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A general theory for floating ice plates

KOLUMBAN HUTTER (ZURICH)

THE NON-LINEAR basic equations which govern the motion of floating ice plates are developed
from the three-dimensional theory of elasticity by means of a general expansion procedure.
The result is a hierarchy of two-dimensional approximate equations. This theory is valid for
non-uniform temperature distribution across the thickness of the ice and takes the effect of
thermal stresses into account. A special simplified “generalized Reissner-von Kdarmdn” theory
is derived, which reduces to the classical plate theory when the usual simplified assumptions
are made. For a significant temperature profile, the plate constants are determined and it is shown
that for fresh water ice the influence of the temperature variation across the depth is negligible.
For sea ice the influence of the temperature distribution is substantial. Explicit calculations,
however, will be presented elsewhere.

Nieliniowe rownania podstawowe rzadzace ruchem plywajacych plyt lodowych zostaly wypro-
wadzone z trojwymiarowej teorii sprezystosci poprzez zastosowanie ogolnej procedury rozwinig-
cia. W rezultacie otrzymano przyblizone rownania teorii dwuwymiarowej. Teoria ta stuszna jest
dla niejednorodnego rozkladu temperatury wzdiuz grubosci bryly lodowej oraz uwzglednia
wplyw naprezeri termicznych. Wyprowadzona zostala szczegélna uproszczona ‘‘uogdlniona
teoria Reissnera- von Kdrmdna”, ktora, po dokonaniu zwykle przyjmowanych zalozefi uprasz-
czajacych, sprowadza si¢ do klasycznej teorii plyt. Stale wystepujace w problemie plyty okreslono
dla znacznego zakresu temperatury. Wykazano réwniez, ze dla lodu powstalego ze $wiezej
wody wplyw zmiany temperatury wzdluz grubosci plyty jest pomijany. Dla lodu z wody
morskiej wplyw rozkiadu temperatury jest istotny. Konkretne obliczenia numeryczne beda
przedmiotem innej publikacji.

HenuHeiiHble OCHOBHBIE YPAaBHEHHS ONMHCBLIBAIOIKE JBHMKCHHME IUIABAIOLIMX JIeAAHMX IUTHT
BBIBE/ICHBI M3 TPEXMEPHOH TEOPHM YHPYrOCTH MyTeM NphMeHeHHs obLueil Mpoueayphl pasmo-
weHnsA. B pesynstate nonyuensl npubunikeHnble ypaBHEHHA [IBYMEDHOM TeOpHH. 3Ta TEOpHA
CI!pBBI?IU'IHBa ANA HEOJHOPOJIHOrO paclpeac/ieHHA TEMIIEPATYPhbl BAOJIL TOJIIIHHEI JeaAHOrO
TeNa, & TAKYKE YUHTHIBAET BIMAHHE TEPMHUECKNX HaNpsykeHuii. BolBeseHa yacTHasA ynpoleH-
Han “‘obobLennasn Teopus Peiiccuepa-Kapmana’’, koTopas, Toc/e NpoBe/ieHHA 00BEIYHO NPHHH~
MaEeMBIX YIPOLIAIOLIMX Mpe/NnoIoKeHHH, CBOJANTCA K KilaccHyeckoi Teopun raur. IlocrosasH-
Hble BBICTYMAIOLIME B 3afiave IUIHTBHI ONpeseNeHbl /IJif 3HAUMTEILHOIO0 MHTEpBaJa TeMmIlepa-
Typbl. IToKazaHO TOXKe, YTO MIA NbJR BOZHHKIIEr0 M3 IMPEeCHOH BOALI BIHAHHEM H3MEHEHHA
TeMIIEpaTyphb! BAOJb TOMLMHBI MIATLI MOXKHO npeHedpeus. [ IbJa U3 MOPCKO# BOABI BIIM-
AHHE pacrpefec/ieHHA TeMIIepaTyphl cyulecTBenHo. KoHKpeTHBIe YMCIeHHBIE pacueTsl OyayT
TIpeaMeTOM JIPYroi myGaMKaiuu,

