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BRIEF NOTES

Temporal memory as a constitutive principle and its limitations
W. KOSINSKI (WARSZAWA) and K. C. VALANIS (CINCINNATI)

For viscopLASTIC materials instead of the relaxation property for the norm in a history space
the assumption that during the infinitely long freeze of configuration a material reaches a limit
state is introduced. This assumption turns out to imply the relaxation property and hence the
fading memory of a material represented by any continuous response functional defined on the
history space. The proof of this result is based on the theory of semi-groups of operators.

IT 18 QuUITE natural to apply the general Coleman-Mizel theory of materials with memory
[1-3], restricted by the relaxation property (RP) for the norm of the history space, to
viscoelasticity. For a viscoplastic material, however, RP cannot hold because it implies
the so-called semi-elasticity in the sense of NoLL [4], which is incompatible with internal
changes of the material undergoing viscoplastic deformations. In the previous paper [5]
we gave a general characteristic of viscoplastic materials distinguishing them from visco-
elastic ones. In the present paper we drop RP since viscoplastic materials are investigated.
Moreover, in the place of a Banach function space of the Kéthe-Toeplitz type introduced
by CoLEMAN-MIZEL in [3] we are defining a more general history space B. The response
of a material with memory is given by a response continuous functional (operator) 7:
B — R defining on B (or a cone of B) with values in a finite-dimensional inner product
space ‘R.

History space

We start with a nontrivial, nonnegative, sigma-finite regular Borel (i.e. Radon) measure
@ on [0, o) which has an atom at s = 0 and is absolutely continuous on (0, ) with
respect to the Lebesgue measure A. Let us consider the set ¥~ of all y-measurable functions
@ mapping R* := [0, ) into the normed space {V,,|* [.}.

DEFINITION. By a history space we mean a Banach space {$B, || - ||} formed of equivalent
classes of elements from ¥, such that @ is equivalent to ¥ if D(s) = ¥(s), u — a.e., where
the norm || - || on B has the following properties:

a) each Cauchy sequence in B contains a subsequence which converges pointwise y —
a.e. and its limit is the same as the limit of the whole sequence,

b) the norm || || is equivalent to || ||’ defined by ||®||’ := |@0)|s+ I, P||r, where
1@l 1= ||Px0. || and the space B, obtained from ¥, .= {{@:,D = D|,, « for
some @ € ¥} by identyfing u — almost equal elements of V", is a Banach space,
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) if QeV, and A is a p-measurable bounded subset of R* then ||Q2y4]] < o, where
x4 is the characteristic function of the set A,
d) for any o € R* the mappings T° and E° given by

{0 if 0<s<o, — {GD(O) if 0<s<o,
(T°,9) (5) := D(s—0) if o<s<o, (ENBNs) 3= D(s—0) if o<s<w

are well defined operators on B, and B, respectively, and moreover the set {T°: o eR*}
forms a strongly continuous semi-group of linear bounded operators on B,,

e) each element of B is of absolutely continuous norm. O]

It is not difficult to show that the Banach space of histories introduced in [3] and
restricted by the first three postulates listed in [3] is a particular case of a history space.
In that case the third separability postulate is equivalent to condition e¢). It should be
stressed that those three postulates do not contain RP. We recall from definition (cf.
ZAANEN [6, p. 476]) that if @ €B is a function of an absolutely continuous norm, then
for any & > O there exists 4 > O such that for any measurable set 4 = R* the condition

(0)) u(d) < 6 implies [Pyl < &.

In what follows we deal with the history space {B,||-||}.

LemMA 1. The family {E?: ¢ € R*} forms a semi-group of linear bounded operators
on B continuous in the strong operator topology. "

Proof. It is obvious that the family {E°: ¢ e R*} forms a semi-group of linear
operators. To prove their boundedness let us notice that the condition b) implies that
there exist two positive constants ¢; and ¢, such that, for any @ € B and ¢ = 0,

IE°@|| < c; {|(E°P)O)|n+ (ED)l} = 1 {IPO)a+ IT7P+P0) x0,011}
< e {1 PO+ 1T 1Pl + [P0 xc0,0ll}
< e {(1 + 11 %00,01 DIPOa+ 1Tl 11:2P1I- }
< erca {4 I xmll+ 1T 13D
Since {T°: o €R*} forms a semi-group of class %, (cf. condition d)) the norm [[T°]|
is finite for any o and by condition c) for any ¢ the operator E° is bounded. To prove the

strong continuity of {E°} let us take two arbitrary non-negative numbers ¢, and o, to get
the estimation

|E@@—E%®| < |T°,D—T7%, ||+ [P0) Xa}.0nll,

where o) := min{o,, 0,}, o1 := max{a,, 0, }. From condition ¢) and (1) as well as
from the absolute continuity of u with respect to 4 it follows that given o, > 0 for any
e > 0 there exists 6 > 0 such that ||®(0) xws0nll < €/2 if oy is such that o1—0y < 6.
The strong continuity of {T°: o eR*} implies that ||T%,®—T%,®|| < &/2 whenever
o> 0and |0—a,| < d; with some positive d,. Applying these to the above estimation
we can see that

|[E®1@®— E®D| < &,

whenever o, > 0 and |6, —6,| < min{4, 8, }. This ends the proof. O
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Infinitesimal generator

