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Time derivatives of integrals and functionals defined on varying volume
and surface domains

H. PETRYK and Z. MROZ (WARSZAWA)

THE EXPRESSIONS are derived for the first and second time derivatives of integrals and functionals
whose volume or surface domains of integration vary in time. As an example, the time de-
rivative of the potential energy in non-linear elasticity in the case of varying body domain is
determined. A moving strain and stress discontinuity surface is also considered and the associa-
ted energy derivatives are obtained. The derivatives of functionals with additional constraint
conditions are finally discussed by using the primary and adjoint state fields.

Wyprowadzono wzory na pierwsze i drugie pochodne czasowe calek i funkcjonatow, ktorych
dziedzina calkowania stanowi zmienny w czasie obszar objgtosciowy lub powierzchniowy. Jako
przyklad, okreslono pochodna czasowa energii potencjalnej dla ciala nieliniowo sprezystego
w przypadku zmiennego obszaru ciala. Rozpatrzono takze ruchoma powierzchni¢ nieciaglosci
odksztalcen i napr¢zen oraz otrzymano odpowiednie wyrazenia na pochodne energii. Badano
takze pochodne funkcjonalow przy dodatkowych warunkach ograniczajacych, wykorzystujac
pola zmiennych pierwotnych i sprz¢zonych.

BriBeseHb! (GOpMyJIBI A IEPBOM K BTOPOI BPeMEHHBIX NPOM3BOMHBIX MHTEIDAJIOB U GyHK-
LHOTJIOB, KOTOPBIX 061acTh MHTErPHPOBAHMA COCTABIIAIOT NMEPEMEHHBIE BO BPEMEHH 00LeM-
Hasg WM NoBepXHoCTHasA obmacTH. Kak npumep ompeneneHa BpeMeHHaA NPOMSBOAHASA IOTCH-
IMAJIbHOM SHEPTHH IS HEJHMHEHHO YIpYroro Tesia B Clydae NepeMeHHoi oOnactu Tena. Pac-
CMOTpEHa TOXKE TO/IBHYKHAA TOBEPXHOCTh paspbiBa Aedopmanmii ¥ HanpsXKeHHi, II0JIyUYECHbBI
COOTBETCTBYIOIIME BBIPAXKEHUA A INPOM3BOJHBLIX 3HeprHM. lcciienoBaHBI IPOKSBOJIHbIE
(hYHKUMOHATIOB NPH JONOJMHHUTENBHBIX OIPaHHUMBAIOIIKX YCJIOBHAX, HMCIOJb3YA IIONSA Nep-
BHUHBIX H CONPAKEHHBIX INE€PEMEHHBIX.

1. Introduction

THE PRESENT paper is concerned with derivation of the expressions for first and second
time derivatives of integrals and functionals defined on volume or surface domains which
vary in time. Such derivatives are essential in sensitivity analysis associated with shape
variation, cf. [1-7], when the variations of stress, strain and displacement fields or of
integral functionals with respect to the shape transformation field are needed. The deriva-
tives of integral functionals defined on varying domains are of importance in studying
stability conditions for damaged structures, cf. DEMs and MROz [4], in the analysis of phase-
transformation processes or propagation of discontinuity surfaces, cf. ESHELBY [8], ABEY-
RATNE [9], etc. However, our analysis is intended to be sufficiently general to be applicable
in various contexts of continuum or structural mechanics and applied mathematics.
Whereas the expression for the first derivative of volume integral is well known in the
context of continuum mechanics, cf. for instance PRAGER [10] or MALVERN [11], this
is not the case for the surface (or line) integrals, especially when the surface is composed
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of several smooth sections intersecting along edge lines. A derivation of the expression
for the first derivative of the surface integral defined over a regular moving surface can
be found e.g. in the book by Kosmiski [12]. However, the result presented in this papzr
is somewhat more general as it pertains to piecewise regular surfaces and contains thz edz:
terms. The second time derivatives of volume or surface integrals or functionals definzd
on varying domains do not seem to be studied in the literature, to the authors’ knowledge.
They are essential in generating stability conditions in phase transformation [13, 14]
or damage [4] problems and also in deriving strong optimality condition in optimal shape
design of structures [1, 2].

In Sect 2 the expressions for first and second time derivatives of volume and surface
integrals will be derived, while in Sect. 3 the derivatives of integral functionals will be
considered. Some applications related to continuum mechanics will be presented in Sect.
4. In Sect. 5 the derivative of a functional with an additional constraint condition will
be examined by using the concept of an adjoint system.

2. Time derivatives of volume, surface and line integrals

2.1. Fundamental definitions and relations

ConsAider a domain V; in three-dimensional Euclidean space £5 bounded by a closed
surface §,, which is composed ofA a finite number or regular surface sections S, intersecting
along piecewise smooth edges L,, Fig. 1. It is assumed that the angle of intersection of

FIG. 1. Varying volume domain with piecewise regular boundary surface.

the surface sections or edges tends nowhere to zero. The subscript ¢ indicates that the
shape of the corresponding domain varies with a time-like parameter ¢, called time for
simplicity. The reference shape corresponds to ¢t = 0 and is indicated by the subscript 0.
The shape transformation can be defined by specifying the transformation vector field
w = x—§, where x and E denote the position vector of a typical point of the domain after
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the shape transformation and at ¢ = 0, respectively. Let the indices i, j, k¥ ranging from
1 to 3 denote the vector or tensor components in a fixed rectangular Cartesian coordinate
system in E;. We assume that the fields w; = w;(&;, ¢) are functions of class C? specified
on the product £, of an open region in E, containing the closure V, of ¥, and of an
open time interval Z containing 0 and that for each ¢ from 7 the mapping§ - x = E+w
of V, onto V¥, is one-to-one with non-vanishing Jacobian. The scalar function f = f(x;, t)
considered below is assumed to be of class C? on a four-dimensional neighbourhood £,
of V¥, x {t} for arbitrary t € M,

The shape transformation can nag\urally be defined by specifying the transformation
vector field on the reference surface S, only. Let each of the regular surface sections S,
be parametrized by curvilinear coordinates y% «, f, y = 1, 2, such that the pairs (3%, y?)
belong to the corresponding (fixed) open subset 2, of R2. A surface point of coordinates
(»® has the spatial coordinates £(y9 at t =0 and the spatial coordinates

2.1) X = 50% 0 = L0 +w (£09, 1)

at a typical instant ¢ € 7 during the shape transformation process. The functions X;()%, t)
describing geometry of a regular transformed surface section S, are assumed to be of class
C? and such that the matrix (dX;/dy*) has always rank two.

A surface function of the variables ()% ¢) and generated by a spatial field (i.e. being
the restriction of a spatial field to the surface S;) is distinguished by a tilda, for instance
FOP. 1) = f(x:(0", 1), 1). The partial differentiation with respect to the curvilinear surface
coordinates p* or Cartesian spatial coordinates x; is denoted by the corresponding index
preceded by a comma, viz.

