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On the motion of a rotating fluid in the presence
of an infinite rotating disk

P. D. WEIDMAN AND L. G. REDEKOPP (LOS ANGELES)

THE MopIFIED Kdrmdn equations describing the fluid motion above a rotating disk are invest-
igated by means of a regular perturbation expansion in terms of the Rossby number ¢ = 2w,
where o is the angular velocity of the fluid and £2 is the angular velocity of the plate. Anal-
ysis of the coefficients of the series expressions for the plate friction and the Ekman flux,
together with complete numerical solutions, reveals that there is a singularity near ¢ = ¢, =
—0.154. The singularity appears to have physical significance in that the meridianal streamline
flow is of onecell type for e > &, and of two-cell type for & < e5. We propose that the
bifurcation of the flow for ¢ 2 &, is responsible for the failure to obtain numerical solutions for
a range of negative Rossby numbers.

Zmodyfikowane réwnania Karmdna, opisujace ruch wirujacej tarczy, zostaly zbadane za pomoca
regularnego rozwiniecia perturbacyjnego, przyjmujqc jako maly parametr liczbe Rossby'ego
e = e[, gdzie w oznacza predkos¢ katowa cieczy, a £2 jest predkoscia katowa plyty. Analiza
wspé'lczynnlkéw szeregow wyrazajacych tarcie plyty i strumieti Ekmana wraz z kompletnymi
rozw:azamam: numerycznymi wykazuja, Ze w otoczeniu & = g, = —0.154 wyst¢puje osobli-
wosc. Jak sig okazuje osobliwosé ta posiada okreslony sens fizykalny. Mianowicie oznacza,
ze przeplyw linii pradu w kierunku potudniowym jest typu jednokomoérkowego dla > &
i typu dwukomoérkowego dla ¢ < &;. Stad nasuwa si¢ wniosek, Ze bifurkacja przeptywu dla
& Z &, jest odpowiedzialna za niemozno$¢ otrzymania rozwiazania numerycznego dla zakresu
ujemnych liczb Rossby’ego.

Moaudunuposannsie ypasHeHHA KapmaHa, OnMChIBaIONIHE ABH)HEHHE BPALLIAIOLIETOCH JIMCKA,
MCC/eI0BaHbl MPH MOMOLLM pEerynsgpHOro NepTYpOAllMOHHOrO pasjIioMEeHHA, IIPUHMMaA KaK
Makiil mapameTp £ uncno Pocchu ¢ = w/f2, rae @ o6o3HauaeT YIJIOBYIO CKOPOCTE MKHIIKOCTH,
2 spnAeTcA YINOBOH CKOPOCTHIO IUIMTHI. AHaNM3 K03((HUMEHTOB PAMOB, BBIPAMKAIOLIMX
TPEHHE ILIHTBI H MOTOK SKMBHS., COBMECTHO C NOJHBIMH YHCIECHHBIMH pCHICH.HKMH, NMOKa3bl-
BaET, UTO B OKPECTHOCTH & = &, = — 0,154 BhIcTynmaer ocobenHocTs. Kak okasmbiBaeTca 3ta
0cOBeHHOCTh MMeeT OmnpefesieHHblil dusuueckuit cmbicn. MmenHo oHa oGo3Hauaer, YTo Te-
YeHHEe JIMHHM TOKA B MEPHIHOHAJILHOM HalpaBJieHHH HABJIAETCH OJHOAYEHKOBOIO THNA [JIA
£ > & M NBYSUeHKOBOrO THNA A £ < &. OTTyaa ciefyer BbiBod, uTo OudypKauua Te-
YeHMA VIl € S &, OTBETCTBEHHA 33 HEBO3MOXKHOCTH IOJIYYEHMs UYMCIEHHOTO pelIeHHA A
00J1aCTH OTPHUATENEHBIX Yucen PoccOn.

