Archives of Mechanics ® Archiwum Mechaniki Stosowanej ® 27, 5-6, pp. 693 - 699, Warszawa 1975

On the dynamic stability of thermomechanical processes
in viscoplastic bodies (*)

A. BALTOV (SOFIA)

AN energetic stability criterion for visco-plastic dynamically loaded bodies is proposed, taking
into account the available temperature field. A thermodynamic method and the Liapunov’s
stability definition are applied. The criteria for the stability of motion, of shape, and the thermal
and the internal structural instability are also obtained.

Zaproponowano energetyczne kryterium statecznoéci dla dynamicznie obciazonych ciat lepko-
plastycznych przy uwzglednieniu danego pola temperatury. Zastosowano metode termodyna-
miczng oraz definicj¢ statecznosci Lapunowa. Otrzymano réwniez kryteria statecznoéci ruchu
i ksztaltu oraz niestatecznosci termicznej i struktury wewngtrzne;j.

ITpennoykeH JHEpreTHYECKHI KpHTEpHil YCTOWYHMBOCTHM JUIA [AMHAMHYECKH HATPYMEHHBIX
BASKOIUIACTHUECKHX TeJI, IPH y4eTe [aHHOTO MONA TemnepaTyphl. IIpumMeHeH TepMOIHHAMH-
YecKHii MeTOX M ompefeseHHe ycroHunBoctH mno JianynoBy. IlonyueHer Toxe KpHTepHA
_ YCTOMUMBOCTH [IBWHEHWA H (OpPMBI, a TAlOKE TEPMHYECKOH HeyCTOHUMBOCTH M BHYTpeHHel
CTPYKTYPhI.

1. Statement of the problem

INVESTIGATION on the thermomechanical processes in viscoplastic bodies is very important
in technology. A lot of materials under dynamic mechanical and thermal loading possess
viscoplastic properties. For that reason the problems of describing such processes and
establishing their stability condition, have an essential meaning in solid mechanics. In
many cases, like metal forming with plastic deformation, thermal and mechanical loading
resistance of machine elements etc. the instability of the process is undesired. In other
cases it could be a desired state e.g. metal cutting forming a thin zone [1]. Stability
problems are especially complicated in dynamical cases. Instability occurs in all dynamic
experiments with viscoplastic materials — necking at dynamic tensile experiments, forming
of stripes at dynamic torsion of thin-walled tubes [2] etc.

An energetic stability criterion in dynamically loaded bodies under temperature field
is proposed in this paper. A thermodynamic method of investigation as well as the Lia-
punov’s stability definition is used. The thermodynamic method is often used in the cases
of equilibrium stability problems of elastic bodies [3, 4, 5 etc.]. The consideration of the
dynamic character of the process involves essential changes in the statement of the sta-
bility problem.

(*) The paper has been presented at the EUROMECH 53 COLLOQUIUM on “THERMOPLASTIC-
ITY”, Jablonna, September 1619, 1974,
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Let us consider the body # occupying the region £2, of the three-dimensional Euclidean
space E; at a certain moment #,. The volume of the body at that moment is ¥ and it is
bounded by a closed regular surface S. At the moment ¢ the body occupies the region
0, c E;. We assume £, to be the reference configuration with the coordinate system
{X}; £, is the actual configuration with the coordinate system {x}; the law of motion
is x = x(X, #). The body is loaded on the part Sp of the boundary surface with dynamically
applied traction TN, varying according to a given programme in the time interval (z,, ;).
On the remaining part S, of the surface' (S, v Sp = S) the velocities v are prescribed.
The surrounding is under a constant temperature 0.

The boundary conditions of the process are:

TN =T(X, )N, XeSp, te(to,ty),
(1.1 v=v(X,?), XeS, te(t,t),
QN = —(0—-0)hy, XeS, te(to,ts).

T is the first Piola-Kirchhoff stress tensor; N is the outward unit normal to the surface S
in Q,; v = x(X, ¢) is the velocity in terms of the material variables (X, ¢); Q is the heat
flux vector in 2,; 6 = 6(X, t) is the absolute temperature; Ay is the heat transfer coefficient.

