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Diffusion equations for a mixture of an elastic fluid
and an elastic solid

E. C. AIFANTIS, W. W. GERBERICH, D. E. BESKOS (MINNEAPOLIS)

A MECHANICAL theory is formulated for the diffusion of an elastic fluid through an isotropic
elastic solid. It is assumed that each point of the mixture is occupied simultaneously by both
constituents in given proportions. The motion of each constituent is governed by the usual
equations of motion and continuity. The mechanical properties of each component are specified
by means of constitutive equations for the stresses. Diffusion effects are accounted for by means
of a body force acting on each constituent which depends upon the composition, the elasticity
of the solid and the relative motion of the substances in the mixture. This approach makes it
possible to derive coupled diffusion equations for both constituents. Uncoupling of the equations
is accomplished within the framework of a linearized theory by adopting particular motions
for the mixture. The result is compared with classical diffusion equations derived by intuitive
modifications to the empirical Fick’s law.

Sformulowano teori¢ mechaniczng dla dyfuzji cieczy sprezystej przez izotropowe cialo stale.
Przyjeto, ze w kazdym punkcie mieszaniny wystepuja jednocze$nie obydwa sktadniki w odpo-
wiednich proporcjach. Ruch kazdego skladnika rzadzony jest zwyklymi réwnaniami ruchu
i ciggtosci. Wiasnosci mechaniczne poszczegolnych skladnikow wyspecyfikowane zostaly przy
pomocy roéwnan konstytutywnych dla naprezen. Efekty dyfuzji uwzgledniono poprzez sile
masowa dzialajaca na kazdy skladnik, ktora zalezy od kompozycji sprezystodci ciala stalego
i ruchu wzglednego substancji w mieszaninie. Stosujac to podejécie wyprowadzono sprzezone
rownania dyfuzji dla obydwu skladnikéw. Rozprzezenia rownan dokonano w ramach teorii
zlinearyzowanej przez przypisanie poszczegOlnych ruchéw mieszaninie. Wyniki pordéwnano
z klasycznymi réwnaniami dyfuzji wyprowadzonymi droga intuicyjnych modyfikacji empirycz-
nego prawa Ficka.

CdopmynupoBana MexaHW4ecKasi Teopus Aud bysun ynpyroil »KHIKOCTH B H3OTPOIHOM TBEp-
nom tene. [IpuHHMaeTcA, YTO B KaX0H TOUKe CMECH BLICTYTIAOT 00a KOMIIOHEHTa B COOTBET-
CTBYIOIIKX NponopudAx. JIBrKeHHe KaMKOOro KOMIIOHEHTA OMHCHIBAETCA OOBIKHOBEHHBIMH
YPaBHEHMAMH ABMKEHHA M HepaspbIBHOCTH. MexaHuuyecKHe CBOMCTBa OT/ENbHBIX KOMIIO-
HEHTOB CreUM(bHUHMPOBaHbI IPH TOMOLUH ONpPENEAIIIMX YPaBHEHHH [NA HaNpAMKEeHUH.
Dddertsr quddysun yuTeHb! Yepes MAcCOBYIO CHIIYy AEHCTBYIOLIYIO HA KAXKALIA H3 KOMIIO-
HEHTOB, KOTOPaA 33BHCHT OT OTHOLUGHHA YNPYTOCTH TBEPAOrO TeNa M OTHOCHTEIBHOTO JBH-
»eHHA cybcTaHuud B cmecH. IIpuMeHAA 3TOT MOAXOL BBIBEOEHBI CONPSYKEHHbIE YDABHEHMA
anddysun gna ofoMX KOMIOHeHTOB. PacmpsikeHue ypaBHCHHII NPOM3BENCHO B PaMKax JIH-
HeapH30BaHHON TEODHM uepe3 NPHNUCaHWe OTAENbHBIX ABMKeHHH cvecH. PesynsTaTel cpaB-
HEHBI C KJIACCHUECKUMHM YpaBHeHHAMHM Muddysun BbIBEJEHHBIMH MYTEM MHTYMTHBHBIX MOJH-
uKanmit smnupyuyeckoro 3akoHa Puxa.

1. Introduction

THE PROBLEM of diffusion of liquids and gases through stressed solids is an important
one both in theory and practice. In a classical treatment [1-5] diffusion equations are
derived by adding stress dependent terms to the first Fick’s law of diffusion. More specifi-
cally, within a linear elastic theory, and no mechanical basis, it is proposed that in a
gas-solid mixture at uniform total density, the following constitutive relation holds:
(L.1) v = —DVp+ M*Vg,

10+
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where g is the density (concentration) of the gas, v is its diffusion velocity, o is the trace
of the stress tensor, and D, M* are phenomenological coefficients which may depend on
the densities (concentrations) and the temperature. For particular examples in references
[1-5], D is considered as a constant, M* is taken as a linear function of the density p,
and temperature effects are assumed to be negligible. In that case, substitution of Eq. (1.1)
into the equation of the conservation of mass of the gas and use of the well-known relation
of linear elasticity

(1.2) Vg =0,
yield
do 5
(1.3) 7 DV%p—MVp-+Vg.

