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Shock attenuation in beds of granular solids

N. ZLOCH (DARMSTADT)

ATTENUATION of a shock wave travelling through beds of granular solids has been investigated
experimentally and theoretically. For diverse Mach numbers and diverse Reynolds numbers
shock attenuation has been measured with transducers in various places along the axis of a tube
which is a part of a bundle of very long tubes; this bundle is a simple model of a bed of solids.
The experimental results closely correspond to the theoretical results of a numerical computa-
tion carried out by means of the method of characteristics and thereby confirm the simplifying
assumptions which were made (one-dimensional problem, fully-developed flow in the total
flow field behind the shock wave). For small initial Mach numbers (M;—1 < 1) an approximate
solution was found, based on the assumption that the first C,-characteristic nearly coincides
with the shock wave. This is analogous to Witham’s assumption. This approximate solution can
be generalised, so that it can be valid also for stronger shocks, by introducing the factor G (M;o).
A following experimental investigation with flow through beds of spherical pebbles has shown
that the solution mentioned is succesfully applicable to such configurations as well, provided the
assumptions made for the computations are not too seriously violated.

Zbadano do$wiadczalnie i teoretycznie malenie amplitudy fali uderzeniowej wedrujacej przez
warstwy osrodkéw granulowanych. Dla roznych liczb Macha i roznych liczb Reynoldsa spadek
amplitudy fali uderzeniowej mierzono czujnikami umieszczonymi w réznych miejscach wzdluz
osi rury bedacej czeécia wiazki bardzo dlugich réwnolegtych rur. Wigzka taka stanowi prosty
model z}6z cial stalych. Dane do$wiadczalne $cisle pokrywaja sig¢ z wynikami obliczei numerycz-
nych otrzymanych metoda charakterystyk; potwierdzaja wigc slusznosé poczynionych zalozen
upraszczajacych (problem jednowymiarowy, w pelni rozwiniety przeplyw w calym obszarze
przeplywu za fala uderzeniowa). Dla malych poczatkowych liczb Macha (M, —1 < 1) znale-
ziono rozwigzanie przyblizone przy zaloZeniu, ze pierwsza charakterystyka C; pokrywa sig
prawie calkowicie z falg uderzeniowa. Zalozenie to jest analogiczne do zaloZenia poczynionego
przez Withama. Powyzsze rozwiazanie przyblizone moze byc uogodlnione przez wprowadzenie
wspolczynnika G(M,o) tak, aby moglo obejmowa¢ rowniez silniejsze fale uderzeniowe. Przepro-
wadzone nast¢pnie badania do$wiadczalne dotyczace przeplywow przez zloza kulistych kamykow
wykazaly, 7e rozwiazanie to moze by¢ z powodzeniem stosowane dla takich konfiguracji pod
warunkiem, Ze zaloZzenia poczynione przy obliczeniach nie sa zbyt dalece naruszane.

