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Thermal waves in inelastic bodies (*)

W. KOSINSKI (WARSZAWA)

A THERMODYNAMIC theory of materials with internal state variables is proposed. In this theory
the response of a material depends on the deformation, the temperature and two groups of
internal state variables, namely the thermal variables and the mechanical ones. The evolution
of these internal variables is governed by the first-order differential equation (evolution equa-

tion) in which the temperature gradient as an additional independent variable also occurs.

The form of the evolution equation proposed for the thermal variables leads to the functional
constitutive equation for the heat flux. The similarity between this equation and the Maxwell-
Cattaneo relation is discussed. In the theory the stress, the entropy and the heat flux, too, are
determined by the free energy function of a material. This fact is the consequence of the second
law of thermodynamics. The theory constructed is used for the investigation of one-dimensional
acceleration and shock waves. The general equations for the velocity of these two kinds of
waves propagating into a material at an equilibrium state are obtained. The particular forms of
the constitutive and the evolution equations for an elastic-viscoplastic body are proposed in
the discussion of the shock waves. The conditions under which uncoupled mechanical and
thermal waves propagate into the general material with internal state variables are derived.
The corresponding velocities are determined.

Zaproponowano termodynamiczng teori¢ materialdbw z parametrami wewnetrznymi. W teorii
tej reakcja materialu zalezy od deformacji, temperatury i dwéch grup parametréw (wewnetrz-
nych zmiennych stanu): mechanicznych i termicznych. Ewolucja parametréw wewnetrznych
rzadzi réwnanie rézniczkowe pierwszego rzedu (réwnanie ewolucji), w ktorym wystepuje
gradient temperatury jako dodatkowa zmienna niezalezna. Zaproponowana posta¢ réwnania
ewolucji dla parametroéw termicznych prowadzi do funkcjonalnego réwnania konstytutywnego
dla strumienia ciepla. Przedyskutowano podobienistwo tego rownania do zwiazku Maxwella-
Cattaneo. W budowanej teorii naprezenie, entropia a takze strumien ciepla sa wyznaczone
przez funkcje energii swobodnej materialu. Jest to konsekwencja drugiego prawa termodyna-
miki. Teorig zastosowano do badania jednowymiarowych fal uderzeniowych i przyspieszenia.
Otrzymano og6lne rownania na predkosci tych dwoch rodzajow fal rozprzestrzeniajacych sig
w materiale w stanie rownowagi. W dyskusji fal uderzeniowych zaproponowano szczegblna
posta¢ rOwnari konstytutywnych i ewolucji. Wyprowadzono warunki, przy ktérych niesprze-
zone mechaniczne i termiczne fale rozprzestrzeniaja sie¢ w og6lnym materiale z parametrami
wewnetrznymi. Wyznaczono odpowiednie predkosci.

B nacrosuei pabote npesioxeHa TEPMOIHHAMHYECKAA TEOPHA MAaTEPHAJIOB XapaKTepH3YeMBIX
BHYTPeHHHMH napamerpamu. COrslacHO STOH TEODHM peaKi{us MaTepHasa 3aBMCHT OT Aedop-
MALMH, TEMIIEPATYPhI H OT JBYX COBOKYIHOCTEl BHYTPEHHMX [TapaMeTpoB — BHYTPEHHHX apa-
METPOB COCTOAHHA: MEXaHWYECKMX M TEOPETHYECKHX. DBOJIOUMA BHYTPEHHHX IapaMeTpoB
nouuHAeTCA HHbdeperRzansHOMY YPaBHEHHIO IEPBOTo MOPAAKAa — YPABHEHMIO IBOJIOLHM.
B sromM ypaBHeHMH NpPHCYTCTBYET, B KauecTBE JOMOJHHTEIBHOM MEpeMEHHON, IpaJueHT TeM-
nepatypbl. OGCY}(IEHO CXOICTBO 3TOr0 YpaBHEHMA ¢ 3aBHCHMocThi0 Makcsesa-Karraneo.
CornacHo IOCTPOEHHOM TEOPHH HANPSDKEHHE, SHTPONHUA ¥ MOTOK TEIIa ONpeaeaioTcsa hyHK-
umei cBoOOHOH 3HepTHH MaTepHana. DTo CBOHCTBO ABJACTCA CJIECTBHEM BTOPOrO IMPHHIHIA
TepMOAHHAMMKH. TeopHA MPUMEHACTCA K MCCIEIOBAHMIO OMHOMEDHEIX YAaPHBIX BOJH H BOJH
ycxoperus. ITomyyensr ofuiue ypaBHeHHA Ui CKOPOCTEH 3THX ABYX PasHOBHIHOCTEH BOJH,
PaCIpOCTPAHAIOIIMXCA B Cpefie B COCTOAHMM paBHOBecHfA. PaccmMoTpuBas yAapHEIE BOJIHBI
MPEANON0MEHO KOHCTHTYTHBHbIE YPABHEHHA M YDABHEHHA 3BOMIOIMH ocoGoro Buaa. ITomy-
9YEeHO YCIIOBMSA, NPH MCHOJHEHHH KOTOPBIX HECONPSDHEHHBbIE MEXaHHUECKHE M TEpMHYECKHE
BOJIHBI PacrpoCTpaHMIOTCA B ofmiel cpefe ¢ BHyTpeHHHMMH napamerpamu. OmpefeneHo co-
OTBETCTBYIOIIHE CKOPOCTH.