1. Introduction

THE FLUID motion created by an infinite disk rotating at a rate different from the ambient
fluid has stimulated considerable interest since it was first discussed by VON KARMAN
(1921). The problem was subsequently considered by CocHRAN (1934) and BODEWADT
(1940), but, perhaps, the most definitive results were presented by ROGERS and LANCE
(1960), hereafter referred to as Rand L. The latter investigators presented accurate nume-
rical solutions covering the entire range of positive Rossby number ¢ = o[£, where @
is the rotational speed of the fluid bounded below by a disk rotating at angular velocity Q.
Kérmdn studied the problem in which the plate rotates beneath a quiescent fluid (¢ = 0)
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and Bodewadt studied the configuration in which the fluid rotates above a stationary
plate (¢ = o0). The classical linearized Ekman boundary layer flow corresponds to & near
unity. For negative values of &, when the fluid and plate rotate in opposite directions,
R and L have reported numerical solutions for ¢ = —0.05, —0.10, and —0.15; for more
negative values of &, however, the solutions did not converge sensibly and even the repor-
ted solutions appeared unacceptable on physical grounds — the plate friction, for example,
was observed to decrease with an increase in the relative velocity between plate and fluid.

In this study we obtain expressions for the plate friction and Ekman suction as a function
of the Rossby number by means of a regular expansion of the modified von Kdrmdn equa-
tions in powers of ¢ and integrating the resulting system of equations. The preliminary
motivation was to verify the anomalous behavior of the Ekman pumping found by R and L
for small positive Rossby number. The non-monotonic dependence of the Ekman suction
on ¢ leads to some interesting results when used in conjunction with the Wedemeyer model
for non-linear spin-up of a contained fluid (WEIDMAN, 1973). An analysis of our perturba-
tion solutions, however, brings forth a more interesting fact: the Kdrmdn similarity
equations exhibit a singularity near ¢ = —0.154. We believe that this singular behavior
in some way must account for the problems of convergence encountered by R and L beyond
e = —0.15.

2. Equations and solutions

The Navier-Stokes equations for the rotationally symmetric flow of an incompressible,
viscous fluid can be reduced to the form (cf. SCHLICHTING (1962))

F' = F2—G*+HF'+¢&*,
2.1 G" = 2FG+ HG',
H' = =2F,

where the prime denotes differentiation with respect to the similarity variable { = z ]/T

and ¢ is the Rossby number defined previously. The radial, azimuthal and vertical velocity
components are given by

u(r, £) = rQF((),
2.2 o(r, {) = r2G({),
w(r, £) = YvQH(0).

We note that the equations are an exact reduction of the Navier-Stokes equations when

we consider a semi-infinite fluid rotating above a disk of infinite radial extent. The boundary
conditions for this case are

F(0) = H(0) =0, G(0) =1,

&) F(o) =0, G(w0)=c¢.
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We seek a solution which can be expanded as a regular perturbation series in &

F(%) o |Fu(l)
(24 GO = ) €16 ¢,
H@)) n=0  |H))

noting that the basic motion (¢ = 0) is the Kdrmdn flow. Insering (2.4) into (2.1), one
obtains the ordered set of equations

n

Fi'= ) (FFuy=G/Gyoyt HiFy_))+ 01,

=0
n
@.5) v = D (FiGy_j+H;Gi_)),
j=0
Hy= —2F,,

where d,,, is the Kronecker delta. The boundary conditions (2.3) can now be written
F,(0) = H,(0) =0, G, (0)= don,
Fo(0) =0, Gp(00) = dy,.

The procedure for solving the above system of equations is to successively integrate
each set of equations (2.5) and satisfy the boundary conditions for each order (2.6) by
iterations on F,(0) and G,(0). The zeroeth order Kdrmdn equations are non-linear, but
the higher order equations are linear and, in principle, pose no problem of convergence
for a high speed computer. The question of selecting “infinity”, however, does cause
practical limitations. In order to elucidate this difficulty we briefly examine the asymptotic
behavior of the perturbation solutions for large {.

