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A flutter analysis of a system of two airfoils
with aerodynamic interference

J. GRZEDZINSKI (WARSZAWA)

A THEORETICAL study is made of the influence of an aerodynamic interaction of two thin pro-
files in the plane flow of an ideal gas on the critical flutter velocity. Presented are results of cal-
culations of aerodynamic coefficients and the flutter velocity for biplane profiles and profiles
laying on the straight line one behind the other.

Praca dotyczy teoretycznego zbadania wplywu aerodynamicznego oddzialywania dwoéch cien-
kich profili umieszczonych w plaskim przeplywie gazu doskonalego na predko$é krytyczna
flatteru. Przedstawiono wyniki obliczeri wspélezynnikéw aerodynamicznych oraz predkosci
flatteru dla profili w ukladzie dwuplata i dla profili lezacych jeden za drugim na jednej linii
proste;j.

Pabora KacaeTcA MCCEIOBAHHA TEOPETHUECKHMM ITYTEM BIMAHMA HAa KPHUTHUECKYIO CKOPOCTH
chnaTTepa a9poAHHAMHYECKOTO B3aUMOEHCTBUA ABYX TOHKHUX NMpoduiiei NOMEIeHHBIX B 110~
CHOM TEYeHHH H/CANBHOrO rasa. IIpe/CTaBjeHBI PE3y/IBTATHI PacUETOB A3POJMHAMHUECKHX
roadypHLIHEHTOR H cKOpocTeil daTrepa A npoduneil B cucreme Guruiana u gna npodnmneit
JIeXKalUMX OfMH 33 APYTHM Ha OJHON NpAMOH JTHHHH.

1. Introduction

IN THE FLUTTER analysis of airplanes it is usually assumed that the aerodynamic forces
act on the lifting surfaces only, that is the wings and the tail surfaces. These forces are
usually determined for each lifting surface treated as isolated one, therefore by neglecting
the flow perturbation due to the presence of the remaining parts of the airplane. However,
the aerodynamic ihteraction between the wing and the tailplane or between the wings
of a biplane should not be disregarded for some planes, in particular if the lifting surfaces
are not wide apart. For preliminary assessment of the influence of such an aerodynamic
interference on the critical flutter speed, a simple model taking into account the fundamental
properties of the interaction between the elements considered and requiring no excessive
numerical analysis would be particularly useful. This is important, because flutter analysis
is always time-consuming and expensive, even if only a few degrees of freedom are assumed
and the simplest model is used for determining non-stationary aerodynamic forces. With
this in mind the two-dimensional model is assumed as a starting point, which leads to the
determination of the critical flutter speed for two interacting airfoils. The principal aim
of such a simplified computation is to obtain a prompt reply to the question as to whether
the use of the airfoil configuration considered involves a risk of reducing the critical flutter
speed as a result of the interaction between them.
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2. Formulation of the problem

Let us consider two undeformable airfoils in homogeneous plane flow of a perfect gas
at a speed U at infinity (Fig. 1). The airfoils are numbered in the order in which the middle
points of their chords are met, if we move in the direction of flow. In the position of equilib-
rium the chords of the airfoils lie on two straight lines parallel to the direction of unper-
turbed flow, and coincide with the axes O,x, and O,x, of two rectangular systems of
coordinates, O, x,z, and O,x,z,, the origins of which are located at the middle points
of the airfoil chords. The relative position of the two systems is determined by two coordi-
nates L and H. A system of linear flexural springs, the rigidities of which are X, K; and K;,
and torsional springs, the rigidities of which are C; and C,, connects the two airfoils

%

FiG. 1.

with a mass M; which is insulated from the flow. In the position of equilibrium its centre
of gravity lies at the origin of a rectangular system of coordinates O;x;z;, the axes of
which are parallel to the corresponding axes of the systems connected with the airfoils.
Each airfoil should be considered as constituting a unit segment of a wing of infinite
aspect ratio, having a mass M;, a static moment S; with reference to a selected
reference axis and-a moment of inertia J;, about that axis (the index i = 1, 2 representing
the number of the profile).