A thermomechanical process occurs in the body under these conditions. A model of
a body with internal state variables is assumed in order to describe this process.

The body is considered as a closed thermodynamic system, consisting of an infinite
number of local thermodynamic systems — the infinitesimal neighbourhoods of the particles
X, having mass dm. The full thermodynamic state of any local thermodynamic system
(X, dm) is characterized by means of:

a) x(X, ¢) and the mass density o(X, ), determining the position of the system;

1 =
b) the strain tensor E = 2 (FTF —I) and the Piola-Kirchhoff second stress tensor T(X, ?),

describing the internal mechanical state of the system. F = dxx is the deformation gradient;

c) the specific entropy n(X, t) and the absolute temperature 6(X, ¢), describing the
internal thermal state of the system;

d) the internal state variables ‘¢’ (X,?), (@ = 1,2, ...,n) and the conjugated dissi-
pative forces P (X, ¢), describing the internal structural state of the system. The para-
meters ¥ could be tensors of different orders and may have different physical
meanings. The tensors representing in macroscale the microdamage density (dis-
locations, microcracks, etc.) are often chosen to describe the viscoplastic material pro-
perties. The viscoplastic strain tensor Ej itself could be chosen as an internal state
variable [7];

e) the specific internal energy # = u(X, t) describing the internal energy state of the
system;

f) the temperature gradient © = dx60 and the entropy displacement h(X, ¢), describing
the heat transfer, h = Q/6.

Let us assume that the first group of constitutive equations is known [6],

u =u(E, 7, X,

1.2 =
2 T =p,0gu, 6 =20,u, P®=—p,0,mu, (x=1,2,..,n),
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Taking into account the law of mass conservation

Yo

d-3) ® = Get (F} ’
and the law of heat transfer
1.4 Q=%(E,0,x"e,

the state of the local thermodynamic system could be described by means of the following
system of functions Mx(t) = {v,F(or E), n, x*} (X, ), X € £y, t € (t,, t;). The local
thermodynamic process in the elementary system is described by the change of these func-
tions Mx(t) = {v, F (or E), %, X®}(X, t). This change is determined by the following
differential equations system

g0V = DivT (the equations of motion, where the body forces are neglected)
F = oxv, (orE == %(F‘"F+F’"i?)) (the geometrical relations)

(1.5) 007 = Div (;7 Q) + % 000 (the balance entropy equation where the heat
supply is neglected),
x® = ®9E,n, x*), (@=1,2,...,n) (the equations of evolution for
the internal state variables),

with

(1.6) 000 =G -h+ 2 tr {P@¢®} >0 (the Clausius-Duhem dissipation energy
a=1

inequality).
The global thermodynamic process, taking place in the body # is determined by means
of the multitude M = {Mx(t)}, atall X € Q,, ¢ € (t,, t,) and obeys the first and the second
thermodynamic principles, applied to the global thermodynamic system of the body

d
Ef (qu+%gov-v)dlf=fv-TNdS+fQ-NdS,
v
(.7 s $
if dV—fiQ-Nds—f‘ 8dV > 0
drye"n J 6 _V?ﬂ"?" e

The Eqs. (1.5) and (1.6), after taking into account (1.2), (1.3), (1.4) and (1.7), describe
the considered thermomechanical process in the body #. The loading programme is given
with boundary conditions (1.1); the initial state of the body is assumed to be known e.g. it
is given M, = M(1,).

The form of the constitutive equations must be determined in each particular case for
the kind of material. As an example of the form of the second group of these equations
(in the case of " = E®), we shall mention those proposed in [6]:

(1.8) E°=B(T,0E)f(dz), E°# 0 for Az =z-2z,>0,

E°=0 for A4z<0,
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or those proposed in [7]

(1.9) E° = y(0)<PF)) M(T,0,E%), (D)=, F>0,
(Py =0, F<O0.