Consider the following form of the solutions assumed valid in the limit { — co:

(2.6)

F@Q) ~ D SO

n=0

@.7) G2 ~ D (&) + 82",

n=0

HQ) ~ D) (Ha(0)+h(0)e"

n=0
Here H,(c0) is the Ekman suction and each nth order solution satisfies the boundary con-
ditions (2.6), provided

(2.8) lim { g, (&)} = 10}.
“eln@) o

Inserting the expressions (2.7) into the equations of motion (2.1), one obtains a set of linear
equations the solutions of which have the behavior

5@ ay
gn(c) ~ bn Enexp(HO{w) ‘:)!
ha(2) Cn

2.9)
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where Hy(o0) = —0.884461s known from the integrations performed by Rand L. It is readily
apparent that, although the solutions die out exponentially for large {, the algebraic
modulation pushes “infinity” farther away for each higher order set of equations. In addi-
tion, the magnitudes of the coefficients are unknown and could well be large. Suppose for
purpose of discussion that the coefficients are 0(1) and we are satisfied to carry our inte-
grations to a distance (., for which an error of 107!° or less is incurred. Eq. (2.9) then
shows that forn = 0, {, 2 25; n =5, {x =~ 50; and n = 10, {, =~ 75. We are cautio-
ned, therefore, not to expect a large number of terms of comparable accuracy in the per-
turbation solutions.

The equations of motion (2.5) satisfying the appropriate boundary conditions (2.6)
were successively integrated in double precision to order n = 8 on a PDP-10 digital com-
puter. Hammings modified predictor-corrector integration scheme with variable step
size was employed. Rounded-off errors were kept less than 10~!# for all numerical compu-
tations to be presented. The Taylor expansion interpolation scheme used by Rand L was also
incorporated here to iterate in the sequel. Initially the nine sets of equations were integrated

Table 1
n FA(0) Gn(0) Hy(o0)
0 0.5102326188673 —0.6159220143993 —0.88447411021
1 0.109311401 0.0516237127 —1.13035202
2 —0.79579343 1.04439386 11.005861
3 0.1591134 —1.5779433 —41.045331
4 0.498574 4.62448 150.851
5 —2.7291 —17.2071 —595.32
6 11.977 73.35 2534.
7  —530 —340.0 —1.15%10%
8 244 1.66x 10* 5.5%10*
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to { = 35, and subsequently each set was again integrated to { = 70. In Table 1 we present
the coeflicients for the plate friction F,(0), G,(0), as well as those for the Ekman suction
H,(0). Only the significant figures for which the results at { = 70 agree with those at
¢ = 35 are listed. Even the repeatability of the significant figures at the two integration
lengths does not insure their correctness. We, in fact, use the results of Rand L to help
ascertain the accuracy of our own computations. In Figs. 1(a), (b) and (c) we have plotted
as a dashed line the computations for F’(0), G’(0), and H(c0) as a function of the Rossby
number; the open dots are the calculated points due to Rand L. Agreement is obtained
only in the range |¢| < 0.15, approximately, and the expansions diverge rapidly for large
positive &. Although it appears that our perturbation series has a relatively small radius
of convergence, it seems large enough to substantiate the nonmonotonic behavior of
F'(0) and H(co) for small positive Rossby numbers. Moreover, the decrease in azimuthal
friction G’'(0) for small negative ¢ reported by R and L is also verified.

3. Improvement of the perturbation expansions

In order to make full use of the numerical results thus obtained, one can incorporate
various techniques to determine and sometimes improve the radius of convergence of
a perturbation series. At the same time, information can be obtained about the nature
of the nearest singularity. The methods used in this section are summarized in a recent
paper by VAN DyKE (1974).

In the series expansion 3, C,e", a plot of the ratios of succeeding coefficients C,/Cy_1
n

versus 1/n, known as the Domb Sykes plot, will generally reveal a regular pattern after
a sufficient number of terms. This diagram is particularly useful for determining the location
and nature of the nearest singularity for a given series, especially if the singular behavior
is simple as in the model function

(3B.1) f (&) = const (et eo)*,

where « is not a non-negative integer. In this case, the inverse ratio of coefficients will plot
linearly with 1/n, such that