HccieioBaHo SKCHEPHMEHTAIBHO M TEOPETHUECKH YMEHBILUEHHE aMIUIMTYAb! YIapHOI BOJIHBI
PacnpoCTpaHAIoLIeicAa uepes C/IoOM rpaHyaupoBaHHLIX cpeld. A pasHeix uncen Maxa u pas-
HbIX umcen PeitHonbaca mageHne amMrUIMTYAb! VAapHOH BOJHBI M3MEPANOCh NATUHKAMH 10~
MELIEHHBIMM B Pa3HBIX MeCTaX BJIONb OCH TPYObI, Oyayyeii 4acThiO MyUKa OUeHb [MJIMHHBIX Ma-
PAUIENEHLIX TPYG. DTOT NYUOK COCTABJIAET NPOCTYIO MOJE/b 3aJIEHH TBEP/bIX TeJI. DKCIePHMEH-
TalbHBIE JaHHBLIC TOYHO COBIAMNANT C pC3YJ1hT3T3MH YHCICHHBIX PacyeToB MOJIYYEHHBIX Me-
TOOOM XapakTePHCTHMK, HTaK IOATBEPMIAIOT OHM CIIPABENIMBOCTh NpPOBEJEHHBIX YNpolua-
IOIMIMX TIpeAnoIoMKeHuit (OlHOMEpHaA 3afaJa, BIIOJIHE pa3BEePHYTOE TeYEHHE B LeJ0i obnactu
TedeHHA 3a yAapHoO#l BoiHoi). Jlasa ManbIx HavaneHwIX umcen Maxa (M,—1 <€ 1) naiigeHo
NPHOIMKEHHOE PELIeHHe TP NPEANOIOYKEeHNH, YTO MepBas XapakTepHcTHka C; COBHafaer
TIOYTH TOJIHOCTBIO C YAApHOH BOJHOH. DTO NPEANOJIOMKEHHE aHAJIOTMYHO IIPEATIOIOMKEHHIO
caenanHomy Burxemom. BhllueynoMsHyToe NpHOIDKEHHOE pellieHHe, IyTeM BBeIeHus Koad-
dumenta G(M;o), moxkeT 6biTh 06061EHO TAK, YTOOBI OXBATHIIO TOMKeE §0JIee CHIIBHBIE CKAYKH.
3ateM mpoBejeHbI SKCIIEPUMEHTAIBHEIE HCCMEA0BAHNA, KAacalolleca TeUeHHil uepes 3asexu
cepHyecKHX KaMHel, H OHM IMOKAa3aiH, YTO 3TO PEILCHHE MOMKET ObITh C YCIEXOM NPHMEHEHO
JUIA TaKMX KOH(HUIypauuii Mo yCAOBHEM, UTO MPENOJIOHKEHHA, IPOBEICHHBIC TIPH pacyeTax,
CAMUIKOM JIAJIEKO HE HApYLIAIOTCA.
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1. Nomenclature

sound velocity,

empirical factor of Bannister,
characteristic curve,

friction factor for tubzs,

diameter of the tubes,

diameter of the particle,

force per unit volume,

friction factor for bads of solids,
factor, given by Eq. (4.5),

length of the bundle of tubszs,

Mach number,

pressure,

added heat per unit volume and unit time,
constant of gas,

Reynolds number,

radius of the tub:,

radius of the particle,

shock wave,

temperature,

time,

velocity,

space coordinate along the shock tube,
ratio of specific heats,

ratio of the average free cross section to the total cross section,
viscosity,

density.

o = m%kka“‘lhé‘\?h&bzhﬁg‘n&b{‘ O we

2. Experimental investigation by the bundle of tubes

For the first experiments, a bundle of very thin tubes was installed in the shock tube
of the TH Darmstadt [I]. This bundle of tubes was a simple model of a bed of solids.
It consisted of many tubes with a very large ratio of length to diameter of the tube,
L|/D ~ 10*. The free cross section of the bundle was much smaller than the free cross
section of the shock tube (Fig. I).

As a consequence of this large reduction of the open area, the incident shock wave
S; was reflected nearly completely at the entrance of the bundle. Therefore, the particle
velocity in front of the bundle could be neglected and state 4 of the gas was constant
for the time At,. This is the time between the arrival of the first incident shock wave
S; and the next wave S,. The constancy of state 4 was experimentally confirmed by
measuring pressure immediately before the bundle. By choosing the large ratio L/D it
was intended to keep the zones, where the boundary layers at the entrance and behind
the shock grow together, small in comparison to the total flow field.

The measurements were performed with piezo-electric manometers in various places
x; along the axis of one representative tube. The pressure jump p,/p, across the shock
wave was used as a direct measure for the strength of the shock.
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FiG. 1. Test set-up and x-r-diagram.