To find the form of the infinitesimal generator 4-of {E°: ¢ eR*} and its domain
D(A), i.e. the set of those ¥ € B for which the limit

2 lim ¢~ {E°P—-¥} =

o0t
exists, it should be pointed out first, that any ¥, given by

n
€ ¥, := [ E®dv
0
with some @ € B and 7 > 0 belongs to D(A4) (cf. HILLE and PHiLIps [7]). Furthermore,
in view of lim E°® = @ the relation liml ¥, = @ holds. Integrating Eq. (3) gives

o—0*+ n-0 7

0 (p—s)+ [ DP(s—a)de  if 0<s<o,
0

Yus) =) 4
lfcb(s—-o')do- if s> 0.
0

We can see that ¥, is absolutely continuous and hence possesses, u — a.e., the derivative

Y—"", defined pointwise by Y’:('ﬁ”: % ,(s). This derivative satisfies the equation

0 ¥, = O—E"D,

and at s = O vanishes. To check the properties of elements of D(A) let us take ¥ € D(A),
then the pointwise calculation gives

lim — {S.U(s O-P(@)} = -¥(@) if s>0,

lim (ETO‘ ':P)( ) _ a—0+
it lim L {P(0)~P(0)} = 0 £ g=0.
a0+ T
If in Eq. (2) the limit in the norm || - || exists, then u — almost everywhere we have
5 P(is) if s>0,
© ~ume =1, &

in view of condition a) of Definition.
LeMMA 2. Let A, be a linear transformation defined by

©) AV -y

for any ¥ e D(4,) := {¥ eB: ¥ exists, u — a.e., belongs to B and ¥(0) = 0}. Then
the infinitesimal generator 4 of {E°: ¢ e R*} is an extension of 4, to D(A).

Proof. Let usfor ¥ e D(4,) and z € R* calculate I" := [ E°A,¥do. We get, point-
- 0

wise,



544 ) W. KosiNskl AND K. C. VALANIS

2 —flj/('ﬂ)d‘r if OSSSZI
F(S) = = (fEug.’dG') (S) = 0 R == (Ezgj)(s)__g[(s)
’ I [¥@ar it s>z

z
The means that A, has the property E*¥—¥ = [ E°A,Wdo for each ¥ € D(4,) and
0

- zeR*, Thus in view of Theorem 10.5.2 in [7] Ay = A|pc4, Which ends the proof. O
CoroLLARY. Each ¥, defined by (3) belongs to D(4,). O

Constitutive asymptotic stability

The general Coleman-Mizel theory involves additionally the relaxation property for
the norm formulated as a postulate. In the present paper we reject this postulate, intro-
ducing

Constitutive asymptotic stability property. For any continuous functional r defined
on B and any @ € B

(CASP) lim r(E°®) exists.
ag—+o0

By such a formulation, which exactly follows that of Coleman and Mizel, a property
to the history space 8B is introduced. In fact the following result holds (for its proof see
Appendix):

LemMA 3. The constitutive asymptotic property holds if and only if in the norm of B
(ARP) lim E°@ exists

g

for any @ e B. O

Note that ARP (the asymptotic rest property) is the mathematical expression of the
Noll relaxation axiom V of the material element [4] if the state space of the material with
memory is identified with the history space B. The relaxation axiom, as well as ARP,
postulate that if a material element is frozen in a definite configuration, i.e. in E°®, its
state will approach a relaxed state, i.e. a limit value @/ := lim E°®.

ag— 0

Now we are ready to formulate the main

THEOREM 2. If the Banach space B has CASP, then the norm || - || has the Coleman—Mizel
relaxation property, i.e. the only limit of E°D for o tending to infinity is the constant function
D(0)(s) = ©(0), s eR*.