(*) The paper has been presented at the EUROMECH 53 COLLOQUIUM on “THERMOPLASTIC-
ITY”, Jablonna, September 16-19, 1974.
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1. Second sound

THE MECHANICAL theories of the nineteenth and twentieth centuries taking into account the
transport of the heat base on the classical theory of heat conduction. This theory comes
down from J. B. J. FOURrIER, who in 1822 formulated his proportional relation between
the flux of heat and the gradient of the temperature distribution. As a consequence of this
relation the temperature distribution in a body is governed by a parabolic partial differential
equation, which predicts that the application of a thermal disturbance in a finite region
instantaneously affects all points of the body. This fact contradicts of course the physical
observations and the particular theory of relativity. As early as 1867, thanks to MAXWELL
[1], the modified rate type equation of heat was given. That equation was free of this contra-
diction. Unfortunately, Maxwell immediately cast out the term involving the rate of the
heat flux (*) and gained Fourier’s law.

The problem of the existence of the finite speed of propagation of thermal disturbances
has been investigated for the last forty years of this century. In that time the second sound
(the speed of the thermal signals) was observed in the fluid helium. LANDAU [2] suggested
that the behaviour of helium may be described by a gas of elementary excitations called
phonons and that a thermal wave is the propagation of a phonon density disturbance.

Landau’s theory predicts that this second sound propagates with the speed v,/)/3, where
v, is the velocity of sound (the first sound). It was predicted also, that the second sound
must exist in any solid since all solids exhibit phonon excitations (see CHESTER [3]), but
only just recently experiments by ACKERMAN et al. [4, 5] on solid helium have shown that
the second sound does indeed occur in solids (?).

From the physical point of view the classical theory of heat conduction does not take
into account the short time required to establish a steady-state heat conduction when
a temperature gradient is suddenly produced in a body. Of course, there are the experiences,
the physical problems, in which by comparing the magnitude of the process time, this short
time of heat conduction may be neglected. This neglected short time is called the rhermal
relaxation time. The inclusion of the relaxation time ensures that the corresponding field
equations do not imply that thermal signals have an infinite speed of propagation.

In a number of works the phenomenological modification is introduced into the classical
Fourier law to obtain a wave-type equation for heat conduction. In [6, 7] CATTANEO
assumed that Fourier’s law was valid only for a quasi-equilibrium state and in order to
generalize this law to include the non-equilibrium state he proposed that it be replaced
by the constitutive relation:

(1.1) T4+q = —kg,

where q is the heat flux vector, g is the temperature gradient, k is the positive constant
called the coefficient of thermal conductivity and 7 is the thermal relaxation time. This
constitutive relation was already obtained by MAXWELL [1], so the Eq. (1.1) can be called
the Maxwell-Cattaneo relation. Similar suggestions of the modification of Fourier’s law

(*) The existence of the rate of the heat flux leads to a hyperbolic heat equation.
(*) For fluid and solid thermal waves were observed at very low temperatures.
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were made by VERNOTTE [8], and CHESTER [3]. This problem was treated by KaALiski, who
in [9] gave reasons for taking into consideration the rate of the heat and introduced the
notion of the thermal inertia of the body. In [10] MAzILU derived the hyperbolic equation
of heat conduction based on the notion of an inertial system.

Instead of the Maxwell-Cattaneo relation (1.1) GURTIN and PipkIN [11] assumed that
the response of a rigid heat conductor depends not only upon the temperature, but also
the summed histories of temperature gradient and they could obtain the temperature rate
waves with finite wave speed. This idea was studied further by CHEN [12], CHEN and GURTIN
[13] (®) and McCArTHY [14] (*). In the linearized theory of GURTIN and PipkiN (Sec. 7
in [11]) the constitutive equation for the heat flux q has the form

(1.2) a) = — [ a(s)g(t—s)ds.
0

An interesting fact is, that assuming for the kernel a(s) the expression
(1.3) a(s) = kr~le ",

one may obtain, after differentiating of the Eq. (1.2) with respect to time #, the Maxwell-
Cattaneo relation (1.1).

