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Uniqueness and continuous dependence results in thermodynamics
with internal state variables

S. CHIRITA (IASD)

IN THIS PAPER we study the uniqueness and the continuous dependence of solutions upon initial
state and supply terms for the initial-boundary value problems in the general three-dimensional
theory of thermodynamics of materials with internal state variables. The method of proof is
based upon a Gronwall type inequality.

W pracy zbadano problem jednoznacznosci rozwiazan i ich ciaglej zaleznosci od stanu poczat-
kowego i czlonéw Zrodtowych w zagadnieniach poczatkowo-brzegowych ogodlnej trojwymia-
rowej termodynamiki materialdow z wewnetrznymi zmiennymi stanu. Sposéb dowodu oparto
na nieréwnosci typu Gronwalla.

B pabore mccieoBana npodsiemMa eQUECTBEHHOCTH PELIEHUI M MX HENPEPLIBHON 3aBHCHMOCTH
OT HAYAJILHOTO COCTOAHMA M HMCTOUHMKOBBIX WICHOB B HAauyaJIbHO-KPaeBLIX 3ajauax obieit
TPEXMEPHOH TEPMOJMHAMHKM MaTePHAJIOB C BHYTPEHHHMH IIEPEMEHHBIMH cocTOIHHMA. Criocos
JIOKa3aTeJIbCTBA OMMPAeTCsl Ha HepaBeHCTBe Tuma I'poHBeiuia.

1. Introduction

A GENERAL theory of thermodynamics with internal state variables has been formulated
by CoLEMAN and GURTIN [1] and BoweN [2]. In this theory the essential assumption is that
the local basic mechanical and thermal variables are to be dependent upon the standard
thermodynamic variables: the deformation gradient, the temperature and the temperature
gradient as well as an internal state variable (which is a finite-dimensional vector). The
evolution of the internal state variable is assumed to be governed by an ordinary differ-
ential equation (generally nonlinear) expressing the present rate of change of the internal
state variable through a function of the present state. The theory appears to be quite
general and suitable for predicting a wide variety of physical phenomena. This theory
includes, as a special case, theories of chemically reacting mixtures without diffusion;
in this case each internal state variable represents the extent of reactions [2]. Other physical
interpretations of the internal state variables are given in [1, 3-6].

The theory of wave propagation through materials with internal state variables has
been studied extensively (see e.g. [7-16]). Most notably, the work by NACHLINGER and
NuUNzIATO [7] has shown that in the one-dimensional theory, the materials with internal
state variables have the wave propagation property, that is, all smooth structured waves
propagate with bounded velocity. The authors further showed that this boundedness
property ensures the uniqueness of solutions satisfying the prescribed boundary and
initial conditions for unbounded domains. BoweEN and WANG [8] and BOwWEN and CHEN [9]
have examined the propagation condition and the growth and decay of acceleration waves
in a nonconductor or a definite conductor of heat material with internal state variables.
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On the other hand, GURTIN [17, 18] has revealed that the Clausius-Duhem inequality
induces Liapunov stability of equilibrium processes. KosiNski [19, 20] has established
the uniqueness of the solution to the initial displacement-boundary value problem appro-
priate to the dynamics of dissipative bodies described by the equations of the purely
mechanical theory with internal state variables.

The purpose of this paper is to prove the uniqueness and the continuous dependence
of thermodynamic processes upon initial state and supply terms, within the context of
thermodynamics with internal state variables. The results are local and they are estab-
lished under certain assumptions on material response. In fact, we prove the uniqueness
and the continuous dependence results for smooth admissible processes residing in a neigh-
bourhood of a positive smooth admissible process, that is, a smooth admissible process
for which the “elasticity” tensor is positive definite and the instantaneous specific heat is
strictly positive. When the initial displacement-boundary value problems are considered,
the uniqueness and continuous dependence are established under the weaker assumption
that the smooth admissible processes reside in a neighbourhood of a smooth admissible
process where a strong ellipticity condition is satisfied. Our analysis is developed for the
materials without heat conduction and for the definite conductor of heat materials.

Within the context of classical nonlinear thermoelasticity these stability statements
were recently established by DAFERMOS [21] for elastic materials without heat conduction
and by CH[R]'{.K. [22] for a definite conductor of heat elastic materials.

We summarize the basic structure and the constitutive relations in the thermodynam-
ics with internal state variables in Sect. 2.

The standpoint from which we proceed is an evolutionary identity established in
Sect. 3. Our subsequent development on the continuous dependence of thermodynamic
processes upon initial state and supply terms requires further estimates which are con-
sidered in Sect. 4 and 5. Further, these estimates, when coupled with the assumptions
on the material response and on the thermodynamic processes, lead to Gronwall type
inequalities that demonstrate the continuous dependence and uniqueness results,

2. Basic equations

We consider a bédy which, at time # = 0, occupies the properly regular region R of
Euclidean three-dimensional space #3 and is bounded by the piecewise smooth surface
OR [23]. The configuration of the body at time ¢ = 0 is taken as the reference configura-
tion. Let X be a typical particle of the body. We identify the material point X with its
position X in the fixed reference configuration.

The motion of the body is referred to the reference configuration and a fixed system
of rectangular Cartesian axes. Let R be at rest relative to the considered system. The
location of a typical particle X in the reference configuration is described by the coordi-
nates Xx(K = 1, 2, 3) relative to these axes. The coordinates of the particle in the position
x at time ¢ are denoted by x; (i = 1, 2, 3), and

(2.1 x=x(X,1), (X,t)eRx[0,1].
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If this deformation is to be possible in a real material, then
(2.2) det(x; x) > 0.