Notation

IN THIS article symbolic and Cartesian tensor notation is used. Accordingly, Latin and Greek indices
assume the values 1, 2, 3 and 1, 2, respectively. Einstein’s summation convention is used according to which
summation is understood over doubly repeated indices. Commas indicate differentiation with respect
to a space variable, while dots denote total (material) time derivatives.
Subsequently a list of symbols is given.
C;; right Cauchy-Green deformation tensor,

i right Cauchy-Green deformation tensor of order m,

%) first-order elastic constants of three-dimensional anisotropic linear elasticity,
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first-order elastic constants of order m of two-dimensional anisotropic finite
linear elasticity,

zeroth and first-order plate rigidities,

zeroth and first-order flexural rigidities,

modulus of elasticity,

elongation tensor or Lagrangian strain tensor,

Lagrangian strain tensor of order m,

1
- Wi+ s,

stress function,
deformation gradient,
body force per unit mass,

body force of order m (per unit area),

thickness of the plate,

constant in “macroscopic plane stress” situation,
moment of inertia of order p,

det F;j, Jacobian determinant of the motion x(-),
reference length,

mass densities,

averaged shear modulus of order p in isotropic finite linear elastic plates,
bending moments,

twisting moments,

external normal vector in the reference configuration,
“generalized Poisson’s ratios”,

heat flux (Lagrangian),

shear forces,

surface area, static moment,

surface load of order p,

stress vector,

first Piola-Kirchhoff stress tensor,
velocity in the x,-direction,

displacement vector,

acceleration vector of order m,

velocity in the y-direction,

velocity vector,

volume,

velocity component in z-direction,
particle label,

strain at constant stresses,

averaged shear modulus,

Kronecker delta, unit tensor, d;; = 1, if i = j and &;; = 0, if i # J,
zeroth order displacement,

entropy,

first-order displacement in the x-direction,
empty set,

first-order displacement in the y-direction,
Lamé’s constants,

averaged Lamé’s constants of order p,
absolute temperature,
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©m) §0m)  temperature resultants of order m,
Lij second Piola-Kirchhoff stress tensor,
w frequency,
wij, wdij thermal expansion coefficient.

1. Statement and motivation of the problem

IN THE PAST, the analyses of floating ice plates subjected to static and dynamic loads were
based on the theory of thin homogeneous elastic plates, although in actual floating ice
plates the material constants may vary strongly with depth. The reason for the variation
of the material constants is chiefly due to a non-uniform distribution of the temperature
with depth, but also due to a non-homogeneity induced by the freezing process.

With regard to the elastic behaviour, A. Assur has suggested that the elastic plate
theory may be applied in floating ice plates provided the plate constant (Young’s modu-
lus) is replaced by a quantity which is averaged over the depth of the plate [1]. This con-
jecture has been substantiated by KErRR and PALMER [2], who on the basis of linear elastic-
ity theory show that the usual plate theory emerges when the pertinent equations are
averaged over the thickness of the plate. Kerr and Palmer’s result, however, is based on
the tacit assumption that Poisson’s ratio does not vary with depth, an assumption which
is certainly not correct for sea ice. Moreover, they do not take thermodynamic arguments
into account. These, so we believe, are nontheless important, because the temperature
varies from one material point to another.

A reinvestigation of the entire matter seems to be necessary, because, apart from the
above reasons, various effects have not been studied in the past. First, it is not clear
a priori that the non-uniformity of the temperature distribution can simply be interpreted
as a nonhomogeneity of the material constants. In fact this is certainly not so in the theory
of viscoelasticity. Second, dependent upon the local air temperature the corresponding
temperature distribution in the plate will change and so do the local material constants
and the averaged constants as well. Third, thermal stresses are induced through the tem-
perature variation. These thermal stresses, in general, will cause deformations in the plane
of the plate. A proper derivation thus should include thermal stresses. Fourth, the situation
is not too rare where displacements are of the order of, or larger than, the thickness of the
ice plate. It therefore also seems to be justified that the von Karman plate theory is investi-
gated with regard to its validity in the situation of floating ice plates.