One may note that Eq. (1.3) is in the form typically obtained for a hydrostatically-
stressed solid [1-4], but is different from that of SHEWMON [5] and others [6, 7] which
use the elastic potential ¥ in the place of o, thus retaining the V2V term, in order to explain
the interaction between particles and defects with no hydrostatic components. For example,
a screw dislocation can interact with the tetragonal distortion of a point defect which
produces shear stresses [6]. However, this might not be necessary for other types of defect
distortions since STEHLE and SEEGER [8] have determined that screw dislocations have
volume expansion due to a disregistry at the dislocation core. Since it is difficult to generalize
the specific effects of the non-hydrostatic cases [9], we retain the hydrostatic first order
term only recognizing that second order effects are possible.

In the present work we re-examine this problem by following the general theory of
mixtures introduced by TRUESDELL and ToUPIN [10, Sects. 88, 158, 215, 295] and extended
further by TRUESDELL [11, 12], ADKINS [13, 14] and GReEN and ADKINs [15]. The above
authors reason that since the diffusion process involves the relative motion of the constit-
uents of the mixture, a transfer of momentum between components is involved. For each
constituent we assume that kinematic and mechanical quantities such as velocity, accelera-
tion, density, stress and body force per unit mass may be assigned and that with the aid
of these, equations of motion and of conservation of mass may be established. In the case
of a mixture of two components, this procedure yields a system of four partial differential
equations. Further, it is assumed that within the mixture, the properties of any given
component are defined by means of constitutive equations relating the partial stress tensor,
the deformation gradients, the density and the kinematic quantities, such as velocity
gradients and acceleration gradients, for that component. To simplify the theory we assume
here that, in particular, the stress components for the solid s, depend upon the densities
and the deformation gradient defined for s,. The stress components for the fluid s; depend
on the densities and the elasticity of the solid through its deformation gradient. Of course
the basic assumption for elastic fluids, i.e. that the fluid cannot support shearing stresses,
is adopted here.

To account for diffusion phenomena it is assumed that the body force acting on a given
component, and expressed per unit mass of that component can be subdivided into an
extraneous body force, identical in character with that of single component systems, and
a diffusive force. This diffusive force depends upon the composition of the mixture at the
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point under consideration, upon the density gradient, upon the elasticity of the solid and
upon the relative velocities of each constituent. The forms for the partial stresses and the
diffusive force are restricted to satisfy the necessary conditions for invariance of the prop-
erties of the mixture under rigid body translations. Finally, we should point out that
thermal effects are neglected in the present investigation.

2. Preliminaries

We consider an elastic solid s, which is undergoing a continuous deformation and
suppose that the region occupied by this solid is also permeated by a fluid s, which is in
motion relative to s;. We a,sume that each point within the mixture is occupied simul-
taneously by s, and s,. The motion is referred to a fixed system of rectangular Cartesian
axes. The motion ¥ of a typical particle of s, is described by the invertible transformation

2.1 x=xX,1),
where x and X are the places of the particle in the present and the reference configuration,
respectively, and 7 denotes time. Similarly, the motion y of a typical particle of s, is described
by the invertible transformation
(2.2) y = (Y, 1),
where y and Y are the places of the particle in the present and the reference configuration,
respectively. Since the particles under consideration occupy the same place at time 7, we
have x = y.

Velocity fields at the point x = y in 5; and s, at time ¢ are defined as

D(l)x D(Z)y

(2.3) u= Dt = {w}, v= Dt - {vi},

where D¥/Dt denotes differentiation with respect to t holding X fixed in the solid s; and
D'® Dt denotes a similar operator for s,, holding Y fixed. The operators D*’/Dt, D® /Dt
are given by

(2.4

D a K] D2 a bl
Dr ot Dr T o Tvmayn
The deformation gradient F of the motion ¥ of the solid s, is a second-order tensor
field defined as

2.5) F = Vy(X,1).