LorD and SHULMAN provided in [15] further arguments justifying the modification of
Fourier’s law and investigated the implications of the modification for a problem of one-
dimensional wave propagation in the coupled thermoelasticity (*). For the same medium
the propagation of discontinuities of the stress and the temperatures was studied by ACHEN-
BACH [17] in a case of one-dimensional theory. In [18] NAYFEH and NEMAT-NASSER analysed
the behaviour of thermo-elastic waves in a solid half-space. In their analysis the thermal
relaxation time of heat conduction was included. For the rate-type plastic material thermo-
mechanical acceleration waves were investigated by Tokuoka in [19].

The aim of the present paper is to formulate the thermodynamic theory of materials.
with internal state variables (internal parameters) in which the thermal acceleration and
shock waves exist and the Maxwell-Cattaneo relation may occure. Although in [20] the
analysis of acceleration waves in a material with internal parameters was carried out the
consequences of the assumed constitutive evolution equation were not derived. Further-
more, it was not shown that the Maxwell-Cattaneo relation might occur in that theory (6).

In Secs. 3 and 4 a thermodynamic theory of a material is formulated. In this theory the
response of a material depends on the deformation, the temperature and the internal
state variable vector. For the internal state variables we have (we postulate) a vector
differential equation of order one in which the temperature gradient takes place additionally.
The theory constructed is used for the analysis of acceleration and shock waves in Secs. 5
and 6.

(3) For the case of deformable solids.

(*) In [12 and 14] the variation of the amplitude of temperature rate wave was discussed.

(*) A similar investigation was carried out by Porov [16].

(%) In [21] SuLiciU discusses the use of the Maxwell-Cattaneo relation in the theory with internal state
variables.
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2. Thermomechanical material with internal state variables

According to the aim of this section we deal here with the formulation of a thermody-
namic theory of materials with internal state variables (internal parameters) in which the
thermal waves of the second and the first order as well as the mechanical waves may appear.

By the waves of the second order (the waves of the weak discontinuities) we mean
the acceleration mechanical waves and the temperature rate waves, i.e. the singular sur-
faces on which the acceleration of particle and the rate of the temperature have jump
discontinuities. By the waves of the first order (the shock waves) we mean the surfaces
of the strain and temperature discontinuities.

In order to formulate the thermodynamic theory of the material (of a body %), we
assume the following properties of the body %:

Al. The body £ can deform in elastic and inelastic manners.

A2. The body # can conduct the heat.

A3. There exists a homogeneous (7) reference configuration x, i.e. such a configuration,
that the response of each particle of the body # is the same.

A4. The material of the body can be described by the use of rational thermodynamics (®).

AS. The dissipation of the body £ may be described by the appropriate set of the
internal state variables (internal parameters).

A6. The memory of the material of the body # is particularly sensitive to the past
history of the nonhomogeneous temperature distributions.

Now, we want to express in mathematical language the above set of the assumptions.
To describe deformations and changes in the temperature we introduce the deformation
gradient F and the absolute temperature 4. If x = y(X, t) is the place of a particle X
of the body # at time ¢, then Grad %(X, t) = F(X,t). The temperature gradient g(X, 1)
= grad#(X, 1) describes the nonhomogeneity in the distribution of the temperature in 4.
The set of the internal state variables is denoted by a. The internal variables are of a different
geometrical nature and may have a different physical interpretation.

The quantities introduced (F, &, g, «) form the set of the independent variables, which
can be called the state variables. Their values at a given time ¢ are called the state.

Now in the further formulations we may, of course, use the notions of the state space,
the process space, the method of preparation space, the evolution function and the others,
which were introduced by KosiNski and PERZYNA in [22], but in this paper it would be
superfluous.

As the dependent variables we take the Cauchy stress tensor T, (or the first Piola-
Kirchhoff stress tensor T, which is related to T. by T = o~ ' T.(F")~!)), the free energy
1, the entropy # and the heat flux q. The laws of motions and thermodynamics have then
forms, in the presence of the body force b and the rate of heat supply r

divT.+¢b = o%, T.= Tf,

(2.1) o+ 73 +nd)—T,- L+divq = or,
. - 1 1
—— 19‘+—T.:‘L—‘—"— . ;0’
=1 0 00 q-g

(7) This assumption may be neglected in consideration of this section.
(®) i.e. thermodynamics based on the Clausius-Duhem inequality.
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where L = grad y is the velocity gradient, T, - L represents the inner product of T, and L,
ie. T.- L = tr(T.L") with LT as the transpose of the tensor L. Here ¢ denotes the mass
density.

To specify the material structure of the body # we shall introduce the following consti-
tutive assumptions:

K1. The response of the material in particle X at time ¢ depends on the values of the
deformation F(X, t), the temperature #(X, t) and the internal state variables a(X, t).

K2. The evolution of the internal state variables & during the thermodynamic process
is governed by a vector differential equation of the first order, in which the temperature
gradient as the additional variable takes place.