So far, only the behaviour of the plates has been considered. An equally important
part of the description of floating ice is the one of its underlying water, because it deter-
mines the boundary forces at the interface plate-water. While this interaction is generally
only taken into account by assuming that the water pressure is proportional to the plate
deflection, a moment thought shows that this is only correct in the static situation. Dy-
namic processes are much more complex. In particular, there are various physical situa-
tions for which a different set of differential equations applies. Generally, lake and sea
ice require a different treatment of the fluid equations than ice on rivers, or ice interacting
with tidal motion. We shall not list the equations for the fluid. They are contained in [3].
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With regard to various physical aspects we do not assume that the ice plate is in an
isothermal state, because the water-ice interface is at freezing temperature, while its upper
surface depends on the air temperature and may vary quite considerably. The time scale
of these thermal processes is much larger than the one of the wave motion, so that it seems
justified to neglect true thermoelastic effects and to simply assume that the plate material
constants are inhomogeneous. All material coefficients depend upon a parameter — the
temperature — which in turn is a function of position.

Apart from this complication in the physical description of the ice plate other effects
should also be included. Due to the thermal stress effects, prestress either as tension or
pressure, may occur and a proper description should also take these effects into account.
Moreover, the freezing process is such that various degrees of anisotropy are induced in
the actual ice plate, which in general thus should not be treated as an isotropic material.

The technique to derive the governing equations of two-dimensional elasticity, which
we shall use is one which has become increasingly fashionable in recent years. The plate
equations shall be derived by a “smearing procedure” of the governing equations of three-
dimensional elasticity. The method goes back to CAUCHY [4], but has increasingly been
applied recently. MINDLIN was the first to derive the two-dimensional plate equations
by a Cauchy series expansion from the equations of three-dimensional elasticity. MINDLIN
and MEepIcK [5] derived a linear theory of plates using expansion procedures. GOLDEN-
VEIZER [6] discusses the possible aspect of such asymptotic or iterative methods. Similar
methods are used by GREEN, LAws and NAGHDI [7] and by DokmEect [8, 9], DOKMECI
and Hutter [10], NicuL [11], KALININ [12], KoiTer [13] and WIDERA [14, 15] in other
contexts of general plate and shell theories.

Finally, we mention two recent accounts. The first by KauL [16] deals with thermal
oscillations, the second by GReeN and NAGHDI [17] is concerned with the derivation of
general theories of shells and rods. While the intentions of Green and Naghdi’s memoir
is different, Kaul’s approach appears to be very similar to ours. He, however, assumes
that the material constants do not vary with temperature, an assumption not made by us.

The major objective in the present paper is a consistent derivation of equations sim-
ilar to those of von Kirmin’s plate equations. The conventional Kirchhoff-Love hypo-
thesis, that is the assumption that directors perpendicular to the middle surface remain
perpendicular under deformation, is abrogated. The theory is developed by means of the
Hamiltonian principle and a separation of variables technique is used by which the three-
dimensional field equations are converted into two-dimensional ones. A sequence of approx-
imate equations which include the effects of transverse shear and normal strains, accel-
eration and rotatory inertia is thus consistently constructed. The governing equations con-
sist of the macroscopic equations of motion together with the relevant boundary condi-
tions, the constitutive equations, the strain displacement relations and the strain energy
expression.

Specifically the paper is arranged as follows:

In Sec. 2 the kinematic variables are introduced, while in Sec. 3 the strain displacement
relations are derived. In Sec. 4, after presenting the local balance equations, the Hamilto-
nian principle is derived, which will be used to derive the plate equations of motion. With
the definitions of the load and stress resultants of Sec. 5 and the presentation of the consti-
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tutive equations in Sec. 6 we then possess the apparatus to derive the plate equations of
motion in Sec. 7. These equations are then simplified in Sec. 8 where a generalized Reissner-
von Karman plate theory is derived. Sec. 9 finally deals with the numerical determination
of the temperature dependent plate constants.