We assume that there is no diffusion of mass in the body, but the body may deform
and conduct heat. Thus, a thermodynamic process for R is described by nine functions,
of X and the time #, whose values have the following physical interpretations:

1) the spatial position x = x(X, ¢) in the motion;

2) the first Piola-Kirchhoff stress tensor T = T(X, t);

3) the specific body force b = b(X, #) per unit mass (exerted on R at X by the external
world, i.e. by other bodies which do not intersect R);

4) the Helmholtz free energy y = w(X, ¢) per unit mass;

5) the heat flux vector Q = Q(X, 7);

6) the heat supply r = r(X, t) per unit mass and unit time (absorbed by R at X and
furnished by radiation from the external world);

7) the specific entropy 7 = n(X, ¢) per unit mass;

8) the absolute temperature 0 = 0(X, t) > 0;

9) the internal state vector § = E(X, ¢) = (&, &,, ..., &,); the scalars &, = &.(X, 1),
(x = 1,2, ..., n) are the internal state variables.

The motion x = x(X, t) determines the velocity field v = x and the deformation
gradient field F = gradxx, while the temperature 6(X, ¢) of the body determines the tem-
perature gradient g = gradx0.

Throughout this paper we shall use the following notations: gradyx is the gradient
operator with respect to the place X keeping ¢ fixed; a superposed dot denotes the material
time derivative; Latin indices have the range 1, 2, 3, while Greek subscripts have the
range 1,2, ..., n; summation over repeated subscripts is implied; subscripts preceded
by a comma denote partial differentiation with respect to the corresponding Cartesian
coordinate; the symbol | - | denotes a norm either in Euclidean vector space or in a tensor
space, while || - || denotes L,-norm. In our subsequent development, occasionally it will
be convenient to write various expressions in component form and to display vector and
tensor fields by their components referred to a fixed system of rectangular Cartesian
axes. Thus, for the velocity vector v we will write v;, while the components of the deforma-
tion gradient field F and the temperature gradient field g will be denoted by Fix and gg,
respectively. Similarly, the components of the nonsymmetric Piola-Kirchhoff stress tensor
T and the heat flux vector Q, measured relative to the reference configuration, will be
denoted by Tg; and Qk, respectively.

The above set of nine functions, defined for all X in R, and all ¢ in [0, #,], is called
here a thermodynamic process in R if and only if it is compatible with the law of balance
of linear momentum and the law of balance of energy, viz.,

(2.3) 00, = T4y 4+0b,
d 1
2.4 ar {Q (1!’ +6n+ 2 ’Ui'z’i)} = (T4 v),at0bvi+0r—Qu.4,

where o(X) is the reference mass density defined on R. We assume that the density g(X)
is smooth and strictly positive,

(2.5) o(X)=> 00>0, XeR.
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In order to specify a thermodynamic process, it suffices to prescribe the seven functions
x,T,y,Q,n,0 and §. The remaining functions b and r are then determined by Egs.
(2.3) and (2.4).

In thermodynamics with internal state variables, the material at the point X is charac-
terized by five response functions, y*, T*, n*, Q* and f, which give %, T, n, Q and E
at X, when F, 0, g and § are known at X:

Y= w*(F’ 63 g.: E,' X),
T =T*F,0,g,&:X),
(2.6) n = n*F,0,g,8;X),
Q =Q*F,0,2,8:X),

E.b = f(Fa Bsga E:X)
We suppose that the functions y*, T*, n*, Q* and f are smooth functions defined for F
in the set M* of 3 x3 matrices with positive determinant, 6 in the set of positive real
numbers %+, g in %3, € in %" and X in R. In particular, we assume that the partial deriva-
tives of p*, T*, n*, Q*- and f, at any fixed state (F, 0, g, E) in state space M* x #*+ x
x A3 x #", are bounded functions of (X, z) on R x [0, £,):

We will say that a thermodynamic process is admissible if it is compatible with the
constitutive equations (2.6). Therefore, in order to specify an admissible thermodynamic
process it suffices to prescribe the functions x, 6 and &.

We will say that an admissible thermodynamic process (x, 6, §) (X, ?) is smooth in R,
if it is such that (v, F,0, g, ) (X, t) are Lipschitz continuous, uniformly on bounded
subsets of their domain.

Within the present framework the second law of thermodynamics is given a precise
mathematical meaning by the following postulate of positive production of entropy:
Every smooth admissible thermodynamic process in R must obey the Clausius—Duhem
inequality

@.7) gﬁ—gg+(%)A>O,

at each time ¢ € [0, #,] and for all material points X in R. In order the Clausius-Duhem
inequality (2.7) holds for all smooth admissible thermodynamic processes in R, it is necess-
ary and sufficient that

yp = p*F,0,§X),

(2.8) oy* r op*
* * — _
& 9( oF ) . 86
1
(29) O'a(F, 6’ E’ X)fa(F: 6, - Er X)+ FQA(Fs 6: g, Ey X)gA < 0;
where

Jyp*
(210) oa(F7 01 E; X) = 9?(F:B:E;X),
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is called the affinity of X. In theories with chemical reactions, o4(F, 0, §; X) corresponds
to DeDonder’s chemical affinity [1, 2].

For smooth admissible thermodynamic processes one may write the balance laws in
reduced form:
(2.11) 0 = Tai, a+0bi,
(2.12) ot +o,f, = or—Qu.a

3. The fundamental identity

In this section we establish the evolutionary identity that will be the basis for the sub-
sequent development of our analysis on continuous data dependence and uniqueness of
the thermodynamic processes.

Let (x,0,E)(X,?) and (x, 0, E_) (X,t) be two smooth admissible thermodynamic
processes defined on R x [0, ¢,]. We define

(31) D(t) = f:”;_ Q('Ut_gl) (7’1—51)+91P*(Fy 69 ga X)—E”P*(E éa E_s X)
R

—TH(F, 0,8 X) (Fu— F,.)+0(0 — 8) 7*(F, 0, E; X)
_O'a(Fy 69 E; X) (Ea_ga)}(x) t)er te [O)IO]'

On account of the relations (2.8) and (2.10) it follows that D(¢) is of quadratic order in
(=¥, F—F, 00,58 (-, Dllxcns

The evolution in time of this quantity is described by

THEOREM 3.1. If (x,0,8) (X, t) and (X, 0,E) (X, t) are two smooth admissible thermo-
dynamic processes for Eqs. (2.3) and (2.4), corresponding to the supply terms (b, r) (X, t)
and (b, ) (X, 1) in L*(Rx [0, t,]), then we have the following evolutionary identity:

