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Approximate analytical solution of the steady axisymmetric supersonic 
free jet of a reacting gas 

G. GRABITZ (GOTTINGEN) 

THIS PAPER presents a theoretical investigation of a steady axisymmetric free jet of 
a gas in which the thermodynamic state depends ~ot only on pressure and density but also on 
an additional state variable which indicates the degree of deviation from local equilibrium (e.g., 
the degree of dissociation). An integral method is used and by linearizing the obtained 
approximate equations, an analytical solution can be found without specifying the equations 
of caloric-state and rate. The interaction of the flow and the reaction is demonstrated by some 
examples. 

Niniejsza praca zawiera teoretycznq analiz~ ustalonego, osiowo-symetrycznego swobodnego, 
przeplywu gazu, w kt6rym stan termodynamiczny zalezy nie tylko od cisnienia i temperatury, 
lecz r6wniez od dodatkowej zmiennej stanu okreslajqcej stopien odchylenia od lokalnego stanu 
r6wnowagi (np. rZCld dysocjacji). Rozwiqzujqc r6wnania wyjsciowe zastosowano metod~ cal­
kowitq. Po zlinearyzowaniu otrzymanych przyblii:onych r6wnan znaleziono rozwiqzanie 
analityczne bez specyfikacji r6wnania kalorycznego i r6wnania opisujqcego proces relaksacji. 
Wzajemne oddzialywanie przeplywu i procesu relaksacji pokazano na kilku przykladach. 

B pa6oTe np~craaneH TeopeTHqecKI-lli aHaJIH3 CTal.UfOHapHoro oceCHMMeTpHqHoro HcreqeHHfl: 
ra3a, TCpMO,ll;HHaMHqecKOe COCTOfl:HHC KOTOporo 3aBHCHT He TOJibKO OT ,n;aBJICHHH H TeMnepa­
Typbi, HO TaK>Ke OT ,ll;OllOJIHHTCJibHOrO napaMeTpa, onpe,n;enmo~ero OTKJIOI:{eHHe OT JIOKaJib­
HOrO paauoaecwr (npHMepoM TaKoro napaMeTpa MO>KeT 6biTb nopH,n;oK ,n;HccoQHal.UIH). Peme­
HHe <l>YHAaMeHTaJibl:{biX ypaBI:{CHHM Haii:,n;eHO MCTO,ll;OM HHTerpaJIOB. llyreM JIHHeapH3aQHH 
IlOJiyqeHHbiX nplf6JIH>KeHHbiX ypaBI:{eHHM MO>KHO HaMTH al:{aJIHT~CCKOC peiiieHHe 6e3 onpe­
,ll;eJICI:{Hn Kanop~ecKoro ypa6HeHHH H penaKcaQHOHHoro: ypaBI:{el:{HH. Ha HecKOJibKHX npH­
Mepax ll0Ka3al:{O B3aHMI:{OC B03,ll;elfCTBHe TeqeHHH H rtpO~ecca peJiaKCaQHH. 

1. Introduction 

THE WAVE structure of a supersonic free jet causes a non-monotonic variation of the flow 
variables along the axis of such a jet. Therefore, the supersonic jet is well-suited for the study 
of non-equilibrium effects under the conditions of both expansion and compression. 

This paper presents a theoretical investigation of steady axisymmetric free jet of a gas 
in which the thermodynamic state depends not only on pressure p and density e but also 
on an additional variable ex (e.g., the degree of qissociation) which may deviate from its 
local equilibrium value. Approximate formulas will be given which possess the same (rough) 
accuracy as the well-known Prandtl-formula in the case of a perfect gas [1]. 

2. Approximate differential equation 

The basic equations in integral form are applied to finite parts of the jet. The equations 
of mass and momentum of a sectional part of the jet as shown in Fig. 1 are given as follows: 

(2.1) 

14 Arch. Mech. Stos. 5-6176 

R 

f ewcosfJrdr = cl' 
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924 G. GJ.tABITZ 

(2.1) 
[cont.] 

R XR X 

J ew2 sin1JcosDrdr- J J pdrdX+ J PRRdX = c3, 
0 0 0 0 

X and r are the axisymmetric coordinates (Fig. I); w is the velocity and {) the angle between 
the axis and the vector of velocity. R is the distance between the axis and the boundary 
of the jet. The subscripts. N and R refer to the values at the exit of the nozzle and at the 
boundary of the jet. c1 , c2 , c3 are constants. 