We assume that at x = y and time ¢ there exist partial stress tensors S and T, extraneous
body force vectors g, and g,, and diffusive body force vectors g,/o0, Y and — b for the
constituents of the mixture s, and s,, respectively. The body forces are per unit mass and
¢: and g, are the densities of s, and s,, respectively. Then the equations of motion for each

constituent become

. DMy ) D@y
(2.6) divS+g,Y+e:8, = QIT! divT—g,$+0:8, = 02 Dt

In subsequent work we shall restrict attention to the case in which extraneous body
forces are absent. Addition of the Eq. (2.6) eliminates the term g, and confirms the

) Summation convention is assumed over repeated indices.
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fundamental fact that the diffusion forces arise from interactions between the solid and the
fluid and that the mixture as a whole does not recognize their existence.

In the absence of chemical reactions between s, and s,, we have the equations of conti-
nuity for each constituent
@7 % +div(o, u) = 0, aa,; 2 +div(g, v) = 0.
We consider now motions of each constituent which differ from the motions defined by
Egs. (2.1), (2.2), (2.3) only by a superposed rigid-body rotation at time ¢. This is required
in order to restrict the form of the constitutive relation by using the axiom of frame-indiffer-
ence and any conditions imposed by material symmetry. A change of frame is a time-
dependent mapping (x, ) to (x*,t*) such that
(2.8) x* = ¢c+Q(x-0), *¥=1—1,,
where c¢ is an arbitrary point function of ¢, Q is a time-dependent orthogonal linear transfor-
mation, 0 is a fixed point in the space and ¢, is an arbitrary constant. Then it follows that
2.9) F* = QF, u*—v*=Q(u—v).
If the partial stresses S*, T* and the diffusive force * associated with the motion (2.8)
differ from S, T and ), respectively, only by orientation, then the principle of frame
indifference [11] implies that
(2.10) $*=QSQ", T*=QTQ", ¢*=Q,¢,

where the symbol T indicates transposition.

3. Constitutive assumptions

The system of Egs. (2.6) and (2.7) is completed by the introduction of constitutive
equations for the stresses S, T and the diffusive force $». When s; and s, are separated
they are specified by the constitutive equations

G.D S=S@®), T =g,

where B = FF7 is the left Cauchy-Green deformation tensor and g and S arbitrary tensor
are functions. Relations (3.1) are deduced from a general functional relation for elastic
materials by assuming that s, is an elastic isotropic solid and s, is an elastic isotropic fluid
[16]). The axiom of frame indifference, as described by Egs. (2.10), is applied to Egs. (3.1)
to give

(G2 S(QBQ") = QS(B)Q", g(e.) = Qg(e,)Q7,

which indicate that S is an isotropic function of its argument and g is a second-order
isotropic tensor. In view of Eqs. (3.2), Eq. (3.1) can be written in the usual canonical
forms [16]:

(3.3) S = fo1+p,B+B.B*, T = —p(o,)1,

where B, B, B. are functions of the three principal invariants I, Ilg, Ill, of the tensor
B and are given by

(.4) Y, = trB, I, = %[(trB)z—trB"], I, = detB.
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When s, and s, are flowing as a mixture we have to consider interaction terms occur-
ring in the expressions for the partial stresses, Within the framework of a simplified theory
we assume that the solid s, will retain essentially the same character as defined by
the constitutive Eq. (3.1);, with the modification that a dependence on the density of
the fluid s, is now allowable. The fluid s, is assumed to retain its fundamental character
of “not supporting shearing stresses” as in the constitutive Eq. (3.2),; however,
a dependence of the scalar-valued function p on the density of the solid and the elasticity
of the solid through the left Cauchy-Green deformation tensor B does result. Thus the
constitutive equations for the partial stresses become

3-5) S =5(B,0,), T= —p(B,e)l.

Application of the principle of frame indifference and subsequent use of representation
theorems for isotropic functions [16, 17], reduce Egs. (3.5) to

(3.6) = —fol—pB—f,B? = —pl,

where fo, B1, P2, p are scalar-valued functions of g,, p,, Iz and Ilg, i.e. the densities
and the first two principal invariants of B.®

The diffusive force Y may be regarded as a retarding effect exerted upon the motion
of the fluid s, due to the presence of the elastic solid s;. It is natural to assume that it
depends upon the elasticity of the solid through the deformation gradient F, the densities
and the density gradients, and the velocities of the constituents. Thus the constitutive
equation for the diffusing force takes the form‘®

(3.7 ¢ = (F, o, u, g, v, gradg,, grade,, 0,).

The occurence of g, u and g,v instead of u and v is more natural since on intuitive
grounds, one could argue that “force depends on moments rather that velocities” or
that interaction forces arise from momentum exchanges.