The airfoil system just described is freely deplaceable as a rigid body in the direction
normal to that of unperturbed flow (the rigid degree of freedom). The flutter analysis of
this system will consist in studying the stability of its motion resulting from a deviation
from the position of equilibrium. In practice such an analysis depends always on the lim-
ited capability of the mathematical apparatus available and reduces to the determina-
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tion of the limiting value of the speed of unperturbed flow, above which the motion of
the airfoils becomes unstable. The objective of the present paper is to study the dependence
of that speed on the aerodynamic interaction between the airfoils.

3. The equation of motion

The position of the system of two airfoils considered is described by five generalized
coordinates h,, a,, hy, a5, h; (Fig. 1), which may be treated as components of a certain
displacement vector u. If the motion is stationary, we have u = 0. Our fundamental assump-
tion is one of small perturbations, that is the generalized coordinates and the generalized
speeds have their moduli much less than unity. The method for deriving the equations of
motion in the principal coordinates selected for the purposes of the present paper is based
on previously determined natural frequencies and modes. These quantities represent its
mass and rigidity properties in a joint manner. In addition, the flutter equations based on
the natural modes have a simple structure which is an essential advantage bearing in mind
the necessity of solving them many times.

The method for deriving the equations of motion applied here is a particular case of
the method described in Refs. [1] and [2] for a free material system composed of linearly
elastic bodies. The starting point is the determination of the vector of displacement u as
a sum of two orthogonal vectors ug and ug

u = ug+ug.

This orthogonality is understood in the sense of a scalar product defined for any two
vectors a and b in the following manner

3.1 (a,b) = aTMb,

where M is the mass matrix of the system considered and aT is the transposed vector.
In the considered case of two profiles, the mass matrix is

M, =-S5, 0 0 0
=g 4. 0 0 0
M=| o 0 M, —-S, 0
0 0 -S, J, 0

0 0 0 0 M,

the elements of which are mass parameters.

The vector ug is part of the displacement u representing the rigid displacement of the
system and belongs to the one-dimensional space R, the basic vector of which is ¥ =
[1010 1], and whose components constitute the linear part of the increase in the genera-
lized coordinates corresponding to a unit increase in the coordinate describing the rigid
displacement. The vector ug is that part of the-displacement u which corresponds to the
elastic strain of the system and belongs to a space E, orthogonal to R, with a basis formed
by the vectors @,(i = 1, 2, 3, 4) of natural modes of vibration.

4 Arch. Mech. Stos. nr 1/78
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Any displacement of the moving system u(7) under the action of external aerodynamic
forces belongs to the space E+ R and can be represented as a linear combination of the
vectors of basis of the component sub-spaces:

4
u(t) = ) ®.q,(1)+¥gs(1),
i=1

where ¢,(¢t) (i = 1, 2, ..., 5) are functions of ¢ alone and constitute new generalized coordi-
nates. The set of equations for the latter has the form

(3.2 m(Gi+ofg)=0 (@(=1,2,3,4),
3.3) ¥,¥)gs = Os,

where m,; denotes the generalized mass corresponding to the particular mode of natural
vibration with a frequency w;

m; = (®,,P),

and Q; (i = 1, 2, ..., 5) are generalized aerodynamic forces corresponding to the natural
modes and the rigid mode.

The separation of the Egs. (3.2) and (3.3) and their coupling by aerodynamic forces
alone results from a decomposition of the vector u into a sum of two vectors, which are
orthogonal in the sense of the scalar product (3.1) and the transition to the principal
coordinates.

4. The aerodynamic forces

To determine the vector Q of -generalized aerodynamic forces, the components Q; of
(i=1,2,...,5) which occur in the right-hand members of the Eqgs. (3.2) and (3.3), it is
necessary to know the pressure distribution over each airfoil during the motion of the
system. In what follows harmonic motion will only be considered. The pressure distribu-
tion over profiles will be found under the usual simplifying assumptions, which enable
linearization of the fundamental equations and boundary conditions. These assumptions
were used for the computation of the pressure distribution over a single isolated air-
foil [3]. Their discussion for a system of two profiles is contained in Ref. [4]. Linearization
of the boundary condition at the surfaces of the airfoils, expressing their impermeability,
means that each airfoil is replaced by a straight line segment. Linearization of the equations
describing the flow enables us to introduce the acceleration potential which satisfies the
Laplace equation and is proportional to the pressure on the airfoils. As a result, the prob-
lem of determining the pressure distribution over the oscillating airfoils reduces to an
external Neumann problem for the acceleration potential with a boundary condition for
the surface of the two airfoils only (a vortex wake does not occur in an explicit manner).
Now, starting out from an elementary solution having the form of the potential of a double
layer and making use of the fundamental equation for harmonic functions, we obtain
a set of two integral equations for the amplitude of the reduced pressure difference y;(x;),
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which is related with the amplitude of the pressure difference between the upper and lower
side of the i-th airfoil 4p,(x;) by the equation