FIG. 1. Control surface. 

The energy equation is used in the form 

w2 
T+h = const, 

his the enthalpy per unit mass. We assume that the state equation is of the form 

h = h(p, e, a). 
The rate equation 

w grad a = L(p, e, a) 

gives the production velocity of that gas portion which is characterized by the relaxation 
variable a. 

R 

In the conservation equations (2.1) there are integrals of the form J f(X, r )r dr. We solve 
0 

these integrals using the linear approach 

(2.2) 
r 

f(X, r) = fA(X)+ [fR(X)-fA(X)] R(X) · 

In this way we obtain approximate equations involving R, which is the distance between 
the axis and boundary, and flow variables along the axis (indicated by index A) and along 
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APPROXIMATE ANALYTICAL SOLunON OF THE JET OF A REACTING GAS 925 

the boundary (indicated by index R) as unknown functions of the coordinate in the direction 
of the axis. 

(2.3) 

R2 (e .... w A+ 2eR wRcosDR) = c., 

R2 (eAw~ +PA +2eRwicos2 DR-PR) = 3c2 -3pRR~, 

X 

R 2eRwisin2DR+3 J R(pR-PA)dX = 3c3. 
0 

The energy equation, state equation and rate equation 

(2.4) 

w2 
-+h = const 

2 ' 

h = h(e, ex, p), 

w grad ex = L(e, p, ex) 

are valid both along the axis and the boundary of the jet. 
By meam; of the simple relationship between the distance, between the axis and boundary 

and the inclination of the boundary of the jet 

(2.5) 
dR 
- = tg'i?R dx 

one can deduce an ordinary differential equation system which can be solved by well­
known numerical methods. In earlier papers [2, 3] some examples were calculated in 
this way. 

In the present investigation the system (2.3), (2.4), (2.5) is solved through linearization. 
We assume that the pressure PR on the boundary of the jet is only slightly smaller than 

the pressure PN at the exit of the nozzle; in special cases PR equals PN. 
We adopt for pressure, density, velocity, relaxation variable and distance between the 

axis and boundary of the jet the perturbation variables p,, a, u, ~and 'YJ; xis the dimensionless 
coordinate in the direction of the axis. 

(2.6) 

p ------11 
W~QN - "M~ '' 

w 
- = l+u, 
WN 

e - = l+a, 
(}N 

X 
X= RN. 

The index N refers to the undisturbed uniform flow in the nozzle. MN is the Mach-number, 
"is the ratio of specific heats. exN is the value of the relaxation variable in the nozzle, it need 
not be the equilibrium value. ~ and its derivative in the x-direction can be small, both near 
the equilibrium and near the frozen state. 

By introducing the perturbation approach (2.6) in the system (2.3), (2.4), (2.5) and 
neglecting terms of the 2nd and higher order in the perturbation variables and their deriv-

14* 
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926 G. GRABITZ 

atives, one obtains an equation system for the values of the perturbation ,variables both 
along the axis (indicated by index A) and along the boundary (indicated by index R): 

(2.7) 

<TA+u...a+2<TR+61] = -2M~uR, 

[1-( :; t}A+( :: L aA+ (::)}A= 0, 
[~-(:;t}.+(::LaR+(~!Le• = o. 

The constant disturbance velocity at the ·boundary uR is calculated from the given 
pressure at the boundary. The value of the rate function and the values of its partial deriv­
atives and those of the enthalpy at the end of the nozzle are assumed to be dimensionless 
and are defined in a manner analogous to the variables. 

We consider the relationship for the Mach-number (with frozen speed of sound) 

l ( Bh) 
M~ =~-ap N 

(::L 
(see, e.g., [4]) and introduce the following abbreviations: 

(2.8) 

A= (:at 
(::L. 

v = A(aL) -(aL) ' ae N aa. N 

c = _ ( BL) _M~ ( BL) . ap N ae N 

The equations (2. 7)5 and (2. 7)7 can be treated separately and one can obtain a solution 
along the boundary of the jet: 

(2.9) 

ER = cuR+LN (1-e-•x), 
'V 

<TR = A~R-MiuR. 
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This solution means: At the boundary of the jet the disturbances of the relaxation 
variable and the density are not influenced by the processes in the inner jet; they tend 
exponentially towards their equilibrium values. It may be easily shown that in the case 
of non-linear exact equations, the relaxation variable and the density along the boundary 
can also be treated separately from the inner jet. 