For all measurements the range of the initial Mach number M, was
1.3 < MSO < 2.0

and the range of the Reynolds number was
2.10* < Re < 4.10%,

where Re = g, u, D[n,, computed with state 2 immediately behind the initial shock wave
M;o. The shock tube was operated as an air/air tube.

However, before presenting the experimental results a few words must be said about
the theoretical calculations and predictions.

3. Theoretical investigation by the bundle of tubes

For the theoretical investigation it was assumed that in the total flow field between
the entrance of the bundle and shock existed fully-developed turbulent flow. A simple
estimate shows that indeed the zones of boundary layer growth were small in compari-
son to the zone where an essential attenuation of the shock took place. The assump-
tion of fully-developed flow allows the use of cross-section averages for all flow varia-
bles [2]. Then, the variables are only functions of the space coordinate x along the axis
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of the tube and, of course, of the time #. The problem is described by the known differ-
ential equations for the balance of mass, momentum and energy [3]. In these equations,
the effect of wall shear stress can be taken into account by introducing a volume force,
F, into the equations. The added heat per unit volume and unit time can be computed
by the Reynolds-analogy.

The system of three differential equations for the three dependent variables p, o and
u may be solved by the method of characteristics, taking into account the associated
initial and boundary conditions. With the assumption that air is a perfect gas, the system
of equations, written in characteristic directions, is

dx
(3.1) C:”g: E = Hia:

dp+ padu = [(y— l)uF(I + %) xap]dz,

dx

(3.2) C3. -&.'t— = Uu.
- T 9

dp—a*dp = (y l)uF(l—i—uF)dt,
where
(3.3) F=%gu2,

2

3.4 e [L(i_& +_ﬂ_],
G4 4 rly-1\e 2
with

2 . RT, = RT,, = const.

01
Henceforth, we take an x-t-diagram where the x-coordinate runs from the entrance of
the bundle and the coordinate ¢ begins at the time when the incident shock S; has
reached the entrance of the bundle. The calculation starts with the following initial
conditions: along the first C,-characteristic in the bundle the state is that for the flow
without effects of friction and heat transfer. This is correct for the sufficiently small time
interval 4.

The boundary condition at the entrance of the bundle is that the gas has undergone
quasi-stationary acceleration from the constant state 4 to the actual state 3e immediately
in the entrance. The conditions across the contact front are the known kinematic and
dynamic conditions

Use = Uz and  ps. = py.
The boundary conditions at the shock are the known jump relations for the variables
across the shock wave (Fig. 2).

The numerical solution of the characteristic system subject to the associated initial
and boundary conditions gives the state of flow in the total x-f-plane. Therefore, the pres-
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sure jump p,/p; across the shock can be plotted as a function of the dimensionless
coordinate ¢;(x/r) with the initial Mach number M;, as parameter. Figure 3 shows the
theoretical results for the attenuation of shock waves as a result of friction and heat trans-
fer. The experimental results were also recorded in this diagram. They agree closely with

the theoretical results and thereby confirm the assumptions which were made for the
computations.

4. Approximate solution

In addition, an approximate solution could be found for small initial Mach numbers
Mo (Mgo—1 < 1). In this case, the first C;-characteristic nearly coincides with the shock
and therefore Eq. (3.1) is approximately valid along the shock front. This is analogous
to WITHAM’s assumption [4]. Therefore, the known jump-relations of the variables across
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the shock can be inserted in Eq. (3.1). Thereby, we get a single differential equation
for the Mach number M, as a function of the dimensionless coordinate ¢;(x/r). Using
the linearized relations across the shock wave, we get the following simple relation for
the attenuation of shock waves with the initial condition My(x = 0) = M,,:

M,—1 1

(4.1) e

2y "
l + ;:—I (MSO_ I)CIT

Figure 4 shows that the approximate solution nearly coincides with the exact result
by the characteristic method for initial Mach numbers M,, < 1.3,

Ms
13
‘\\\
\“"M
= “"‘-—"“-. _--'""-'--__._
""-?-::-:__-:_-_-___:____:_______:
11 f——
05 1 2 3
characteristic method i,
——— approximate solution
for Ms-1<1:
o - f FiG. 4 i f th imate soluti
e {%'(Ms o T)er % 16. 4. Comparison of the approximate solution
L e with the result of the characteristic method.