Invariant considerations of isotropy and frame indifference allow one to assume the
following special form for Eq. (3.7):

(38) ¢ = (pil+9:B+93B?) (¢, u—0,)+(pil+¢;B+piB?)grade,

+ (9114 ¢yB+@yB?)gradp,,
where ¢, @r and ¢, (I"= 1, 2, 3), are scalar functions of the two principal invariants
Ip, Il and also depend on g; and p,. The representation (3.8) is appropriate for both
isotropic (full isotropy under all orthogonal second order tensors, i.e. holohedral isotropy)
and hemitropic (isotropy only under the proper orthogonal tensors. i.e. hemihedral isotropy)
materials. Notice that the constitutive Egs. (3.6) are also valid for isotropic and hemitropic

materials. Thus, in the framework of the assumed constitutive equations, where the motions
are also slow, the present theory is valid for both isotropic and hemitropic materials.

@ For convenience in the analysis, in Sect. 3 and 4, the dependence of the various functions which
occur in the theory on IIl, is expressed as a dependence on g, through the continuity equations of the solid
01 = Qo VIH_: .

3 The case of small velocities and small density gradients is the one of interest in the subsequent
analysis.
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Further, we confine attention to the special case where J» depends on the deformation
tensor B through its three principal invariants only. This is a generalization of the assump-
tion of the classical approach that only normal stresses are important to diffusion. Then,
Eq. (3.8) becomes

(3.9 -0z = I (0, u—g,v)+ 1, gradp, + I gradp,,
where I;, I, and I; are functions of I, I, g, and g,.

4. Diffusion equations — Non-linear theory

With the constitutive equations for the partial stresses and the diffusive force (3.6)
and (3.10), we shall derive diffusion equations for the binary fluid-solid mixture using
only the mechanical principles (2.6) and (2.7). We assume that the solid and the fluid are
initially at rest (of course the solid could be under static deformation) with an equilibrium
density g, for the solid independent of time and an equilibrium constant density g, for
the fluid. During diffusion we assume that the densities become g, +¢;, g, + 0, and that
¢, 0, and the velocities u, v of each component of the mixture and all their time and
space derivatives are small quantities of the same order. Under these assumptions the
field Egs. (2.6) and (2.7) take the form

do, . _ do, ; _
“.1) e +div(p, w) = 0, & +div(g,v) = 0,

. du , av
(42) divS +Qzll) =0 _61_-’ leT‘_92¢ = 0, -3}-

In the constitutive egs. (3.6) and (3.9) we make a Taylor’s expansion around the
equilibrium point (g,, ¢,) and we neglect terms of order higher than the first. Then the
expressions for the partial stresses and the diffusive force take the form

= —[(Bo+c101+ci20)l+ (B +cFoy+c¥y0,)B+ (B, + c¥* oy +c13)BY,
4.3) T=—[pt+tes0,+c0:]l,

—02 = I,(e,u—g;v)+1;gradg, + (¢, 0, +¢, 0,) gradg, + I, grad o, +Isgrad o,
where o, By, B2, €15 €12, €F, ¢&s, c¥*, ¢FF, P, €21, 02, 11, I, I3, €, and ¢, are functions
of the invariants I, IT; and also depend on the equilibrium densities p; and ¢, . Combining
Egs. (4.1), (4.2) and (4.3), we obtain

V2(cy 0y +¢120;)+div{div[(c¥ o, + T, 05)B]} +div {div[(cF* o, + ¢} 0,)B?]}

*Il( 3(;1 _ 5‘;2 ) +1,V20, +1,V20, +div[(¢, oy + ¢, 0,)Vp,]+gradl; - (0, u—p,v)
0oy
4.4 +gradl, - grad o, +gradl; - grado, = gy
2 30'1 60'2 i 4 . - .
Vienoite o) +h| 5 — 5| - LV e ~LVie; —divi@, 01 +8: )V e

62
—gradl, * (o, u—p,v)—gradl, + grad o; —gradl;  grado, = —a—-‘?—
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The coupled Eqgs. (4.4) describe the diffusion process of an elastic fluid through the
most general non-linear elastic isotropic or hemitropic solid, the mixture undergoing
uniformly slow motions. If we further adopt a Helmholtz representation for the vector
@; u—p,v, then g, u—p,v is eliminated from Eqs. (4.4) and we obtain

V3(cy 01+ €12 0;)+div{div[(cF o, + c¥, 0,)B]} +div {div[(c¥*o, + cI¥ 0,)B?]}

| (6{;, - a;’)+1,vza,+I;V20';+d1v[(c101+c302)Vgl}+grad12 grado;

(4.5); +gradl; * grado, + -al;gfﬂd {fff ":T ot lov(6, m, O)—02(6, m, C)]dfdﬂd&}
fo]

6201
gradl, +curla.gradl, = T
V(e 0,+¢,0,)+], (601 - 6(; ) I,V20,—13V%0,—div[(¢, 0, + ¢, 02)Vo,]

(4.5), —gradl,-grado, —gradl;* gradoz——{f f f : [o;(E 7, ¢)

2
—0o:(é, 7, C)]dédndc}- gradl; —curla.gradl, = —a;a%-’-.
where r? = (x—&)2+ (y—n)*+(z—{)?, ais an arbitrary vector and 2 denotes the part of
the space occupied by the mixture.