2.2 ()= _a—(y“_)' ()= 0

The usual summation convention for repeated indices is used throughout the paper. It is
convenient to introduce the following notation: for any unit spatial vector n, the directional
derivative of any spatial field f and the component of any spatial vector v, both in the
direction of v, are written respectively as

(23) ,f,r; =,f.,i17l" v‘q = U

We recall some standard formulae of differential geometry of surfaces. Consider
a regular oriented surface parametrized by y*. Covariant components of the metric tensor g
of the surface (i.e. coefficients of the first fundamental surface form) are specified as follows:

(2.4) 8ap = Xi,aX1,p-

The contravariant components g* of g are defined by

(2.5) 88" = 0%,

where 4} = d,, is the Kronecker symbol, and satisfy the relationship

(2“6) gaﬁxi.aij.ﬁ = 6{j_ninjs

(') When calculating the first time derivatives of integrals, the assumed order of differentiability of all
functions considered may by reduced by one.
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where n is the unit normal to the surface. The surface covariant derivative is denoted by
(*),o. For instance, we have the formula

2.7) clg = ci+c" I,

where ¢* are contravariant components of a surface vector ¢ and I7; are the Christoffel
symbols of second kind determined by the metric on the surface. Also, there is

(2.8) 8upy = 0.
The components of the second fundamental surface form are defined by
(2.9) baﬁ = .{‘i,aﬁni
and satisfy the formulae of Gauss and Weingarten:
(2.10) X0 = Xizap = Dophi,
(2.11) n,-,a = *gﬂybaﬁihy.
The mean curvature K,, and the Gauss curvature K, of the surface are defined by
- 1 1
= — «f = — %X
(2.12) K, > bysg 5 b,
det(bys)

(2.13) K,=— — = det(b3).

"7 det(ga) d

Any spatial vector ¢ can be decomposed at a point on the surface as follows:

2.14) 1 = CuMi+ Xy,
where
(2.15) en=cm and ¢ = g*%¥cy = g%, X, 5.

For any unit vector v tangential to the surface we may write
(2.16) Q=@ 1%

where ¢ is any function specified over the surface. If a surface vector field € is generated
by a differentiable spatial vector field c, then, by using Egs. (2.15), (2.10), (2.6) and (2.12),
we obtain

2.17) &= ¢y, j(0;—ning) +2¢, K.
The area of a surface element is expressed as follows:
(2.18) da = ygdy'dy?, g = det(gy).

The Green theorem for a continuous and continuously differentiable surface vector field ¢
specified on a regular surface S bounded by a piecewise smooth closed curve L reads

A

L

(2.19) [¢uda = § uudl = § cudl,
$ p

where the line integral is taken with respect to the arc length /, and p denotes the unit
vector normal to L and tangent to S and pointed towards the outside of S.



TIME DERIVATIVES OF INTEGRALS AND FUNCTIONALS ... 701

Now, consider the moving regular surface S, during the shape transformation process
described by a field w(g, f). Define the transformation velocity v and the normal velocity
v, of the transformed surface as follows:

= Dw
- Dt’

ow,

T 'Un = ‘U,-n,.

(2.20) v, =

E=const

In general, the tangential components v* of v do not vanish, The derivative

a(: a(-
@21) D=2 L o,

X =const

E=const

also when evaluated at a point on the surface, is thus dependent (though v, is not) on the
choice of the particular field w used to describe a geometrically given shape transformation
process. To construct an invariant time derivative relative to the moving regular surface
Sy, introduce on S; the convected coordinate system (z*) such that the trajectory in space
of a surface point with constant coordinates z* is normal to S; at each ¢, that is,

%

(2.22) =

= UpH;.
z%=const

Any scalar, vector or tensor field W specified on the moving surface S, can be expressed
as a function W(z% t). The transformation derivative §/5t is defined as the time derivative
following the normal trajectory of the moving surface, viz.

. L 3

(2.23) i

z%=const

The transformation derivative is thus the usual partial derivative but for the special choice
of independent variables. This derivative was used by THOMAS [15, 16] and called by him
“d time derivative” though the form (2.23) was given explicitly later by BOWEN and WANG
[17] (who employed the term “total displacement derivative”). The transformation deriva-
tive of a spatial field f(x;, r) is given by (cf. THoMAS [15, 16])

of _of
(2.24) B W+ﬂ"v"’ fin = —=—n.
More generally, the transformation derivative defined by Eq. (2.23) of any scalar, vector
or (mixed) tensor field ¥ (x;, y*, ¢) is expressed by the formula (cf. BoweN and WANG [17])

P ow
2.25 - ¥
ey 5 ~ Tar T ox, MU g Y

o

The transformation derivative defined above in general differs from the “displacement
derivative” defined by TRUESDELL and TouUPIN [18] but coincides with it if ¥ is any scalar
field or a spatial vector field (cf. BoweN and WANG [17]).

It can be shown that (cf. TaoMas [15, 16])

(2.26) - = =%, %,
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and (cf. TRUESDELL and TouPIN [18])

0K, 1

OBm 2 o guB 2_
(2.27) 5 7 Unap8” + QKn—K,)v,.

For further relations holding on moving surfaces or interfaces, we refer the reader to the
book by Kosmskr [12].

2.2. First derivative of volume and surface integrals

Consider the volume integral

(2.28) L= [favr
Ve

over the variable domain V,. The time derivative of Iy is given by the classical Reynolds
formula expressed in three equivalent forms, cf. for instance PRAGER [10] or MALVERN

(1],
(2.29) 11y=yf(Df+fviz)dV f{ +(fo, }cﬁf f——-—dV+§ffv..da-

This can be proved by reducing first the integral (2.28) over the variable domain to an

integral over a fixed domain through an appropriate change of variables, then performing

differentiation in the standard manner and finally returning to the original integration

domain. Such a procedure will be applied below to surface and line integrals.
Consider the surface integral

(2.30) Is = [fda
St

over the moving regular surface S;. By using the relations (2.1) and (2.18), the integral /5
can be equivalently written as an integral over the fixed plane domain 2, viz.

2.31) Is = [ [ 7205 1), ) VE0% Ddy* dy*.
Zo
By performing standard calculations and substituting Eq. (2.6), we obtain
D - 1 = D =
(2.32) Dr l/g i 1 Vggaﬁﬁgaﬁ = V' gv;,,(6;—mny).

By differentiating the right hand side of Eq. (2.31) with respect to ¢, using Eq. (2.32) and
returning to the actual area measure, we arrive at the result

(2.33) gt_ls - f{ gf +fo,, (8~ n;nj)}da
St

This can be written equivalently as (cf. e.g. KosiNsk1 [12])

d

(2.34) i Is = Sf{ br +f(0%, 2‘v,,K,,,)}da = Sf{% +(ﬁ)a)m—2fv,Km} da
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The former expression in Eq. (2.34) follows from Eq. (2.17), while the latter results from
the identity (cf. Eq. (2.25))

Df o O 7 o
(2.35) Dt‘ = E +_f, jvi(ﬁu-—ninj) = —a? +j;a'v .
Now, by using the Green theorem (2.19), we finally obtain
)
(2.36) %Is - fa—{da-d ffv,,](’,,,da+ ijv#dl,
Se S £

where i, is (the piecewise smooth) closed boundary line of S, and v, = v*u, = v;u; is the
component of the transformation velocity vector v in the direction of the unit vector .
which is normal to L, and tangent to S; and is pointed towards the outside of S,.

