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Homogeneous continuum as a model of layered body

M. GOLUBIEWSKI (£0ODZ)

THE PAPER contains a proposition of constructions homogeneous, continuous models for layered.
materials. The layers are assumed to have constant thicknesses and consist of homogeneous,
elastic materials of arbitrary anisotropy. The theory proposed proves to be more effective than
the theory of effective stiffness known from the literature.

W pracy zaproponowano metodg konstruowania jednorodnych i ciagtych modeli dla ciat o struk-
turze warstwowej Przyjeto, ze warstwy te maja stata grubo$c i skladaja si¢ z materialow jedno-
rodnych i sprezystych o dowolnej anizotropii. Przedstawiona teoria okazuje si¢ efektywniejsza
od znanej z literatury teorii efektywnych sztywnosci.

B paGote npemioykeH MeTo MOCTPOEHHSA OMHOPOAHBIX W CIUIONIHBIX MOIENeH Ui Tel co
cioncToil crpykTypoii. IIpuHuMaeTcs, UTO 3TH CJIOH HMEROT NOCTOAHHYIO TOJIIMHY H COCTOAT
M3 OOHOPOAHBIX M YIPYTHX MaTepHAJIOB C NMPOM3BOJBHOH aHm3orpomueii. IlpexcraBneHHas
TeopHA OKaselBaeTcs Oonee adipexTHBHON uyeM H3BecTHble M3 JIHTepaTyph! Teopuu addex-
THBHBIX >KeCTKoCTei.

1. Introduction

THE PAPER puts forward a proposition of constructing homogeneous and continuous
models of consecutive orders for a certain class of non-homogeneous bodies. Our considera-
tions will be confined to bodies consisting of two different homogeneous materials which
are linearly elastic and exhibit rectilinear anisotropy of the arbitrary type. Moreover,
the layers which are made of two different materials have constant thicknesses and alternate
with each other in the body, their interfaces ensuring perfect contact between the neigh-
bouring layers. Thus the bodies have periodic structure, the period being equal to the sum
of the two neighbouring layers. They will be called layered bodies or simply composites.
It is well known that exact solutions of boundary value problems for such non-homogeneous
bodies are, in the majority of cases, extremely difficult to obtain, the volume of computa-
tions increasing with the number of layers in the structure considered. Thus, precisely in
the case of a densely layered medium it is of extremely importance to treat it as a certain
homogeneous and continuous medium, the properties of which depend upon the properties
of its ingredients and its internal geometric structure. Each medium of that kind capable
of representing the actual layered body will be called a model of that body. Its practical
value obviously depends on the simplicity of the equations governing its behaviour and on
its ability to reflect all the details of processes occurring in actual composites subjected to
loadings.

Until quite recently, the model which was used in the case of composities made of
isotropic layers was based on the so-called “effective moduli” theory and represented a
transversally isotropic medium known from classical elasticity; its effective elasticity
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constants were determined, for example, by J. V. RizNICENKO [1] (1949), G. W. PosTMA
[2] (1955), S. M. Rytov [3] (1956) and E. BEHRENS [4] (1967). The aim of these papers
was to solve certain geophysical problems connected with the propagation of waves in
layered media.

The presently observed increasing interest in layered media is due to advances in the
industry of composite materials; their application to engineering structures considerably
increases the demand for an effective tool in solving numerous boundary value problems.

The model proposed by the theory of effective moduli often leads to satisfactory results.
However, it proves to be insufficient in some dynamical problems. It was shown by
S. M. Rytov [3], J. D. AcHENBACH, C. T. SUN and G. HERRMANN (5, 7] that layered me-
dia of this type exhibit considerable dispersion properties in the process of monochromatic
wave propagation in unbounded media, even in the case of relatively long waves. Since
dispersion does not occur in classical anizotropic bodies, the theory of effective moduli
yields a long-wave approximation of the layered medium and may lead to considerable
errors in cases where the wavelengths are comparable with the periods of internal structure
of the composites.