Performing some of the differential operations in Egs. (4.5) and rearranging terms,
we deduce the final form of the coupled diffusion equations for a binary system of a non-
linear elastic solid and an elastic fluid which reads
302 301 )

YlV 0‘1+Y2V302+Y301+Y402+w. grada‘1+m2 grad0'2+I( ot —W

+div {div[(c} o, +c}, 02)B]} +div {div[(cF*o, + i3 oz)B’I}+*8“*dU f f P a:

X |0 E n -0 5 o
[ l( Al C) 2(5' n, ‘:)]dfd"]dC}' grad11+curla % gradL = __tzl <
Y + d aol 30’2
1 [1 I Yl" o, +Y0,+ 4102+ Wy, gradm Wy " grad o, +I, af ot

- 4 erad { [[[+ L2106 m 0-att,m, r:)ldCdndC} *gradl,
a2

8o,
ot
where Yrp; {I, 1"} =1,2,3,4 and wp; {I',I"} = 1,2 are correspondingly scalar
and vector functions of Ig, Iz, o, and p,, and they are given by the relations Y, - =
= ¢t Va2 = €122 2135 Ya 30 = V04,2, +(€,/1;)V3ptgradp grad(@,/1,); Ys,0 =
= V2¢y5,,+(C,/1;)V2ptgradp- grad (6:/1;); @y, = grad(2cy,z¢ £15) + (¢, /1:) grad p;
W, = grad(2c,,,, £13) e, /1.

—curl a-gradl; =
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To simplify further the theory, we omit the last two terms of the left hand side of both
Egs. (4.6),,, by arguing either that we adopt very slow motions with velocities that
may differ considerably from point to point in the space, or that we assume special cases
where the function I, is constant.

Example

To illustrate the theory we study in detail the steady-state absorption of liquids in
solids. This kind of problem arises, for example, in the swelling of rubber and plastics
by solvents. We assume that the solid is a Mooney-material (for example natural rubber)
for which the constitutive equation is given by [16]

. 1 1
4.7 S = —pl+;u(f+y)3—p(5—-y)3-‘,
where the scalar p is an indeterminate pressure function of the spatial coordinates, and u
and y, which satisfy the inequalities # > 0 and — %— <y< ;—, depend on the density g, .

Because such a type of material is incompressible (detB = 1), the density of the solid
remains constant during any process of deformation or diffusion. In this example we
confine attention to the case where only small quantities of fluid are absorbed by the solid,
in which case the coefficients 4 and y are constants and do not depend on the density
of the fluid.

For simplicity we consider a homogeneous deformation field, namely a pure extensiom,
with principal directions parallel to the coordinates {X;}. Thus, the deformation is described
by

4.8) X = MX, x=20X,, x=MA4X,
where A, A,, A, are constants satisfying the incompressibility condition
(49) 4].1 11223 = l
The tensors B and B~* are found as
A0 0 1/22 0 0
(4.10) B=]04i 0}, B%=| 0 1/ 0 |,
00 A2 0 o0 1/22

and the principal invariants of B are constants given by

(4.11) g = A3+4+23+23, My = A1A3+A323+4243, M= A2A343 =1.

Thus, under the above assumptions the coefficients ¢,, ¢,,, ¢¥, ¢¥,, ¥*, ¢*¥, ¢c;:,1, and T,
become zero and ¢, I; and I; become constants dependent on the numbers g, and p.
The equilibrium equations indicate that the pressures p and p are also constants. It the:n

follows that Eq. (4.6), is trivial in an assumed steady-state situation, while Eq. (4.6)),
takes the form

(4.12) Vg, = 0,

which is recognized as the steady-state diffusion equation of Fick.
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In the previous example, if the solid is a general compressible non-linear elastic material,
its constitutive equation is given by Eq. (3.3); with the coefficients fp; I'= 0,1, —1
dependent on g,, 02, I and Il. In this case 4,, 4, and 4, in Egs. (4.8) depend on the
motion which is not easily specified. The deformation tensor B is therefore difficult to
determine. However, in cases of engineering interest Egs. (4.10) may be used in Eqgs. (4.6)
as a first approximation. Then the coefficients in Egs. (4.3) and the equilibrium densities
become constants and the diffusion Egs. (4.6) for a steady state become