To calculate the time derivative of the surface integral over a piecewise regular moving
surface, we may directly apply the formula (2.36) to each of the regular surface sections
and add the results. In particular, the time derivative of the integral over the closed piece-
wise regular surface S, takes the form

d of .
2.37) Effda _ Afﬁda—zjfvnxmda+ ZLf(f+v;+ vz)dl,
St St St t

where the sum of the line integrals is taken over all edges of the surface S,. The (+) and
(—) signs refer to the quantities evaluated on the two regular surface sections intersecting
along an edge L,. The result (2.37) pertains to the cases where the function f is defined for
each regular surface section S, separately so that in Eq. (2.37) we may have f*+ # f~.
Note that the pair (v}, v;) of the “tangential surface velocities” at an edge point is, by
simple geometry, uniquely defined by the pair (v}, v;) of the normal surface velocities at
that point, provided that the intersection angle is not equal to z nor to 0 (Fig. 2). Hence
the expression (2.37) involves, in effect, only the normal component of the transformation
velocity vector (as it could be expected from a geometric argument).

F1c. 2. Decomposition of transformation velocity vector at the edge of intersection of two regular surfaces.
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2.3. First derivative of line integral

Consider a line integral with respect to the arc length /,
(2.38) L= [fd,
L

taken along a smooth curve L, moving in space with varying ¢ and contained in ;. The
motion is described by the transformation vector field w(;, ¢) as above. The curve can
be parametrized by a scalar variable y such that a line point has the space coordinates
&(y) at t = 0 and the space coordinates

(2.39) = %y, 1) = EM+wi(§0), 1)

at an instant f € 7. The line integral (2.38) can be equivalently written down as an integral
over the fixed interval (y4, y%),

(2.40) I, = [f(ff(y, t), t)s(y, t)dy,

where y* and y? are the fixed values of y at the ends, 4 and B, of the curve L,, and
1

%, 8% \?

(2.41) s (By 8y) #0, dl=sdy
Denote by A the unit vector tangent to the curve L,, of the components

: 1 dx
2.42 Gy B il
@42 =5
It can easily be shown that

Ds as

2.43 e =
( ) Dt at y=const S'U“Illlj.

By differentiating the right hand side of Eq. (2.40) with respect to ¢, using Eq. (2.43) and
returning to the arc length variable, we obtain

d bf
(2.44) Ln= Lf (7)7 +fv,,jz.,zj) dl.

According to the notation (2.3), (), , coincides with the derivative d/d/ with respect to the
arc length along the curve L. We have

dA
2.45 hivcol- W
(2.45) 5 kx,

where k is the curvature of L, and % is the unit principal normal to L,. The expression
(2.44) can be rearranged as follows:

d D
(2.46) IIL = Lf {F{- —f 30— fkv, + gl-(ﬁh)}dl-
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The last term of the integrand in Eq. (2.46) can be integrated and we finally obtain

B
A

d 5
(2.47) = f ,gtL dz—Lf Fo,dl+ (fo,)

In the above expression we have introduced the following time derivative of a function
f(x;, t) relative to a moving curve

oS _ o f

5 i Lo
(2.48) = o +fiv Di [,
where

(2.49) vi = v—90,A

is the vector component of v orthogonal to the curve. The derivative d,/d¢ plays here an
analogical role as the derivative d/d¢ in the analysis of moving surfaces. It can easily be
checked that 6,/d¢ represents the time derivative following the normal trajectory of the
moving curve, Therefore, this derivative can be more generally defined, in analogy to
(2.23), as the partial derivative with respect to time while the appropriately chosen “con-
vected coordinate” of a line point is held fixed.

If the moving curve constitutes (a part of) the boundary of a moving regular surface,
then the derivative (2.48) can be expressed equivalently as

5 f

(2.50) - —,;,i = ~§j} +f, Vs
where the unit vector w is orthogonal to A and to the surface normal n. This follows from
the decomposition

(2.51) V=0,0+7,k+7;A.

The expression (2.47) will be needed to determine the second time derivative of a surface
integral.

2.4. Second derivative of volume integral

Similarily as the first derivative of 7,, the second time derivative of volume integral
can also be expressed in several alternative forms. Starting from the first expression in Eq.
(2.29) and applying the differentiation once more, we obtain

(2.52) L (ff +fvi‘,-)d“l/

= )\
D¥ _ Df D
- {5ir +2 et sl 3 @l ar

However, since

D dv; Dy,
(2.53) -b‘t‘(’vi,i) = (W)J'l"vf.i.r"vf = ( Dt ).i“vi,ﬂ’j.ir

14 Arch Mech. Stos. nr 5—6/86
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the expression (2.52) takes the form

(2.54) W‘I" = lth vy, t*‘f(@t )*+ (D‘v;) i_'vi._l'vj»t)| ar.

Starting from the second form of Eq. (2.29), we obtain

d? d 02 af d
(2.55) W_Iy = -a- { + (fvy), }d’V f{ 31{ (at 'U:),i'i'( %),i-i_

*f

av + f{ & "+fa m+(fv), ,v}

Sl

+ ((fv). 1vy). }d‘lf f

The surface integral in Eq. (2.55) involves all components of the transformation velocity
vector on S,. To express the second time derivative of I, in terms of the normal velocity
v, only, let us start from the third-form of Eq. (2.29) and apply the formula (2.37). The
result is

@s6) 41 - dt( X ar+ ffvda)= g:{daf/+f{af

a*f
+35r (ﬁv,,)—fov,fK,,,} da+ Z iff(v:v;-l-v;v;)dl T dv’

+ f{ —— Uy [,y 02 +f(-— 202K, )}da+2 ff(v,. vy +v,v,)dl,

where the sum of the line integrals is taken over all edges of the surface S,, and the (+)
and (—) signs refer to the quantities evaluated on the two regular surface sections intersec-
ting along an edge L; (cf. the comment following the formula (2.37)).

In view of Eqgs. (2.24), (2.26) and (2.11), the transformation derivative dv,/dt is expressed
as follows:

oo, dv on ov
(2.57) o = —St—‘n;-f-v.- 6; - ( 3; +9, jnjv)ni 0805, 0 X1,
Dy . "
= Dti 1y —20,, 40— bogv™ 0’

From the definitions of v, and the transformation derivative, it follows that dv,/d¢
coincides with the second time derivative of length of the corresponding normal trajectory
of the moving surface. The value of the expression (2.57) is thus invariant with respect
to the choice of the analytic description (e.g. of the surface parametrization or transforma-
tion field w) of a geometrically given shape transformation process.