2. Kinematic variables

Consider an open regular region 2 with boundary 82 in three-dimensional Euclidean
space 2. Let 02 = 09y v 09, U 02 where 09y, 02, and 09; are, respectively,
the upper and lower faces and the edge boundary face. Clearly,

DUOD =9, 0Dy0 09 =9,

6@[;0 593[,=ﬂ, 39LF\ 695 =g,
where 2 is the closure of 9. The edge boundary surface is taken as a cylindrical surface
perpendicular to the flat middle surface of the undeformed plate. The plate in its reference

X3

i
39,
Fig, 1.

configuration is referred to a right-handed (convected) coordinate system x; of which the
first two axes lie in the undeformed reference surface. The positive direction of the third
coordinate x; is taken to be upward and x, = 0 coincides with a plane between the upper
and lower faces, the position of which will be determined in the course of calculations.

We assume the thickness 4 of the plate to be much smaller than any of its dimensions
in the (x,, x,)-plane. Denoting the smallest value of the length dimension in the horizontal
reference plane by L we thus have /L < 1. This assumption allows us to treat the plate
as a two-dimensional model of a three-dimensional deformable body. Moreover, it implies
that stress and displacement fields do not vary violently across the thickness of the plate.

In the subsequent calculations we shall choose the Lagrangian description for the mo-
tion of the plate. All coordinates are consequently taken in the reference frame.

On the above basis the displacement components of a generic point in & can be re-
presented as

@.1) U, 1) = D) Pu()u™(xa, 1), i k=1,2,3, a=1,2

m=0
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with
2.2) Po(x;) =1, Pi(x3) = x;.

Here, the vector functions u{™ are unknown a priori and independent functions de-
fined on 9. Moreover, it is assumed that the functions #{™ exist, are single valued and of
class C? at least.

In the final analysis only the two functions P, and P, will be used. They will be con-
sidered to be taken from the set P, (x;) = x3. If the displacement vector u; is analytic
in 2 with respect to the coordinate x5 then (2.1) can be interpreted as a Taylor series ex-
pansion of u; about x; = 0 which is uniformly convergent in 2. However, in our case u{™
are independent. In fact, P, could be any other convenient functions such as Legendre
polynomials.

By virtue of the representation (2.2) the Kirchhoff-Love hypothesis is eliminated, i.e.
directors perpendicular to the middle surface need not remain perpendicular to the de-
formed middle surface in the course of the motion.

3. Strain displacement relations

The right Cauchy-Green deformation tensor, denoted by Cj; is expressed in terms of
the displacement components [18] by

(31) C{} = u;,j+uj,¢+ ﬂg.;ﬂg.j"}‘ éfj

and

(3.2) Cy = 2E;+ [Ekiﬁkj+ékj§kl+ Ey Ep+ Ry Ryj]+ 645
with

(3.3) Ey =120 +0) = ugyy, Ry = 1/2u—u5) = ug .

Following TRUESDELL and TouPIN [18] (footnote, p. 306), we do not neglect in (3.2) the
first two terms in the bracket as was done by NovozHiLov [19].

The series expansions in all displacement components as assumed in (2.1) imply that,
the Cauchy-Green deformation tensor be of the following form:

o0
(.4) Cy = Oyt D) *¥mC(x,, 1),
m=0
where
(3.5) cm = uf™ 6_,v¢+u§’:';) O+ (u}"‘“’&u +u5"‘“)63;)(m+ 1)

[+ 4]
+ [P uP) 81 85+ (P + 1) ufTs PuP+16;58;
p=0

+(p+ DUl P Ul 61, 8,3+ (p+ 1) (m—p+ D) uf™ P+ DyfP+ 4,5 6j5]

is a measure of the strain of order (m). Equivalently, u{™ is the displacement field of
order (m).
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The representation (3.1) is exact. A simpler approximate theory emerges when the
Cauchy-Green deformation tensor is approximated by

(36) CU = 6;,--}»u;_;+ujki+u3,u3‘56,‘u6m.
The representation (3.4) still remains correct, but now
m
BT CYP = Ul St sl Siat (m D™+ 00y 4 (m+ D™ V85 + D P u) 810 8,50
p=0

In thin plates with moderately large displacements it is appropriate to retain only
first-order terms and of the non-linearities of (3.7) only the zeroth order terms; then

1 1 on on 1 O
7Cc(qg} = EQ = ul%+ N g C) = EW = — s
(3.8) 1 o — por I CW = EY = _o
L 2 13 13 axl 22 axzi
1 1 1 {dp )
—co_fgo_ - Y (I ) O e SR
7 G =B =5 (6::2 ) £ =i éx, = ox;)’
where
(3’9) ? = _utilj’ Y= _uflt), '/ i ugo)$ C.gg} = ugl)-

We shall call this approximation the “von Karman approximation”, because it corresponds
to the one occuring in his plate theory [20].