The first authors who proposed a dispersive model of composites were C. T. SuN,
J.D. AcHENBACH and G. HERRMANN; in papers [6-8], written in the period 196768, they
presented the so-called theory of effective stiffness. Equations of the first approximation
of that theory may be written [8] in terms of the notions introduced by R. D. MINDLIN
[9] in connection with the bodies with microstructure. Dynamic interactions of individual
layers were taken into account by assuming that at the interfaces only the field of displace-
ments is continuous. D. S. DRUMHELLER and A. Beprorb fulfilled the additional condition
of continuity of the stress vector at those surfaces and, in 1973-74, presented the generalized
effective stiffness theory [10, 11].

Other attempts to construct dispersive models of these types of bodies are due to
A. BEDFORD and M. STERN [12, 13] (1972), G. A. HEGAMIER and his co-workers [14-17]
1973-74 and M. Ben-AMoz [18, 19] (1975).

The models proposed by the both versions of the effective stiffness theory seem to be
most useful from the point of view of applications, because of their simplicity. In a con-
siderable number of papers [8, 20~25] one of the two versions mentioned above has been
applied.

The method of constructing the models of consecutive orders has some elements in
common with the effective stiffness theories but seems to show a certain advantage in the
process of obtaining consecutive approximations. This advantage follows from our belief
that such a process should:

1) lead to independent fundamental fields in all approximations;

2) be the-same for all approximations;

3) ensure, in every approximation, the compatibility of displacements and stresses
at the interfaces between the layers;

4) use a similar method of smoothing out the compatibility conditions at the interfaces
and also the Lagrange function density.

In the papers dealing with the both versions of the effective stiffness theory there appear
several remarks on the construction of models of arbitrary orders, but it may easily be
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verified that the processes proposed there do not satisfy the postulates 1)-4) listed above.
In particular, the model proposed by A. Bedford and D. S. Drumheller makes impossible
the existence of a “free” displacement field in the zero and first-order approximations,
and hence the theory does not fulfil the first three postulates. In the process used
by C. T. Sun, J. D. Achenbach and G. Herrmann, continuity of the stress vector field is
not ensured in any of the approximations, and this contradicts the third postulate. In both
versions of the effective stiffness theory the method of smoothing out the compatibility
conditions differs from that used for the Lagrange functions. Smoothing of the compati-
bility conditions is performed according to the scheme

(1.1) F%(t, xg, x¥) =0 = F*(t,x) =0,

where x5° denote the coordinates of the points at the surfaces of contact. The corresponding
process with respect to the Lagrange function density has, however, the form

(1‘2) I'l.(r: Xas xg)+12(tv Xas xg) = !l(r$ xi)+13(f: xl)!
x3 and x§ are the coordinates of the points belonging to the middle surfaces of the
homogeneous layers.

In this paper the “smoothing” process follows the first scheme in both cases and this
is what seems to be right from the formal point of view. Hence Eq. (1.2) is replaced with

(1.3) (2, Xay X5)+13(t, X, X5) = 13(t, X)+13(2, %),

This uniformity of the smoothing process is achieved by representing the all fields
defined in the composite in terms of their distributions on the so-called “bilayers” which
are the non-homogeneous neighbourhoods of the planes of contact, and contain both
materials in the proportions characteristic of the whole composite. In this approach the
discrete structure is represented in the continuous medium merely by the surfaces of contact.
The existence of independent fundamental fields in the zero and first approximations
(under the conditions of compatibility of the displacement and stress vectors at the inter-
faces), is achieved by a proper definition of the strain tensors in the bilayers for models
of consecutive orders. The zero order model obtained in this manner is a rigid body model,
while the first order model behaves like a classical elastic anisotropic body (in statical
conditions); in the process of propagation of monochromatic waves in an infinite medium,
dispersion appears. In the case of waves propagating perpendicularly to the layers, the
results are more accurate (especially for small wavelengths) than those resulting from
the first order model used by Sun, Achenbach and Herrmann and characterized by twice
as many independent fundamental fields.

2. Structure of the layered body

Let us denote by the symbols f (fiber) and m (matrix), respectively, the homogeneous
material treated as reinforcement of the composite, and another homogeneous material
considered as the matrix, Symbols a, b, ¢ will also be used to denote those materials, symbol
b denoting in such cases a material different from c, i.e.

