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On wave guide-type propagation in elastic fibre-reinforced composites
M. HLAVACEK (PRAGUE)

A SECOND-ORDER microstructure theory for elastic fibre-reinforced composites is presented for
the purpose of studying plane harmonic wave propagation in the direction of the fibres. Disper-
sion curves are obtained and compared with the results of other theories and with some experi-
mental data.

Przedstawiono mikrostrukturalng teori¢ drugiego rzedu dla kompozytow sprezystych wzmocnio-
nych wloknami, w celu zbadania wlasnosci rozprzestrzeniania si¢ fal harmonicznych w kierunku
wlokien. Otrzymano krzywe dyspersji, ktore zostaly poréwnane z wynikami innych teorii i do-
stepnymi danymi do$wiadczalnymi.

IIpencraBieHa MUKPOCTPYKTYpalibHas TEOPUS BTOPOTO MOPANKA ONHMCHIBAIOLUAA KOMIIOZHTEI
apMHUPOBAHHELIE BOJOKHAMM. 1€ODHA MCIIONL3YETCHA IS HMCCIENOBAHMA PACIPOCTPAHEHUFA
TIJIOCKHX TapMOHHYECKHX BOJIH B HalIpaBJICHHH BOJIOKOH. HO.'I'I}"{CH]H:IC JHCTIEPCHEIE KPHBLIE
CPaBHMBAIOTCA C Pe3YJILTATaMH APYTHX TEODHH M C HEKOTOPHIMH IKCTIEPHMEHTATBHBLIMH JaH-
HBEIMH.

1. Introduction

IN THE CONVENTIONAL method of describing composite media the composite is replaced
with a homogeneous anisotropic classical continuum. The geometric arrangement of the
phages in a composite material will generally manifest itself as a certain type of anisotropy
of this homogeneous continuum whose effective moduli should be determined in terms of
the elastic moduli of the constituents and the parameters describing the geometrical layout
of the composite. This effective modulus theory cannot account for the dispersion of
harmonic waves. Only the lowest (acoustical) modes, and even those without dispersion,
can be described by means of the effective modulus theory.

A conceptionally different approach, called the effective stiffness method, was pro-
posed in [1] for the case of a laminated material. A heterogeneous material was transformed
into a homogeneous higher-order continuum with microstructure. The method is based
on expansions of the displacements in each layer. The coefficients of the expansions con-
stitute the microstructure variables of the theory. Expressing the strain and kinetic energies
of the layers in terms of displacement expansions, “smoothing” the resulting expressions
to obtain continuous variables, and applying Hamilton’s principle results in a continuum
theory. A second-order approximation of the displacements in the layers [2, 3] afforded
better results for the dispersion of shorter harmonic waves than the first-order approxima-
tion used in [1]. For uni-directional fibre-reinforced composites the method was used in
[4, 5]; bi-directional fibres were considered in [7). This approach was also adopted in [6]
to find the approximate effective moduli of two-phase elastic composites consisting of
a matrix and ellipsoid-, needle- and disc-shaped inclusions.
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In [4] uni-directional fibres arranged hexagonally were considered and the displace-
ments in the fibre and in the matrix jacket of a composite element were linear. The aim
of the present paper is to obtain a better approximation of dispersion curves for waves
propagating in the direction of the fibres using quadratic approximation of the displace-
ments in the matrix.

In Sect. 2 the composite geometry and the displacement expansions are described.
In Sect. 3 the strain and kinetic energy densities are defined from which the displacement
equations of motion can be obtained through Hamilton’s principle. In Sect. 4 the dispersive
behaviour of harmonic waves propagating in the direction parallel to the fibres is examined.
These results are compared with the results obtained from other theories and with some
experimental data.

2. Geometry and kinematics

Let us consider a material consisting of two components: matrix and fibres. Both the
matrix and the fibres are linear, elastic, homogeneous and isotropic materials. The Lamé
constants and the mass density of the fibres and of the matrix are denoted by 1,, u,, o,
and A, u;, @3, respectively. The infinitely long fibres are of circular cross-section with
a radius r, and are arranged in a hexagonal array throughout the matrix material (Fig. 1a).