Hence we can obtain the following

CoroLLARY. If the Banach space EB'possesses ARP, then the constitutive model repre-
sented by a continuous response function r defined on B has fading memory. O

Proof of Theorem 2. Let ¥ be an element of B and take any 7 > 0. Since {E°}
forms a semi-group of class €,, ASP results in

E*(lim E°?) = lim EY(E°P) = lim E**°Y¥ = lim E°¥ = ¥/,

ag— 00 a— 00 o= 00 a0



TEMPORAL MEMORY AS A CONSTITUTIVE PRINCIPLE AND ITS LIMITATIONS 545

This means that
©) EW! = ps

for any ¥/ := lim E°Y, and 7 eR* with arbitrary ¥ eB. Now we notice that ¥*

a— 00

belongs to D(A). In view of (7) and (3), for any

7
e, D(A)a% [ Epran = .
:

By Corollary to Lemma 2%” belongs to D(4,), too, and satisfies the equation A, ¥/ = O

. d
with -A() = —E. 7
This means that ¥/ = const, 4 — a.e. and is equal to ¥(0). In fact, since Eq. (2) has
to hold in the norm || - ||, the point b) of Definition implies that

lim (E°¥) (0) = ¥/(0).

o= 00

But (E°¥)(0) = ¥(0) for any ¢ > 0, hence ¥/ = P(0)!, which ends the proof. (I

Concluding remarks

It is not difficult to check that the material with memory represented by r defined
on the Banach function space B with ARP for its norm, can be treated as a material element
in the sense of NoLL [4]. We shall call it a material element with temporal memory. The
mapping @:B — B defined by a(¥) := ¥’ (above) plays the role of the state relaxation
mapping of Noll’s theory; the members of the range of &, i.e. B, := a(B) will be called
relaxed states.

According to Noll's classification a semi-elastic material element is defined by the
condition that the relaxed states be in one-to-one correspondence with the deformations,
i.e. elements of V,,.

Now in view of Theorem 2 and the above remarks we have the following

THEOREM 3. A material element with temporal memory is semi-elastic.

Proof. Thefunction ] := 8,0 a with 8,(®) := ®(0) defined by /T(T) = do(a(P)) =
= a(¥)(0) is the desired correspondence. [J

A visco-plastic material and plastic one are materials with structure (cf. [5]) and are
examples of a non-semi elastic material element in the sense of NoLL [4], since for them
to one value of deformation may correspond more than one different relaxed states. Hence
Theorem 3 implies:

CoOROLLARY. If the history space B possesses ARP, then the constitutive model repre-
sented by any continuous constitutive response function r defined on B is improper
for the description of visco-plastic as well as plastic materials. O
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Appendix (Proof of Lemma 3)

It is necessary to demonstrate is the implication “=". To this end let us assume that
there exists an element @ B such that lim E°® does not exist. Then one of the possibil-
0

6—+ 00 0

ities is that no subsequence of {E°»®}3 converges. Take any subsequence {E®®}§. Then
0 0
the set
B := {E®® : n —natural and ¢, —+ o0}
0

is closed, since B\ Bis open in B. Let us define a real-valued function fon B by the formula,
for any ¥ € B,

(A.1) S(F) := min {k — natural: E*® = ¥},
0

The sequence {E@}§ contains no convergent subsequence, and hence for each ¥
0

the set on the right-hand side of (A.1) has finite number of elements and the function f
is well-defined and continuous, as its range is discrete. Now, let us note that $B is a normal
topological space and hence any continuous function defined on a closed set has a continu-
ous extension to the whole space B. The extended function f may be used to construct
~.a continuous response functional r, on B by the identity

Tri=rof,

where r, is a constant non-zero element in the space of responses R. It is seen from (A.1)
that lim 7,(E°®) does not exist, for lim f(E°®) = co. This proves that the sequence
0 0

o0—00 H— 00

{ E°»® }3 must contain at least one convergent subsequence. If {E°%® }& is that subsequence
0 0

and no other convergent subsequence exists, then the set

{E°@P: ¢ e R*}N{E%D : p—natural and o, > 0}
0 o

-does not contain any convergent subsequence. But in view of the previous part of the
proof this is impossible.

Hence the only possibility is that the sequence {E°@}¥ contains two subsequences
0
convergent to different limits. If ¥ and ¥ are those limits and ¥ # ¥ then we may define
1

0 1 0
by the normality of B a continuous real-valued function g on 8B such that

{(A.2) g¥)=0 and g¥)=1.
0 1
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Note that in this case we may construct the continuous respose functional 7, := rog
such that the limit of the sequence {7 (E°®)}§ does not exist, because its two subsequen-
g 0

ces, by (A.2), converge to two different limits O and r,, respectively. This ends the whole
proof, the idea of which comes from K. FRISCHMUTH and S. SPAHN.
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