(3.2 C =T o l-—-—;‘—- f

A Domb Sykes diagram of the coefficients for F’(0), G'(0), and H(o0), given in Figs.
2(a), (b) and (c), suggests the existence of just such a simple singularity, particularly the
plot for G'(0). A linear least squares fit to the last six points gives @ = 1.34 and, following
the suggestion of VAN DYKE (1974), we pick the nearest integer or simple fraction. The
value of &, is determined by selecting o = 4/3 and least squares fitting the four interior
points on the straight line in Fig. 2 (b); the first of the six points is neglected since it may
not yet have settled into a regular pattern, and the last point is omitted because its accuracy
is suspect. The singular point is found to have a magnitude ¢, = 0.1433 (very close to
1/7) and lies on the negative real axis. The straight line corresponding to « = 4/3 and
&0 = 0.1433 is sketched as a dashed line in Figs. 2 (a) and (c). It seems plausible that both
F'(0) and H(c0) also exhibit the same singular behavior as G'(0).

& o l+a]
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F1G. 2. Domb Sykes plot of regular perturbation series for: a) the radial friction F'(0), b) the azimutha
friction G’(0), and (c) the Ekman suction H{(o0).

Knowing the nature and location of the primary singularity, one can attempt to improve
the series by extracting the leading singularity multiplicatively, which, for our model func-
tion (3.1), leads to the form

(3.3) £©) = (e+eo)* D ae.

This was done for F'(0) and G’(0), and H() and the Domb Sykes plot of the ratios
a,/a,_, are given in Figs. 3 (a), (b) and (c). The secondary singularity for F'(0) and G'(0)
lies at the same location as the primary one and is of order @ = —4/3 for the multiplicative
series in the representation given by (3.3). The Domb Sykes plot for the secondary series
of H(co) has not yet settled down, but it evidently will not approach &, in the same man-
ner as the frictional coefficients.

Since the secondary singularities for F'(0), G'(0), and most probably H(c0) lie at the
same location as the primary singularity, the latter must be extracted additively rather than
multiplicatively. However, since the strength of the primary singularity is not known,
an additive extraction is not possible. -

Another method for extending the range of applicability of each series is to map the
singularity to infinity using, for example, the Euler transformation ¢ = ¢/(¢+¢,) and
rewriting the series as 2 b,0". The Domb Sykes diagram of the resulting coefficient ratios

n

by/b,—, for F'(0), G'(0), and H(co) are presented in Figs. 4 (a), (b) and (c). The plots
for F'(0) and G'(0) are seen to asymptote to 6o = 1 with a = —1; it is possible that
the plot for H(oo) will also oscillate about this asymptote. One concludes, therefore,
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Fi1G. 3. Domb Sykes plot of secondary series from a multiplicative extraction of (£+0.1433)4/3 for: a) radial
friction F’(0), b) the azimuthal friction G’(0), and c) the Ekman suction H(c0).

that the Euler expansions are singular at 6 = co and the calculations (not plotted) for
F'(0), G'(0), and H(oo) show little improvement over the original perturbation expansions
for positive Rossby numbers. However, the Domb Sykes plots for the Euler series are
useful because, if the coefficients do converge to d, = 1 as we infer, then not only is &
the nearest singularity, but it is the only singular point except, perhaps, at ¢ = +c0.

When sufficient confidence in the values of £y and « of the primary singularity is obtain-
ed, improved convergence can often be had by completing the series. In this procedure
the remainder after N terms of the original series is taken to be proportional to the remain-
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F1G. 4. Domb Sykes plot of the series resulting from the Euler transformation &/(¢+é¢,) for: a) the radial
friction F7(0), b) the azimuthal friction G'(0), and (c) the Ekman suction H(c0).
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der in the binomial expansion of (g4&0)*, and this is effected by matching the coefficients
of &" in each expansion. The completed series for the model function (3.1) is given by

N-1 N-1
- _ W NIi(=1=0a)! e\ VY (n—1-a)! [_ &\"
(3.4 f(5)=‘;Q‘Cnen+(+3o)N4“——(N_l_a)! C"[(lis_o) _,,=0 n_—!(—l—cx)!(-'_ 3_0-)]

The completed series for F'(0), G'(0), and H(co) given below were obtained by matching
coefficients at N = 6, since higher order matchings proved less accurate when compared

with the data of R and L

F'(0) = 0.206226(e +£0)*/* +0.494768 —0.034579¢ .
—0.96315e% +0.4186¢3 —0.256&* + 0.079¢°,

(3.5) G'(0) = 1.263029(¢+£0)**>—0.710635—0.829630¢
+0.01944¢2 +0.0115¢ +0.0034 — 0.007¢%,

H (o) = 43.63641 (¢ + £6)*/> —4.156705+ 31.57679%
—24.4052¢2 +13.868¢> — 8.819¢* — 1.060¢°.