On substituting f = const = 1 in the expression (2.56), we obtain as a corollary the
following formula for the second time derivative of volume of the domain V,:

(2.58) fd"V f( — 202K, )da+2 f(v vy +o;v,)dl.
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2.5. Second derivative of surface integral

Consider again the integral (2.30) over the moving regular surface S,, and denote
by C a typical corner point on the piecewise smooth boundary line f,, of S;. As in the
case of the volume integral, we can obtain several alternative forms for the second time
derivative of the surface integral by the repeated use of one of the expressions for its first
derivative. We explore here one possibility only, namely, by differentiating Eq. (2.36) and
substituting Eq. (2.47). This yields

(2.59) »g:fls = J{ - (i—zf ) (f-zﬁ;,, ) }da

+ j’ {( —2fv, K ) g’t‘; (fo) ——fk'v,;v,‘} dl+ 2 {(v} of +vzo7)fHe.

At a point C, the symbols (+ ) and (—) refer to the quantities evaluated on the two smooth
segments of the curve L, which intersect at C. The unit vectors A* and A~ tangent to the
segments at C are chosen to point towards the outside of the corresponding segments
(Fig. 3). Note that the pair (o7, v7) is uniquely defined by the pair (v}, v7), irrespective

F1G. 3. Decomposition of transformation velocity vector at a corner point.

of the value of v,, provided the angle of intersection of the segments is not equal to 0
nor to n. By substituting Eqs. (2.27) and (2.50) in Eq. (2.59), we obtain

A of 6f b2 )}
(2.60) yr Is = f{ 52 & 0, K +f(2Kt: — 8,090 — 2K <+ 5 da

R o | S ey S

t

14%
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By using Eqs. (2.24) and (2.26), the second transformation derivative of a spatial field
f(xi, 1) can be expressed explicitly as follows:
o%f o [of\ o &Y. >f
512 W(W)‘ a7 2 oo, Ot By
of dv, o .
i T

[l

nin;v}

(2.61)

We can rearrange the expression (2.60) to eliminate the derivatives of fin the directions
tangent to S,, appearing in the surface integral on account of the last term in Eq. (2.61).
From Egs. (2.19) and (2.8) we have

(2'62) f{fv Un; aﬂg +f xf ﬂg r‘Un v }da = jfvliwrl ,udl_f J Pn, a¥n, ﬂg ﬂda

L:

By substituting Egs. (2.61) and (2.62) in Eq. (2.60), we obtain

(263) 76?72715 = f|at2 ( af‘) —2%Km)wn‘{'(fl,ljni”j_4,f,uKrm

d
stda+ f{(Z—ajfi +2f 4,

Ly

+2/K)vs + (f.n— UK,

—2fKnVn—fkv, )fa +f,.'u,‘+f( LY — Uy, F)}dl-{-E{(v;w;+'v,jvf)f}lc.

If we substitute f = const = | in Eq. (2.60), then we arrive at the following formula
for the second time derivative of area of the moving regular surface:

2 o
(2.64) %2— f da = f(ZKv — 80,0400 n : )da
St S!

L

3. Time derivatives of volume and surface functionals

3.1. Derivatives of volume functional

Consider the functional of a field u and of a domain V,,

3.1) T = [ h(x,u, Vu)d¥",

Vi
where ¥V, is the variable domain considered above, u = (uy, ..., #y) = u(x, t) is a vector
function of class C* on the four-dimensional region £, containing V,, Vu is the space
gradient of u in the components (Vu),; = du;/éx; = u;,;, I =1,...,N, and h is a real-
valued function of class C3, specified for x from an open region in E; containing V.
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By using the last expression in Eq. (2.29) for the derivative of volume integral and identi-
fying f with A, so that

f(x, 1) = h(x,u(x, 1), Vu(x, 1)),
3.2) a9 _ oh . oh o 9C) ]

ot oup a(uy, ;) .y ()= ot Lﬂom’
we obtain
d oh ch '
3 2 = (a2 i, Nar Jh
3.3) i Jy(u) Vf((,)ul uy+ ) u,,J)( -+ . v, da
14 S‘
oh oh . i oh .
B J{a“f —(3(":,5).1'}“[({1/-*—,:‘ ‘hvn+73(ur.j)i n,-u,}da
t S
. Ouy
= fAlul(1V+ B‘U"da"i' Cl —()}'"da,
Vi St §r
where
P a(_a_ll_)
e Ea_l'fff -5;}' d(uy, ;) ’
(3.4) B =h—Cquy,,,
oh oh P
Cir=0 = 57—
! d(ur,y) 4 O(ur,n)

The expression (3.3) is equivalent to that derived e.g. by GELFAND and FoMmiN [19] for the
first (weak) variation of the functional (3.1).

When the field u corresponds to the extremum of the functional (3.1) for ghe fixed
domain ¥V, (within the class of smooth fields u unconstrained on the boundary S, of V),
then from Eq. (3.3) it follows that

(3.5) A4,=0 in V,, C; =0 onS,

and the derivative is simply expressed by

(3.6) —;—I—Jy(u) = fhv,,da,
8

that is, in terms of the boundary flux of / through the normal component of the transforma-
tion velocity vector.

The second time derivative of the functional (3.1) can be calculated by using any of the
expressions (2.54), (2.55), (2.56) and identifying f with # as in the expressions (3.2). ‘An
alternative way is to differentiate the last expression in Eq. (3.3) with the help of Eqs.
(2.29) and (2.37), which yields

() When writing the derivative 8h/8(x;, » )at a surface point, h is regarded as a function of the variables
(x,u,u,,, i), and the last equality in Eq. (3.4) results then from the chain rule of differentiation.
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2 . 5
(3.7) %Z_Jy(ll) = f(AIil:[‘i‘Arl.lI)dﬂ'l“ f{A[l}[?}N"}‘B( ;tn —ZU,%KM)
Ve §‘
57‘1/11 5!11 0B 6CI 6”1 }
+C’( FTEa T v”K'")+_67v”+ TR

3.2, Derivatives of the volume functional with discontinuity surface

Con_sider now a fixed domain V; = V,, in E; composed of two variable subdomains
VY and V{* separated by a regular moving interface SP (Fig. 4). The shape transformation
of the subdomains is due to the motion of the surface SP alone. All the assumptions con-

Fic. 4. Moving discontinuity surface SP? within a volume domain bounded by piecewise regular surface

cerning the domain ¥, are now supposed to hold for each of the subdomains V" and
V{® considered separately. Denote by n the unit outward normal to the exterior surface
So, while on the surface SP we introduce the notation

(38) n=n"= _n(Z)’ Uy = 'vfll) - -7)5:2)’
where the superscripts (1) and (2) refer to the quantities defined on S? (directly or in the

limit sense) regarded as a boundary of ¥ and V{?, respectively. A jump across SP is
denoted by [ -], viz.

(3.9) [] = f&—ro.