Fic. la. Fibre-reinforced composite. F1G. 1b. Composite element.

The fibres are parallel to the x; axis and the distance between them is 2/. The hexagonal
prisms in Fig. 1a are replaced with circular cylinders of the same volume (Fig. 1b). The

radius of the cylinder is
= f]/z_f‘_ ~ L1l

The composite cylinder will be referred to as the composite element.
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Let x,, x,, x3 be the global Cartesian coordinates. Let us introduce X, X,, X; as
the local Cartesian coordinates in the composite element with

Xy = Xgp+Xy, Xz = Xozt+Xz, X3= X3,

where Xx,,, X, are the global coordinates of the axis of the composite element. Let r,
@ denote the local polar coordinates (Fig. 1b), i.e.

X; = rcose, X, = rsing.

We consider the following displacement distributions in the composite element. In
the fibre let the displacement vector u{"’ have the form

2.1 UV = ufP|y +% vl + X Pl + X @l X3 @220l H X X2 @12l -

uSY s Yai> Pagi> (@, f = 1,2;i = 1,2, 3) depend on Xoq, Xo2, X3 and on time #. |, means
that the value is taken in Point 1 (Fig. 2). If r, @ are used instead of Xx,, it is possible to write
Eq. (2.1) in the form

22 uf? = uPly+rUl +r2 VO,
where

Uil
Vidl,

Cyyily +Syails,
C?@y1il1+ 8%@221l1 + SCoy2il4,
C =cosp, S =sing.

I

Analogously with Eq. (2.2) we shall assume the vector of displacement in the matrix jacket
u{® in the form

23) uf® = ufls+ (r=r) UP| +(r=r2)* VPl

ufP|, refers to the displacement on the circumference of a composite element in the point
of local coordinates r,, ¢, i.e. in Point 2 (Fig. 2) and depends on Xo4, X2, X3, 72, ¢ and ¢.

Fi16. 2. Two adjoining composite elements. e

U, V depend on x,q, Xz, X3, @ and t, not depending, however, on r, and will be
determined from the continuity of the vector of displacement at the interfaces.

Let us consider two adjoining composite elements (Fig. 2). The elements with the
centres in Points 1 and 3, respectively touch in Point 2 of the local coordinates r,, @ (refer-
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red to Point 1). First, we shall express the condition of continuity of displacement in Point 4
of local coordinates r,, @. Using Egs. (2.2) and (2.3), we obtain
2.4) (ri=r) UP|y + (ry = r2)* VP = ufP )y —ufP 2 +r U +ri V).
We shall further write the continuity condition of displacement in Point 5 (Fig. 2)
ufls = Vs,
From Eq. (2.2) written for the fibre with the axis in Point 3 we obtain in Point 5
uPls = ufP|s—re UPls+riviVls,
where
UfPl3 = Cyyils+ Syails,
ViVls = C2@y1ils+5%@22il3 + SCy2il5.
For r = 2r,—r; Eq. (2.3) yields
ufP|s = uP o+ (ra—r) UP |1+ (r2—r)* VP4

The continuity condition of displacement in Point 5 is, therefore,
(2.5) (ra=r)UP |+ (ra=r* VPl = ufPls—ufP |, —ri UP 3+ r3 VY5,
Let us note that for simplification purposes we have assumed in deducing Eq. (2.5) that
the distance of the axes of adjoining composite elements is 2r, instead of 2/ (see Fig. 2).
Equation (2.4) is valid identically for all ¢. The composite element with a centre in Point 1
adjoins six composite elements (see Fig. 1a). Consequently, the continuity condition (2.5)
. y : . 4 2 4 5
is valid for six angles, viz. ¢, {po-i-—a’—, (po+?ﬂ:, @o + 7, %+?n, (po+§~:rz. From the
macroscopic point of view, however, no angle ¢, is preferred and we shall require that
Eq. (2.5) be valid in the same way as Eq. (2.4) for all ¢. Let us note that 4{>* changes
smoothly in the transition to the adjoining composite element (i.e. over Point 2 in Fig. 2).
The sum and the difference of Eqgs. (2.4) and (2.5) yields Uf®|,, V{*|, in the form
2ry=r) Uy = uPy —ubPls +r (U] + UPR) +ri (VO = V),
2(ry=r2)* VPl = ufP | +ubPls —2ufP |+ r (U = UL L) +r3 (V01 + VL)