2.1 a,b,c=f,m and b #c.
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The voluminal share of material a in the composite is denoted by 7,, hence it follows
that

22) Nt m = 1

The period of the composite is denoted by the symbol 4, and hence the layer made of
material g has the thickness 7,4.

The unbounded composite medium will be described in the orthogonal Cartesian
coordinate system {x;} = {x,}x {x3}, i=1,2,3; @ =1, 2, the x;-axis being perpen-
dicular to the planes of contact between the layers.

The composite stucture may uniquely be determined by prescribing the lattlce and the
base, the lattice constituting an arbitrary set of planes at distances 4 from each other
and parallel to the contact planes, and the base representing an arbitrary portion of the
composite bounded by two planes normal to the x;-axis at the distance 4 from each
other. Since 4 is the period of the composite, the voluminal shares of materials f and m
in an arbitrary base are the same as in the entire composite. The composite structure is
reconstructed from its lattice and a base in a procedure similar to that used in the case
of crystalline structures (cf. [26]).

By means of the periodic structure of the composite we may introduce the equivalence
relations in the set of coordinates {x;} in the set of planes {n} parallel to the lattice planes,
and in the set {P} which is a set of closed, three-dimensional intervals with a characteristic
plane z, bounded by the planes parallel to the latticé planes. The following definitions
of the sets determine the correspondence between the elements of the sets {xs}, {n}, {P}:

(2.3 Vxz € {x3}3n € {n} in' = {(Xe, X3) € {x:}  (*x) € (), x5 =x3);
(24) Vxye{x;},d>0,g> 03P, e {P}:Piy = {(x) € {xi} ix, € {xa},
' - xy—d < x3 < x3+g}.
The equivalence relation within the set {x;} is introduced as follows:
(2.5) X3 ~ X3 |x3—x3l =k4, k=0,1,2, ..
while .the corresponding relations in the sets {n} and {P} are defined by

T~ <X ~ Xy,

(2.6) 5
Pig~ Pyy<>x3~x3, d=d, g=¢g.
Here the equivalence relations in the set {x;} and Egs. (2.3), (2.4) have been used.

The equivalence classes of the above relations corresponding to the representants
x3, ', P’ will be denoted by symbols X3, 7', P".

Let us now introduce the names for certain coordinates from the set {x,}, characteristic
for the composite.

x3 — coordinates determining the center of gravity of an arbitrarily selected layer
made of material a;

x3° — coordinates determining such a point of contact between two arbitrarily selected,
neighbouring layers made of materials b and ¢, that x3°—0 denotes a point located within
the material b, and x5°+0 — a point located within the material c.
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Taking these definitions into account and using Egs. (2.3) and (2.6) we obtain the symbol
#® for the middle plane of the layer a, and the symbol 7% for the plane of contact be.

On using Eqgs. (2.4) and (2.7), let us introduce the following names for certain intervals
from the set {P}: B®— base a, B* — base be, P*— layer a, P* — bilayer bc.

The intervals are defined by the formulae

@7) P, i~ d=g=14,

238) B Plixy ~ 2, d=md, g=n.d,
9) PEp g~ s, d=g=1nd,

2.10) Pl pixin o, d=gmd, g=gnd.

If h(Py) = d+g denotes the thickness of the interval Pg,, then h(B°) = h(B*) = 4,
h(P®) = n,4 and h(P*) = 4)2.
Let S(A) denote the generalized sum of sets of the family A, i.e.

@.11) xeSA)<«3IX:ixeX, XeA.

The obvious identities hold true,

@.12) SB9 = {x.},
(2.13) S(B*) = {x:},
(2.14) S(PTuP™ = {x;},
(2.15) S(PImu Py = {x;},

which indicate that the composite covers may consecutively be: the class of bases a, class
of bases be, two classes of layers fand m, and two classes of bilayers fm and mf.