62 b= [lebb)@-a+ G =7 0-D- g Llo=7) 0-D

R
a, . 3TX _ aT*. _ oT*
+EA[TA!_TAi—%;:fL(FJH—'FJB)—' 0T i 0—-0)— 6 ’“ (5 §u)
JiB
o 5
—ee[n—n— o7, FiumFi)~ 6~ 6)——(5 5]
+§a|aa_aa_'§i(1:},4 IA)_ 56 (6 6)_ _a (Eﬁ Eﬂ)

—%97}(0—6)2} (X, n)dx+ f {[(TAi—fAi) (@:=2)

IR

Q(QA QA)(B 6)]NA[(X 1)dS+ f{(QA QA)(G 6)“‘l

- ? Uu(e—g) (fa—fa)'f'(aa_(—ra) (fa_}?a)} (X9 t)dXs te [Oa tO]a
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where N4 are the direction cosines of the outward normal to surface OR.
Proof. From Eq. (3.1) we obtain

(33) D() = Rf{%[g(tp+6n+%vm,)] ;t [ (1,u+077+i5,5,)]

_973151—991%14’2951%1_TA!(F.'A—F'M)—TM1';.'4"‘ Ty Fia
- “Qé(n_ﬁ)—gé(ﬁ_"} —éa(é—a_f_a)—-&a(éa—g;)} (X, t)dX

By using the balance laws (2.3) and (2.4), as well as the relations (2.8) and (2.10), we
may rewrite Eq. (3.3) in the form

G4 D) = [[@~8) (Tu—T)NJ(X, 0)dS+ [ {o(b;~b) (@i~
dR R
—fuj(ﬂs—En)+ﬁA(TAi-TA!)"‘Q"-QA,A—QF"‘QA,A
—e0(n—7) — 00(7 — ) — 0, (6 — &) — Tu(bu— €} (X, 1)dX
= f[(”t—at) (Tu—Ta)NJ (X, 1)dS+ f{@(bt_gi) (vi—2)
dR R

+1:T'M[TAI_TAI ZTM (Fjp—Fyp)— aTA' 0-6)——2 aT‘“ (5 5.;)]
g = 51}

—o0 [n—ﬂ—ﬁ:(ﬂrl’u) (U 0)— (5 Ea)]

+?“[aa~a,,— g" —F -t a"“ (0—6)— a"“ (5,, sﬂ)]}(x 1)dx

% I {er—QA,A—QHQA.A—}(&—?“)—?a,(aa—@—ee’(ﬁ—ﬁ)—e(e—@ﬁ}cx, £)dx.
R
On the other hand, from Eq. (2.12) we deduce
(3.5 or—Qu a—07+0 0 a—Gulbx—E) — (0, —5.) — 0BG —7) — 00— )7
q L . .

= (l = F) [(Qr_QA.A_UaEa)“(Qr—QA‘A_aocEa)]'i'(aa_Ea) (fa—‘fa)
~(@=Quamabd [ -2+ 2) = -1 0-0)- Li(0-0y
SE0-D) (0.7 [ 1 (04=0.0(0- e)] +(04—02) ( o ") )
— 5 0l £ 0= D)+ (=) (G- E).

A substitution of the relation (3.5) into Eq. (3.4) and an application of the Gauss-
Green theorem and the relation (2.6)s lead to the identity (3.2). The proof is complete.
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The fundamental identity (3.2) will be the starting point of our analysis. On the basis
of this identity one may establish suitable estimates that demonstrate continuous depend-
ence of thermodynamic processes upon initial data and supply terms by applying Gron-
wall type inequalities. This program will be implemented in the following sections for
materials without heat conduction and for definite conductors of heat.

4. Materials without heat conduction

In thermodynamics with internal state variables a nonconductor of heat is a body for
which Q* and f are independent of the temperature gradient g. Therefore, a nonconductor
of heat material is characterized by the conditions [8]

(4'1) f= f(F, B,E,X), Q = Q*(F’ B,E,X).
In this case the inequality (2.9) implies that
4.2 Q*(F,0,8;X) =0, forall (F,0,§X).

For a nonconductor of heat material, the evolutionary identity (3.2) takes the form

@3 D= [ {e(bl—z‘n)(v.-wﬂ(r—?)(e—é)—%ﬁ(e—é)z

R
= - aTy - T,
+ | T T S L2 (- Fy— 20t (05~ ‘i.,;' 68
B N e _
_96[’7_"—'5%:@‘ B~ (6 6)— (Ea Ea)
3 = 5—_ - . a 3
+s¢[au—a¢—ﬁ(m—m 2 (-t~ (spfﬁﬂ

i _é' (0—9) [éa(aa—ag)'i'(fa_ﬁt) Ga]"" (Ga_Eu) (fa_.f—'a)} {(X, t)dX

+ a{ [(0i—5) (Tas—Ta) N4l (X, 1)dS.

We are now in a position to establish the following result:

THEOREM 4.1. Let (X, g, E) (X, t) be a smooth admissible thermodynamic process corre-
sponding to the supply terms (b, r) (X, t) in L*(Rx [0, t,]). We assume that the material
is a nonconductor of heat. Then there are positive constants 0,, a,, a,, a; and a, with the
Jollowing property:

If (x,0,8) (X, 1) is any smooth admissible thermodynamic process defined on R x [0, t;],
with the supply terms (b, r) (X, t) € L*(Rx [0, t,)], such that

(4.4)  [F(X,1)-F(X, D)|+6(X, )= 0(X, )] + [E(X, 1) —E(X, 1)] < &,
(X, eRx[0, to],

(4.5) (vi—v) (T4 — TA;')NA <0, on dRx|[0,1],
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then we have the following estimate, for all T € [0, 5], 5 € [0, #,],

O IR A
R idvLjB

2,%(F 0 E: = E
. L(I:a’ogsg’—m (0——6)2} (X, 1)dX+a,||(E-8) (-, Dllixr

— 22 |(F=F) (-, DlIFszy < @all(v—5, F=F, 0—0,E—E) (-, 0)|| 22z,

+as [ |Iv=5, F—F, 0—8,E—E) (-, 1)||22x,dt
0

+a¢f ||(b_B) r—F)('s t)”L’(R)' H(v—?, F_F’ 6_59 E_E)( L t)”L’(R)dta
0

Jor the arbitrary constant =, .

