rod cross-section. We assume
then that the undeformed configuration of the rod is specified by vector functions

(Il) r= I(S), d,= du(s)s
where
1.2) dt=0, t=r(s).

In the relations (1.2) t denotes the unit tangent vector to C, while s denotes the arc length
parameterization of C. Heretofore we shall use ’ to denote (9/0s), and - to denote (9/dt),,
where ¢ is the time.

The rod deformation is assumed to consist of general motions of C and linear transfor-
mations of V in V. If we restrict V to be rigid, then the transformations of V in V will
be orthogonal. This restriction gives rise to the so-called constrained theory. The basic
equations which govern the rod motion pertaining to the constrained theory are:

1.3) [0] = —goUll, [m] = —goUBI[4],

(1.4) 0 +0of = goli, m' +txn+gl=g,Bd, B =BT >0,
(1.5) z=u'+tx¢d, x=4¢,

(1.6) n=Ez+Hx, m=H"2+Gx, E=E', G=G

Equations (1.3); and (1.3), represent the balance of linear and angular momentum,
respectively, across a point D on C of discontinuity of the momenta. This point is assumed
to move on C with a speed of propagation U # 0, thus representing a moving singular
point or wave. The jump in any quantity ¥ across D is denoted by [¥], and the order of

(%) See Sect. 7 of Ref. [3] for a brief discussion of constrained rod theories.
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the wave corresponds to the lowest order discontinuous derivative of ¥. Shock and acceler-
ation waves correspond to first and second-order displacement waves, respectively. The
quantities m and m are the force and moment resultants, respectively, while u and ¢ are
the infinitesimal displacement and rotation vectors of the rod axis and cross-section,
respectively. The rod density is denoted by g,. The tensor B represents the rotational
inertia of the rod and its specification is equivalent to a constitutive assumption(®). Equa-
tions (1.4), and (1.4), express the balance of linear and angular momentum for continuous
motions, respectively, with f and 1 being the body force and moment vectors, respectively.
Equations (1.5) define the strains z and %, where z represents the rod extension and shear
while x describes rod bending and twisting. Finally, the relations (1.6) represent the linear
constitutive equations for nonhomogeneous rods. No assumption regarding the character
of the constitutive tensors E, G, and H is made other than the assumed symmetry (1.6)3,4.
These tensors depend arbitrarily on s with the intention that the dependence represents
the combined effect of rod material properties, the geometry of the axis as well as the
geometry of the cross-section. The specification of this dependence for a theory developed
via the direct approach is an open question, while for theories based on a development
from the three-dimensional theory of elasticity, the question has been dealt with by
WHITMAN and CoHEN [10].
For shock wave propagation we require

mn [u]l = [¢] =0

with the assumed non-zero first and second-order jumps related by the following compati-
bility relations:

(1.8) [B] = —UW], [¢]l= -Ulg'l;
i] = U2[’]-2U - O’ ;
o [iil [u']1-2UW']- U]
9] = U2[¢"1-2Ul¢']- Ul',
where for any quantity ¥

(1.10) ¥ = Y4 Uy,

is just the directional derivative along the path or the wave in a space-time manifold.
If we introduce the skew-symmetric tensor T corresponding to the unit tangent vector
t, then we may rewrite Eqs. (1.4), and (1.5), as

(1.11) m'+Tn+gol = 0oB¢, z=u+To,

and from this point on, this form of these equations will be used.
We now reformulate our problem by recasting the basic equations in terms of an equiv-
alent setting involving the vector space V. If we define

(1.12) d=(u,9), s=(2%, t=@m, h=(LD),

(®) Specific forms for B are proposed in [8] and [9].
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then the basic field and compatibility equations (1.3)-(1.9) with Egs. (1.4), and (l.5),
replaced by the relations (1.11) take the form

[t = —0oUBId], t'+Tt+goh = 0,Bd,

(1.13)

t=Ms, s=d+Xd,;
(1.14) [d] = - Uld'], [d] = U2ld")-2Uld')-Uld'],
where

B = BT = J;P1+J2BP2 > 0,
(]15) T=J2TP1, X=J1TP2, = —TT,
M = MT = J,EP,+J,HP,+J,H"P, + J,GP,.