We introduce the restriction that the field u is continuous across S7 at each z, i.e. [u] = 0,
[[6u/6t]] = 0, etc. According to the assumption introduced above, the field u(x, ¢) is of class
C? except on SP. The well known compatibility conditions require that the jump across
SP of the gradient and of the time derivative of u are necessarily of the form

(3.10) lur, ;] = [uralnss  [#] = —[ur,n] -
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Our aim is to derive expressions for the first and second time derivatives of the func-
tional

(3.11) Jow) = [ A, u,vaydr+ [ (x,u, Vo)av,
Vsl) V‘(Z)
where A" and h(® are real-valued functions of class C3, specified for x from open domains
containing ¥V and V{®, respectively. The functions A and A(® need not be related
to each other.
By applying the last expression in Eq. (3.3) separately to each of the subdomains V("
and V{® and combining the results, we obtain

d

dt Jg(u) f A(l)uld"//“i“ { A(z)u[dV+ fC,u;da

pin P

(3.12)

)
~ [ 161 % da [ [Blosda,
sP st

where 4" in V", r = 1, 2, and C; on §0 as well as B and C{” on both sides of SP are
defined by Egs. (3.4) with A replaced by the respective A2, with the assumed convention
(3.8) for n on SP.

If the field u corresponds to the stationary value of the functional (3.11) with respect
to arbitrary (weak) variations within the considered class of fields u for the fixed position
of SP, then the derivative (3.12) must vanish identically provided », = 0 over SP. It follows
that in that case we have

(3.13) AP =0 inVY, A4P=0 inV®, C,=0 on S,
(3.14 C ‘ = ‘ ‘ = on S?,
(314 L = By 1™ = | 3ur A :
and the expression (3.12) reduces to
d
(3.15) WJD(U) = — {[B:[]v"da.
St

If, moreover, the field u renders the functional Jp(u) a weak relative extremum ¢* value
within the considered class of u for the variable position of SP as well, then the integral
in Eq. (3.15) must vanish for all »,, so that

(3.16) [8] = [4]- ) [r..] =0 on SP.

The derivative dh/d(u,,) can be regarded here as the limit value from either side of SP
on account of Eq. (3.14).

The conditions (3.14) and (3.16) are the multidimensional analogs of the classical
Weierstrass—-Erdmann corner conditions for piecewise-smooth one-dimensional extremals
(cf. e.s. GELFAND and FomiN [19]).

(®) That is, the relative (local) minimum or maximum with respect to the norm sup(ju|+ |Vui).
E
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On account of continuity of u, the jump across SP of the second partial derivatives
of u(x, t) must satisfy the following compatibility conditions (cf. THoMAS [15, 16]).

ﬂ:ul,jk]] = [l:ul,nn]njnk +gmﬁ[[ul.n]], oM Xy g+ 1 X, 5) — H:ul,n:ﬂbaﬁ}j, « Xk, p>

]
[[ill.j]] = (_H:u!.nn]]vn+ -57[[ul.n]])nj_gzﬁ([[u!,n:nvn),aij,ﬁ9
(3.17)

%% ) Sv
[0 = [t =200 5 Lo, ] = [i0a] 5,7
Up,an = Up x MMy, Uy = 0%ug/ot>.

The expression for the second time derivative of the functional (3.11) is obtained by
applying the formula (3.7) separately to the regions V" and ¥{» and combining the results.
In view of the assumptions made, we arrive at

(3.18) —5Jp(w) = f(A“’u,+A“’u,)d‘V+ f(A‘“u,i—A‘”u,)d"V

1
e ) V(z)

+ f(C,ii,+C",it,)da— f{[A,u,]]v,,H[B]]( Un_ —27131(,,,)
So s?

: é%u ou ou
+[[C']1(_6?51__2 6t’ K)-f-v,, e [B]+ —- ét [Ci] — ’} a

_ f{([[B]]-v,.H[C,]] 5u,) op +[[C:Si¢;]]v,s.}dl.

d?
dr?

In the above expression, f,f’ c}enotes the boundary of SP obtained as the intersection
curve of the surfaces S? and S,. The quantities appearing in the line integral along 13{’
and distihnguished by the superscript D or S denote the limit values evaluated on the surface
SP or Sy, respectively, with the notation o) = vPV = v2® and v} = o5V = —gf®,
Note that the tangential surface velocities 'v‘“ and 'zJ at a point on a smooth segment LD
of L" result uniquely, by simple geometry, from the value 2, = o2 at that point (Fig. 4).

If the conditions (3.13) and (3.14) are satisfied, then the expression (3.18) reduces to

(3.19) i—f,,(u)_ fA(Uu,dV+ fA(2>u,d~//+ fc,u,da

V(l) V(z)

f {I[B]]( AE )+v,, = [B1+ 5 & [c ‘3”'} f [B®]v,oldl.

Lt
3.3. First derivative of the sum of volume and surface functionals

Consider a functional of the field u in the form of the sum of-the volume and surface
functionals

(3.20) J@) = Jy(w)+Js(u) = f h(x, u, Vu)d¥" + f g(x, u, Vu)da,

Sr
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with the assumptions concerning V;, u and h as in the point 3.1 above. The function g
may be prescribed over regular sections S, of the surface S, independently of each other.
For each regular section S, g is assumed to be of class C? specified for x from a neighbour-
hood of S;. From the relation (2.24) and the chain rule, we have

og ag . dg .
(321) W == aul ul+ a(ul.j) ul.j+g.nvm
where

_ 98 og og
(3.22) L= ox, n;+ o Uy, + m“mknk-

By using the second form of Eq. (3.3) and the formula (2.37) and substituting Eq. (3.21),
we obtain

" g . dg .
(3 23) —J(ll) = fA,u,d‘V+ f{C,u,+5—lzu,+muld+(h+g.n

Sy

\ )
-2gK,,,)v,,}da+ P f (g*vf +g7v;)dl.
LI

Over a regular surface section, we may regard g also as a function of the independent
variables (x,u,u,,,u,,) with the relationships

dg . Jdg . Jg =
_u ; = u n+ -~ u vas
Aur,) " Our) T )
dg ag dg 98 - ap
= n;, ~ = X;, .
)~ W) " ) | By
With the help of the Green theorem (2.19), the expression (3.23) can thus be rearranged
as follows:

(3.24)

(3.25) ———J(u)~ fA,u,d“I/+ f{c, - (%);m}a,da

+ f S inadat [ (148 =28Kn)vuda
Ur n A

Sy

+Zfl(g+v e vu)+((a(ul #))+ (a(ff”))‘)a,]dt,

g 22
(3.26 = "
’ Bur) s )

Suppose now that the field u corresponds to the stationary value of J(u) with respect
to arbitrary (weak) variations of u (unconstrained over the boundary) for the fixed bound-
ary of V. By standard argument of the calculus of variations, from Eq. (3.25) it follows
that in that case we must have

where
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A=0 1inV,,
ag ( ag ) ag A
3.27 Cr=——F—"+\|57—"+ and ————=0 on S,
( ) ! Ouy 0(ur, o) | o(uy,n)
o) =~ lwss)
. - S, N .- ry L.,
(a(u,.y) By 0T
and Eq. (3.25) reduces then to
d Bl § i
(3.28) W) = f (h+g_,,—ZgK,,,)v,,da+Af(g of +g-v;)dl.
5, . 1,

4. Example: time derivatives of the potential energy in nonlinear elasticity

The general results of the preceding sections can now be applied to various particular
problems of mechanics. To illustrate this application, consider a nonlinear elastic body
occupying a region F; in its undeformed state and assume this region to undergo a shape
transformation process with varying ¢. This transformation process may correspond, for
instance, to body growth, phase transformation, or to conceptual redesign procedure
where some material domains are added to or removed from the body. The deformation
process described by a displacement field u;(x, t) corresponds also to a change of body
configuration but transformation and deformation fields are regarded as separate fields,
coupled through governing equations for the body.

