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On the uniqueness of solutions of the stress equations of elastostatics

R. WOJNAR (WARSZAWA)

As it is known, the system of differential stress equations of elastostatics consists
of the set of equilibrium equations and the set of compatibility equafions. We give
the proof of uniqueness of solution of this system, being a modification of classical
Kirchhoff proof.

IN elastostatics it is assumed that a set of stress equilibrium equations together with the set
of stress equations of deformation compatibility, the so-called Beltrami-Michell equations,
with external forces given on the boundary of the medium, allows to determine uniquely
the field of stress [1-4]. In so far as we know, however, no proof of the uniqueness of the
solutions of these equations has been given hitherto. We are doing this below for the two
and three-dimensional problems. Our proof is a modification of the classical Kirchhoff
proof: an additional step is the derivation of dependences from the stress equations which
are essentially relationships between the deformations and the displacements (although
we do not employ these conceptions in the proof). We shall consider a medium of the lin-
ear theory of elasticity with Poisson’s ratio », in a rectangular straight line system of coordi-
nates Xy, X;, Xa.

1. The two-dimensional problem

LET us consider the problem of planar state of stress. The procedure in the case of a planar
state of deformation is similar. Let the elastic medium have the shape of a not necessarily
regular cylinder, with the generating line parallel to the x,-axis. The cylinder cross-section
by the x5 = const plane will be designated by £2, and the cross-section contour by I". The
versor of the normal external to the contour I" will be denoted by n, = n,(x,), e,y =1, 2,
x, € I', and the given vector of the field of forces applied from the exterior to the contour
by ¢, = 4,(x,), x, € I'. Thus we assume that g, does not depend on x; and on the time.
Moreover, we accept that body forces act on the medium, described by the vectorial field
X, = X,(x,), x, € Q. Then, if the end faces of the cylinder are without load, and the height
of the cylinder is not large, it can be assumed that in the medium prevails a state of plane
stress

0y, 032 0

02 022 0

0 0 O
independent of x;. Thus

Oap = Uﬂﬁ(x?)‘! a,ﬁ.}’= 1,2.
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THEOREM 1. The set of differential equations

(1.1) Oap.p(xy) + Xa(x,) = 0,
(1.2) Oaa,pp(X) + (1 +9) X, 0(x,) =0, x,€8
with the condition
(1.3) 0pp(x,)ne(x,) = gi(x,), x,€I’
defines uniquely the field
(1.4) Oup = Opp(x,), X, €8.
P r o of. The.proof will be carried out if we show that the homogeneous set of equations
11 (%) =0, x,€,
1.2) Cusp(®) =0, x,€02,
(1.39) oap(x)ng(x,) =0, x,el’
has only be a zero-solution
(1.4) oup(x,) =0, x,eQ.
From the set of Eqs (1.1°) it follows that
(1.5) 204,12 = —0y1,11— 022,22

whereas Eq (1.2") can be written in the form

(1—6) (0'11"1_’0'23).22"‘(0'22—;0'11).11 = _(l‘l‘;) (011.11+Uzz,2z),

where 7 is a constant of the type of Poisson’s ratio.
Combining (1.5) and (1.6) we obtain

()] (011=7022),22+ (022 —7%011),11 = 2(1+¥)0,2,12.

Let us introduce two functions u = u9(x,), u3 = u3(x,), without consideration of their
physical sense, in the following manner

D = 0 _ =
(1.8) Uj,y = 01, —V033, U3z = G33—V0;;.

Thus, in accordance with (1.7),

(1.9) R(A+9) o —uf—u3,],2 =0
and upon integration
(1.10) 2(14+9)042(x,) = 4}, 2(x,)+u3, 1 (x,) +£1(x)) +£2(x2),

where f; are certain unknown functions of the indicated arguments.
Introducing new designations

(1.11) u;(x,) = “?(xy)'f' ffz(xz)dxz, u(x,) = “g(xy)+ ffl(xl)dxl
we may write, in accordance with (1.8), (1.10),

1 v
(1.12) Ogp = 1+ [u(g_ﬂ)'i' 1—:;'7 Uy y &,ﬂ] .
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Let us note that for each point x, € 2

1 v
(1.13) Saplhwty = 115 [“m-s) baprt 75 “«-a“r,y]? 0,

ifonly0 <7 < 1.
On the strength of Green theorem and Egs. (1.1°), (1.3")

(1.14) | P - ifa,ﬂu,nﬂdr = 0.
e

Wanting this result to be consistent with (1.13) we must assume
Uap(x,) =0, x,efl, -0<v<1
and thus on the strength of (1.12)
oup(x) =0, x,€8£2, QE.D.