We note that the properties in Egs. (1.15) of the above tensors are with respect to the {, }
inner product on ¥. We also point out that we may assume B in a more general form than
that specified by Eq. (1.15), so as to include coupling between linear and angular momen-
tum effects. Such forms are suggested by the work of ERICKSEN [7] via a direct approach
and by the previously cited paper [10] via the three-dimensional approach. Heretofore,
we shall assume B to be completely arbitrary in its form and in its dependence on s, pro-
vided only B > 0.

The propagation condition and decay-induction equation governing shock waves
in rods result from Egs. (1.13), and (1.13),, respectively, when we write these equations
in terms of displacements d by substituting from Eqgs. (1.13), 4 and (1.14),,, in these equa-
tions. Upon assuming k to be continuous and taking the jump of Eq. (1.13),, we obtain

(M—1K)a = 0,
(M= 2AK)b + (M’ + W+ A~ *2]K[2)a+21'?Kd = 0,

where we have set

(1.17)

(1.16)

A=U2 a=I[d1, b =I[d],
K=0,B, W= —WT=MX-X"M.

2. Shock wave decay in rods

The basic equations governing the propagation of weak shock waves in rods are Egs.
(1.16). Here, our aim is to use these equations to investigate the growth-decay behaviour
of these waves. To begin with, we note that since K > 0, the inverse K~! exists and we
may rewrite the basic equations (1.16) in the form

Lia=0,

@.1)
L45+H;a+223’ = 0,
where
(2.2) Li=K'M-ll, H;=K'M+K'W+21I2.

In writing Eq. (2.1), we have used the assumption that M and K and hence 1 and a are
not time dependent. We note that Eq. (2.1); has the same eigenvalues and eigenvectors
as Eq. (1.16),, from which it is derived. In Egs. (2.2) I is the unit tensor.
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We now find it convenient to introduce a new inner product { , }x on ¥ defined by
(23) {ll, ”}K = {ll, Ka}

It is easily verified that this definition satisfies the requirements for an inner product.
Now, with respect to this new inner product

(2.4) {u, K- 'Mo}x = {K~'Mu, v}k,

i.e. we have that K~'M is symmetric. Thus, the characteristic equation

(2.5) detL, = 0,

associated with the eigenvalue problem in Eq. (2.1), has six real roots 4; (i = I, ..., 6)

which determine the possible speeds of wave propagation. We assume that these root
are all distinct, leaving for the appendix a discussion of the case of multiple roots. If K~'M
> 0 then all 2; > 0 and there will exist six real non-zero speeds of propagation. We note
that the eigenvectors w; belonging to the eigenvalues 4; define the possible wave modes,
and furthermore that these constitute an orthornormal basis with respect to {, }x, i.e.

(2.6) {wi, witk = 0.
In order to deal with Eq. (2.1), we state the following four easily proved results:
2.7 ZL1: {w,Lplk=0, veV;
(2.8) L2: 2w, wilk = — {w;, K'w;};
(2.9) L3 Aw, M= 1L,K)w;} =}
(2.10) £L4:  {w;, Ww} =0.

Remarks. Z1 is obvious since L; annihilates that part of @ parallel to w;. &2
follows on differentiating Eq. (2.6), while #3 results on differentiating Eq. (2.1), and
using Eq. (2.6). Finally, #4 is true since W is skew-symmetric.

We now set

(2'11) a; = dayw;,

where a; is the amplitude of the ith wave mode vector and we substitute the relation (2.11)
into the decay-induction equation (2.1),. We then take the {, }x inner product of the
resulting equation with w;, and utilize Eq. (2.2) and the relations (2.7)-(2.10) to find that
the differential equation

(2.12) aifa; = —34;/44;

governs the amplitude of the ith wave mode vector. This equation yields the growth-decay
relation

(2.13) aijaie = (Uio/ U2,

where the subscript 0 indicates evaluation at a point s = s, on the rod. We note further,
since a; = ||a;]|x, that

(2.14) llaill = ai(Kig')'12.

The above results may now be summarized in the form of the following theorem con-
cerning the physics of waves in rods:
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THEOREM. The discontinuity in the kinetic energy k associated with weak shock waves
propagating into undeformed rods at rest is such that

(2.15) Ik oc U?,
where U, is the speed of the ith wave mode w; given by
(2.16) U? = {wi, Mw,;}.