Now, from the other equations of the set (2.7) we can extract a single differential 
equation for the disturbance of the radius of the jet 'YJ· Using the abbreviation k = 
= 3jyM~-1, we get 

(2.10) 111 [ Ack
2 J , k 2 1 k 2 [ 3 Ack

2 J ALNk
2 

'YJ + v+-9- 'YJ + 'Y]+Y 'Yj=UR 2Y+-2- + 
2 

· 

The initial conditions are 

(2.11) 

'YJ{O) = 0, 

'YJ
1
(0) = ! UR, 

The second condition determines the inclination of the boundary of the jet at the edge 
of the nozzle exit due to a Prandtl-Meyer-expansion. The third initial condition results 
from Eq. (2.7h and uA(O) = 0. 

3. Solution in general terms 

The solution of the ordinary differential equation (2.1 0) is in principle very simple. 
The solution of the inhomogeneous equation is 

(3.1) 

In order to obtain the solution of the homogeneous equation one has to solve the 
characteristic algebraic equation of third order, 

(3.2) 

The discriminant of this equation 

D = (k2+v2)2+k2 ~c [3•2(•+ A~k2 ) + A2~2t• -k2(; + :~ k2+; )] 

is difficult to analyse. We assume that D is positive. However, in the case of a negative 
discriminant ( D < 0) a free jet without wave structure could evolve. Whether such a flow 
could be physically possible, and under what conditions, has not yet been examined. 
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928 G. GRABITZ 

If D is greater than zero, then the characteristic equation has one real solution and two 
conjugate complex solutions. These solutions have the form 

'• = _ ~ _! (•+ A~2 )-ifJ. 

y and {J are real constants and are given by cubic roots of expressions involving the 
coefficients of the differential equation. 

Thus we arrive at the following solution of the differential equation (1.10): 

UR ( 3 Ac) ALN -(~ +,)x -(~ +; )x . 
(3.3) 1J = 2 k 2 +--;- +2P + C1e + C2 e - (sm{Jx+C3 cos{Jx), 

N . h bb . . &' Ack
2 

Th . b h . . . 1 d" . Is t e a rev1at10n .10r N = ,_, + -
9
-. e constants C are gtven y t e tmtla con ttlons 

(2.11) 

(r- ~)c,-( ~ + ~)c2 c.+fJC2 = 
3~R. 

(r-~fc,+[(~ +~r-P;]c2c.-2P(~ +~)c2 = ~"R· 
From the solution (3.3) for the disturbance of the boundary of the jet, the solution for the 
other flow variables can be derived. Thus, the solution for the disturbance of the 
relaxation variable is given: 

with 

B, = c2([ ~ + ~J +2fJc.[ ~ + ~~] -fJ2
+k

2
), 

B2 = c2( c3 [ ~ + ~ J -2{ ~ + ~]+ C3 [k
2-fJ2J). 

It is difficult to discuss the solutions (3.3), (3.4) in general terms. For instance, y and {J 
are cubic roots of the expressions of coefficients of the differential equation. If one of the 
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three exponents in Eqs. (3.3), (3.4) is positive, one obtains an instable solution. The 
question under what physical conditions this is going to happen cannot be answered. 

Instead of discussing our solution in general we shall consider special cases. 

4. Special cases 

4.1. Perfect gas 

As a simple case of the differential equation (2.1) we consider the equation for the 
flow of a perfect gas. The rate function in the nozzle equals zero and the relaxation length 

tends to zero; this implies that v tends to infinity. Since ( !! L = 0, then A = 0. So we 

get the simple differential equation 

3 
rj" +k2 'Yj = 2 uR. 

With the initial conditions (2.11) the solution is 

(4.1) 'YJ = ~ ~~ (2 sin kx+ 1- coskx). 

The jet boundary is a harmonic function with the wavelength 

(4.2) 

For comparison the Prandtl-formula is given: Ap = 2
n y'M~-1 (x1 = 2.405 is 

Xt 

the first zero of the Bessel function of zero order). 
In an earlier paper of the author [5] it is shown that the distances between the extreme 

values of the boundary of an axisymmetric free jet are different from each other. The 
first wavelength is A = 2.43 yM~ -1 [5, 6], but the mean wavelength which can be cal-

8 .. ;-
culated exactly is A = 3 ., M~ -1 [5]. Hence, our solution (4.2) has the same rough accu-

racy as the Prandtl-formula. 