So far u$y, ulP, UM, U, VY and V{® have been defined in the axes or on the sur-
faces of composite elements only. Our aim is to describe the microscopically heterogeneous
material continuously. We assume that in every macroscopic point both phases and material
boundaries exist simultaneously and it is necessary that Egs. (2.1)-(2.6) be valid in every
point. Therefore, we shall replace u$’, uf?’, U, U, VIV, V{* with continuous functions
depending on the continuous variables x,, x, instead of the discrete variables xqy, Xo2-
Now we can express all functions in Points 2 and 3 by means of Taylor’s expansion by the

values of these functions and their derivatives in Point 1. After that, Eq. (2.6) will acquire
the form

U = CG i+ 8G2i+C?r;Gyi,1 + 813Gt 2+ SCry(Gyi, 2+ Gaiyy)»
Vl-(z) = H;"*'Cf'zH,"l‘l'SFzHg_g

(2.6)

@7

1 1 1
+C? [';}'TGHJ +K11t] +5? [?Gza.z‘i‘xzzi]-l-SC[?(Gn,z +Gy,0)+ 2K12t] »
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where

- L gt —ya),  Hi= )-3- gy —uE?),

1 1 n r i
Kai —?(’? Papi— "i'“ol :.c) n= Z, 7 =1-n,
a,f=1,2, i=1,2,3.

All functions are taken in Point 1. The comma with the following index denotes a partial
derivative with respect to the corresponding global Cartesian coordinate. To express Uf?,
V{® in Eq. (2.7) as many terms in Taylor’s expansion were taken as were required to obtain,
by substituting Eq. (2.7) into Eq. (2.3), u{® with the accuracy of small quantities of the
second order (in r;). Thus Eqgs. (2.2), (2.3) and (2.7) represent an approximation of the
second order.

Apart from the conditions of the continuity of displacement also the conditions of the
continuity of the stress vector should be satisfied at the interfaces. We could supplement
Eq. (2.3) with the term

(r=rs) Wi,

and determine, from the conditions of the displacement continuity and stress vector conti-
nuity in Points 4 and 5. twelve functions #§?, Uf®, V{®, W{® in dependence on u§}’, yu,
@api- We should obtain, however, very complicated expressions. It was found in [2] that
in the second-order theory of laminated materials the effect of the stress boundary condi-
tions at the interfaces on the dispersion curves was negligible. For this reason, and for
the sake of simplicity, we shall neglect the stress boundary conditions at the interfaces in
our case as well.

In technical practice, as a rule, all fibres have a rigidity of a higher order than the
matrix. For this case another simplification of the second-order approximation can be
made. In [3] a second-order approximation of the displacement in the layers of a laminated
material was considered. Figure 4 in [3] shows that for longitudinal waves propagating
along the layers the distribution of the displacement across the thickness of the layers
with the rigidity of a higher order appears in this approximation approximately linear
(although, according to Fig. 5 in [3], the accurate solution for the third mode is by far not
linear). It seems also that for a fibrous material with very rigid fibres the assumption

(2.8) Vil =0

will not result in any major errors. 1f we accept the condition (2.8), the number of independ-
ent kinematic quantities will be reduced by 9, as Eq. (2.8) means that

r;oamu—-O, oc,ﬁ=1,2; f=],2,3.
Let us note that if we applied, apart from Eq. (2.8), also
(2.9) V2 =0,

we would obtain the approximations (2.1) and (2.2) given in [4]. If Egs. (2.8) and (2.9)
hold, we see from Eq. (2.6), that with the accuracy of the infinitely small quantities of the
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first order it follows from the conditions of the continuity of displacement in Point 4 and
5 that

(2.10) ull = uP.

Thus the a priori assumption (2.10) made for the linear approximations (2.1) and (2.2)
in [4] is substantiated. However, for the second-order approximation Eq. (2.10) cannot
be generally accepted.