4
nixy = =20

where g is the density of the medium. The set of equations mentioned is as follows

1
(@) o [k, Ov(@) = 2,
21

where k(x, &) is a second-order matrix, the elements of which are the following kernel
functions

1
(x—8)?’

(_(—_')"'Fﬂ_ +§)‘ _ (_H)

by bu ]
[P )T

I,m=1,2;

y(£) is a two-dimensional vector, the components of which are the amplitudes of the re-
duced pressure difference on the first and second airfoil, respectively, a(x) —a two di-
mensional vector, the components of which are the amplitudes of the normal acceleration
components on the first and second airfoil, respectively and b,, b, — half-chords of the
first and second airfoil, respectively.

If | = m, there occur in the set of Eq. (4.1) integrals, which are convergent neither in
the ordinary sense nor in the sense of the Cauchy principal value. The method for making
those integrals regular is strictly determined by the order of operations of integration in
the fundamental equation for the harmonic functions and the passage to the limit,
thus obtaining the set of Eq. (4.1). It can be shown that this procedure is that of treating
divergent integrals in the sense of the Hadamard finite value.

The set of integral Eq. (4.1) does not represent a complete mathematical formulation
of the problem, because prescription of the normal acceleration component on the airfoils
does not determine in a complete manner the pressure field, which depends also on the
normal velocity component. This physical fact has its mathematical reflection in the solution
of the set of integral equations being not unique. It is determined with an accuracy to within
the solution of the homogeneous set that in for a(x) = 0. There are various methods for
ensuring the uniqueness of solution, by solving the homogeneous set, for instance, and
requiring the equality of the normal velocity component to prescribed values at any two
points on the airfoils. Another method is by transforming both members of Eq. (4.1) by
means of an operator transforming the acceleration potentional into that of velocity.
Then, we obtain a set of integral equations of strong singularity, of the Possio type, con-
stituting a complete mathematical formulation of the problem. There are, however, some

forl=m

klm(x') E) = for I?‘-‘m

4
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difficulties in the numerical solution for high values of the frequency coefficient k, which is
defined thus
wb

k=T

where @ is the circular frequency of oscillation, b denotes half-chord of one of the airfoils
selected as a reference length. The duration of the computation increases considerably,
for the same accuracy, which is due to the necessity of computing integrals of rapidly
oscillating functions. These difficulties can be avoided by transforming both members
of Egs. (4.1) by means of an operator defining the integral acceleration potential ¥(x, z)
(or, strictly speaking, its amplitude of harmonic vibration) [5]:

@2 V(x,2) = [ (& 2)de,

where (£, z) is the amplitude of the acceleration potential. The transformation of the
left-hand member of the set of Eq. (4.1) is reduced to some simple mathematical opera-
tions, the transformation of the vector a(x) requiring a brief discussion, however. The
integration path in Eq. (4.2) is a ray from minus infinity to a point on the airfoil, but the
components of the vector a(x) (acceleration normal to the airfoil) are directly known
on the segment occupied by the airfoils only. For the remaining part of the integra-
tion path these components are determined by the sought for pressure distribution on
the airfoils. The integral (4.2) should, therefore, be resolved into a sum of two integrals,
one of which extends over the segment of the airfoil up to the leading edge and the
other over the ray in front of the airfoil. The latter integrand will be found by ex-
pressing the normal acceleration component in terms of the unknown reduced pressure
difference, making use of the operator converting the acceleration potential into the veloc-
ity potential. On performing all the operations described we obtain, for the reduced pre-
ssure difference (the vector y), the following set of integral equations with a strong singu-
larity

1 -1 1
1 7 1
@3) E:[ K(x, v(@)dt = d)+ 7 [ ew 3 f K(x, E)y(E)de,
where K(x,£) is a second-order matrix composed of the following kernel functions
1
ﬂ for I= m,
(~1)"L—b,x
Kin(x, &) = T b C o 1
( (=)"L—bx ,\2 [H\yY 7™
Sme— = )
e ki
ILLm=1,2;

d(x) is a two-dimensional vector, the components of which are given by the equation

d(x) = w()+iki [ wi&)ds (= 1,2),
=1
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where w;(x) denotes the amplitude of the normal velocity components on the /-th airfoil
and k; — the frequency coefficient as referred to the half-chord of that airfoil, the symbol
i denoting the imaginary unit; C(x) is a diagonal matrix of the second order, the elements
of which are the functions
ikjetx+ = m,
Cim(X) =
1m (%) 0, Ik,
I,m=1,2.