The Cartesian coordinates x; are interpreted as the material coordinates, and the disp-
lace ment field u(x, #) is assumed to be of class C? in the four-dimensional domain £, conta-
ining ¥,(*). The deformation gradient F is defined by F = I+ Va, that is F;; = dy+u; ;.
The material is assumed to be hyperelastic, obeying the constitutive relations of the form

W

4.1 Oy = a—F,,_’

where o is the first (nonsymmetric) Piola-Kirchhoff stress tensor (related to the symmetric
Cauchy stress ¢° by the formula oy; F,; = det(F)o%), and W is the specific strain energy
(per unit volume in the undeformed state), assumed to be a given function of (x, F) of class
C? specified for x from an open domain containing V,. The nominal body forces b; (per
unit undeformed volume) are assumed to be continuously differentiable functions of x.

The body surface is composed of two piecewise regular parts S" and ST Over S" the dis-
placements u = u are specified as the rCStrlCtIOﬂ to S" of a given spatial vector field u(x)
of class C? defined in a neighbourhood of S" Over each regular section ST of ST (possibly,
independently of each other) the nominal tractions T = T (per unit undeformed area)
are prescribed as the restriction to ST of a given spatial vector field T(x) of class C* defined
in a neighbourhood of ST,

(*) Physically, u may be defined only over the body domain ¥, but the smooth extension of u on the
domain £, is assumed to exist.
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Consider the potential energy functional

4.2) () = [{Wx, VutD=bu}dv — [ Touda,
Ve H

which is assumed to vanish in the undeformed state (¥; = 0) for any shape of V;. Now,

we can identify (for N = 3) the function W —b,u; with A and the function equal to — Tju;

on S, and zero on S“ with g in Eq. (3.20). From Egs. (3.23), (3.22), (3.4) and (4.1), the

following expression for the time derivative of =(u) is obtained:

. d , = —
(4.3) g{”(“) = — f(dij-f+bi)uidV+ f(dljnj—Ti)”lda+ f{W_biul_(Tlul),n
Ve H sF

+2Tu K} vada+ [ ((W—byu)o,+0,nyit, Yda
St
- f(rw,, +Trop)udl— [ Touwldl,
A‘l'n
In the above expression, f.,T and f,f “ denote the set of the edges of intersection of the regular
surface sections ST+ with ST~ and S?’ with S, respectively, with the corresponding meaning
of the symbols (+), (=) and (7) in the integral expressions. The condition u = u on S}
yields
L .
ot ot ot
The last expression can be substituted in Eq. (4.3) to eliminate i; from the integral over
S,
Suppose that the derivative (4.3) is calculated when the body is in equilibrium, that is
when

(44) = ﬁl.nvm l.l.[ = — U,V = (ﬁl.n_ul.n)vn'

Glj.j+bl = 0 in Vt!
(4.5) _ o
O’UTI] = TE on S, .

The conditions (4.5) are equivalent to vg.nishing of the derivative (4.3) with respect to
kinematically admissible fields @ with S, held fixed, that is

d : . -
(4.6) (3;) alu) = — J (04, +b) i, dv+ f(crun_,—T,)u,da = 0.
¥ v sF

t

In view of Eq. (4.6), the expression (4.3) takes the form
d d . o= =
@7 ) =\ aW) = f{W— i+ T, w) iy — (=2, Kpn) Ty } 0l
dt dt |, o
+ f{W"bil_‘!_(ut.n_ai,n)aunj}vnda_ f(f;‘*—w:'l'fl—v;)uidl_ f T,t_lﬂ):d’.
KH il i

This expression provides a generalization of the result of Dems and MRr6z [2]. Let us
note that the total derivative (4.3) can be presented as a sum of the state and domain
derivatives, (4.6) and (4.7). In view of stationarity of the potential energy with respect
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to the state field u, the state derivative (4.6) vanishes and the total time derivative equals
the domain derivative expressed by the surface and line integrals explicitly in terms of the
state field u and normal transformation velocity v, (since v¥ on the edges are definite
functions of vj).

Consider now the case when the external body surface S; is fixed(®) but the elastic
body is composed of two variable subdomains V¢V V* separated by the moving regular
interface SP. The displacement field u(x, ¢) is assumed to be continuous on S? and twice
continuously differentiable elsewhere but its derivatives may be discontinuous across SP,
satisfying Eqs. (3.10) and (3.17). The process of shape transformation with moving inter-
face SP can be regarded, for instance, as a phase transformation process, damage pro-
gression, or redesign of an elastic composite structure with different material properties
within V(> and V/®, The strain energy functions W and W on both sides of SP are
of class C?and are in, general, independently specified for x from open domains containing
VI and V@, respectively. Similarily, we regard the body forces in V"> and ¥{* as two
independently specified spatial fields b“ﬂ’ (x) andb® (x) of class C*. The boundary condi-
tions on the fixed body surface S, = S, are identical as in the previous case. The potential
energy functional is taken in the form
4.8) 2P(w) = f{W“’(x,Vu+I)—b§‘)uj}dV+ f{W‘z’(x,Vu+I)

V!“) V‘(Z)
—bPu}dv — _] T,u.da.
58

The term T;u; on ST is assumed, for simplicity, to be continuous across a moving edge L?
of intersection of S? with ST so that no line integral appears in the expression for the first
time derivative of the surface integral in Eq. (4.8). From the condition u = u on .§'(',‘ it
follows that u = 0 on S4. Identifying the function W@ —pPyu; with A® in Eq. (3.11)
(r =1, 2) and using Egs. (3.12), (3.4), and (4.1) with W and ¢ in place of W and o,
we arrive at the following expression for the time derivative of the potential energy:

49 S a6 =~ [ oprbyaay =~ [ @@y
Vg(l) V‘(Z)
= S
+ f(cr,jnj—Ti)uEa’a— f[[a,j]]nj%da— f{[[W]]—n_,[auu,,,,]]—[[b;]lui}vnda.
5§ s? sP

Suppose that the derivative (4.9) is calculated at the equilibrium state of the body,
that is when the conditions (4.5) (with o replaced by the respective ¢) are satisfied except
on SP and there is
(4.10) [o,]n;, =0 on SP.

The conditions (4.5) and (4.10) are equivalent to vanishing of the state derivative of #°(u)
with respect to kinematically admissible fields u and with fixed SP. The expression (4.9)
becomes now the domain derivative in the form

(°) In the sense that there is no shape transformation of S:, that is, v, = 0 on S,, but the displacements
need not vanish on S,.
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(4.11) —nP() = (—) al(u) = — _{;{[W]]—G;jn,l[u,,n]]—[b,]]ui}vnda.

If the potential energy functional (4.8) is required to attain a stationary value (or a weak
relative minimum) for varying S? as well, then from Eq. (4.11) (or from Eq. (3.16)) it
follows that

4.12) [W]-oynfu,n]—[b:Ju: =0 on SP.