Further on we shall confine our calculations of dispersion curves on the wave propa-
gating in the direction of x5, i.e. along the fibres. If Eq. (2.8) holds, then Egs. (2.2), (2.3)
and (2.7) for the motion in the direction of x5 will be simplified to the form

ul® = ufP+ru®,

@1 (2) (2) (2) 2 17(2)
uf? = uP+(r—r)) U2 +(r—r))* Vi,
where
UM = Cyyi+Syzi, U = CG,i+5Gy,
V_(ZJ C 1 (u{n_ua?.)) G e _’?_
i - (rz_rl)z 0i i) ai — 7 Yais
C=cosp, S=sing, 7= :—‘ 7o Ty B2 1= 033
2

In Egs. (2.11) there are twelve independently variable kinematic quantities u$}’, u§?’, ¥,
ya; i = 1,2, 3. For the motion in the direction of x; the second-order approximation
(2.11) differs from the linear approximation in [4] by that

VP #£0

and ufl’, ui? are independent.

3. Equations of motion

The strain energy per unit volume of the composite medium is defined by
W= Wh4Lwe,

@D wo = L[ [[ 3 etp e+ motpap| e, .,
2
F®

nr

ofp = S (Y +uD), a=1,2.

Here differentiation is taken with regard to the local coordinates x,, X;, X;. Summation
of pairs of identical Latin indices over 1, 2, 3 is implied. F*? in Egs. (3.1) is the part of
the cross-section of the composite element belonging to the fibre, F(® is that belonging
to the matrix.
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The kinetic energy per unit volume of the composite material is defined by
K= KD+K®,

K® = ———f[ 5 CutPuMdx, dx;; a=1,2.

nr3

(3.2)

The dot above a quantity denotes the derivative with regard to time.
Using Egs. (2.11) we obtain W™, W from Egs. (3.1) in the form

A
W = '?thl[('Pu +122)% +u§y §+2”(”3(‘P11+'P22)+ ('W:a 3 +v3s, 3)]

+P1[1P:1+1P22+”“)§+ 3 W12+y21)%+ = 5 ('P13+"511).3)2+'2— (23 +ub?3)?
2

r 1 1 1 1
+ T‘(‘Pf;.ﬁ“ﬂ%a.a + '2—\0@1.3 + 'i'#’fz.a + —2“1."22?1 3k '2—'(’%2,3)]},

A .
(33 W®= _'2" {BV=1)) (i1 +9532)+ V=) 91922+ V(p12+v2)?
—2n “523)3('!’1 1+ 922+ YT, 3+ 935,3) + (1 =9 ufR3+ N(wis.3 Uy +v25,3 Us)
+Z(UI+ U+ BV 7)) Qo+ 293+ v+ 93 +vhs +93)
+V(2'P%2+27P§1+"P%1+'P§z+'Pf3+‘P§s+2'P:x'{’zz““z?;z?’u)—z?}'z(w;zwn
+ufPsvis +ufRsvs)+ (1-92) QuiR 3+ uf23 +uf2 )+ Y(2pis s+ 29355
+yis+via s+ s+ 932.3) + PQUR Us s +ufPs Uy s +ufys Us,s)
+QQU3,3+ Ut 3+ U3 3)+N(y,y,3Us+v32,3Us)
+R(p13U; 34923 Uz 3)+ Z(3U3+3U3+3U3)}
and K from Egs. (3.2) in the form
(3.4)
K= —{9 7?2“3}’“5})4“92(1 ’?2)“ 2’”&’+](‘i’li'}’li+¢2t';’ﬂ)+92ﬁ6%] {]i+92Q{}f U;}
We have introduced the notation

1
N = —-—n(1+3?3). P ==9'(1+3n),

1, 1
Q=157+, R==zy(-3p,

152 1
U, = S — e A [
i "a u i ’ Vv 4 n:z ]g ??!
ri 1435 52
- L -
Y=1n'(143n), Z g i

rf ] Qz ¥
I'=—len +5 7' (1+3n)|.
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Let ¥ denote a fixed regular region and ¢,, ¢, fixed times. For independent variations
of dufP, dye(a = 1,2; i = 1, 2, 3) for which
&ug? = &Woti =0
on the surface S of the region ¥, Hamilton’s principle is of the form

2
(3.5) 8 [ k-wyavar = o.
nv

The sought equations of motion of the composite material are the Euler equations for the
variational principle (3.5) which have, in this particular case, the form

2L AR Lk P (EE -0
(2:6) of ~axs\ofs) o\ )T

In Eq. (3.6) f represents the twelve functions u$P, v (¢ = 1,2, i=1,2,3).