Now we express in the mathematical form these assumptions bearing the properties Al
to A6in mind. The postulates K1 together with A3 and AS take the form of the constitutive
equations:

T(X,t) = 7 (F(X,t), %X, 1), a(X,1)),

(X, 1) = V(FX, 1), X, 1), a(X, 1)),

n(X,t) = NF(X, 1), X, 1), a(X, 1)),

q(X, t) = Q(F(Xs t)a ﬂ(X’ t)’ G(X: f)).

The following evolution equation for the internal state variables « reflects the postulate
K2 and the property A6

2.3) a(X,t) = A(F(X,1), %X, 1), gX, 1), a(X,1)).

The constitutive equation assumed should verify the laws of mechanics and thermo-
dynamics. The second law of thermodynamics (2.1), requires that for each differentiable

deformation and temperature field and for differentiable free energy function the ine-
quality (°)

(2.2)

(2.4) (T—0p¥) - F— (0, ¥ +n)P—-0. ¥ -a— ;_6'1 -g20,
holds.

The main problem in the thermodynamics of continuum is that of defining the restric-
tions which the second law of thermodynamics imposes on constitutive functions describ-
ing the response of material. In 1967 CoLEMAN and GURTIN in their paper [23] and Va-
LANIS in his paper [24] have formulated the restrictions imposed by the second law. These
restrictions are made though for another type of constitutive equations.

Their results may be derived in this case, too. Since the third and the fourth terms in

(2.4) are independent of F and 9, so the method formulated in [23] adapted in the present
case implies the following identities in each termodynamic process

TF, ¥, a) =¥EF, 90, a,

2.5
(2:3) N@F, ?, a) = —0,¥(F, 3, a),

(°) Replacing T, by T in (2.1) we obtain for the mechanical power T, L = oT- F and, instead of
(2.1)4, the inequality

. . 1
—p—d9+T- F——q- g 20.
od

4 Arch. Mech. Stos. or 5-6/75
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and the following inequality

2.5)5 —3,!?’—&—9%41-32 0.
They mean that the stress, the entropy are determined by the free energy function and the
inequality of the general dissipation must be satisfied.

Now, we formulate the fundamental for further investigations, assumptions concerning
the influence of the temperature gradient upon the response of the material:

P1. There exist two groups of the internal state variables @ = (ay, o), namely: the
mechanical variables ax and the thermal variables o,.

P2. The forms of the evolution equations for them are as follows:

@y = Bu(F, 9, ag),
a, =g+B,(F, 3, ap).

The form of the function A in (2.2) assumed here denotes that we cast out the influence
of the temperature gradient upon the rate of the mechanical variables d, keeping the
linear relation between thermal variables &, and the temperature gradient.

Since we know the right sides of the evolution equations we are able to derive the next
consequences of the second law. These consequences are true only in the theory constructed.
We put the right sides of (2.6) into (2.5);:

(2.6)

@n 0<- (6,q9’(F, ?, @)+ gia Q(F, d, u)) '8 0 P(F, 3, @) By(F, 9, ay)
— 0uy P(F, 9, @) - By(F, 9, ap).

If we take into account the fact that the solution of aq in (2.6) does not depend on the actual
value of the temperature gradient (1°), then we see that (2.7) holds for all (F, 4, a, g), only
if the coefficient of g vanishes and the sum of the remaining terms is not negative:

(2.8) OF, ?, a) = —090, ¥(F, 9, a),
0 < =0 P(F, 9, @) - By(F, &, ag) — 0oy 7(F, #, @) - Bu(F, 9, ag).

In the present theory, an interesting fact is that in contrast to the results obtained by
CoLEMAN and GURTIN [23] and VALANIS [24], in addition to the stress and entropy, the
heat flux is determined by the free energy function. There are the thermodynamic theories
of materials in which similar results take place [11, 13, 26]. We can gather the consequences
of the second law of thermodynamic in the following theorem.

THEOREM 1. In the thermomechanical material with internal state variables for which the
relations (2.2), (2.3) and (2.6) hold, the stress, the entropy and the heat flux are determined
by the free energy function:

(2"9) T = aF!p(F: ﬂ, G), 0= '_aéy(F! 19: G), q= _Qﬂ'aqup(Fsﬂ, ﬂ'.),
and the functions ¥, By and By satisfy the internal dissipation inequality (2.8),.

(*°) It is in consequence of the existence and uniqueness of the solution. Cf. [25].
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3. Maxwell-Cattaneo relation

After defining the restriction which the second law of thermodynamics imposes on
the constitutive equation we are going to answer the following question: under which
assumptions does the thermodynamic theory constructed contain the Maxwell-Cattaneo
relation of heat conduction? The answer this question is one of the main aims of this paper.
In order to make replay we assume additional postulates,

P3. The free energy function in (2.2), depends on g in the following way

1 k
(3.1) V(F, 8, @) = Pa(F, 9, o)+ 55— e o,

where (1) ¥, is a function of the deformation F, the temperature # and the mechanical
internal state variables ag, only.
P4. The function Bg of the right side of (2.6), has the form

(3.2) By(F, 9, a) = — _} .