It is noteworthy that for the proof it was essential to use a Poisson type number, although

it does not appear in the Eqgs. (1.1)-(1.3").

2. The three-dimensional problem

An elastic medium occupying the region V is surrounded by the surface S. To this
surface are applied external forces described by the vectorial function ¢; = ¢;(xy), i, k =
=1,2,3, xx €S. Body forces are described by the vectorial field X; = Xi(x), x, € V.

THEOREM 2. The set of equations

2.1 0ij,1 () + Xi(x) = 0,
v

(2.2) oij (X)) + % Okk, 1 (x1) +Xi, jy (1) +l—_1;Xk.x(x|)aij =0,
(2.3) Uij(xk)nj(x!) =qi(x), x€S
SJor 0 < v < 1/2 determines uniquely the field
(2.4) U,'j = Uij(xk)s Xy € V.

Proof. For the proof it is sufficient to show that the set of equations
(2.1) aij.j(xk) =0, x¢€V,

r I

: Oij k(X)) + ——— O ij( X)) = U, X €

22) )+ 75 Tmax) =0, xieV
(2.3,) o’;j(xk)nj(x;) = 0, Xy € S
can have only zero solutions '
(2.4') o'ij(x,,) = 0, Xx € V.

Part I of the proof: 0 < v < 1/2.

T
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Instead of the function oy; (xx) we shall introduce the functions &;;(x;) in the following
manner:

(25) &y = (l +P)0'u'—v(fn dgj.
Otherwise
1 v
(2.6) T m S,‘j+vl—_27 &n 6;_; :
From the contraction of Egs. (2.2') it results that
2.7 gk =0
and, since &; = (1 —2v)ay;, therefore
(28) ElLkk = 0.

Hence Egs. (2.2') can be written in the form

1
(29) Ej .kt m Exk,ij = 0.

From Egs. (2.1') upon using (2.6) and suitable differentiation, it follows

v
(2.10) Eik,kj + Ejk ki T =2 &xx,ij = 0.
Subtracting by sides (2.10) from (2.9) we obtain
(2.11) Eij, ik + Exke,ij = Eik,kj — Ejk,ki = 0.

The Eqgs. (2.11) for i # j appear as follows
11,23 €23, = (B12,3+813,2).1,
(2.122) 22,13+ 835,22 = (E21,3+823,1),2,
€33,12F 12,33 = (E32,1 +€31,2).3,
whereas the Egs. (2.11) for i = j, without summation:
e11,22F 811,33+ (€22 +833),11 = 2(842,21 +13,31)5
(2.13) €22,11+ 822,33+ (611 +€33),22 = 2(621,12+823,32),

€33,11+ 833,22+ (811 +€22),33 = 2(€31,13+€32,23),

in the way of algebraic transformations can be reduced to the form(!):

(*) E.g. from Egs. (2.13),,3
€11,22+ E11,33+ (22 + €33),11 — 2612,21 = E33,11+ 33,22+ (811 + €22),33 —2€332,23,
and upon utilizing (2.13);
E11,22F 622,11 —2612,21 = €33,22 — 22,33 = —E22,11 = 22,33 — (611 + €33),22+ 2821,12;
hence

2(&11,22+ 22,11 —2642,21) = 0.
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er22t 822,11 = 282,12,
(2.12b) €33,11 H€11,33 = 281313,
€33,22F 22,33 = 2823,23.
Subsequently we introduce the functions #§ = u{(x;) using the relations
(2.14) &1 = Uy, €=U, €33 =ul;.
Substituting (2.14) into (2.12b) we obtain
(e, —uf 2 —u3, )12 = 0,
(2.15) (2e13—u8,1—4],3),13 = 0,
(2e23—148,,—13,3) 23 = 0,
hence upon integration
€12 = UQy,2+1(X1, X3)+f2(x2, X3),
(2.16) &3 = UQy,3+81 (X1, X2)+82(x2, X3),
€23 = Uy, 3y+hy (X1, X2)+ha(xy, X3),
where f, g., h, are certain functions of the indicated arguments.
Putting (2.16) together with (2.14) into (2.12a) gives