The latter term of Eqs. (4.3) is a constant, independent of the coordinate x, constituting
a functional of the sought-for solution y(x).

The interaction between the profiles is expressed, in the set of Eq. (4.3), by non-
singular components of the kernel K, (for / # m). These kernels tend rapidly to zero,
if the airfoils are moved apart for H # 0. This is obvious because for H = 0 the second
profile lies always in the vortex wake extending from the first airfoil to infinity.

For airfoils in tandem configuration a closed-form solution can be obtained [6],
which cannot be generalized, however, to the case of Eq. (4.3) due to the geometry of the
boundary of the region and the form of the kernels. Under such conditions, one of the
simplified methods must be used for actual solution. In the present work the method of
least squares will be used, which seems to be the most effective of the existing approxi-
mate methods of functional analysis as regards the set of integral equations obtained.

The Eq. (4.3) can be written in the operational form

Dy(x) = dtx),
where D is the operator described by the matrices K and C. Each component y;(x) (j = 1, 2)
of the vector y(x) is approximated by the series

4.9 yi(x) = 7" (x) = 2]/1—;% g; a{”P;(E' _5)(x) (=1,2),

1 1
where P;* */(x) are Jacobi polynomals and af’ denote numerical coefficients, which
in the method of least squares are determined from the condition that the square of the

norm

1 =
IDY® - = [ ]/% Dy® —a)fdx
-1

should be minimum. This leads to the following set of linear algebraic equations

N
Zglmaau:p! (I= 132’ ----;N):
m=1

where a, are the sought-for expansion coefficients (4.4) on both airfoils, the total
number being N, and the coefficients g;, and p, of the set of equations are given by the
formulae (the bar denoting the conjugate complex number)

. pes 1
sm= | |/ X RO FO@ax+ [ ]/ X ro ) FP G dr,
-1 -1

1—x
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1 o 1 i
25 4 ﬁf]/ i’_’; d, Y FD () dx + _[]/ :fi () FP (%) dx.

In these formulae d,(x) and d,(x) are the components of the vector d(x) occurring in
Eq. (4.4). The functions F{!’(x) and F{?(x) are integrals of various types on which largely
depends the time of computation and the error of the aerodynamic coefficients obtained.

Most of those integrals can be readily evaluated which is an essential advantage of the
method for deriving the set of integral equations by means of an integral operator of the
acceleration potential. The remaining integrals, with regular integrands, have been com-
puted by means of the Gauss-Jacobi quadrature.

To assess the overall error, with which the aerodynamic coefficients have been obtained,
an ODRA 1204 computer was used to perform the analysis by the method described for
a single isolated airfoil with two degrees of freedom. In this case a closed-form solution
is known, which is limited to two terms in the expansion (4.4) for translational oscillation
of the airfoil, and to three terms for rotational oscillation. The approximate solution ob-
tained can be compared to the exact solution. The test computation was performed for
two, three, four and five terms of the expansion (4.4). In each of those cases the frequency
coefficient took the values k = 0.01, 0.1, 1, 10, 100. In all the computations for k < 10
(except the aerodynamic coefficients corresponding to the two-term expansion for rota-
tional oscillation) an agreement of ten significant digits was found for the real and imaginary
parts of the aerodynamic coefficients. With increasing frequency coefficient and increasing
number of expansion terms the relative error increased, reaching at most 0.001%. All the
integrals, except those of the method of least squares, have been determined by analytic
methods, the result obtained shows that the error of the method is insignificant and makes
us suppose that its main source is the procedure of rounding off the scalar products of the
quadratures. This conclusion is confirmed by the analogous test described in Ref. [7],
in which the method of least squares was used to solve the Possio equation. The form of
the kernel of that equation suggests its decomposition into a singular part and regular
part, which means numerical solution of more integrals than in the case of integral accel-
eration potential. As a result, the agreement for the coefficient of the moment of rotating
motion of a single isolated profile and a frequency coefficient k = 1, was of two or three
significant digits only. It remained unchanged independent of the number of expansion
terms of the reduced pressure difference. In the present case, that is in the case of two
airfoils, the value of the result was already established for four terms of the expansion (4.4)
for each of the airfoils.