The base intervals B® or B are usually assumed 'to be the basical cells in constructing
the homogeneous models. They are not, however, the smallest possible intervals capable
of covering the composite and in which the voluminal share of materials f and m is the
same as in the entire composite. The smallest intervals are represented by the bilayers
Pfm and P™, _

In this paper the composite will be treated according to the notation (2.15), not only
because of the property of the bilayers mentioned above but also in view of the fact that
they do not require coupling (fitting). Moreover, they contain the contact planes at which
the phenomena of wave reflection and refraction occur and this leads to dispersion in the
process of propagation of waves in irfinite composite medium. All the fields determined in
the composite will be represented on bilayers by the values of certain functions and the

values of their derivatives calculated at the contact planes bc. The functions will be called
model fields.
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3. Local coordinate systems, change of variables

In order to obtain a uniform notation of the fields determined in mutually equivalent
composite intervals, let us introduce local coordinate systems for each interval belonging
to the classes P¢, B* or P,

Denoting by {x;}|p,, the intersection of the coordinate, set {x;} by the interval considered
P, the set of global coordinates parametrizing each representant of the interval classes
mentioned above is transformed into the set of local coordinates:

(3.1 P {xi}ipe = {(Xas 20} (Xas 20) = (Xa, X3—X5),

(3.2 @ (X} moe = {(Xas Z80) } | (Xas Zb) = (Xar X3 —X5).
With respect to the representants PP, P° satisfying the condition

3.3) PPAPE = *

the following equality holds true

(3.4) PPUP° = B,

In such a case it is possible to pass from the local coordinate systems determined in the
layers b and ¢ to the local system determined in the base bc by means of the following
transformations

(35) ‘o‘(h): {(xas zb)} e {(xm zhc)}w*f (xm zbc) = (xm Zp— ";_'}b‘d)s

(3'6) 'Pc{h): {(xss zc)} > {(xm zbc)}ll" (x¢9 zbc) == (JI.',, Z.+ %ncd)

The mutual relations between the introduced coordinate set transformations may
clearly be illustrated by the corresponding diagrams. For those pairs of P® and P° which
satisfy the corresponding condition (3.3) the following diagrams are commutative:

{(xu Z,,)} i {xi}u" {xi}lP"' A {(I,, zr:)}
G.7) PN el o / é‘“’
N il P
{(X,, zbc)}]!* {(xn zbc)}u"
what means that
(38 P90 g = gl
(3.9 PP o @ = @%5e.

The symbol ¢*|;. denotes the restriction of the transformation ¢* to the layer P°
Let us finally introduce in layers P° the local coordinate systems {(x,, {,)}, one axis
of which is referred to dimensionless coordinates,

GIO g}~ (G )i £ = (s () 2
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All the transformations defined above are bijections and thus the inverse transformations
must exist.

4. Representation of arbitrary fields in bilayers by means of smooth model fields

The set of coordinate systems introduced here allows for a uniform representation in
equivalent intervals of the fields sought for and defined in the entire composite at any
time £.

Let Q(t, x;) denote an arbitrary scalar-, vector- or tensor-valued field, determined
and continuous for

x) = (xD) € (N SE™ua™),

with bounded left- and right-hand derivatives

x 0) 'E%Q(r!xuaxgc+0)'

Let us denote by Q,;(r,x,, ¢,) the intersection of the field Q(¢, x;) with an isolated
layer a. Changing the variables according to Egs. (3.1), (3.10)

4.1) %0 " {x;}1pe = {(Xa5 C2)}s
we obtain
4.2) 0%a(t, Xas C) = O(t, X)) pe.

The index x§ replaced by the value of (xs;) at the center of gravity of the layer a
uniquely determines the position of that layer in the composite.

Let us now separate the variables in Q.4 by expanding it with respect to {, into an

infinite series of any of the classical orthogonal polynomials defined in the standard interval
[—1, 1]. In this paper Legendre polynomials will be used. In the representation shown
below the right-hand side series uniformly converges to the left-hand function at {, €
[-1+4, 1-4], 8 being an arbitrarily small positive real number [27]. The Fourier-Legen-
dre coefficients are calculated from the formula

(4.3) 0% (1, - f 0l (t, 30, L PEIAL..
The representation has the form
(4.4) 0%2(t, %o, &) = lim Z Ols(t, %) P(L),
n—00 ;g J

where P is the Legendre polynomial of order j, the following representation of those
i
polynomials being used in this paper (cf. [28])