The last assumption implies the following evolution equation for the thermal internal
state variables ag:

3.3) b=g % =0,

where the vanishing initial conditions are assumed.
By the assumption P3 and Theorem 1 we find that the constitutive equation for the
heat flux takes the form
. k
(3.4) q=-—dq

T
THEOREM 2. For a material with internal state variables, which has the properties A1-A6
and fulfils the assumptions K1, K2, P1-P4 its heat flux is given by the functional equation (*?)

1
- ?(“"’)

(3.5 q(t) = — % fe g(s)ds.
]

This equation, in the class of differentiable functions q(t) is equivalent to the Maxwell-
Cattaneo relation
(3.6) 1q(t)+q(t) = —kg(?).

Proof. The solution of the evolution equation (3.3) is given by the integral

t 1
a)=[e ° gls)ds.
0

In view of the heat flux constitutive equation (3.4) the proof of (3.5) is complete. To prove
(3.6) one needs to differentiate q(z) with respect to time ¢ in (3.5) and use some properties
of integrals with parameters.

(*) As previously, © denotes the thermal relaxation time of the material.
(*?) Cf. AcHeNBACH [17].

4+
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A material for which Theorem 2 holds we shall call the thermomechanical material with
internal state variables.

It is interesting when the relation (3.5) turns out to be classic example of Fourier’s
law. It is evident that for v = 0 the Eq. (3.6) reduces to Fourier’s law. This case corresponds
to a definite conductor for which the thermal relaxation does not exist in material and,
consequently, to the infinite speed of propagation of thermal disturbance. Clearly Fourier’s
law is not a special case of (3.5). However (*3) when the temperature gradient g(s) is
constant for all time s e (— 0, t), then our functional relation for the heat flux (3.5)
reduces to

3.7 = —kg.

4, Equilibrium state

For further considerations it will be convenient to have some properties of the consti-
tutive functions at an equilibrium state.

We say, that the system of quantities (F¥, §#, 0, a¥) is a local thermodynamic state of
equilibrium of the thermomechanical material with internal state variables, if the functions
By and B, in (2.6) vanish, i.e. By(F#, 9%, 0, a#) and B,(F#, 3%, 0, o).

Since, by (3.2), By(F, &, ag) = — %a.,, this condition follows aff = 0. We see, that the

thermodynamical equilibrium state requires the zero temperature gradient and the vanish-
ing time derivatives of the internal state variable vector.

Let us notice that the function a(f) = (e, 0) for ¢ € [0, 1), 7, < o0, is the solution of

ag(t) = Bu((F¥, 9%, an())),
(4.1

aolt) =~ ag(t),

with the initial value (ag(0), aq(0)) = (a5, 0). This solution is called the equilibrium so-
lution.

The properties of the free energy and the heat flux constitutive functions will be proved
in the case of quasi-asymptotical stable equilibrium states.

We say that an equilibrium solution a(f) = a* (a(f) = (e, 0)) of (4.1) is quasi-
asymptotically stable (%), if

4.2) \/ A\ lla(te) —a#] < 8 = lima(r) = a*.
8<0 a(-)—solution of (4.1) 403
A thermodynamic equilibrium state is called the quasi-asymptotically stable equi-
librium state if the corresponding equilibrium solution is quasi-asymptotically stable.
For such states the following theorem is true.

(*3) cf. [11].
(*%) Cf. ANTosIEWICZ [27].
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THEOREM 3. In a quasi-asymptotically stable equilibrium state of a thermomechanical
material with internal state variables the free energy has a minimum and the heat flux van-
ishes.

Proof. Let us consider the thermodynamic process on [0, o) for which F(¢) = F#,
#(t) = 9%, g(t) = 0forz > 0, and a(0) = «®, where the set (F¥#, %, 0, a¥) forms a quasi-
asymptotically stable equilibrium state. For such a process F(t) = 0 and 9(¢) = 0, and
a(?) is given as the solution of

au(t) = Bu(F#, 0%, an(t), oau(0) = ag»
4.3
) () = — o a(0) = ak-

In view of (2.1), 9(¢) < O for ¢ > 0. The continuity of the function p(r) = ¥ (F#, 9%, a(r))
in ¢ yields

4.9 Y(F#, 9%, a) > Y (F*, 9%, a(®)) for t=0
because W (F#, ##, a(r)) is a non-increasing function of z. Let us assume that the initial
vector a® is arbitrarily chosen from the neighbourhood of a#, i.e. |[|a®—a#|| < &, where

d is taken from (4.2). Then, since ¥ is continuous, and the equilibrium state is quasi-
asymptotically stable, it follows that

4.5) lim P(F¥, 0%, a()) = P(F¥, 9%, a¥).