Remark. The result in the relation (2.15) follows from Eqs. (1.8), (2.13) and the
standard definition of k as

@.17) k = 1/20,Ch, 8 +1/200($, B> = 1/2{d, d}x,
and since for the region ahead of the wave at rest we have
@.18) [1d1iE = |11z

3. The induced wave

We now turn our attention to obtaining an expression for the induced second-order
wave b, associated with the shock wave a;. We write ¥ = V;@V;*, where ¥; and V;* denote
respectively, the one-dimensional subspace of ¥ spanned by w; and the orthogonal comple-
ment of ¥; in ¥V with respect to {, }x. We define also the orthogonal projection operators
P;: V- V,and P*:V — V}*, again with respect to {, }x. This decomposition of V" leads
us to write
3.1) by = bw,+i;, {w,i}x=0.

If we substitute Eq. (3.1), into the basic decay-induction equation (2.1),, then it is appar-
ent from Eq. (2.7) that b, is indeterminate. Thus, the component of the acceleration
wave parallel to the primary shock wave may be specified arbitrarily. In order to determine
its behaviour, it is necessary to differentiate Eqs. (1.13), and to usc suitably the result
to find an appropriate decay-induction equation.

On the other hand, the component i; of b, is fully determined by Eq. (2.1), and is in
fact the induced wave. If we define G;: Vi* - Vi* by

(3.2 G = Lyyp,

then G; is non-singular and G! exists, i.e.

(3.3 Gi'Gy = GGi' = Iy,

We then find from Eq. (2.1), that

(3.4 iy = —Gr'Pt(Hyay+244a), i=1,...,6.

In order to reduce Eq. (3.4) further we write

6 6
(3.5 wi = Erul'j, Xw, = ZXJMs
=1

=1
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so that the I';; are in differential geometric terms akin to connection coefficients, while
the X; are the components of the matrix of X with respect to the w; as basis. In addition,
the following easily verified results will be of use to us:

6
wi{w;.
S o e 2 Ty = 2 i
yoh o
(3.7 £6: TIij= {M~-LK)w,wi}/(hi=2p), i#]J;
(3.8) £7: Tu=—{w,Kw}2, K =KT;
(3.9) 28 {(Wwi,w;} = 2;{Xwi, wilk— 1 {Xwj, wi}k.
6

Remarks. &5 is easily verified by writing G; = ), (1,—4)P; and substituting
Jj=1

these into Eq. (3.3). #6 results on differentiating Eq. (2.1), and using Eqs. (3.5), and (2.6).
The result #7 is not utilized here but given for the sake of interest only and results on differ-
entiating Eq. (2.6) and using Eq. (3.5),. In fact, the symmetric part of I';; as given by
Eq. (3.7) may be obtained in this way. Finally, #8 results on using Egs. (1.17)s and (2.1),.
If we now substitute the relation (2.11) into Eq. (3.4) using Eqs. (2.6), (3.5), (3.6),
(3.7) and (3.9), we find the induced waves to be given in the form
6

(3.10) i = RIZI[ﬂjpu“-f’-a(zpu—rﬁ)—('L'Xﬂ—RiXu)]”’J/(lr‘j-x)-

i=1
J#i

4. Acceleration waves

We now turn our attention briefly to the problem of acceleration waves within the
framework of the theory of rods being considered. An acceleration wave is defined by the
conditions

1) [d] = [d]=0, [d]#0.
For this situation Eq. (1.13), is satisfied identically by virtue of Eqs. (4.1);,,, (1.13)s,4
and (1.14),. If we now take the jump of the equations of motion (1.13), and write the
resulting equations in terms of displacements by using Eqs. (1.13)3,4, (1.14), and (4.1),
then we obtain the propagation condition for acceleration waves which has precisely the
same form as Eq. (1.16),, the corresponding propagation condition for shock waves.

In order to obtain the decay-induction equation for acceleration waves, we differentiate
the equations of motion (1.13), with respect to time so as to obtain

4.2) [£'1+ T11] = oo K[d],

on assuming the continuity of k. The compatibility relations of second and third order
which are necessary to the analysis are given by

@)= -UW"], [@"]=-UW"]1+d"],

4.3) . -
[d]l = — U3ld’""1+3U%[d")+3UU[d"].
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If we now utilize Eqs. (1.13);4 and (4.3) in Eq. (4.2), we obtain an equation in terms
of displacements which is the decay-induction equation for acceleration waves, correspond-
ing to Eq. (1.16), for shock waves.