4.2. Frozen flow 

The frozen case is also simple. When the relaxation length is very long as compared 
to the radius of the nozzle, the dimensionless representation of the rate function and its 
derivatives equal zero 

'V= 0, LN = 0, 

C= - ( oL) -M~( oL) = 0. op N ae N 

We then obtain the differential equation 

'YJ
111 +k2 'Yj

1 
= 0. 
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930 G. GJtABITZ 

With the initial conditions for the shape of the jet (2.11) the same solution is obtained 
as in the case of the perfect gas flow ( 4.1 ). Of course, another pressure distribution appeat;S 
due to the different adiabatic coefficient. 

4.3. Non-equilibrium state in the nozzle 

It is interesting tc study the special case which results when the pressure on the jet 
boundary is made equal to the pressure in the nozzle, but it is assumed that a non-equilib­
rium state exists in the nozzle, that is LN is not equal to zero. In addition, we assume that 
the rate function depends only on the relaxation variable. 

The differential equation is then 

with the initial conditions 

1](0) = r/ (0) = 1]11 (0) = 0. 

The characteristic equation has the roots 

Hence we get the solution 

1] = 211(:;~ 112) [k 2 (1-e-vx)+v2(1-coskx)+vksinkx], 

eA = LN (1-e-vx). 
y 

After a flow length, after which the relaxation variable approaches its equilibrium value, 
a jet remains, the boundary of which is given by a harmonic function and which has the 
same wavelength as the jet of a perfect gas. In example ( 4.1) the amplitude of the boundary 
disturbance is determinied by the pressure disturbance and the Mach-number, whereas 
in the present example the non-equilibrium state in the nozzle produces a wave 
structure of the jet. 

4.4. Ideal dissociating gas 

The last example deals with the case of an ideal dissociating gas. For this example our 
general solution is applied without any restrictions. 

The gas is defined by the state equations [7] 

p 
- = (1 +ex) BIT, 
(! 

4+cx p · 
h = --- +cxBITd 

l+cx (! 
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and the rate function [8] for the degree of dissociation oc 

V-{ }{ T. } 
e Td Td -~ e 

L = K1 - - (1-oc}-+K2 oc (1-oc)e T ~-oc2 , 
f!d T T f!d 

T is the temperature and Bl is the gas constant of the undissociated gas. The constants 
are chosen such that the formulas apply to oxygen (T4 = 59,000°K, (!d = 150 gjcm3

, 

K1 = 6.26 · 1014 sec-t, K2 = 69.1). For our example we use the following values of the 
undisturbed reference state in the nozzle and of the pressure along the boundary of the jet: 

RN= 0.1 m, PN = 1.1· 105 N, wN = 1500mjs, TN = 3000°K, PR= 105N. 

It is assumed that an equilibrium state exists in the nozzle: thi,s means that the degree of 
dissociation in the nozzle is ocN = 0.0552. 

For the reciprocal relaxation length v and the constants c and A, the following values 
are obtained 

v = 1.42, c = -2.18, A = -0.229. 

After solving the characteristic equation of third order (3.2) one can get from Eqs. (3.3) 
and (3.4) the solutions 

(4.3) 'YJ = 0.0115-0.00317 e-Lslx +0.00951 e- 0 · 193x [sin (2.86x) -0.875 cos (2.86x)], 

(4.4) ~A = 0.105e-t. 52 x+e- 0 •193 x[0.00858sin(2.86x) 

+0.0477cos(2.86x)]-0.0509(1 +2e-L 42x). 

"l 
0,03 k----,.-----.-------.--------r------"1 

0,01 

0,15~ I ~A~/'"',\ 
'v \ ....... 

0,10 +--+-----l:J-----+---+~r.-------t-------t 

X 

Fro. 2. a) Disturbance of the boundary of the jet 'YJ (Eq. (4.3)). b) Disturbance of the degree of dissociation 
along the axis of the jet ~A(Eq. (4.4)). 
~ .Aeq is the corresponding equilibrium value. 
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932 G. GllABITZ 

As one may expect, the boundary of the jet (Fig. 2a) shows the damping effect of the 
ralaxation. In Fig. 2b the disturbance of the degree of dissociation, Eq. (4.4), is compared 
with its corresponding local equilibrium value. The actual values of the degree of dis­
sociation differ from the equilibrium values by a phase shift and a damping effect. 
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