Equation (4.1) can also be written as follows

P2—P 1
4.2) 2L o = :
P20—P: 2y e X
I+y_l(Mso ey

This equation agrees with a relation found empirically by BANNISTER [5] for the attenua-
tion of shock waves in long, small tubes

P2—P1 1
“3) Pro—p1  1+Bx
where B was an empirical factor.
Comparison with Eq. (4.2) shows that B must include the friction factor ¢, the ra-
dius of the tube r, the ratio of specific heats and the initial condition My, in the follow-
ing combination

2y 1
44 . s T
(4.4) B o Mo — ey ==
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This result can be generalised, so that it can be valid also for stronger shocks, by intro-
ducing a factor G(M,,) which reduces to 1 if Myo— 1. This factor was determined by nu-
merical calculations which showed that it depends only on the Mach number and is
practically independent of the ratio of specific heats and other parameters of the problem

: e
4.5) G(M,0) = (l + l/l— Mm) :

By inserting this factor in Eq. (4.2), all the theoretical results practically collapse to one
single curve which is shown in the next figure (Fig. 5). The measured points fall closely
on to that curve.

Pz P1
B20-P4
10
(o] Mso - 202
A » =172
o » =155
v o, =130
05 Y .
o 1 2 3 4‘
X
F1G. 5. Generalised approximate solution and Pz-Pr_ 1 w_ 24 Mso~1
where X"= Crr
the measured points of Fig. 3. Peo-P1 1+ X% 71 'f*;f'EMs r

5. Investigation with beds of solids

After this investigation with bundles of tubes, the attenuation of shock waves was
also investigated in beds of solids. The corresponding experimental investigation was
done by Mr. Biiren, a student of Engineering at the THD. For these measurements,
the bundle of tubes was replaced by beds of solids in the same shock tube with the same
test set-up. The measurements were made with different initial Mach numbers M,, and
different ratios of particle diameter, d, to diameter of the shock tube, D. The range of

oud

the modified Reynolds number Re’ = e~—— = was 3.10* < Re’ < 5.10%. Here, ¢ is the

ratio of the average free cross section in the bed to the total cross section and # is the
average velocity in the bed of solids.

For modified Reynolds numbers Re’ > 103, the modified-friction factor f for beds
of solids is not a function of the shape of the particle [6]. Therefore, spherical pebbles
were taken as particles. For turbulent flow, the friction factor f for beds of solids is [7]

T lﬂ_ 1—e
(5.1) it gul i Pl o (rp

where 4dp/Ax is the local pressure gradient. Analogously to the investigation with the

= dp),
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bundle of tubes, we can define a force per unit volume F, which takes account of the
effect of the pressure drop in the beds of solids

(5.2) A L B ]
e I
On the other hand, the effect of heat transfer can be neglected for the attenuation of
shock waves in beds of solids, because the ratio g/Fsi by beds of solids is very small:
qlF.i = 0(10"2) < 1.

By the assumption that the flow in the beds of solids is nearly one-dimensional, we can
also compute this problem by the system of Eqgs. (3.1) to (3.3) by putting F equal to F,

and = equal to zero.

F.i

—— theorelical result by the method
4 of characferistics: g =0 and

F=Ffs=0875"% % pii*

& ; A exp oresults; e=0503; Msg=15,19

o;e w3 €=0437; » n o

Yoo " ; €=0373; nyon
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F1G. 6. Attenuation of shock waves in beds of solids.

Figure 6 shows that the solution found is succesfully applicable to beds of solids as
well, provided the assumptions made for the computations are not too seriously violated.
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