The lift L and the moment M about the reference axis x, (Fig. 1) acting on the profile
are expressed in terms of the reduced pressure difference y(x) as follows

1
L = gU2be™™ [ y(x)dx,

= —pU2b2e'* J (x—x,)y(x)dx,
|

where b is the half-chord of the airfoil.
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For purely formal reasons it is more convenient to use the following expressions of the
aerodynamic coefficients of the lift 4, and moment 4, [8]

1
Le™i* 1 f
A= U = J 7O

i
Me—im: 1
A, = — U = ;:!-(x—x,)y(x)dx.

Bearing in mind the orthogonality property of the Jacobi polynomials, these coefficients
depend only on the first two terms of the expansion (4.4) for the reduced pressure differ-
ence on the airfoil.

The problem considered, that is the problem of determining the pressure distribution
over the airfoils has been reduced to a set of linear equations with linear boundary condi-
tions. It follows that the system of forces acting on airfoils moving in any harmonic manner
can be obtained by superposition of forces for simple component motions. Any harmonic
motion of two airfoils can be described by superposing four simple motions, during which
only one generalized coordinate varies, the remaining ones being zero. In the present case
they will be translational and rotational oscillations of each profile. Each of those motions
produces forces and moments acting on the oscillating airfoil (their values being different
from those obtained for the isolated airfoil due to the presence of the other airfoil, which
is fixed) and on the fixed airfoil.

The latter result from the aerodynamic interference. Thus, each elementary motion
corresponds to a set of four aerodynamic coefficients. The set of forces acting on the air-
foils during any harmonic motion, in which all the generalized coordinates vary, that
is hy, o, h,, a, can now be expressed in the form of the product

Lyb, A} Af AR AR (M

- M All Al A_IZ A:z o
(4.5) b= Uz | IR L

ﬁLzbz Au An 5 All Alz hl

— M, Ag} A3} | Aﬁ% A% ] o,

where 6 = (b,/b,)%.

The matrix of aerodynamic coefficients is composed of four blocks of four elements
each. The diagonal blocks represent the action of each airfoil on itself, the remaining two
being an effect of the aerodynamic interference. If the latter is disregarded, the matrix
will be composed of two diagonal blocks only.

The first subscript indicates whether the coefficient that of lift or moment, the other
determining the oscillation type (translational or rotational). Either of the two subscripts
may become | or 2. The superscripts indicate the airfoil to which the coefficient pertains
and the airfoil performing the oscillation indicated by the second subscript. In other words
the superscripts determine the object of the action of an airfoil.

For a biplane configuration the influence of the aerodynamic interference decreases
rapidly with increasing distance between the airfoils. The examples of computation results
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presented here concern a system of two identical airfoil of a chord 2b and a distance L = 0
between the middle points of the chords in the direction of flow (Fig. 1). Various distance H
between the airfoils and various values of the frequency coefficient k were assumed. The
influence on the oscillation of an airfoil of the presence of the other airfoil decreases very
rapidly with increasing distance between the airfoils, which is illustrated in Figs. 2 and 3,
representing the modulus and the argument of the ratio of the lift coefficient of an airfoil
due to its translational oscillation in the presence of the other airfoil, which is fixed, to the
relevant standard coefficient (that is the lift coefficient for a single isolated airfoil). The
character of the variation is independent of the frequency coefficient. The ratios of the re-
maining aerodynamic coefficients, representing the action of each airfoil on itself and the
relevant standard coefficient behave in a similar manner. The coefficients of mutual action
of the two airfoils decrease also rapidly with increasing distance between them. This is
illustrated in Figs. 4 and 5, which represent the real and the imaginary part of the lift coeffi-
cient for one airfoil due to translational oscillation of the other airfoil. The remaining
aerodynamic coefficient of mutual action behave in the same manner. The influence of the
aerodynamic interference on the forces acting on two airfoils in tandem configuration