Pro of. By taking into account the relations (2.8), (2.10) and (4.1); and the boundary
condition (4.5) and by using the Schwarz inequality, from Eq. (4.3) it follows that one
can determine positive constants as and ag such that, for all z € [0, ¢,], we have

(4.7)  D(t) < as||(F=F, 0-0,E—8) (-, )ll3sn)
+ag|[(b=b, 7=7) (*, OllL2ry* V=¥, 8=0) (+, D)l |22y

We now fix s € [0, #,], integrate Eq. (4.7) over [0, 7], 7 € [0, 5], so that we obtain

(4.8) D(7) < D(O)+as [ ||(v—7,F=F, 00, E—E) (-, )l[Z:aydt
0

+ag [ I0=b, r=7) (-, Ollgsry* 1v=, F=F, -0, E~5) (-, D)llL2car -
0

On the other hand, in view of the relations (2.8) and (2.10), we deduce
+0(X) (0-0)n*(F, 0, 8; X)—0ul(F, 6, &; X) (§a—£2)
1 2*y*(F,0,E; X)
=2 "(X){ T
azw*(i! 63 E; X) = by 521/)*(F 6 E' X) ~ 1 = }
—F 3 lea— = 2 Fiu—F; =
afa 6‘5,8 (Ea 5«) (Eﬁ £ﬁ)+2 GFM aEa ( A A) (5 Eﬁ)
+o([F—F|2+10—6]*+E—E|?).
Combining Eq. (4.9) with Eq. (3.1), we conclude that there is a positive constant d, with
the property that, when Eq. (4.4) is satisfied,

(Fia=Fo (Bn=F) - ZEELED. 067

@10 [ 00 (ot e-a+ ZEELED (1, F) ra-F
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2 " A E- - . _ _
gy — 2L (6—6)2} (X, DX < 2D(0)+2as [ Ii(v~¥, F—F, 0-0,
{cont.] ‘ 0

_E)( ’ t)lllz.'(R)dt+2a6f ||(b_-i,’ r_;)(. 3 t)”Lz(R). {'(V—V,F_iis B—E!E
0

_ 2 * o _
“B (-, Ol - f(xy’la- I

o*y*(F, 0,E; X) -
"—‘5}*5;"551 (Fia—Fig) (§s—E&)p (X, 1)dX.
An application of the Schwarz inequality and the inequality
@11 LR LA
. ) an s ? nz +0 )

to the last term in Eq. (4.10) yields, for the arbitrary constant 7,

*y*(F,0,E; X F
Pt (£ Fu) (FaEip)

T

06— 0)2}(x 7)dX < 2D(0)+2asj l(v—¥,F—F, 0—0,E

“.12)  [o(X) {(vi—%,) (vi—0)+
R

_ O*y*(F, 6 g X)
' 02

_E) ( " t)”l;_"(k)dt'l'zaé _f ”(h__ﬁs r_?) ( ) t)“chR) : ”(‘:—v; F'—F! 6—63 E
0

=B, r)llmdr+(a%+ %) IE=B (., Dl +aHIE-F -, DllEcar,

where

(4.13) a3 = max|— (X t)|,

E

Taking into account the relation (4.1), and the relation

Jo
ag = maxW(x, t),

on  Rx[0,1,].

T

@10 (E-DX, D = 168 X, 0+ [ 118 (X, 0ilds
0

= IE-B X, 0 +2 [ [(6~E) (h~FN (X, e,
0

it follows that one can determine the positive constant a, so that we have

(4.15)  mllE-E) (-, DlIF2n, < 7lE—E) (-, 0)l[Z2x,

+msa0 [ [((F—F,0-0,5~8) (-, Oll2uydt,
0

for the arbitrary positive constant 7,.
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If we use the estimate
(4.16) D(0) < ayol|(v—¥,F—F, 0—0,E—E) (-, 0)l13:x)>
from Eqgs. (4.12) and (4.15), we deduce

@in [ oeol@-s)@-o0+ TLELED (5 R (-
R id B

_ *p*(F,0,E:X)
007

—23|(F—F) (-, Dllfar) < @l |(V—, F~F,0-0,E—E) (-, 0)}|2:x,

(0—6)2} (X, 1)dX + [nz - (a%+;—;)] NE=8) (-, DlIFxr

T

+as [1I(v=¥,F—F, 0-0,5-8) (-, 0)||2smydt

0
+a, f ”(b —TL r"‘;) ( Yy I)HL’(R) : H(V*;’a F—is 0“6’ E—E) ( "y t)”l.z(R}dt,
0

where
(4.18) a, = .752"{‘2(110; az = 2a5 +7m,a9, ay = 2a6.

We now choose the arbitrary positive constant n, so that

2
(4.19) a, = n— (a%+-a—§) > 0.
Ty
The relation (4.17) implies the estimate (4.6) and the proof is complete.
We now examine two conditions on the material response and the thermodynamic
processes that allow to obtain, from the estimate (4.6), a Gronwall type inequality that
demonstrates the continuous data dependence and the uniqueness.

(a) Continuous dependence in a neighbourhood of a positive smooth admissible process

We will say that the smooth admissible thermodynamic process (X,0,8) (X, 1) is
positive if, for each (X, t) € Rx [0, 1,],

W e =
(4.20)  the “elasticity” tensor, %LF (F, 0,E; X), is positive definite,

and
on*
. s
In order to establish our continuous dependence results we shall need the following
Gronwall type inequality [21]:
LemMMA 4.1. Assume that nonnegative functions y(¢) € L*[0,s] and g(t) € L*[0, s}
satisfy the inequality

(4.21)  the instantaneous specific heat, (F, 0, €;X), is strictly positive.