B and M are tensors characterizing the direction of the anelastic strain rate in the stress
space; f and @ are functions characterizing the viscoplastic properties of the material;
z('i‘, 0, E®) is the free enthalpy per unit mass; z, is the boundary value of z; F(T, 0, E®) =0
is the static yield condition; y is the viscosity coefficient.

It is convenient to consider the thermomechanical process in the space D, consisting of
the elements M = {Mx(t)}, at all X e, and ¢ € (t,, t,). The sequential positions of
M(t) where ¢ € (¢5, t,) describe the trajectory of the process in the space D. The trajectory
begins at the initial point M, = M(t,). We introduce the following metrics in the space D.
The distance R between any two elements M,, M, € D is defined by

(1.10)  R*(M,, M;) = R}(a;, a,) + Rix(Ay, Az)+ Rin(cy, ¢2)+ ZRi(Y‘f", Y5?),

a=1

where

R}(a,, a) = fax “aydm,
v
(1.11) Ri(A1,A) = [tr{AA}dm, R, co) = [cicodm,
v V

RAYD, YY) = [t (YO YP}dm (2 =1,2,...,n);
Vv

a, and a, are vector functions; A, and A, are tensor functions, ¢, and ¢, are scalar func-
tions, Y{® and Y% are tensor functions of the order of . They all depend on X and .

We shall investigate the stability of the thermomechanical process, using the norm
||M||3 = R*(M, M) in the space D.

2. Stability criterion

In order to obtain a stability criterion for the process M°(t), we consider another
thermo-viscoplastic dynamic process, described also by means of the Egs. (1.5) and (1.6).
For each f e (fy, t;), the second process obeys boundary conditions (1.1) with initial
condition Mg which is not very'diﬁ‘erem from Mg for the basic process M°(¢). The process
M'(t) leads to a trajectory in the space D, differing little from M°(t) at ¢ > t,. The assump-
tion that M'(t) is a process with viscoplastic deformations is similar to Shanly and Hill’s
assumptions in the theory of plasticity [11]. The disturbed process M’(t) as well as the basic
process M°(z) are really possible, obeying the thermodynamic principles (1.7).

Let us introduce a fictitious process M*(¢) = {M¥%(t)} where M$(r) = My(t)—Mx(r)
at te(to, t;). M'(t) = M°(t) if M*(t) = M = 0. According to the second Liapunov’s
method we reduce the stability problem for the process M°(f) to a stability problem for
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the fictitious equilibrium state ‘M with initial disturbances M¥ = My — M;. The fictitious
process M*(t) is locally described by means of the following differential equations system:

poV* = DivT*, *=T-T°, F*=F-F°,
F* = 0gvt (or 2% = TS 4 FATE 4 FTE* 4 FSTR* 4 FoTf),
Gh oo* = Div (‘g: - g:)-t-da, Ao = go-g:— —Qag- .
KO = AD®,  AP® = @O(E, o, @) —BD(E’, n°, x©°).
The corresponding boundary conditions are:
TN =0, XeSp, tel(ty,t,),
(2.2) v¢ =0, XeS,, te(l,t),
Q*N = —0*;, XeS8, te(ty,t,),
where
2.3) *=Q'-Q°, 6 =6-06°
The initial conditions are M. The fictitious process obeys total relations, obtained
after substracting the expressions in (1.7) for the disturbed and the basic processes.

a4 (Au+ Lv* vE4ve v“‘))godV fv* TNdS + f@-T*NdS— f&"hrds,
5

o4 U9 2 .,
' eon*dV = — f*'*krds+fﬂodV,
where:
6'6°
(25) T = -—é;-— > 0’ Au - H(E', n:, x(a)r)_‘u(Eo, 7}0’ xm)o)-

From (2.4), and (2.4), we obtain

(2.6) % J (go Au+ % Qo V¥ - V¥ 40V - v¥ — goéﬂ"‘)dV = — { 6 Acdv
v v
+ f\"" . TNdS+ J v -T*NdS + f (~—8- -1 ) 0*hrdsS.
Sp §uE
The energy dissipation is the only heat supply in the case under consideration and there-

fore 6" > 5, 6° > 6 and (67—1) < 0.