/]
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is different. This configuration corresponds to H = 0 (Fig. 1). The aerodynamic coeffi-
cients resulting from the action of each airfoil on itself vary very little with increasing
distance between the airfoils. The effect of the aerodynamic interference is described by
the coefficients of mutual action. Examples of results are shown for lift coefficients
(Figs. 6, 7) for a frequency coefficient k = 1. The aerodynamic interference has here a di-
stinct directional character. The coefficients resulting from the action of the first airfoil
on the second airfoil have an oscillatory character, the corresponding wavelength being
determined by the speed of flow and the frequency of oscillation. On the other hand, the
aerodynamic coefficients representing the action of the second airfoil on the first decrease in
a monotonic manner to zero with increasing distance between the airfoil. The aerodynamic
coefficients representing the action of the first airfoil on the second airfoil are of the same
order of magnitude as those of the action of each airfoil on itself.
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The knowledge of the aerodynamic coefficients enables us to determine the vector of
generalized aerodynamic forces Q, which constitutes the right-hand member of the Egs.
(3.2) and (3.3). This vector has the form
(4.6) Q = pw?Age'™,
where o denotes, as before, the density of the medium, w is the angular frequency of oscil-
lation and q is the vector of principal coordinates. The matrix A is the aerodynamic
matrix, the elements of which are expressed by the formula

4
mht .

4.7 U = =7 @ Acpn  (Lm=1,2,...,5),

where k is the frequency coefficient referred to the half-chord of the first airfoil, ¢; denotes
a vector, the components of which are equal to the generalized coordinates of the airfoils
corresponding to the /-th mode (the rigid mode being included) and A, is the matrix of
aerodynamic coefficients appearing in Eq. (4.5). The aerodynamic matrix A is a function
of the frequency coefficient, therefore also the frequency w, the square of which enters
Eq. (4.6) in an explicit manner. Such an expression is due to the requirements of the ana-
lysis of flutter.
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5. The flutter analysis

The starting point for the flutter analysis of the system of two airfoils considered
are Egs. (3.2) and (3.3). However, bearing in mind the complicated manner in which the
aerodynamic forces depend on the history of the motion, the classical methods of stability
analysis cannot be applied to those equations. The present flutter analysis consists in
finding such values of the parameters (the flow velocity, in particular), for which harmonic
motion as described by the equations considered is possible. By analogy to the methods
of stability analysis consisting in assuming solution in the form &* (where i = u+iw)
and studying the sign of the real part of the parameter 4, the harmonic motion is treated
here as a motion which separates damped vibration from undamped vibration. The rele-
vant value of the speed of flow U is the critical flutter speed. Such a method has commonly
been used since the beginning of the history of flutter analysis and is as yet the only one
enabling some inferences to be drawn on the stability of the set of Egs. (3.2) and (3.3),
which is always a complicated integro-differential set of equations.

The set of Egs. (3.2) and (3.3) completed by a term of damping forces, which are assum-
ed to be proportional to the elastic forces but in phase with the velocities, can be repre-
sented in the form of the classical flutter equation

(M+0A)"'Kq = 1q,

that is in the form of an eigenvalue problem of an asymmetric singular (due to the rigid
degree of freedom) matrix with complex elements. In this equation M is a diagonal matrix,
the elements of which are the generalized masses corresponding to the natural modes of
vibration (the last element, which corresponds to the rigid mode is equal to the total
mass of the system), K is a matrix, the elements of which are equal to the squares of the
natural frequencies (the last element being zero) and A is an aerodynamic matrix, the
elements of which are given by Eq. (4.7). The eigenvalue

2

A=——
1+ig
depends on the parameter g, which is interpreted as an overall damping coefficient.

The determination of the critical flutter speed consists in finding such values of the
speed U and the frequency w that, for a prescribed coefficient g, the value of w?/(1+ig)
may be an eigenvalue and, in addition, the speed U may take the lowest value among
those corresponding to particular eigenvalues. This is not feasible in a direct manner,
the aerodynamic matrix A being a function of the frequency coefficient known only from
numerical solution of a set of integral equations. As a consequence, the computation was
repeated many times for different values of the frequency coefficient until the given value
was obtained for the damping coefficient. The form of the harmonic motion at the critical
speed can be found from the computet eigenvector q.