1 j]
@5) P = D ™,

k=0 k
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Here [v] denotes the integral part of », and
_ (2j—2k)!
46 %= (=D SrG-m1G=201 "
Changing the variables in Eq. (4.4) by means of the transform inverse to Eq. (3.1), we
obtain

(4'7) Q:;(f, xs) Zy) = é:; (‘: Xas Cﬂ)a
where
@38) 0%e(t, X,y 2) = lim Z Ols(t, ) WGz,
Mj_g
and
def I
@9) W2 (Lnua) rc,
=" -

@10) Qig(f,xa)é(fmd) G230, %),

i J

We shall use later the following representation of the field O(z, x;) in the layer a, obtained
by means of the identical transformation of the right-hand side of Eq. (4.8):

@.11) 032 (t, X, 2,) = lim ZQ,, (t, %) zh,

n—+c0jo J

where, in accordance with Egs. (4.9), (4.5), we have

[— (-]

2k
(4‘12) Qxa(f xn)_ 2 Qx3(r xﬂ)aj+2t(1 qad) ]
k=0 J+2K
and
(4.13) é:g(r,x,) =0 for j>n.
i

Let us now introduce the infinite sequence of fields
@.14) 0%t,x), j=0,1,2,..,0
j
defined and smooth for (x;) = (x9) € {x;}; they will be called model fields of the function .
QO(t, x;). Those fields play a fundamental role in passing from the non-homogeneous

body to its homogeneous and continuous model. The following conditions are imposed
on those model fields

@.15) 0°(t, xs, 3) = ?:5 {t, %)

Using these identities we may rewrite the Eq. (4.11) in the form

(4.16) 0% (t, %oy 20) = lim > 0%(t, %o, X9)22,

n—+00 j_p
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Here
[1o-1] N
1
@.17) Q‘(! Ypx = o x,,xa)a,m( md) .
k=0 J+2k

Thus the field Q(z, x;)|p« is represented by the values of the model fields Q%¢, x;) which
j j

they assume at the points lying at the middle plane of the layer a. In the considerations
that follow an important role is played by the Taylor identity which holds in an arbitrary
interval P o P°

n—j

1

@18 0%t x ) = 3 G (=Xl Koy T4, X 0, ).
5=0

Here

3
@19 xe ) = [ (8O (txe, xS

J 4 (n—j)! 7 n=j41
is the remainder of the Taylor formula, and
def a’Q
4,
(4.20) Qs =35
By disregarding the remainder in the expansion (4.18), we obtain
n-j
@421 07t xuy x0) = * B (A 0 X0 3.
/ =0

The symbol =* is replaced by identity if and only if
(4.22) 0%  (t,xa,x3) =0

J -1
or x; = x5.

In order to obtain the representation of Q(t, x;) at the bildyers let us consider two
arbitrary layers b and ¢ contiguous to each other so that the relations (3.3), (3.4) hold true.
Thus we may use the transformations (3.5), (3.6) and write down the fields defined in the -
layers considered, b and ¢, and represented in the form (4.16), (4.17) in terms of the local
coordinate system in the base bc.

The following identities will be used:

=l

n n Vi n q
4.23) 12;}@(;,;., 3)(z.c+%ﬂ,,g) 520:[ 0°(t, x,, ) (P'f‘ﬂ(_;_md)]zi,,
= =0 q=

itq
lt1 " . 1 i
(4.24) 5 Q (f,x,,x;) Zu"f'?cd)
j=s/

/Y‘[ \ J( 1)‘Q‘(t Xq5X3) (p+q)(2 )]

=0

Moreover, the values of model fields at the middle surfaces of the layers appearing in
Eqgs. (4.16), (4.17) will be written in terms of their values at the contact planes and values
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of their derivatives calculated at the same planes. This may be done by substituting x; = x5°
into the formulae of the type of Egs. (4.21). Thus we have

n—j

1 . 5
(425) Q5w =+ DL (17T ma) 240,50 29,
5=0 . .

o1 Y

(4.26) 0(t, 30 ) = * 3 oS 050, 7 ).
j - sti2 J s

Taking then into account the relations (4.12) we obtain the following representation
of the field O(t, x;)|g< in a base be, and hence also in the bilayer P* < B:

4.27) Q(t, x)pe = Qxbr(f Xips Zic)
Here
(4.28) Qe (t, X, ) = lim Y 0%(t, e, ¥5) s
n-so0 {20 J
and
Qn""’"(t, Xa, X5)  for 2z, <O,
(4.29) Q ) xe, 32) L1

Q“""(r Xgy X5%)  for  zy > 0.