2 2 2 2
Y1V20‘1+Y2V20';+cf( 20 5 g 0 +43 ¢ % )+c}’, (Az—a:z

oxr T gy? 0z% 1 ox?
%0,  ,, %0, ) **( 1 8%, 1 &% 1 8%
(4.13) g ay? s az |t 3 ox? +_i§ ayr T A3 a2

1 &% 1 &% 1 &%

k|t 2 oo 2 o 2 =
teiz (J.f x T o2 Tl o ) ’

Y1' V20‘1+ Yz’ vzﬂ'z = 0,

where Y, 2,1/ ,2-and ¢} are constants dependent on g, and A,,,,s. The system

(4.13) is not difficult to solve. In the special case in which 4; = 4, = 45, Eqs. (4.13) yield

(4.14) Vig]} =0,

which is the classical result of Fick’s law for a steady-state situation. The same relation

for the same problem was derived by a different approach by ADKINs [14).

5. Diffusion equations — Linear theory

In the present section we derive a simplified diffusion law by linearizing the constitutive
equations for the partial stresses and the diffusive force. The theory concerns the flow
of a fluid through a solid which, when separated, follow an elastic and a linear elastic
isotropic behavior, correspondingly.

Within the framework of a linear theory, the constitutive equations (3.6) and (3.10)
for the partial stresses and the diffusive force take the form

= —a(e;)l— A(g,)trel—u(o,) e,
(.0 T = —B(e)1—p(oo)trel,
-0 = IL,(g, u—0, V) +1,Vor+15Vop,,
where I = y{0;)+6r(o;)tre, I'=1,2,3 and e is the small deformation tensor.

We again assume that the solid and the fluid are initially at rest with equilibrium densities
¢, and g,. During diffusion the densities become ¢, + ¢, and g, +0,. We further assume
that g,, o, the velocities u, v and all their time and space derivatives, are small quantities
of the same order and that in the fundamental equations terms of order higher than the
first are negligible. Thus the field equations are given again by Egs. (4.1) and (4.2).

We want to expand the constitutive Egs. (5.1) around the equilibrium point. The method
followed here is based on physical grounds, but results in identical forms for the diffusion
equations as the perturbation technique which is discussed elsewhere [19]. Thus, in the
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constitutive Egs. (5.1), we allow an arbitrary dependence of the response coefficients on
@,, i.e. the deviation from the equilibrium density of the solid, and we subject them to
a Taylor’s expansion around the equilibrium point (p,, 0;), keeping the infinitesimal
strain tensor e fixed at its equilibrium value. The arbitrary dependence of the response
coefficients on o, takes also care of the changes of tre, through the continuity equation
of the solid. This is sufficient for a diffusion theory in consistency with previous assump-
tions that only normal stresses are significant in a diffusion process. Thus we obtain
(5.2)
S = —[aler)+¢10,+¢1202]1= [A(02) + c¥ oy + ety oa]trel — [u(e2) + c¥*oy + c1F 03] e,
T = —[B(e2) + 2101+ 20 )1=[p(02) +¢F1 01 +cF oy]trel,
—o =1,(0; u—g, V)+ (I +c30,+¢,0,)Vo, +I, Vo, +13Va,,
where a, 4, 4, 8, p, I, 15,15 and ¢y, ¢2, ¥, ¢85, ¥, c¥¥, ¢34, €2, €5y, %, ¢35, c4 are con-
stants dependent on the number p,.

We next insert Egs. (5.2) into Egs. (4.2). To the resultant equations we apply the div
operator and we also use the mass balance (4.1) and the well-known relation of linear
elasticity
(5.3) Vitre = 0,
which it can be easily shown to hold here. Thus we obtain

¢, V2a,+¢;; V%0, +2ctVire Vo, + cftreV2o, +2¢¥,Vire Vo, + ¢ trevo,

d do
+V- V- [ePotettodel) = 0t 8,100 (20 - 22) 4, Vire- oy u-ea)
—c300Vtre* Vo, —cpVtre* Vo, +8,Vtre- Vo, + (v, + d, tre)V2g,
d%ar,
+6,Vire: Vo, + (ys+83tre)Vio, = Freat