(4.22) y3(7) < M?y*(0)+ f [2o+4B7) y*(1)+2Ng(t) y(t)ldt, T €]0,s],
0
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with B, o, M and N nonnegative constants. Then
423)  y(s) < Mexp(as+ps?) y(0)+ Nexp(as+Bs?) [ g(t)dt, o= o+p/o.
0

THEOREM 4.2. Let (X, 0,8) (X, 1) and (x,0,8) (X, 1) be as in Theorem 4.1. We assume
that the smooth admissible thermodynamic process (X,0,8) (X, t) is positive. Then there
are positive constants 8, «,, M, and N, with the property that, whenever Eq. (4.4) holds,

Jor any s € [0, t,],
(424) ||v—v,F—F,0—-6,E—E) (-, 912 < M, *%||(v—¥,F—F, 0-0,E
s
~©) (-, Ollcsry + V€ [ 1=, r=7) (-, Dlliacaydt.
0
Proof. Since (X,0,E) (X, t) is a positive smooth admissible thermodynamic process,
it follows that there exists a positive constant A such that, for all 7 € [0, 5], s € [0, 1],
o2y*(F, 0,E: X = =
@29 [e0|THE0EN (6 F) (Fa-F
R iA JB
 pE,0,E5%)
262
We now use this relation into the estimate (4.6). Thus we deduce
(4.26)  @oll(v=V) (-, Dl[Z2cay+ A IF=F) (-, D, + AlO—06) (-, D)l E2cmy
+a,|E=8) (-, 7)ll}aey < @al|(v—¥, F=F, 00, E~E) (-, )l £2(xy

(6—6)2}(& 7)dX > 1||(F—F, 60-06) (-, Dllf2a)-

+as [1[(v=,F—F, 0—0,E~E) (-, 0)l[2:nydt
(1]

+as [ 11—, r=7) (-, sy (V=¥ F=F, 0-6,E=8) (-, DllLagaydt,
0

where

(4.27) Ay = A—nmi.
We choose the arbitrary constant zz, so that

(4.28) Ay > 0.

It is easy to see that the inequality (4.26) leads to an estimate of the form (4.22) with
»(t) = V=¥, F—F, 0-0,8=8) (-, Dllc2a)s

(4.29)
&) =1l(b=b,r=7) (-, t)”L’(R)’
M% =5 %; m; = min(gm A'ls )*sal)’
(4.30)
a a
B =0, 0'1='§"$1‘:" 1=2n:1s oy = 0.

An application of Lemma 4.1 completes the proof.
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From the above proposition we get the following uniqueness result:

THEOREM 4.3. Let (X,0,8) (X, t) and (x,0,8) (X, t) be as in Theorem 4.2. Moreover,
we assume that the corresponding supply terms (B, r) (X,t) and (b, r) (X, t) coincide on
R x [0, t,] and that both processes originate from the same state, that is,

x(X, 0 = x(X,0), v(X,0)=¥(X,0),

(4.31) 0(X,0) = 6(X,0), E(X,0)=§(X,0), XeR,

(v—¥)-(T-T)N=0, on 0&Rx[0,1].
Then (X,0,8) (X,1t)and (x,0,8) (X, t) coincide on Rx [0, t,).

(b) Continuous dependence of smooth admissible processes in the strong ellipticity region

We will say that a smooth admissible thermodynamic process (X, 0, §) (X, t) resides
in the strong ellipticity region if there is a positive constant » with the property that, for
any vectors §, x € &3, every w € # and all (X, ?) in the domain of the process,
Py, 0,8X) . PYHE0,EX)

GPuE, il o9°

The strong ellipticity condition in thermodynamics with internal state variables has
been studied in connection with wave propagation (see e.g. [3, 9, 12]). The implications
of strong ellipticity condition upon uniqueness of solutions to the purely mechanical
theory with internal state variables have been analyzed by KosiNski [19]. The strong

ellipticity condition (4.32) is the same as in nonlinear thermoelasticity [22] and it is related
to that used by BoweN and CHEN [9] or by KosiNsk1 [19]. C

LemMa 4.2. Let (X, 0, €) (X, 1) be a smooth admissible thermodynamic process defined
on Rx [0, #,], residing in the strong ellipticity region. Let (x, 0, E) (X, t) be any smooth
admissible process defined on R x [0, t,] such that

(4.33) x(X,1) =x(X,1), (X,t)edRx]0,t].

Then there are constants 4 > 0 and » with the property that, for any 7 € [0, #,],

(4.32)

w? 2 x([5)? x> +w?).

‘ *p*(F,0,E; X — . O%p(F,0,E;X ;
(434) ] o0 | ZEEEED (1 Fo E-F- ZEELED gyl

x (X, D)dX = pl|[(F=F, 0—0) (-, D)l[F2ry=?/|(x=X) (-, Dl 1}2(r)-

The proof of Lemma 4.2 is a straightforward generalization of the proof of the standard
Gérding inequality [23].

THEOREM 4.4. Let (X,0, E)(X, 1) and (x,0,E) (X, t) be as in Theorem 4.1. Moreover,
we assume that

(4.35) x(X,t) =x(X,t), on JRx][0, ],
and that the smooth admissible thermodynamic process (X, 0,€) (X, t) resides in the strong

ellipticity region. Then there are positive constants 8,, «,, B,, M, and N, with the property
that, whenever Eq. (4.4) holds, we have, for any s € [0, 1],
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(436) ||(v—¥,F—F,0—0,E—E) (-, 9)lloiry < Maexp(azs+p25?)||(v—V, F-F, 0
—8,E~8) (-, 0)l|L2ry + Noexp(aas+B252) [ I(0=D,r=7) (-, t)l|2crydt-
0

Proof We recall that (X,0,E) (X,?) resides in the strong ellipticity region and
Xx—X vanishes on dRx [0, to]. Thus the inequality (4.34) holds. Combining Eq. (4.34)
with Eq. (4.6), we deduce

@31 ool (V=¥ (-, DIy + s IE=F) (-, Dl[Zaca, +allO=0) (-, DliEacry
+a,lIE=8) (-, Dllsemy < P IIE=%) (-, DlIF2ny +asl|(v—7, F—F, 0

_65 E_E)( " O)I,lz.’(k)'l'a:! f [[(v—?, F_ﬁa 6_6’ E_E) ( T I)HE’(R)dt
0

+as [110=b,r=) C, Dz /=7, F—F, 0-6,§=8) (-, Dllaudts

0
where
(4.38) B = p—ni.
We now choose the arbitrary constant 7, so that
(4.39) uy > 0.