Combining (4.4) and (4.5) we obtain
(4.6) Y(F#, 9%, &) > V(F+#, 0%, a#),

for all vectors & in the neighbourhood of a*. The Eq. (4.6) expresses the minimum prop-
erty of the free energy at the quasi-asymptotically stable equilibrium state. Consequently

@.7) 0, W (F#, 9%, a#) = 0.
The last equation, called the equation of internal equilibrium (cf. [23], thanks to (2.9)),
completes the proof of the theorem.

The last proven fact will be used in the investigation of the waves in the material under
consideration. It will be the subject of the next two Sections.

5. One-dimensional acceleration waves

As was-said before, results concerning the thermodynamic theory of the material under
consideration would be used in the wave investigation.

Firstly, the acceleration waves will be analyzed. It will be done in the case of one-di-
mensional theory.

The one-dimensional motion of the body # is described by the scalar function
%: xR — R giving the location x = y(X, f) at time ¢ of the material point (partical)
of the body whose position in the reference configuration » is X. We shall, as is customary,
identify each material point with its position in the reference configuration. The configura-
tion x is assumed to be homogeneous with a mass density g,.
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The displacement of a material point is defined by the function u: #x R - R*

(5.1) u(X,t) = (X, 0)-X for (X,1)e®xR,
and, assuming that the necessary derivatives of u exist, we further define
: a 0
(52) u(X’t)_‘a_r“(X!t)=Ex(X!‘)’
. E(Xr)—a Xr~—3 X,1)—1
’ -EY’"( ) )—ﬁx( -1,

as the particle velocity and the strain (*°), respectively. To describe thermal effects,
we introduce the absolute temperature #(X,t) > 0 and the temperature gradient (*¢)

glX,t) = -;fﬂ(}.’, 1).

We assume that the motion of the body contains an acceleration wave — i.e. a curve
X c #x[0, o) on which the second derivatives of y, i.e.: #, .E.', 0xE and the first deriv-
atives of ¥ — namely ¢ and g, (and also higher derivatives of them) suffer jump dis-
continuities.

If (Y(¢),t) € Z, then the value ¥(z) is the material point at which the wave is to be
found at time 7. The wave moves with the speed

(5.2) U(t) = 3‘-{; Y(t).

The following kinematical condition of compatibility [28]

(5.4) 211 = [0S 1 YO+ L,

with f = &, E, and & implies that
(55 ~U[E] = U[%:E] = [i], [9] = -Ulgd.
where we use the well-known notation for the jump in a function f(X, t) across X at t.

The Theorems 1 from both [20] and [25], and the Eq. (3.3) solve the question concerning
the jump of the time derivatives of the internal state variables oz and a,.

LEMMA. On the acceleration wave X in the motion of the thermomechanical material with
internal state variables, the mechanical variables, with its derivatives, and the thermal variables
have no jump discontinuities, i.e. [ag] = [@g] =0, [o,] =0, but the jump in the time
derivative of o, exists'and is given by
(5.6) [a] = &
provided the function By in (2.6), is continuous in all variables and Lipschitz continuous
with respect to a.

(**) In the one-dimensional case the strain E is often used instead of the deformation gradient F = E-+1.
(%) Here we have introduced the material gradient of the temperature. It is connected with the spatial
a0 of oy

mdlmfbygusg =§;a‘= (E+1)g.
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The laws of balance of momentum and energy are equivalent in the case of acceleration
waves, to the assertion that ([29])

6.7 (7 [0x7] = elill,  edi+79+95] = TIE]-[0x4l.

Using the Egs. (2.2), (2.8), and (5.6) and the compatibility condition (5.4) with f equal
o, we obtain (%), from (5.7), the system of two algebraic equations with respect to [#]
and [$]:
. (07 —aU)[ii]+(@ T -U8,7)[$] =0,
0.8 0N [ii] +(e.BUD. N—071UQ — 0,8U* 3, N+ %) [4] =o.

This set has non-trivial solutions if its determinant vanishes. But we notice that the coef-
ficients of these equations are formed by the values of the constitutive functions and their
derivatives on the wave Z.

To simplify the computation let us suppose that the wave is propagating into the material
being at a quasi-asymptotically stable equilibrium state (E#, 9%, 0, a¥#). Then in view
of results of the previous Section a:f = 0 and the heat flux vanishes at this state.