This relation can be written down in two other equivalent forms, on account of Eq. (3.10).
The relationships (4.11) and (4.12) reduce to those derived and discussed by ESHELBY [8],
K~NowLEs [20], JAMES [13], ABEYRATNE [9], GURTIN [14] and DEmMS and MRrOz [2, 3].

Let us now discuss the second time derivative of the potential energy (4.8) at the equi-
librium state. The assumed order of differentiability in V" and V® of all functions involved
is now increased by one with respect to that assumed previously. It is possible to apply the
general expression (3.18) with appropriate identification of the integrand functions. An
alternative way is to differentiate the expression (4.9) with the help of Eq. (3.23) and
substitute the equilibrium conditions. The result is

2
4.13) ——5 7)) = — fcfﬂ,iﬁd‘f— fcr(z’ju,d’V+J oy ntda

o i

i bv, Ouy f
- !) {D(ﬁ —29 2K,,,)+z:,, TR T (|[ “]]n) }da_;,, Dy, wPdl,
St 1k

where

- D = [W]—[oiui,a]n;—[b:]u:-
This form is convenient in applications when u satisfies the incremental conditions of
equilibrium since it contains explicitly the terms appearing in these conditions. An alterna-
tive expression (not given here) can be obtained from Eq. (4.13) by using the divergence
theorem and rearranging with help of the differentiation rule (2.24).

5. Derivative of a volume functional with constraints imposed on the state field

The general results presented in Sect. 3 shall now be applied in the case when the time
derivative of a functional of a state field u defined over a variable domain V,,

(5.1) J) = [g(x,u, Vuyar,
Vl .
is to be determined in the presence of certain constraints imposed upon the field u. For
simplicity, the boundary S, of V; is assumed to be regular and the vector u is taken to be
three-dimensional, of the components u; (though an extension to N-dimensional u is
immediate). The function g is of class C? and is specified for x from some neighbo-
urhood of ¥,.

We begin with general considerations, not pretending to be completely rigorous in
a mathematical sense. Suppose that the field u is constrained by an operator equation
within the domain V,,

(5.2) AW =0 inV, (or 4;(w)(x) =0 for xeV))
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and by the so-called essential boundary conditions

(5.3) é(u) =0 onsS, (or é,(u)(x) =0 for x€8),

where A and G are nonlinear operators (with functions as their arguments and values),
assumed to be (Gateaux) differentiable. We shall proceed in a formal way, leaving the
corresponding function spaces unspecified. In general, the surface operator G defined
on the varying boundary surface can be regarded either as specified by or as specifying
the operator G defined in a neighbourhood of the surface S,, such that G(u) (x) = G(u) (x)
for x € S,. A form of the operator G depends on the shape transformation process; however,
in the course of differentiation we may regard this process and this operator as specified.
The derivatives 4(G(n))/dt and (G(u)),, refer to the time-dependent spatial field obtained
as the value of the operator G acting on the field u which varies in time. The distinction
between G and G will be illustrated in the subsequent discussion of the particular case.

Following the usual technique, consider an augmented functional

(5.4) W) = [gx,u,Voyay — [ L4,@dv — [ 4G (u)da,
Vl Vl Sl

where A is the Lagrange multiplier field, assumed continuous and continuously differen-
tiable. In Eq. (5.4), the field u is regarded as nonconstrained, however, the derivative
of J4(u) shall be evaluated at the (known) state u which satisfies the conditions (5.2) and
(5.3). The total time derivative of J*(u) corresponds to variation of u, 4 and of the domain
V., so that, in analogy to Eq. (3.23) and on substituting the conditions (5.2) and (5.3),
(5.5) J"( ) = ( K ) J"(u)+( a ) J%(u),

where the state derivative equals

d) ;4 ag g ; T, 9 _
(5.6) (E)SJ @ = f { = (m)d}u,cﬁ/— Vj Ji o (Auw)dy

[ o
+ j {m nju, Zi at (G (u))}da
and the domain derivative is expressed by
AT
(5.7 (_dt )J.I (v) = J {g—li(Gi(u))_,,w,,]da.

Denoting the (Gateaux) derivatives of the operators A and G by A’ and é’, respectively,
we can write

58) 2 (AW) = A @, £ (G5, = Gl ).

The operators A’ and G’ are, by definition, linear with respect to the s~econd argument.
Suppose that we are able to determine the adjoint operators (A')* and (G')* such that for
all fields u, A

(5.9) f A A (u) (i) do + f LG (i)da = [ in(A)!(u) ()Y + f i,(G')¥ (u) (M) da.

Ve
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On substituting Eqgs. (5.8) and (5.9), the expression (5.6) takes the form

(5.10) (—‘%)smm [ {—‘jj#—( % ) ~(A'):*(u)(>~)}aid~r

7, d(uy,;) |
ag ~ vk .
- Sf {-—F(U(’j) nj_ (G )l' (ll) (1)} u; da-

Now we require the state derivative (5.10) to vanish identically for all fields u, and obtain
in that way the following linear equations for the field A:

(511 Wrew - £ (B )y,
(5.12) (G)*) () = %)— n, on S,.

Suppose that the system of equations (5.11) with the boundary conditions (5.12) has
a solution A. For that field A the total time derivative of J%(u), at u satisfying the constraints
(5.2) and (5.3), reduces to the domain derivative (5.7). In turn, the functional J%(u) has
been so constructed that for any field u compatible with the constraints, that is, for u
satisfying

(5.13) % (A@) = A’(@)(@) =0 in V,,

(5.14) %(G(u)) = G'(W)(W)+(GW)).,v, =0 on S,

the derivative (5.5) of J%(u) coincides with the time derivative of the original functional
(5.1). This can be verified by substituting Eqs. (5.11), (5.12) and (5.9) in the expression
of type (3.3) for the derivative of the relation (5.1) which leads to the right hand side
expression in Eq. (5.7), on account of the relations (5.13) and (5.14). Hence the time
derivative of the functional (5.1) in the presence of the constraints (5.2) and (5.3) is expressed
by

(5.15) (d‘i) Jw = [ {g=1(GW)..}v.da

[ S'
provided that the field A satisfies Eqs. (5.11) and (5.12). Note that in this formula the
field o has been eliminated, and that the normal derivative (G(u)),, depends in general
on the shape transformation process as does the operator G itself.

The equations (5.11) and (5.12) can be regarded as definition of the adjoint field u”(x) =
= A(x) within the same domain ¥, but satisfying different field equations and boundary
conditions. It is seen that in order to determine the time derivative (5.15), we need a solu-
tion of the primary problem defined by Egs. (5.2) and (5.3) and of an adjoint problem
defined by Egs. (5.11) and (5.12).

Consider now a particular case when the functional (5.1) is considered with the con-
straining conditions of the form
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o oho\
A;(w) = o (Em) = 0 in V,,
~ oh . =
(516) G,‘(u) = a‘(ﬁ HJ‘—T,- =0 on S,,

where & = h(x, u, Vu) = h(x, u)+A(x, Vu) with the functions / and # of class C2 and C3,
respectively, specified for x from some neighbourhood of ¥,. T = T(x) is the continuously
differentiable spatial vector field prescribed in a neighbourhood of §;, and @ is a surface
field of the unitnormal vector.