Rewriting the aforementioned propagation and decay-induction equations by multi-
plying by K~!, we obtain as analogues of Egs. (2.1) for shock waves the basic equations
for acceleration waves in the form

Lﬁﬁ = 0,
“4.4) . B
Lb +(H,+A)a—(L,—20)a =0,
where
(4.5) a= ", b= ")

It is clear that the speeds and modes of propagation determined by the relation (4.4),
are precisely the same as for shock waves and that the relation (2.6) holds for the normali-
zed eigenvectors. Following the procedure used in Sect. 2 to analyse the decay of shock
waves, we write

(4.6) a; = aw;,

in Eq. (4.4),. Then, we take the scalar product of Eq. (4.4), with w;, with respect to
{ , }x, and use Egs. (2.6)-(2.10) to obtain

4.7) aila; = —54i /44,
resulting in
(4.8) aifai, = (Uio/ Ui)*P,

for the determination of the growth-decay characteristics of acceleration waves. As usual,
the subscript 0 indicates evaluation at some reference point on the rod.

Following the procedure in Sect. 3 we find the induced wave Levi corresponding to
a; to be given by
(4.9) iy = —Gi P} [(Hy, + A))a,+ 22a;)+ P} aj.

An equation analogous to Eq. (3.10) is readily found from Eq. (4.9), but we do not repro-
duce it here.

5. An example

In this section we consider an illustration of the foregoing analysis motivated by classi-
cal theories of rods which employ constitutive relations of a particularly simple form,
as for example those given by Love [11] and utilized by WHITMAN and DESILvA [12].
We now proceed to make the following simplifying assumptions which pertain to restric-
tions on the constitutive tensors M and K. These are:

(5.1) #1: MK = KM;
(52) #2: wuy=Pw; =0, if a=1, i=4,56, and a=2, i=1,2,3;

(5.3) #3: wyllwaaysy, i=1,2,3, wyllt; Iy=0, i#j.
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Remarks. Assumption &1 states that M and K commute. Although the physical
implications of this assumption are not totally clear, mathematically it implies that the
matrices of M and K, with respect to w; as basis, are simultaneously diagonalized. In this
case the squares of the speeds of propagation determined from the relation (2.16) are
given by

(5:4) U? = Mu/Ki.

Moreover, the w; are now orthogonal with respect to the { , } inner product. Assumption
/2 implies that V splits into the direct sum ¥ = P, V@P,V such that w; (i=1,2,3)
and w; (i = 4, 5, 6) are orthogonal bases of ¥, and V,, respectively. The assumptions
o/1 and o2 taken together imply that linear strain (i.e. extension and shear) and angular
strain (i.e. bending and twisting) are uncoupled with respect to the modes of propagation.
In essence, this is so because the constitutive tensor H and any linear and angular momen-
tum coupling are zero. In addition, the constitutive tensors E and G, B have diagonal-
matrices with respect to wy; and w,,, respectively(*). The first part of /3 along with /1
and /2 state simply that the rod axis and the cross-sectional plane perpendicular to it are
associated with the directions of diagonalization of the constitutive matrices, and further-
more that these directions coincide for linear and angular strain effects. In fact, for this
situation the modes of propagation are such as to completely uncouple all the usual strain
effects such as axial extension, orthogonal transverse shearing and bending components,
and axial twisting. The second part of /3 pertains primarily to rod geometry and is taken
so as to limit the nature of the induced wave effects we wish to present. This assumption
restricts the analysis to rods with a straight axis provided the cross-sectional material
properties of the rod are assumed to be homogeneous. However, physical situations may
exist in which the rod axis is not straight, but cross-sectional material properties are such
as to render the I';; zero. On the other hand, there may exist rods with straight axes for
which I';; # 0. One of the interesting features of wave propagation in rods is how the I';;
effect the various primary and induced modes of propagation, a subject that has been dealt
with by CoHEN and WHITMAN in [3]. Here, we content ourselves with examining the restric-
ted situation described by the above assumptions, leaving more general situations for
future study.