The condition of the vanishing determinant of (5.8) gives (*°)

4 2
(5.9) (E) - (E) Go+do+1)+bo =0,
Cp Co
where the coefficients are following:
2 _ 0T _ k (6, 7)?
(5.10) Co = o bo = ms do = W:

where the values of 7, N, should be taken at (E#, §%, a¥),

Notice that the expression p;'dyT (E¥, 9%, a¥) is the velocity of the acoustical
(mechanical) wave in the material. Since such a wave must be real we have g7 > 0.
Additionally, the term 9% 9, N(E#, 9%, a#) is called in thermodynamics the specific heat
of the material, which also should be positive. These facts imply b, and d, positive, and
the proof of the following theorem.

THEOREM 4. In the thermomechanical material with internal state variables an acceleration
wave propagating into a quasi-asymptotically stable equilibrium state has four real and
symmetric velocities (*°).

We study the Eq. (5.9) for two particular cases.

Case 1. No thermomechanical coupling in the material, i.e. 957 = 0. Then d, = 0 and
we have two pairs of solutions

U%.Z o clzh i-e' Uf,z = axg-(E#, 6;“:! ﬂ#)le,‘.
Uia =céb, ie. Ui, = k/o,v0%0,N(E#, 0¥, a¥).

(*7) We assume here the continuity of the body force and the rate of the heat supply and the continuous
differentiability of the constitutive functions.

(**) See derivation in [20].

(*?) A similar result for materials with memory has been obtained by CuEN and GURTIN [13]; cf. also
[12, 19, 21].

(2°) Because of the biquadratic equation (5.9).

(5.11)
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COROLLARY 1. For the material which has no thermomechanical coupling the acceleration
waves are separated into two parts: one is a purely mechanical wave and has the velocity
(5.11), as a material without thermal influence, and the other is a purely thermal wave (*')
and has the velocity (5.11),.

Let us notice that in the case of the thermal wave velocity the thermal relaxation time
tending to zero (it denotes that the Maxwell-Cattaneo relation reduces to Fourier’s law)
implies the infinity velocity of propagation of thermal disturbances, i.e.

(5.12) from 7 — 0 follows U?, — o0.

When the material has no thermomechanical coupling and is a non-conductor, the
coefficient of thermal conductivity k vanishes, then

(5.13) Use =0,

which yields for a non-conductor (with absence of thermomechanical coupling) that the
wave is purely mechanical and there is no thermal wave but there is a static curve (i.e.
a point, in a one-dimensional case) of thermal jump.

Case 2. A non-conductor with thermomechanical coupling, i.e. £ = 0. Then b, =0
and we have

COROLLARY 2. For a non-conductor there are only two symmetric coupled (*2) thermo-
mechanical waves with the velocity
_ 05T (E#, 0%, a¥) & (06 T (E*, 9%, a¥))?

Ui, =cd(dy+1), ie. Ui,= )
(5.14) fiz =0l 1) S Ox 02 05 N(E*, 9%, at)

USM =0.

6. One-dimensional shock waves

Coming to a shock wave, we define it as a curve Z [cf. (5.1)] on which the strain E and
the temperature ¢ suffer jump discontinuities, i.e. [E] s 0 and [#] # 0.

Let us formulate the fundamental theorem.

THEOREM 5. In a shock wave in the thermomechanical material with internal state variables
the following relations hold:

6.1 [2g] =0, [&a] = Ba(E~, 9", ay)—B(E*, &+, ay),

[w] =V'[8], [a] = [&d+ G 9],
provided the function By in the Eq. (2.6) is continuous in all variables and Lipschitz continuous
with respect to a. Here V(t) = g? Y(t) is the velocity of the shock wave.

Proof. The part of the proof concerning ey and &g in (6.1),,, is the same as in

(*') Cf. Tokuoka [19].
(**) A similar result has been obtained in elastic non-conductors. This is an example of a homotropic

wave; cf. [12, 20, 29].



THERMAL WAVES IN INBLASTIC BODIES 745

[30, 31]. To prove the relation (6.1);,, let us notice that the Eq. (3.3) in the case of shock
waves is equivalent to the integral equation

¢ _.lu—s}
(6.2) GX,0)=[e *  gX,s)ds.
[1]

Therefore, in view of g,(X, 5) = dx?#(X, 5), the equation

- -—-(r )

6.3) wX, 1) = 5 f 8(X, 5)ds

is equivalent to (6.2) on either side of the wave.
Even if the temperature is discontinuous the integral in (6.3) will be continuous on the
wave. Now, we use the condition of compatibility (5.4) with f equal to the integral.

Then we obtain
2 £ —%(r—s]
= ﬂ_a}.ofe a(X, s)ds_ﬂ .

= ”a(x, n-=f e e, s)dsﬂ = -[9].
J |

t 1
d o [ ~7¢ 1
(6.4) -&?Y(t)[ﬁ nf e HX, S)dS_ -

Hence

- {[ai?]] =y~ [19]’

because V(1) = —jT Y(t). Furthermore, since &, = g,— % a, in (3.3), thus

[&] = [[g.‘}]+ 7 191,

which completes the proof.
As the consequence of the theorem we have for the heat flux

©5) la] = —[9].