Furthermore, upon using Schwarz’s inequality and the Poincaré inequality, we find that

440) [ 1x(X, D-%(X, DX = [ [x(X, 0~%(X, 0+ [ [v(X, ) —¥(X, n]de| dX
R R [

< 2a,, [ IF(X, 0)—F(X, 0)%dx+27 [ [ Iv(X, )=¥(X, 1)|2dXdt.
R 0 R

From Egs. (4.37) and (4.40) we obtain an estimate of the form (4.22) with
(4.41) ya(t) = (=Y, F=F, 0-0,E=D) (", Dllezemy»
g2(t) = [[(b=b,r—1) (-, OllL2(rys
M3 = (az+2]v|ay)/my,  my = min(go, p1, 4, a1),
(4.42) 62=2c::z’ ﬂz:T,r:I—z’ a2=02+%, N2=Za_';_
An application of Lemma 4.1 completes the proof.
An immediate consequence of the Theorem 4.4 is the following uniqueness theorem.
THEOREM 4.5. Let (X,0,8) (X, 1) and (x,0,8) (X, t) be as in Theorem 4.4. Moreover,
we assume that the corresponding supply terms (b,r) (X, t) and (b, r) (X, 1) coincide on
R x [0, to] and that both processes originate from the same state, that is,
x(X,0) = x(X,0), v(X,0 = ¥X,0),
(4.43) 0(X,0) = 6(X,0), E(X,0)=E§(X,0), XeR,
x(X,t) =x(X,t), on @8Rx]I0,t].
Then (x,0,E) (X, ?) and (x,0,E) (X, t) coincide on R x [0, to).

9 Arch. Mech. Stos. nr 1/83
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5. Heat-conducting materials

In this section we shall investigate the uniqueness and continuous dependence of
smooth admissible thermodynamic processes upon initial data and supply terms for
a heat-conducting material. First, we shall establish an estimate similar to Eq. (4.6), in
the case of a definite conductor of heat material with internal state variables. Further,
we will use this estimate in order to establish the uniqueness and continuous dependence
results.

For a heat-conducting material with internal state variables, we have

(5.1) Qu(F,0,8,8 X)—0.F,0,8,E;X) = —K,5(g5—25)—L.(0—0)
~M 4i5(Fis—Fi5)— N 4o(Es—E) +0,(IF—F|+|0— 0|+ (g—g + [E—E)),

where
_ = = 20* — .
KABZKAB(F: e,g,g,X)= - agA (F: 9,g,§;X),
B
_ o 80% — - _
LA':LA(F:B!g’E;X): -W—(F,9,g,§,X),
(5.2) B - S -
MA!B=MAiB(F: H,vg,g;x): - 6F¢: (F9 G,E,E;X),
_ _ 0F — - _ -
NAa=NAa(F:B:gyg;X)= _TE_(F’Q’g’E;X)‘

We will say that a smooth admissible thermodynamic process (X, 0, E) (X, 1) resides
in the region of state space where the material is a definite conductor of heat if

- 1 = i
(5.3) kAB = ? (KAB+KBA) is pOSitl.Ve deﬁnite.

The notion of a definite conductor elastic material is an essential ingredient in re-
searches on the propagation of acceleration waves in heat-conducting elastic materials (see
e.g. [8, 25-28]), as well as in researches on the uniqueness and continuous data dependence
of thermodynamic processes in heat-conducting elastic materials [22]. Our assumption
(5.3) has been suggested by the inequality (2.9) and it is in accordance with this. It is similar
to one in classical thermoelasticity postulating that the symmetric part of the thermal
conductivity tensor is positive definite.

For a definite conductor of heat material, we first establish a suitable estimate of the
last term in evolutionary identity (3.2). Thus, we have

THEOREM 5.1. Let (X, 0, E) (X, 2) be a smooth admissible thermodynamic process defined
on Rx [0, t,], residing in the region of state space where the material is a definite conductor
of heat. Then there are positive constants 0,, ¢, and c, with the following property:

If (x,0,E) (X, t) is any smooth admissible process defined on Rx [0, t,] such that

(5.4)  [F(X, 1)=F(X, )| +0(X, ) - 0(X, )] +1g(X, 1)—&(X, 1)|
+EX, 1)-E(X, 1)l < 82, (X,1)eRx[0, 1],
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then we have, for any t € [0, t,],

69 [{e-80("FY) —§ a0-0 (- ums0 (s X, D
] .

< —01”(3"‘@( ) t)ilfz(x,+Cz|l(F—f, 0_6_: E—E—) ( ) t)”t%’(ky
Proof. Taking into account the relations (2.6)s and (2.10), we get
fa—TFa = Pata(Fia—Fia) +Gu(0—0) + 7 (84— 8.a) + 5ap(€5—&p)
(5.6) ' +0(IF—F|+|0—0| +|g—g| + [E—E|),
0x =00 = Aoia(Fia—F; )+ a0 —0) +755(6g— Ep) + 0,(IF —F| +10— 0] + [E—E)),

where
A _ 4 }
Puia = A (B, 086X, = (F,0.8.EX),
id
= _ afa n 0 = E. 'afa 2 :
(57) Fogq = agA (F9 B) g, E’X)x Sctﬁ = 55 (F 6 gv E,X),
=% FAEX, @ a""(F@E-X) bp = 205 (F. 5.8 X
aid = aF )v #a_ 6 s = ’ [7; B afﬂ s Vo,