4. The equations of balance

The dynamic equations of balance of linear momentum and energy may essentially
be stated in two different forms, dependent upon whether they are referred to the refer-
ence or present configuration. Here, where we have chosen the reference configuration
they assume the following form:

balance of linear momentum

“.1) ooili = Ty x+00fi
balance of energy
4.2) 00t = T Fa—Qri+0oT-

Apart from these equations one also has the balance of mass g, = pJ and the balance
of moment of momentum Fy Tj, = Fj Tix. 0o denotes the density in the reference config-
uration, while ¢ is the density in the present configuration. f; and Tj; are the body force
and Piola-Kirchhoff stress tensor, respectively, Q, is the heat flux vector, r the energy
supply and ¢ the internal energy density. Moreover,

(4.3) F,‘k = U+ 6;*, J = det (F,k)
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and
4.4) Ty = FyZy

where X, is the (symmetric) second Piola-Kirchhoff stress tensor adopting the definition
of TRUESDELL and NoLL [21].

We shall henceforth neglect heat sources and restrict our considerations to processes
for which T, Fy is negligible. With appropriate boundary conditions, the energy equation
then separates from the momentum equation. Moreover, the balance law of moment of
momentum is satisfied identically once the constitutive equations are formulated. The
only remaining field equation is then (4.1), because the balance law of mass can be con-
sidered to be an equation for g.

Let t* and u¥ be the prescribed values of the stress and displacement vectors on the
boundary surface. More precisely, let 2, and 02, be disjoint sets of the boundary surface
such that 62 = 62, v 092,; then the boundary conditions can be written in the form

4.5) uf —u, =0;  (x,x)€02,; HF-1,=0; (x,x,)€d,
with
(4.6) ty = TNy,

where N, is the normal vector in the reference configuration.

We proceed to formulate the variational principle. To this end, let ¢, and ¢, be two
arbitrary but fixed times such that 7, > ¢, and let ¢ indicate variation. Then it follows
that

03 = 63, 4+03,+63; =0,

where
I3

@n 63 = [ dt [[Tux—eoGi—filoudo+ [ (uf—u)ondA+ [ (4F—1)ou.dA
fn @ o3, 89,

is equivalent to the local equations (4.1) and (4.5). In fact, because the variations 0t
and du; are arbitrary, they can be varied independently, implying that the coefficients of du;
and dr, must vanish separately over the body 2 and the boundary 8%, and 62, respec-
tively. Choosing dt, = 0 and du;, with compact support in 2 implies

(4.8) 63, =0.
Similarly, one can show
4.9) 63, =0 and 63; =0.

The variational integrals will be used in the following sections to derive the macroscop-
ic equations. We emphasize that its applicability is limited to the case when thermal
effects are known a priori or when their change under the processes under investigation
is insignificant. In particular, it cannot be used for the derivation of plate equations in
thermoelasticity and other more complex theories.
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5. Load and stress resultants

In order to facilitate notation in the subsequent analysis it is advantageous to intro-
duce the following shorthand notation.
We define a body force resultant of order m by

(s5.1) Fm™ = [ gofieyds,

h

a stress resultant

(.2) T = f X3, ds

surface loads of order m

(5.3) S = [ = xaz‘zk.u i x?EnIlwe,,

fE™ = x| X
In the above relations ds is the line element and integration is over the height of the un-
deformed plate.

Note that the definitions (5.1) to (5.3) are more or less arbitrary. In particular, one
could also define F{™, etc. by integrating over the height of the deformed body or one
could define T{{" in terms of Tj; rather than X;. This arbitrariness, however does not
correspond to a non-uniqueness in the emerging theory. But it means that the averaged
quantities T, S{™ should by no means be given explicit physical meaning. Uniqueness
is not required except for physically measurable quantities such as displacements, velocity
and the like. A formulation must be unique only with respect to these definitely observable
quantities. On the other hand, that (5.2) and (5.3) are the most convenient choices will
be seen in Sec. 6.