The following notations have been used here:
T (n-i-)]

@30) %ot x,, xh) = * "("*")(_n a) Z P wd)

n-j—-q-2k

R e l(1 ,,
x ’;{ (-1 5! (2 md) J+£2k'i (t, X, x59),
_(“—J )|
(4-31) JQN"{!M)(" Kay X ) = * Z( l)q(}"'q) (? ) 2 aj+¢+zk( ’?r:A)
'J'-*I_—'u ,
I (2 Q‘ +3 (!, xnxl."!c).
J+q+2k s

In the case when the field Q(z, x;) is defined and is continuous also for (x;) = (x{) €
€ S(7™u#™), the following condition should be fulfilled in each bilayer bc:

4.32) lim Q%c(t, Xz, z5) = lim Qlbe(f, Xe» 750)
zpc—0- 3 0+ 3
which, owing to the formula (4.28), is equivalent to the condition

@.33) lim 0¥t x,, %) = lim Q°®O(t, x,, x%°).

n—+oo 0 n-+co 0

It will be called the condition of compatibility of the field Q in the bilayer bc.
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Let us observe that
(4.34) VP*3B%, B?®: B*nB?® = P
and hence both compatibility conditions written for the neighbouring bilayers P/™
and P™ and holding true in the bases B/™ and B™f which contain those bilayers, also hold

true in the layer P* > P/™UP™., Since S(PYUP™ = {x;}, the both conditions remain true
in each composite layer. The smoothed version of compatibility condition is

(4.35) lim 0*®O(1, x)) = lim 09z, x).

n—oo 0 n—»o00 0

5. Homogeneous, continuous model of the composite

Representation of the field Q in the bilayers may now be used in constructing the
homogeneous and continuous model of the composite. All the fields sought for, like the
field of deformation, stress, kinetic energy density, potential strain energy density, possess
their own model fields. There is no need, however, to use them all since only the field
of displacements may be assumed as the fundamental field u(z, x;). Basing upon it we
shall define the remaining fields in the bilayers. To simplify the formalism, let us introduce
the following notations for the fields of mass density ¢ and the elastic moduli tensor ¢;
which are sectionally constant in the bilayers:

6D e, =g" for z,.<0,
’ &= ¢ for 2z, >0,

52) e d chu  for 2. <0,
’ Y= ety for 2z, > 0.

Replacing the symbol Q in Egs. (4.28)-(4.31) with u;, we obtain the representation
of the displacement field in the selected bilayer bec. In referring to the formulae it will be
understood that this change of variables has been done.

The model of order n is obtained by reducing the right-hand sequence in Eq. (4.28)
to the single n-th term; thus, according to Eqgs. (4.30), (4.31), the number of model displace-
ment fields in the n-th order model equals 2(n+1).

In the following considerations symbol Q|stc will denote the representation of the
field Q in the bilayer bc, and the arguments #, x,, x3° will not be explicitly written. For
instance, Eq. (4.28) (applied to the field u;) will take the form

(5.3) Uypbe = lim Z‘}?f‘z{c.