Since (X, 6, E) (X, 1) resides in the region of state space where the material has the
behaviour of a definite conductor of heat, it follows that there is a positive constant £2
such that,

(58) [[; Ifm(g,i—g,,(gn—gn)] (X, 1)dx

R

= f[% kas(ga~8.4) (gﬂ_gB)} (X, ndx > Ql(g—8) (- ,’I)Hrii(x)-
R

By virtue of the relations (5.1) and (5.6) and the above inequality, we conclude that there
is a positive constant 8, with the property that, when Eq. (5.4) is satisfied,

59 [le-0a("?) -5 m0-0 Ui+ a (T} X, Dix
R s d
QU= (. DB+ [ (L aleu=E) O—0)+ A a8~ (Fia—Fu)
R

+ N an(8a—84) (Ea—ga)} (X, t)dX+ f {-ﬂeuu(Fm-Fu) (Fjz—Fis)
R

+B(0—0)2 +Cap(Ea—E) (65— ER) + Dy u(Fra— Fr0) (0—0)
+ 84 Fia—=Fia) (Ea—E) + Fo(6.— &) (-0} (X, DaX,
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where we have used the notations

1 — d = R 1 1 — =
Ly=— —B—LA""BT KBAgB+raA(|ua_'FUa)9 M g5 = —FM41B+ AaipTan>
1 — 1 _ - —
Na=— ?NAa'i'vﬁarﬁA’ Aiajp = ‘é‘(PaM Axin+DPasp Aain)

1 — - 1 1 -
(510) R FL‘gA+q,,(,ua—F0a), (gaﬁz T(Swv,,ﬂ+s,,ﬂvya),
1 — = _ = (- 1
Dia= 0z Mpiags+ AziaQat Paia Ha— g %)

o - 1 — - Y 1
il = VaDpiatSpatpins, Fa= b7 N4a84+4’ﬁvﬁa+sﬁa(#ﬁ— Fﬂ’p)-

Application of the Schwarz inequality and the inequality (4.11) to the two last terms in
Eq. (5.9) yields, for the arbitrary constants y,, ¥, and y3,

6 2 [le-e0("78) -4 at-0 G-t e G} (X, i
R 4
< (—29+yf+?§+7§)|!(g—§)(',t)lliz<x)+(%+ci+2) 10=6) (-, DllE2w

. ¢ - c3 -
+ (_} +'362+C‘21+C§) (F-F)(-, t)”ﬁ‘(n)'f‘ (;% +C%o+cf1+l) NE—-8 (-, !)lli’(k)v
3

V2
where
c; = max|Z(X, t)], ¢ = 2max|2(X, 1), cs = max|.#(X, t)|,
(5.12) ¢ = 2max|/(X, 1), ¢, = max|2(X, t)|, cg = max|€(X, t)],
co = max|A#(X, 1), ¢}, =2max|€(X, )], ¢, = max|F(X,1).

From Eq. (5.11) we obtain the estimate (5.5) with

& = o RO=Gi+r+d,
(5.13)
€ = Lmax(ig— +ci+2 ﬁ+cz+cz+cz L } +ciotet +1).
2 )lf 4 E] y% 6 7 8, yg 10 11

Now we can choose the arbitrary constants y,, ¥, and y, so that ¢, > 0. The proof of
the theorem is complete.

On the basis of the above result we shall establish an estimate similar to Eq. (4.6).
Thus we have

THEOREM 5.2. Let (X, 0, ) (X, t) be a smooth admissible thermodynamic process defined
on Rx [0, t,], residing in the region of state space where the material is a definite conductor
of heat. We suppose that the corresponding supply terms (b, 7) (X, 1) € L®(Rx [0, f,]).
Then there are positive constants 95 and d,, d,, dy, d, with the following property: ‘

If (x,0,8) (X, t) is any smooth admissible process defined on R x [0, t,], with the supply
terms (b, r) (X, 1) e L*(Rx [0, t,]), and such that
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(5.14)  [F(X, )—F(X, )] +10(X, - 0(X, 1) +[EX, 1) -E(X, 1)|

+ig(X, t)_g(xi t)l < 63’ (x5 t) € RX [0, tO]’
(515) (0=0) (Tau—T)N4<0, —(0-0)(Q,—Q)IN,<0, on dRx[0, 1],
then we have, for any t € [0, s], s € [0, 1],

Pp*(F, 0,€: X)

(5.16) Rf o(X) {(‘Ui -7v) (i — o)+ W (Fia "Fi.a) (Fip— an)

Py E. 0,50 }(x DX+, IE—B) (- Ol Z2cay

_nlz’(F F)( 7)|If: 2ry € daf|(v—v, F— F 0— 6 E— E)( ,0)”1.2(3)

+d3f I(v—v,F—F, 0—0,E~8) (-, Dl|3snydt
0

tds [ 1(b=b,r=r) (-, Dz [1(V=Y, F=F, 0—0,E—) (-, )ll 2y,
0

for the arbitrary constant ;.

Proof. The relations (2.8) and (2.10) and Theorem 5.1, as well as the boundary
conditions (5.15) imply that there are positive constants d, and ds, ds and d; such that,
whenever Eq. (5.4) holds, we have

(5.17)  D(t) < ds||(F—F, 0—0,5—8) (-, )l|32ca,+dsll(b=b, r—7) (-, )] L2y

l(v=v, B_B)(' s t)”LZ(R)_d’l”(g—g)(' s I)HL’(R)’ t [0, t,].