(5.4) 21 V20, +c;V20,4+2ck Vire- Vo, +c¥, treV2g, +2c¥Vire- Vo, +c¥trev?o,

a
+(y+06,tre) (%‘;ﬁ - ;: ) —d,Vtre* (o, u—p, V) +c300Vire* Vo,

+ey00Vire: Vo, ~6,Vtre Vo, — (y, +6,tre)Vio, — 6;Vtre* Vo,
8207,
oz’
If we consider only the cases where either the gradients of the velocities are large in
comparison with the velocities or the coefficient 8, (p,) is zero, then we can omit the terrm
0,Vtre* (o, u—p, v). Then by collecting terms appropriately in Eqs. (5.4) we have
V2(¢,01+¢1,0,)+Vire- V(¢ o, +E%,0,) +treVi(ci*o, +c¥¥0,)

—(ys+6stre)Vio, =

do do d%or
+v- {v- [(0’1"0'1+Cf;°'2)e]}—(?1+61tre)( atl - arz) = at;zl!
(5.5)

V(21 0,+8,05) +Vire: V(% 0, +5%0,) +tr eV (E4o, +E8*a,)

601) _ 0%or,

do
+(y1+5,tre)( 6:1 —Z =
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where
Ci21 = C1,211Y2,  Ci22 = €1221Y3, T2 = 2¢¥21Foocs 16,
€2 = 2c0.2F0ocatds, T3 =ctitd, and F, =ch,10s.

The system of the coupled partial differential Eqs. (5.5) describes, in a general linear
theory of very slow motions, the diffusion of a perfect fluid through an elastic solid. It is
remarkable that besides the presence of deformation dependent terms, inertia terms appear
on the right hand side of Egs. (5.5). Thus, Egs. (5.5) have the form of the telegrapher’s
equations rather than those associated with the classical Fick’s law [18].

In an effort to uncouple Egs. (5.5), in order to give a simple usable diffusion law, we
neglect the inertia terms [18]. We confine attention to the special case in which
(5.6) V* [(cf*o, +ciFor)e] = Vxw,
where o is an arbitrary vector. The situation where cf* = ¢T¥ = 0 is described in Eq. (5.6)
by letting w be a constant. Physically, Eq. (5.6) means that we allow influence of the
deformation on the diffusion process only through the principal invariants of the strain
tensor. This is also the basic assumption of the classical theories [1-9].

It then follows that for some motions

(5.7  (@1+81)01+(E2+812)0; = (€F+E5,) 0+ (348500,
= @+ o+ @3*+et) o, = 0.
If, in particular,
(5-8) 51 = KE?: Elz = KE‘I*Z, Ez - K?:g, 521 = KE’;:s
o = K*¢t,, % = Ke¥, & = K&,

where K and K* are constants, then Egs. (5.5) give

(5.9 [K(ETég —C1C5) VA + (CTe3 — 1,85 ) Vire  V+ K* (G —e1,¢%, ) trev?

- - - - 6 $
—{(y1+d;tre) E¥+E5+28,+8%)} -37:[: = 0.
F
Introducing a series expansion for 1/y,+8,tre we obtain

(5.10) -(%—ﬁvu.r:vw-v—ﬁuevzjg; =0,
where K, L and F are constants dependent on g, and related in an obvious way with K, K*,
Y1, 0y, €F, €%, €F, and €%, . This is the diffusion law for both constituents under the assump-
tions of the proposed simplified theory.

Using a relation between the first invariants of the stress and strain tensor deduced
from Eq. (5.1),, i.e.

(5.11) tre = —3a/3A+u—trS3A+u = —3a/3A+u—0o/30+u,
(5.10) yields
)
(5.12) % = DV%—MVa- Vo+NaV,
where the constants D, M, N are given by
D = K-3aF32+u, M =L3\+pu, = —Ff3A+u,

11 Arch. Mech. Stos. pr 2/77
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and o is the trace of the stress for the solid and g represents the density of either the fluid or
the solid. We require the constant D to be positive and we allow at the present time any
sign for the constants M and N depending on the deformation state and the relative size of
the atomic radius of the constituents.

Formula (5.12) is the most simple expression for a diffusion law within the framework
of the proposed theory. A direct comparison with the semi-empirical formula (1.3) indicates
the presence of the additional term NaV2p. Equation (5.12) may be rewritten as

do
> =
Thus Eq. (5.13) has the form of Eq. (1.3) with the diffusivity coefficient replaced now
by an “effective diffusion coefficient” linearly dependent on the trace of the stress tensor.

Here, we should point out that our theory differs from the usual fluid-solid mixture
theories (e.q. [20-22]) because of the special constitutive structure we introduced. This
simplified structure, with the aid of some approximations and specializations, allows one
to obtain practical and easy-to-use results which, in addition, turn out to be generalizations
of previous Fick type theories [1-5]. Also, linear mixture theories usually neglect the cross
effect of stress-diffusion and thus, terms such as the MVo* Vp of Eq. (5.13) do not appear
in those theories [20-22].