In order to represent the deformation field on the composite in the bilayer be, the
classical definition of small deformations is used ; the differentiation in the direction normal
to the contact planes must be performed, because of the fixed value of x;, with respect to
the local coordinate z;,, i.e.

dr
(5.4) Eijjpbe = U, jy pbec = aau!‘n.qr"‘f+ 5:;;{;“.‘).:“@‘,
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d,, and 4,,.; being the Kronecker symbols:

0, a#j, 0, j=12,
(55) aj = L, @ =j » éxuj = il) J -
The result is represented in the form
(5.6) Eijpbe = lim y%zm
JI—FODJ_'D

coefficients in this series being expressed in terms of the model fields of displacements
and their derivatives by means of the expansion coefficients (5.3),

o def =
(5°7) EIJ = aau ul] =+(S+ l) a‘.‘!(} uil}

All thete coefficients have the same structure what makes the form of expansion (5.6)
consistent with the assumed representation of the fields in the bilayers.
Let us observe that — due to Eq. (4.13),

(5.8) ;f“'s for j>n,

and hence the formula (5.7) yields
(5.9) sf'; =0 for s>n.
Using the classical definition of the stress tensor 7;;, kinetic energy density k, potential

strain energy density w and making use of the notations (5.1), (5.2), we obtain the repre-
sentations of these fields in the bilayers:

(5.10) Tijpbe = Chiiculpbe,
1

(5.11) Kigbe = - @ iypbeityybe,
1

(5.12) Wipbe = 5 Tujipbeeijiphe

the dot in Eq. (5.11) denoting differentiation with respect to time.

The Lagrange function density / is assumed as the difference of the kinetic energy
density and the potential strain energy density. Its representation in the bilayers has the
form '

(513) fwbc s k;p""_wwb‘-‘-

Let us assume that the mean density of the Lagrange function in the bilayer fim and mf
is calculated from the formula

; ned
(5.14) L = f Lipbedzy,

—5d



HOMOGENEOQUS CONTINUUM AS A MODEL OF LAYERED BODY 271

and let us disregard the coefficients of the odd powers of z,. in Eq. (5.13) and the terms
involving odd powers of 4; it is found then that these mean values may be treated as
values of certain functional /* defined in the smooth model fields and their respective
derivatives computed at the point lying at the planes of contact /™ and ™. Disregarding
the coefficients of odd powers of z,, and 4 is connected with the invariance of Lagrange
function density (5.13) with respect to the reference frame transformations {(x,, Zs)}
and {x;} which correspond to the mirror reflections in the planes #* and x; = 0, re-

spectively.
Hence we have
(5.15) LA (R

Functional /*(z, x;) is assumed as the Lagrange function density for the composite
model. The model fields describing most accurately the behaviour of composite is that
which satisfy the Hamilton principle of conditional stationary action in which the role
of constraints is played by the smoothed conditions of compatibility of displacements
u(t, x;) and stresses 75;(¢, x;) in the bilayers fim and mf. This principle may symbolically
be written in the form

Iy N
(5.16) 8 [ ar [Iraw+ [ 64dr = o,
fo v 1o
(5.17) lim (E??(bc) _ é}f(m) =0,
(5.18) lim (o;g{ikl“' [?.%(ibe;) i O
R==00

In the above formulae v denotes a regular region constituting of an arbitrary number
of bilayers, and 64 is the virtual work done by external forces. Condition (5.17) will be
called displacement constraints, while Eq. (5.18) — stress constraints. The magnitudes
appearing in Eq. (5.18) are expressed by the model field of displacements and their der-
ivatives according to the Egs. (5.10), (5.6), (5.7), (5.2) and (4.28)-(4.31) after replacing
in these formulae Q with u;. There are four equations of constraints and they constitute
the differential equations for the displacement model fields. In the case of the model of
order zero we obtain a single equation of displacement constraints, while in the case of
first order model — two equations of displacement constraints and one equation of stress
constraints. In higher order models 4 mutually independent equations of constraints
are found. Owing to that fact the number of independent displacement model fields in
models of consecutive orders equals 1, 1, 2, 4, 6 ..., respectively.

Particular attention should be paid to the first order model which is relatively simple
since it involves only a single independent field of displacements and, at the same time,
exhibits the dispersion effects connected with the layered body microstructure. In the
theory of effective stiffness the same effect may be obtained by using at least two independ-
ent displacement fields (cf. [8, 10]). In static problems or such dynamic problems where
disregarding the composite microstructure becomes justified (4/4 — 0, A — wavelength),
the first order model represents the model of anisotropic body of the classical theory of
elasticity which is a long-wave approximation of the layered body. This problem will be
dealt with in a separate paper.
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