Invoking the assumptions (5.1), (5.2) and (5.3) we find from Egs. (5.4), (2.13), (2.14),
(1.15) and (1.17), that

(5.5) Ui = Eileo,  llawll o of*Eq®*,

(5.6) Ui = Guloo By, laal| o (QUBH)”‘G:_ISM’

wherei = 1, 2, 3, which yield expressions for the wave speeds and amplitudes in terms
of the constitutive tensors E, G and B. We note that there are two groups of waves per-
taining to linear and angular strain effects, respectively. The linear waves consist of two
transverse shear waves and an axial extension wave, while the angular waves are comprised

of two bending waves and an axial twist wave,
If we set

(57) d,; = walf”wal”s

(*) From this point on we shall write w»; for waq43).
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then the induced waves i,; are given by

5.8) in = llay]| E 1 K, dy2, i1z = |lay2|| E22 K dyy, ij3=0,
iy; = |laz|| E22 By Kady2, 2 = |l@za]|Ey1 B2a K dyy, i3=0,

where

(5-9) K, = (EuBzz—Gzz)_ls K, = —(Ezan"Gu)"l—

The results (5.8) show that a transverse shear wave in either possible direction induces
a bending wave such as to produce a deformation in the same direction as the shear. Simi-
larly, bending waves induce transverse shear waves which produce deformation in the
same direction as the bending. On the other hand, axial extension and twisting waves
induce no higher order waves. We note that the effect of non-zero Ij; will be to produce
more coupling between the various types of wave.

6. Appendix. Multiple wave speeds

In this appendix we exhibit the form taken by the results of Sects. 2 and 3, dealing with
decay-induction effects for shock waves, for the case of multiple wave speeds. Entirely
analagous analyses and results may be obtained in the case of acceleration waves, which
we do not reproduce here. The decay equations (2.12) are now replaced by coupled systems
of equations. For a wave speed of multiplicity r there now exists a system of r coupled
equations for the determination of the components of the associated wave mode vector.
We remark that these systems display an interesting feature of the problem which we do
not deal with here(®). We conclude, however, that the amplitude of the wave mode vector
follows the same decay law as found previously. Finally, we give an expression for the
induced wave. Here the result is analagous to Eq. (3.10), the compiicating feature being

purely notational, of the type usually associated with multiple eigenvalue problems.
o

a—1 a—1
Let 4, and wi, (@=1,..,8 iz= 2 rg+1, X rs+2,..., D, rs) denote the
a = PO = =

eigenvalues and their associated orthonormal eigenvectors, respectively, given by solving
Egs. (2.1);. We note that there are s distinct eigenvalues with 4, being of multiplicity r,.

5
We define ro = 0, and note that ) r, = 6. Moreover, the w;, span the eigenspace ¥,

a=0
(dim ¥, = r,) associated with ; . Corresponding to Egs. (2.6) and (3.5) we have
(61) {W;a, ”jﬂ}ﬁ’ = &ia-’ﬂ’
sand
6 6
©62) Wh = D Tiigips X0y = ) XigiWips
fﬂﬂl J"ﬂgl
respectively.

(*) The problem of multiple wave spzeds in connection with acceleration waves in three-dimensional
simple elastic materials has been dealt with by WriGHT [13].
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We now consider a shock a, € V, and write

"
(6.3) a, = 2 a;, Wi,

.fmlzl
assuming we have ordered the basis so that w; are the first 7, eigenvectors. On substituting
Egs. (6.3) and (6.2); into Eq. (2.1), we find, after taking the scalar product with w;, and
following the procedure of Sect. 2, that

(6.4) Ta
Ny o ;
ziia ai“ +ja2=71 [liu{swjai wia} +liu(Pjai“_Fl‘aja}+ E Alafsiufm]a}'a =. 0’ Iy = Iy saey ras

are a coupled system of 7, equations for the determination of a; . In Eq. (6.4) we have
defined § as

(6.5) S = KX—- XK.

We note that the orientation of the w;_in V, is arbitrary and that the skew part of I i
is no longer determined by the constitutive tensors through Eq. (3.7). Since the w; can

be oriented arbitrarily in ¥,, we may choose one of them to be always along a, .It then
follows by an analysis paralleling that in Sect. 2 that the magnitude a, of a, satisfies Eq.
(2.13) even for the case of multiple wave speeds. Similarly, the amplitude of acceleration
waves will still satisfy Eq. (4.8) even in the case of multiple speeds.

Finally, following the procedure utilized in Sect. 3 we find, for the induced wave i, € V¢
corresponding to a,, the expression

To 6
. + v W;
(66) Iy = i;a;ﬂjé: [A'fﬂ ‘ajﬂ—liu(ZI ia}B"Pjﬂiﬁ)_ (j'fﬁxjﬁia_ AimX‘u.Jﬂ)] fj-jﬂ“—ﬁZl)' .
@ B «
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