We now proceed as in the proof of Theorem 4.1. We fix s € [0, #,], integrate Eq. (5.17)
over [0, 7], T € [0, 5], such that we obtain

(5.18)  D(1) < DO)+ds [ [|(v—v,F—F, 00, E—E) (-, Dllzxcayt
0
+de [ 11b=b, 7= (-, Dllgacay - 1(v=, F=F, 0—0,E—8) (-, )l|2rydlt
0

—d; [ 11(g=8) (-, Dl B2yt
0

Combining Eq. (4.9) with Eq. (3.1), we conclude that there is a positive constant J,
with the property that, when Eq. (4.4) is satisfied, the inequality (4.10) holds. We choose
d; = min (6, 6,) in Eq. (5.14). By using the estimate (5.18) in (4.10), the application
of the Schwarz inequality and the inequality (4.11) to the last terms in Eq. (4.10) yields

_ . 0%p*(F,0,E:X
(5.19) fQ(X) {(‘Ut—‘vi) (@i—v)+ v (F, 6,5:%)

2322 (Fia—Fig) (Fis—F,
2 aF,'AaF}B ( A A)( JB jB)

_ PyHE6,EX)
262

j (X, Ddx < 2D(O)+2d5f|1(v v,F—F,0
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T

(5.19) —6,E-%) (-, t)iIL:(R)dt+2d5fH(b b,r—7 (", Olleawy [|(v—¥, F=F, 0

[cont.]}

—0,E—8) (-, Dllzndt—2d, f 1(8=8) (-, D)l[Z2caydt

(a-;+ )”(E E)( ‘f)HL(R)‘i'THZH(F F)( O 2ry-

On the basis of the relation (4.14) we deduce

(5.20) [IE=B) (-, DliZm = IE—=B) (-, Ol[Zeemy+2 [ [ [(£a—E) (f—Fi] (X, 1)d X
0 R

We use the relation (5.6) in Eq. (5.20). Then, the application of the Schwarz inequality
and the inequality (4.11) implies that for the arbitrary constants 7, > 0 and z3, we have

(5.21) n’zll(’é E)( ,T)”LZ(R) 752”(& E.»)( 0) L*(R)

T

+7575? [ 1= (-, DllEuydt+5ds f I(F~F,0—0,E—E) (-, 1)l[Zacrdt,
0 0

where

2
(5.22) dg = max(;d,g2 +d§0+dfl+l,d§2), dy = max|r(X, 1)],
. 3

d,o = max|q(X, t)|, d?, =2max|s(X,?)|, d,, = max|p(X,1)|, on Rx[0,1,].
By taking into account the estimate (4.16), from Eqs. (5.19) and (5.21), we get

629 [ o foi-0 @+ T 0ED (1, (£ F
R id B

_PEOEN a)z} (X, DX +d,|E=9) (-, DllEscnr

—”le(F F)( T)”LZ(R) dz”(v""sF F 0— 6 E E)( O)HI%Z(R)

T

d;fu(v—v,l«"—F,G—E,E—E)(-,t)uizm,dmufn(b—ii,r—'r) (s Dl
0

0

“||(v—¥,F~F, 0-0, E—E)( s t)ile(R,dt—(2d-,—Jzzn32)fH(g 2,0l (R)d’

where

y a3
(524) d, = n;— (a?, + ?’82

1

), dy = 2a,0+m;, dy=2ds+myds, ds=2ds.

We now choose the arbitrary constants n; > 0 and zi such that 4, > 0 and
2d;—m;73* > 0. This implies the estimate (5.16) and the proof is complete.
As in Section 4, we now establish the uniqueness and continuous dependence results.
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a) Continuous dependence in a neighbourhood of a positive smooth admissible process

THEOREM 5.3. Let (X, 0, f) (X,t) and (x,0,8) (X, t)_be_a.s' in Theorem 5.2. We assume
that the smooth admissible thermodynamic process (X,0,8) (X, t) is positive. Then there
are the positive constants 03, ay, My and Ny with the property that, whenever Eq. (5.14)

holds, for any s € [0, to],
(525) ||(v—V,F—F,0—6,5—8) (-, 9)llsawy < Miewi?||(v—¥,F—F, 60,8

—B) (+, Ollzmy +Nieme [ I(—b,r—7) (-, Dl
0

THEOREM 5.4. Let (X,0,8) (X, 1) and (x,0, §) (X, 1) be as in Theorem 5.3. Moreover,
we assume that the corresponding supply terms (b,7) (X, t) and (b, r) (X, t) coincide on
R x [0, t,] and that both processes originate from the same state, that is,

x(X,0) = X(X,0), v(X,0)=vX,0),
(5.26) 0(X,0) = 6(X,0), E&X,0) ~¥X,0), on R,
(v=v)-(T-T)N=0, (6—-6(Q-QN=0, on 3dRx[0,t].
Then (x,0,8) (X, 1) and (x, 0,E) (X, t) coincide on Rx [0, t,].

b) Continuous dependence of smooth admissible processes in the strong ellipticity region

THEOREM 5.5. Let (X, 0,E) (X, t) and (x,0,E) (X, t) be as in Theorem 5.2. We assume
that '
(5.27) xX,t)=x(X,t), on O0Rx][0,1t,],
and that the smooth admissible thermodynamic process (X, 0, E) (X, t) resides in the strong

ellipticity region. Then there are the positive constants 6,, a3, 3, M; and N; with the
property that, whenever Eq. (5.14) holds, for any s € [0, t,),

(5'28) ”(V—V, F-—-F,B—B—, E—E) ( " s)“l.’(R) < M;exp(a;s+ﬁ;sz) “(V—\_’, F_F9 0
s
—0,E—E) (-, Ollagay + Nrexp(azs+ 552 [ 11—, 7—7) (-, Dllzzeaydt.
0

THEOREM 5.6. Let (X, 0,8) (X, 1) and (x,0,E) (X, 1) be as in Theorem 5.5. Moreover,
we assume that the corresponding supply terms (b,r) (X, t) and (b, r) (X, t) coincide on
R x [0, t,] and that both processes originate from the same state, that is,

x(X,0) = X(X,0), v(X,0)=v(X,0),
(5.29) 6(X,0) = 6(X,0), E(X,0)=E(X,0), on R,
x(X,t) =x(X,1), (#-0(Q—-Q)N=0, on dRxI[0,1,)].

Then (X, 0,E) (X, t) and (x, 0, E) (X, t) coincide on Rx [0, to].
We omit the proofs for Theorems 5.3-5.6, which are identical with those in Theorems
42-45,
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