The values computed from the above equations are presented in Figs. 1 (a), (b), and (c)
for comparison with the original perturbation expansions. The range of convergence
for both F’(0) and G'(0) is significantly extended; graphical comparison with R and L's
computed points indicate an improved range of utility to ¢ = 0.8 for F'(0) and to ¢ > 1.0
for G'(0). The range of convergence for H(oo), however, is only approximately double
what of the original series for positive e. Success with Eq. (3.4) for series completion
evidently depends strongly on the accuracy of the Nth coefficient of the series. The Domb
Sykes plots in Figs. 3 and 4 suggest that the H(oo) coefficients are less accurate than those
for the plate friction F'(0) and G’(0),and hence the relatively small extended range of
convergence for the completed series. of the Ekman suction could be anticipated.

In a final attempt to improve the convergence of our results, we have applied Shanks’
transformation to our series. The Shanks method, exact for geometrical sequences, esti-
mates the limiting value for n — oo from any three successive partial sums S, by the non-
linear transformation (cf. SHANKS (1955))

Sn+1 Sn—l _Suz
Snt1+Sp-1—28,

(3.6) e(Sy) =

The results of successive transformations from the first nine partial sums for F'(0) are
presented in Fig. 1 (a) as the dash-dot-dash curve. We note that the Shanks transformation
considerably extends the range of convergence of the original series, but the estimates
are not quite as accurate as the completed series given by (3.5),. Results from the Shanks
transformation applied to G'(0) fall exactly on top of the curve for the completed series
in Fig. 1 (b). Actually, the Shanks estimates in this case are considerably more accurate
than the completed series given by(4.5), ; the values for G'(0) reproduce R and L's calculations
to better than three decimal places in the range —0.1 < & < 1.0. Finally, in Fig. 1 (c)
we present the Shanks estimates for H(o0) computed from the first eight partial sums —
the ninth coefficient was sufficiently inaccurate to provide improved results with the Shanks
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transformation. The marked improvement in convergence is obvious; all values for H(c0)
obtained in the range 0 < & < 1.0 compare to better than two decimal place accuracy
with the values reported by R and L.

4. Discussion

Physically, the singular point appears to represent a bifurcation of the flow from
a one-cell type, such as exists for € > 0, to a two-cell type. BATCHELOR (1951) conjec-
tured that for ¢ < 0 the streamlines in a meridional plane would be divided into two cells
by the plane { = {(H = 0). Moreover, he suggested that this dividing plane would move
uniformly from { =0 at e = —o0 to { = o0 at ¢ = 0. In Fig. 5 we have sketched the
altitude variation of the dividing plane obtained from our numerical results; indeed the
plane does fade out to infinity, but it does so before reaching ¢ = 0. Another means of
viewing the problem is to plot the variation of H(co) with € in order to determine when the
Ekman flux vanishes. Numerical integration of the full Kdrmdn equations gives, in Fig. 5,
a zero intercept at ¢ = —0.154 and close agreement is obtained from the complete series.
We expect that the inclusion of more terms of sufficient accuracy in our expansion will

C (H=0)) ~H(e)
14 —{a7
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0 | —os
|
|
8 : — 04
Oreginal. }
Series |
6 : — 03
|
I
4 I e 4
: Completed series
|
2 | —ar
|
|| €,=~0M3
o | I ‘ | | | o
-20 -18 -6 If  laa -12 -10 €

FiG. 5. Variation of the Ekman flux and the level of vanishing normal velocity for negative Rossby
numbers.
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reveal the trend of ¢ - —0.154 in the Domb Sykes plot. We believe that the bifurcation
of the motion into a two-cell flow for ¢ < —0.154 is precisely the reason why many
recent attempts to integrate the full equations numerically have failed.
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