4. Wave propagation results

The principal aim of this paper is to find the approximate dispersion curves for plane
harmonic wave propagation along the fibres, i.e. in the direction of x;.
Let us assume the solution of the equations of motion (3.6) in the form

4.1) U = UP e = P, efkxamen
a=1,2, Jj=1,2,3.

U§?, ¥,; are constant amplitudes, & is the wave number, ¢ is the phase velocity and i stands
for the imaginary unit. After substituting the relations (4.1) into the equations of motion
(3.6), we obtain a homogeneous system of linear equations for U, ¥,;. The system of
twelve equations decomposes into four systems corresponding wnh the mdividual waves.
The first system contains USY, U§®, ¥, the second U§Y U2, ¥, 3, the third USY, U,
¥..,%¥,, and the fourth ¥,,, ¥,,. The first two systems of equations describe the
transverse waves, the third represents the longitudinal wave and the fourth the twisting
microwave.
For the transverse waves the dispersion relations turn out to be

¢, —c*cs+k™2c;, c¢3—c*cg—k %cs, Ca
4.2) c;—c*cs—k™%c5, c1—c*co+k s, Cg =0,
Cas Cg, 611+k2810—k2021

where

¢ = [ I}S Ha, €y = %?6'(3"'5??)#2’

n*(1+3n) ©
3 = T(az"l'l)r—l:,
€y = {mz+g[(6z—2)(l+3n)+(1—31})]}#:,
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- ['9'?24' :?—;(1-4'5?3)]9:, e = —-—(3+57;)02,
2
€7 = [(l—n’)—gn’(2+5n)]ﬁ‘2=
cg = {_nz_%[(62—2)(l+3q)]}p2,

09—[(1 )= 15 ?3(24‘5?})]9:.

r? é,m'
Cro = T‘[n’61?+ 2;? (1+37I):|ﬂ2,

2 ’
e =My =D+4V]u,, J= %[9n’+%‘(1+3n)]92,

2(1 =%, Ax
0=9_1 =ﬂs a&!:_""__'_'_: € = Ara 4 .3 ¢ =1’2'
ot T =25, " %7 20hatp)
The phase velocity ¢, of very long waves is obtained from Eqs. (4.2) for k — 0
2¢5+ €7)— (4 +¢5)?
4, 2 _ Culeit2e+¢ 4tCa)”
43 Co ¢y1(cs+2c6+co)

For the longitudinal waves due to axial symmetry with regard to x, the dispersion relation

is

dl*—Czds'i"k_zd;, dz—(.‘zds—k_zda, 2d4 i
(4.4) dg—czdg—k_zdg, dq—czdg+k_2d3, 2d3 = 0,
. ds, dus +hody o= ke

where

[dm Y+ Sn(1+5n)]#z, d; = :}5

2
dy = gz—(l‘i‘:‘;’?) B, d= [(51—2)712?+—g-(1+3n)]#2,
l.
de =T (345
02, 6 = 30( +5n)oz,

2 4 ’
d; = |(1=79 )‘h‘ﬁ'? 2+ 59) | p2,
dy = —[nZ(az~2)+§(l +3?2)]#z,

i B i, 7
ds = |(1—17 )—En(2+5n) 02, dio =zl" ?+T(l+3n) M2,

dyy = 2[n*(8,y—8)—n*(y—1)+2Vd,) ..
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¢o is of the form

4.5) = _du(dx +2d,+d;)—2(ds +ds)*
dy1(ds+2de+dy)
We shall easily ascertain that these ¢, merge with phase velocities of the corresponding
waves of long wave lengths obtained in the linear approximation in [4] (compare Eqgs. (4.3)
and (4.5) with Egs. (4.3) and (4.4) in [4]), respectively.
The dispersion relations (4.2) and (4.4) will be calculated numerically for the volume
fraction of fibres #*> = 0.6 and for the material parameters

yﬂ_-i‘L.—_lOO, ﬂ=9—l=3, ‘jl'l=1}2=0.3.