To identify the operator G discussed previously, let S; be a surface configuration in
a shape transformation process with nonvanishing normal transformation velocity v,.
Each point x from a neighbourhood of S, lies at some instant # = 7 on the moving surface
S, therefore, we can construct the spatial field n = n(x) by assigning to x the unit vector
normal to that S, at x. The operator G is defined by the second formula in Eq. (5.16) in
which the surface field n is replaced by the spatial field n. Evidently, the field n and thus
also the operator G are dependent on the shape transformation process. However, in any
specified process with non-vanishing v,, the derivatives
an, | an, L on, 1 on

=0 and n,= ——n= ———=

G17) B s T ox, T w, Ot v, Ot

are well defined and therefore the derivatives d(G(u))/dt and (G(u)),, have a clear sense.
Of course, on S; we have ii = n and in the following the tilda will be in many cases omitted.

From Eq. (5.15) we immediately obtain the following expression for the time derivative
of the relation (5.1) in the presence of the constraints (5.16)

d al -
(5.18) (—a?)c(]u) = Sf {g A(a( :,) n,) e T,_,,}v,,da,

and there remains to determine the adjoint operators (A')* and ((E’)”' which occur in Eqgs.

(5.11) and (5.12) for the adjoint field A. However, it is preferable (and instructive) to repeat

the whole derivation procedure outlined previously with a slight modification which

allows to avoid construction of the operator G and to remove the restriction z, # 0.
The argmented functional has now the form

(5.19)  Ju) = rg(x u, Vu)dv — f {3/1 (———a(ih )) '}d‘//

‘J {9@. Nk ?"}"

where the field A is assumed to be of class C2. The time derivative of Eq. (5.19) is calculated
with help of Eqgs. (3.3), (2.37) and (2.2) but the decomposition (2.24) is not applied
to the vector ii. At a state u satisfying the constraint conditions (5.16), the time derivative
of Eq. (5.19) takes the form (5.5) with
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LAY ag . ( og \ . *h .
(3407 (E)SJ @) f {a, e j)) ~ A o

3*h [ a—— oh
(a(uk oG ) }‘W* {a(“u) Ll T T “*-"'”f}d“

l

and

) — oh  on
(5.21) ( J(u) f‘ ( B, J)) ""Ti,n) U— A — 3(11: 3 (Szjlda

By applying twice the divergence theorem to the last term in the volume integral in Eq.
(5.20), we can rearrange this expression as follows:

e 9%h &2 i
cm () rw f (e, ), 2wt o (st on) 19

g d%h ;
+sf{ d(uy, ) h Iy, ;) Uy, m) Ak'm}nju‘da'

Requiring this expression to vanish identically for all u, we obtain the equations for the
adjoint problem

2%h d%h g g ) :
ry%k = il e T o [ S i
ANW@) = ot (a(u,.,)a(uk.m) }"‘-'“).,- 2, (aw{.,) L

5.23
(.23) 8%*h = g .

3G DG e = Ty

By the same argument as is the general case, the time derivative of the functional (5.1)
in the presence of the constraints (5.16) is equal to the domain derivative (5.21) of the
argumented functional, and is thus, on account of Eq. (2.26), expressed by

(5.24) ( I = JI ( i ”)) _T,_,,)v,,H, a(ifj) %;. 580, ol da

provided that the field A satisfies Eq. (5.23). For v, # 0, the equivalence of Egs. (5.24)
and (5.18) follows from the formulae (5.17) and (2.26).

The case considered above can easily be interpreted in the context of the nonlinear
theory of elasticity. Identifying u with a displacement field and assuming that the first
Piola-Kirchhoff stress tensor & and the body force vector b are generated by the potential &,
that is

G*w@) =

on S,.

oh oh
(5.25) Wy By = e,
Y d(u, ;) ! Ou
Egs. (5.16) can be regarded as equilibrium equations and traction boundary conditions.
In turn, the adjoint field A may be identified with a field u® of displacements of the adjoint

body. The adjoint body problem is similar to that occurring when small displacements u®
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are superposed on the initial field u. The corresponding stress ¢* is linearly related to the
gradient of u® by

0%h
" 3. 3y m)
where Clym = Cimi; are the tangential stiffness moduli at the state u. The term

oh . o, , ob
B2 = Tt = T M T

(5.26) 0% Yeom = Clym(VU) 45,

represents the linearized increment of the displacement-sensitive body forces b. Denote
by b® and ¢ the (artificially superposed at the state u) fields of additional body forces
and initial stresses (induced, e.g. by an initial distortion field), defined by

, ; ag ag
M = _ a — 5
(28 %4 duy,y)’ b du;

Eqgs. (5.23) for the adjoint problem can be rewritten in the form of equilibrium conditions:
; ab
q (i) Tl a a _ :
(529) (o'fj+ Gz.l ).J+ auj Uj +bl O m Vr )
(c4,+c)n, =0 on S,.
The interpretation of the adjoint system is similar to that discussed by DEMs and MRGZ
[2] who started from the virtual work principle deriving the variation of an arbitrary

functional associated with the boundary transformation. To show that their result (93)
is in agreement with the present formula (5.24), we use the identity

(3.30) f{ll O'i;ij.ﬂguﬂ@n.a‘*'(ﬂz.aaufj.ﬁgaﬂ+ A,au‘aij.ﬁg“ﬁ
§

L4

+ A4011;b,58%) v, Yda = j (@ hi0%), 58%).0da = 0
SI .
which results from the relations (2.8) and (2.10) and from the Green theorem (2.19) applied
to a regular closed surface S;. By substituting Egs. (5.25), (5.30), (2.12) and 1 = u“, the
expression (5.24) can be rearranged as follows: ‘

d — 3 ~ o, al a
(5:31) (—d,) T) = [ {g+uf T =505, o8~ 2l 01y, Ky =180y,
(4 S' -

+015,0%,58%) }vnda = f{g+u?i.n‘“?.;“u"‘”‘i’.na'u"j"zufo'uanm
S:

a
—ufoy,,,}v,da.

Substitution of the equilibrium conditions (5.16) yields

d _ _
(5.32) (37) J(u) = f{g-i—(ufT,),,,——u‘i',,a',j-Zu“-’T,K,,,+u§'b,}v,,da.
[4 St

The final formula is in agreement with the result derived by Dems and MRréz [2].
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6. Concluding remarks

The present paper provides a systematic derivation of expressions for time derivatives
of surface and volume integrals and functionals defined over varying domains. There are
numerous physical applications of such derivatives and here we have presented some
examples in the context of the nonlinear theory of elasticity. The previous results are
extended by considering piecewise regular boundary surfaces with edges and corners
of intersection. The extended application in sensitivity analysis and optimal shape design
has been discussed recently in the literature [1-7]. The application of such derivatives
in phase transformation problems was discussed in [8, 9, 13, 14]. We hope that the present
paper can provide the foundation for systematic treatment of a variety of problems where
the deformation process is accompanied by a shape transformation process.
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