We expand the internal energy per unit mass for the disturbed process u(E°+E*,
7°+n*, x@°+x®*) in Taylor’s series in the neighbourhood of My. Taking into account
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that M§ were assumed to be of small values, the terms in the series, consisting of My
of the order higher than two, could be neglected and in the case of small second order
interactions we obtain:

7))  eodu = tr {T°E*}+0,0°n*— Ztr {2 (%]

a=1
1 O *T* 1 O %Y2 1 !1 () ()% o (%)%
+ S tr{TREVE} + 5 0%+ 5 ) tr {(BO @0 3%},
a=1

where
Iy = 00 0e(0k u)|u§s s = aq(anu)lu;‘!

(2.8)
. B®° = g, 6,(::}(5,(0)“)154;-

Substituting (2.7) into (2.6)
(2.9) I=AD+ WV,

where
n

I= % f (tr {r:E‘E*} +19:(?}*)2 + 2 tr {Bl;.:l)o x(ﬂ]* x(“)t}
v a=1
+00V* - V¥ +2tr {T°E*} +20,40°7* —2 Z ir {P9° 5%} 4+ 20,7" - _\r*) av,
(2.10) a=1

4D = f (-f_ —I)B*deS— féAodV,
5 v

WY = [ve-INds+ [v-T*Nds, 46° =6°-6.
Y

Sp v

An expression is obtained, consisting of the measure of alternation of the total energy
of the fictitious process 7, the power of the non-conservative forces during the fictitious
process WY and the difference 4D between the dissipative and thermal terms of the basic
and disturbed processes. This result is similar to the result corresponding to the case of
equilibrium state stability of bodies, loaded with non-conservative forces [9]. As the load
in the considered case is time-dependent, the term W appears in the Eq. (2.9). All {M¥(1)}
obeying conditions (2.2) form the manifold K = D. We assume that the basic process
{Mx(t)} is known; I is then a functional of M#(z), having the range of definition X. We
consider the r-neighbourhood of the fictitious equilibrium state M, determined by
1{ME@®)}|3 < r. According to Liapunov’s stability definition, the fictitious equilibrium
state will be locally stable if for each 0 < & < r there exists a 0 < d(g) < r such, that
1 {ME®O}I3 < r if |IME(2)||2 < (c) at each t € (t,,1,). In that case the basic process
M°(¢) will be stable too.

The value of r is to be chosen according to the specific character of the process. If the
condition of the definition is violated with respect to the norm ||M*(?)||3 > r, at the
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moment ¢ = t; the process is thermomechanically and structurally unstable at that moment.
If R3(v, v) > ratt = t, the body loses its stability of motion at the moment 7, ; if R (E*, E¥)
> r, it loses stability of the form; if R?,(n*, n*) > r, thermal instability occurs; if

n
D RI(Y™*, x“*) > r, internal structural instability occurs. (The internal structural equi-
=1

librium state instability with constant E and # and v = 0 is investigated in [10, 7]).

In order to establish sufficient conditions for stability of the considered process, Theorem
12 [8] will be applied. In order to fulfil the condition of the theorem, the following require-
ments have to be proved:

a) The functional I(M%(t)) must be continuous and upper bounded;

b) The functional I(M¥ (r)) must be positive definite with respect to the norm
H{ME ()}l at each t € (1o, 1)), e.g.

(2.11) 1= All{M%}Hlp, 4> 0;

c) The functional J(M%(¢)) must be decreasing with respect to ¢ in the interval
(1o, 1), e.8.
2.12) AD+W¥ 0.

If anyone of the above-mentioned conditions is violated at a certain moment 7, € (¢, #,),
the process is unstable at that moment.

Thus, an energetic criterion is obtained for the local stability of viscoplastic bodies
under dynamic thermomechanical processes.
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