To illustrate the influence of the aerodynamic interference on the critical flutter speed,
examples of computation results will be presented for a system of airfoils with parameters
having values as for a typical aircraft. The airfoils are of equal chords and equal mass
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parameters. The rigidity properties of the /-th airfoil are characterized by the frequencies
fiP and f?

1 K

[{) Sl Lkl 2

f h n Ml

1 G
) — -I / =1.2
fc: 2 rl (I 1 ’ )’

where K; and C; are the flexural and torsional rigidity of the /-th airfoil. If the static mo-
ments of both airfoils about the torsion axis were zero, these frequencies would be those
of flexural and torsional vibration, respectively, of the /-th profile, under conditions of
fixed mass M;.

In the biplane configuration a reduction in the critical flutter speed has been found
as a result of the aerodynamic interference (Fig. 8). The values of the ratio of the critical
flutter speed ¥ to the speed ¥V, of a system of two isolated airfoils are measured along
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the axis of ordinates taking into account the interference. Each particular curve corre-
sponds to a different value of the ratio of frequencies of torsional vibration, for f{V [f{? =
= 1.4. The influence of the aerodynamic interference in airfoil configurations of various
ratios of flexural rigidities is analogous (Fig. 9).

The results of computation of the flutter speed for a system of airfoils in tandem con-
figuration concern two variants: with a fixed mass M; (without the rigid degree of free-
dom) and with the rigid degree of freedom, the value of the mass M; being zero. The
first variant corresponds to the case of symmetric vibration of the real structure. In the
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second variant the possibility of free displacement of the system of airfoils normal to the
direction of unperturbed flow represents, for the plane model, the free rotatory motion of
the airplane. For a fixed system of airfoils of the same flexural rigidity the aerodynamic
interference results, over the range of distances tested, in a reduction in flutter speed with
a clear distinction of the near zone of action (Figs. 10 and 11).

The axis of ordinates is that of the ratio of the flutter speed V, taking into consideration
the aerodynamic interference, to the flutter speed ¥, for a system of two isolated profiles.
The near zone of action increases with increasing flexibility of mounting of the other
airfoil (Fig. 10), because then its deflections dominate in the flutter mode, which makes
constant the level of the total aerodynamic forces of that action despite the fact that the
aerodynamic coefficients of action on the first profile decrease with increasing distance.
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If the mounting of the first airfoil is more flexible (Fig. 11), its deflections dominate in the
flutter mode. For this reason Fig. 11 mainly illustrates the influence of the action of the
second airfoil on the first and, for higher values of the ratio /{2 [f{", the influence of the
presence of the second profile, which can practically be treated as fixed. The aerodynamic
interference reduces, here also, the critical flutter speed over the range of distances for
which computation was performed. In addition, the form of the curves shows that the
influence of the presence of the other airfoil is insignificant. If the system of airfoils is made
free, there are some changes in its flutter properties, manifested chiefly in an increased ability
to the influences of the aerodynamic interference. This is illustrated by Fig. 12, which rep-
resents the ratio of the flutter speed V; of a free system to the flutter speed of the same
system of isolated airfoils.
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By contrast with the biplane configuration, which has a characteristic feature of mono-
tonic decrease in the critical flutter speed with decreasing distance between the airfoils,
there is no such feature for profiles arranged one behind the other. The influence of the
aerodynamic interference may be different for different configurations of airfoils, depending
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on the values of geometrical, mass and rigidity parameters. In some cases even qualitative
changes are observed, consisting in the occurrence of flutter where it did not occur if the
aerodynamic interference was rejected. This effect is shown in Fig. 13 representing the de-
pendence of the critical speed for a free system of airfoils on the ratio of the frequency of
flexural vibration to that of torsional vibration. The system being free, there is a single
flexural frequency, marked in the diagram by f;. The frequencies of torsional vibration
of the two airfoils are equal and denoted by f,. The curves shown in the figure bound the
stability regions (the regions of occurrence of flutter are those on the shaded side). It is
seen that flutter occurs for low speeds due to the aerodynamic interference between the
profiles. Additional computation showed that this flutter vanishes very rapidly with in-
creasing distance H (Fig. 1) between the profiles normal to the direction flow. Such a flutter
was observed during wind tunnel tests of an airplane model with variable sweepback [9].
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