(hy+h2).110 = fi31+81.215
(2.17) (81+82).22 = fr.32 by 12,
(fi+/2),33 = 2,13+ 82,23,

which, considering the dependence of the particular functions upon the variables x, , x,, x3,
can be written in the form

by = 81215 h2an = fians
(2.18) 81.22 = M2, 8222 = fas2s
Sr33 = ha13,  fa33 = 82.23-
Hence
hig = 812+bi(x2), oy = fi3+b2(x3),
(2.19) 812 =htea(xy), &.2=fiatea(xs),

fis = hy+di(x),  foa = g2.2+da(x2),

where b,, ¢,, d, are certain functions of the indicated arguments.
Comparing the particular expressions in the set of Egs. (2.19) we obtain

(220) by(x;) = —ci(x) =0, di(x) = —ba(x3) =0, c2(x3) = —dy(xy) = 0.
Therefore
Q21) by = [giadate ), h=[fiadnteln), g = [f dutex),

where e; — certain functions.
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If we now define the new functions
uy = 842 [ fo062, x)dxs 42 [ e3(x)dxs,
2.22) w, = u3+2 [ £,Ger, x3)dx, +2 [ ey(x5)dxs,

Uy = u§’+2fg, (1, x5)dx, +2fel(x;)dx2,
we may write, on the strength of (2.14), (2.21) and (2.16)
(2.23) &ij = U, j)-
We shall note that on the strength of Gauss theorem, [5], and Egs. (2.1), (2.3,

(224) fﬂ‘u&'udV = fﬂ;jﬂ‘;'}dV = fﬂuﬂ;ﬂjds =0.
vV 4 s

On the other hand, in accordance with (2.6), for 1/2 > » = 0, everywhere for (x, e V);

1 v
(2.25) Oij€ij = l+1! (sljel‘j"- =9 5"8“)3 0.

Comparison of (2.24) and (2.25) signifies that
(2'26) Eﬂ(xk) = 0! Xk GV:
and hence, according to (2.6), (2.4") occurs. Q.E.D.
Part 11 of the proof:v = 1/2.
If » = 1/2 (incompressible body, &x = 0, though in general oy, # 0), then instead .
of (2.6)

2 1
(2.6") iy = El &+ 3 Ok 5:1-

Substituting (2.6') into (2.2") and making use of the fact that &, = 0 and that (2.7) occurs,
we obtain

(29’) €1 kk + Uu.u =0,

s T : ; 1 .
Substituting in turn (2.6") into (2.1') we obtain: &y x+ 5 o, = 0, whence following

suitable differentiations
(2.10) Eikxyt Ejk kit Our,ij = 0;
subtracting by sides (2.10") from (2.9') we obtain
Eij .k — Eikkj— Ejhi = 0
or, since gy = 0,
(2.11) 7.k Exk,ij— Eik ki — Exki = 0.
We can thus repeat successively the steps from (2.12a) up to (2.24). Instead of (2.25) we
have forv = 1/2

2 1 2

(2.25') O'ijsu = T 5115{1_ —3—' Oxx€py = T 5ij£lj = 0)
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whence, upon comparing with (2.24),
(2.17) & =0,

and thus in accordance with (2.6")

(2.28) 0u03) = - () By,

This result put into (2.1') gives

(2.29) o = 0.
Integrating (2.29) consecutively for i = 1, 2, 3 we obtain
(2.30) oy = Cy(x2,x3), ou= Co(xy,%3), ou= Cs(xy,%2),

where C; are temporarily unknown functions of the indicated arguments.
Comparing with each other (2.30) we find that

oy = C,

where C is a constant independent of x;. Thus in conformity with (2.28)

1
(231) UU(X*) = T C&U‘

Putting (2.31) into the boundary condition (2.3') we obtain
Cni(x) = 0.

Since n;n; = 1 # 0, therefore

(2.32) C=0,

and this on strength of (2.31) again leads to (2.4), Q.E.D.
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