The laws of balance of momentum and energy are equivalent in the case of shock
waves, to the assertion that ([28])

[T] = — Dy V[[!’.‘]) [[ax T] = 9#[“]]:
1. "
—oVTy+nd + 5 i] = [Ti] - [4].
As the consequences of these equations and the compatibility condition (5.4) we obtain
T T-+T
60 v=U _rlwme- T3 e o

The Eq. (6.7), is the Hugoniot relation; it gives all possible thermodynamical states
(E-, 9, a~) which can be reached across a shock wave from an initial state (E*, 3%, a*).

(6.6)
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The general constitutive equations considered up to this time make it impossible for
us to determine the velocity of the shock wave from the Eq. (6.7);. This is the reason for
introducing the particular form of the constitutive equation. It will be done for an elastic-
viscoplastic body with one mechanical internal state variable oy and a thermal one o,.

Assuming very small strains and very small temperature increments, the free energy
may be taken in the form of a biquadratic expression

1
(68) Y(E, ¥ o = “é" {302(19 —0)* +a50(E—ag)®+a,,(E— ag) (3 —3,)
+as00f+as005},

‘where the mechanical variable ay may be treated here as the permanent inelastic strain.
Assuming that the elastic part of the strain E— ay fulfils Hooke’s law and by considering
certain simple deformation and heating processes the constants are determined as

(6.9) a2 = —0ucu[200, @z = (A+2u)[2, ay = —(CA+2WK, ay = k[27,,

where A and p are Lamé constant, ¢, is the specific heat at constant volume, K is the
coefficient of thermal expansion and &, is the reference temperature of at quasi-asymptot-
ical stable equilibrium state in the front of the shock wave.

Theorem 1 implies then

T = (A+2u) (E—oy)— (31+2u) (3 -9,)K,
(6.10) N = cw(@—30)/Fo+ (34+2p) (E—ag) Koy,

q = _kaq/ T,
where we invoked the basic assumption of small strains and small temperature increments.

In order to give an evolution equation for the inelastic strain oy, we assume that the

model of the material under consideration has linear elastic properties up to static yield
condition |T| < ¢ and above it —i.e. for |T| > o — viscoplastic ones [32]. It follows the
form of the evolution equation

6.11) r. ’ 7(9) (}”(% —sgn T) for |T]> o(®),
' 0 for |T| < o(®).

We have assumed a dependence of the yield stress o and the viscosity coefficient y on
the temperature ©. For the thermal variable we have, as in the general case, the equation

6.12) o = B =1,

The material ahead of the wave must be in a quasi-asymptotically stable equilibrium
state (Ep, ¥, 0, a®). It will be satisfied when the stress at this state Tp = (A+2u) (Eo— «g) —
—(34+42u) (P —Bo) K does not exceed the yield stress o(8,).

Taking into account our constitutive equations we are able to derive from the Egs.
(6.7) the following two algebraic equations:

(Qqu"'zazo)ﬂ:E}—anﬂ:ﬂ]] =0,

(6.13)
ay V2 [E]—2(ao: VZ+as0) [#] = 0.
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In order to have non-trivial solutions the determinant of (6.13) must vanish. Hence
we have

6.14) (-'ci) ” ({-) (b+d+1)+b =0,

+2u

(6.15) b =kl/(A4+2p)cer, d = (3A+2u)*K?*Po/(A+2u)0,Cr-

It is seen that the coefficients (23) b and d are positive.

THEOREM 6. In the elastic-viscoplastic body governed by the Egs. (6.8)—(6.12) a shock
wave has four real and symmetric velocities [17].

As in the previous case two particular cases will be considered.

Case 1. No thermomechanical coupling in the material, i.e. K = 0, the coefficient of
thermal expansion vanishes. Then d = 0 and we have two pairs of velocities

A
where ¢? =

is the velocity of dilatation waves and

A+2pu k
6.16 Vi, = Vis = ;
( ) 1,2 0x ’ 34 0xCwT

COROLLARY 1. For the case considered there are two separated waves: the mechanical

dilatation waves with the speed + ]/).+2,u and the purely thermal waves with the velocity

+ ]/9 t s If the thermal relaxation time vanishes (tr — Q) the finite velocity of the thermal

wave goes to infinity (V34 — ).

Case 2. A non-conductor, i.e. k = 0 (the coefficient of thermal conductivity vanishes).
Then b = 0, and we have

COROLLARY 2. For a non-conductor there are only two symmetric coupled thermomecha-
nical shock waves with the velocity

_ (3A+2u)* K29,

(6.17) vi s, Via=0.
1,2 0 3 Cu 3.4
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