(5.13) D*V3—MVo+Vp, D* = D+No.

6. Ramifications to classical diffusion interpretations

The normal way to explain stress effects on diffusion is to invoke an additional exponen-
tial term or terms associated with vacancies. For self-diffusion or substitutional diffusion,
D, is normally given as [5]

6.1) D, = alvexp[— (Epy+ Enp)|RT)exp(— P4v[RT),

‘where a, is the lattice parameter, » is the Debye frequency, Ey,, E,, refer to formation
and migration energies of vacancies, P is the hydrostatic pressure and dv the activation
volume. In these vacancy-controlled mechanisms, it is easy to envision dv as associated
with a relaxation of the surrounding atoms into the vacancy. Physically, this would reflect
that as the hydrostatic pressure increases, the vacancy concentration decreases to relieve
the pressure hence, a decrease in diffusivity results.

For interstitial diffusion, it is much more difficult to rationalize effects of stress (pressure)
by such mechanisms since vacancies are not normally thought to be involved. In order to
explain such effects as well as other anomalous diffusion data, the concept of migration
by interstitial-vacancy pairs has been invoked [23). It is assumed that the binding energy
between an interstitial and a vacancy is sufficient to make interstitial-vacancy pairs contribute
to the mechanism of diffusion at high temperature. The interstitial diffusivity, Dy, is given
as

6.2) Dy = Doexp(— Eni/RT)+6(v1/v2) Dopexp[(B— Ery— Emp) |RT],

where Do, Do, are the pre-exponential terms for the interstitial and the pair; », and »,
are the vibrational frequencies of the two configurations; E,; and E,,, are migration energies
of the interstitial and the pair; B is the binding energy and Ej, is the formation energy
of the vacancy.
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It is possible to compare the present theory and the above classical interpretations to
experimental data by reducing Eq. (5.13). Equation (5.13) gives
(6.3) D*/D—1 = No/D.
Having in mind the values of N and D from Eq. (5.12) and assuming that o, appropriately
normalized, is small compared to the other constants, which is physically well justified,
we obtain

(6.4) N/D =~ —F|GA+u)K = —1/BA+u)K*,

where K* is a new constant. We further approximate the values of the functions 4 and x
at equilibrium, with the Lamé constants of the elastic solid (— 4 is equal to the first Lamé
constant and —u is equal to twice the second Lamé constant). Finally, Lamé constants
may be reduced to Young’s modulus, E, and Poisson’s ratio, », so that Eqgs. (6.3) and (6.4)
may give

D* o (1-2
6 e f122)

This very interesting result implies that stress-affected diffusivity only varies from system
to system by a constant, K * except for a small temperature dependency of », E. It is now
possible to compare Eq. (6.5) to Egs. (6,1) and (6.2) with experimental data taken as a
function of stress and temperature.

+02 + ™
HYDROSTATIC [ O-C in Fe, 623-1000 °K o
PRESSURE ®-CuinCu, 973- 1173 °K (SCALE CHANGED) 2
UNIAXIAL { O-Hin Fe, 300 °K +0.1 +
TENSION B- Hin Ni, 5I5 °K

o (1-2v/€E) x 103
= } : t } $ } {
-6 -5 -4 = -2 if B +0l 402
(SCALE CHANGED)
5 0-0.2
0% /g
o [
-04 1
0 o O
973 °K tD*/D)"
173 o 1073 °K
-‘0.6"
o]
.O_SJ-.
FiG. 1.

A considerable body of diffusion data has been reduced in Fig. 1 for both interstitials
in tension and hydrostatic stress fields, as well as the pressure effect on self-diffusion.
If one first examines the self-diffusion data of Cu in Cu, one is struck by the remarkable
straight lines when o(1 —2+)/E is plotted versus (D*/D)—1. Of course, Eq. (6.5) is lacking

11*
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in that the constant K* must be a function of temperature. This simply reflects that the
effect of pressure on the vacancy concentration, as indicated in Eq. (6.1), undoubtedly is
involved and exhibits the well-known temperature dependency. In this respect, the present
theory would not make interpretation of substitutional or self-diffusion any simpler but
would add an additional dimension.

On the other hand, if one examines the interstitial diffusion data of H and C in Fe
and Ni, one sees little temperature dependence in Fig. 1. It should be pointed out that the
scatter was inherent at any particular temperature. Thus, over an even larger temperature
range than the self-diffusion case, the data for both interstitials indicate a temperature-

independent constant, K*, in Eq. (6.5). This would imply that the arguments leading to
Eq. (6.2) are either invalid or of secondary importance. It further suggests a much simpler
interpretation of stress effects on interstitial diffusion via Eq. (6.5).
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