K2 Q2
Instead of ¢, k and the circular frequency w = ck, the dimensionless quantities will be
used, viz.

1/2
ﬂ:c(&) , &=kry, Q:ﬁ&'
M2

Figures 3 and 4 show the calculated dispersion curves of transverse waves, Figs. 5 and 6
being concerned with longitudinal waves. Solid lines show the dispersion curves of the
second-order approximations (4.2) and (4.4), dashed lines those of the first-order approxi-
mation [4]. Dotted lines in Figs. 4 and 5 are the results of the calculations from Eqs. (3.16)
and (3.54) from [5]. The dash-and-dot curves in Figs. 4 and 5 are taken over from [8].
In [5) and [8] the parallel fibres were arranged in a quadratic array.

Ve [
5
101 2 . .
=06 ——— 1st order approximation
J=3 —— 2nd order approximation
f = 70 0
y=y=03
gr = =
g

(S
|

1 2

Fi1G. 3. Dispersion curves for transverse waves.
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FiG. 6. Dispersion curves for longitudinal waves.
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In Fig. 3 the results of both approximations are compared for transverse waves. The
dimensionless phase velocities £ are plotted against the dimensionless wave numbers &. The
second-order approximation gives three modes of propagation, the first-order approxima-
tion gives only two of them. The first (acoustical) modes, i.e. the lowest dispersion curves
in Fig. 3, are very near in the first and the second order approximations for small ¢ (long
waves); for £ —» 0 the dimensionless phase velocities # merge. With the increasing & (i.e.
with the shortening of the wave length) the differences increase. The remaining (optical)
mode of the first-order approximation for all £ is very near the highest optical mode of the
second-order approximation. The intermediate mode of the second-order approximation
has no partner in the first approximation. Figure 4 shows in greater detail the acoustical
modes of the transverse waves. The dash-and-dot curve calculated in [8] by the Ritz method
has a qualitatively identical course with the second-order approximation curve; however,
for small £ it affords higher values. The dotted curve calculated from Eq. (3.16) in [5]
has a similar course as the first-order approximation curve; however, for small & it affords
lower values. § calculated for & — 0 from both of our approximations corresponds, with
a high accuracy, to the value calculated by means of the effective static modulus found in
[10] and the effective dynamic modulus obtained in [11] for the quadratic array of fibres.
For long transverse waves, f§ calculated according to [5] appears too low and f obtained
in [8) too high. Figure 5 shows the first (acoustic) modes of the longitudinal waves. The
second-order approximation curve is very near the curve calculated from Eq. (3.54) in
[5] and that taken from [8] and represents a great improvement in comparison with the
first-order approximation curve. For £ — 0 all curves merge. In F'ig. 6 the real part of &
is plotted against the dimensionless frequency £ for the longitudinal waves. In the second-
order approximation the first (acoustic) mode is real for all 2. The second and the third
modes are imaginary (standing waves), until cut-off frequencies have been attained after
which they become real. The two modes of the first-order approximation (dashed lines)
are near the second-order approximation for long waves (small &).

In [9] results of experiments are given with a boron-epoxy composite. The group velocity
¢, defined by

dw dc
(4.6) Cg = d_k = C‘*‘kﬂ

was measured for a number of frequencies f = w/2z. For the case studied in [9] it is
n? =054, y=2881, H=213, » =02, »,=04.

For these parameters in Figs. 7 and 8 the group velocity ¢, [in/u s] calculated from Eqs.
(4.6), (4.2) and (4.4) is plotted in solid lines against the frequency f [MHz]. The dashed
line in Fig. 7 is taken from [5], Fig. 3. 1t can be seen that for transverse as well as for longi-
tudinal waves the second-order approximation results for f < 5 MHz are in good accord-
ance with experimental results.

The above comparisons show that the second-order approximation of displacements
in the matrix affords considerably better results for the propagation of waves of shorter
wave lengths in the direction of the fibres than the linear (first-order) approximation
presented in [4).
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