Similarly in (5.1) to (5.3) we define an acceleration resultant by

lower

5.4) (M) - 2 I(m+p)p),

where the m-th moment of inertia is given by

(5.5) o = f x2ds.

Moreover, the prescribed stress resultant of order m is given by

(5.6) (3 = [ xairds.
L]

Later, we shall also need two termperature resultants of order m which are given by 6™
and @™

5.7) om = f ¥rdds, &= S“x"@m

u:-ﬂ

It seems appropriate to recall here that we do not assume that > = 0, which would
imply that the plane x; = 0 would lie midway between the upper and lower surfaces.
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Note further, that it is through 7*¥(™ that an interaction with the sublaying water or the
wind load is achieved. Denoting the Cauchy stress tensor in the neighbouring fluid by o;;
it is readily shown that

(5.8) f_,* = +Jﬂtdiij.

6. Constitutive equations. Elastic material

Following the usual lines of argument, introducing the Clausius-Duhem inequality

i r

(6.1) QoM — (_%L)'k Z 0o Y
it can be shown that

_ 0B _ _ 0P
(6.2) 2 3E; ==
‘Thus, according to (5.2) we have

» m OB

(6.3) T{J) = !x% ) 3Efj ds:

Let &' = #—9,, where 9, is a reference temperature. The polynomial representation
1 r
€6.4) SAB = 7 %'uu(Esj— '9'60:1) (B —% )

neglects real thermoelasticity effects but it produces the constitutive law
(6.5) Eu = (g!jkt(a) (Eu—%wu),

which is /inear in the elongation tensor E;; and accounts for thermal stresses. Note, how-
ever, that Ej; is still the Lagrangian strain of finite elasticity. In the above equations @iy
and w;; are the isothermal first-order elasticity coefficients and thermal expansion coeffi-
cients, respectively. They satisfy the symmetry relations

(6.6) Gt = Ciwt = Crijy i = W
of hyperelasticity. In the case of isotropic material they reduce to
6.7) Cijt = A0 0+ p(0u 0p+ 0udp), i = wdy,

where w is the coefficient of linear thermal expansion and 4 and x are Lame’s constants.
One usually assumes

(6.8) p>0, 3142u>0.

With P(E;;, #) being an unspecified non-linear function of the elongation tensor and
the temperature [see (6.3)], not much simplification can be achieved when calculating the
stress resultants. When PB(-) is a polynomial, then a reduction is possible. In particular,
the macroscopic constitutive equations in the linear form are obtained by substituting
(6.5) into (5.2):

(6.9) M = f X3 G (D) (Ey—9 wy)ds.
k
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In floating ice plates it is not justified to assume that the elastic constants be temper-
ature independent. Thus

(6.10) TP = Z CiP [EP ~ w0, 0],
with
(6.11)® Cm = [ x36uu®)ds.

h

In the isotropic case

o0

(6.12) T = 3 {A™DED —300P) 6,4+ 2M™+DEP —0OPd,)}
p=0
with
(6.13) A — f XTAHds, Mm™ = f X3 u(P)ds.
h h

It is this law we shall use in the linearized theory of deflection of ice plates. Finally, from
(6.10) it follows that

. 0P . 0P
(6.14) T = - [ aE};')"L Em]

where

(6.15) P = Z Zﬁfﬂ’i"[Eff’—wg@“’] (BP0 0],

p=0 g=

A different representation of T is obtained when (5.7), is used instead of (5.7),.
(6.12) then becomes

(6.16) TP = ) CEtPEP —afp.
p=0

where

(6.17) o) = [ X1, (P) (D) Dds.
h

This representation lacks the symmetry properties enjoyed by (6.13) but may be advan-
tageous in special approximations.

7. The plate equations of motion

We now proceed to develop the non-linear field equations of plates in terms of the
displacement components. In this Section our starting equation is the variational princi-
ple (4.7).

() We have only made a #-dependence of ;4 explicit. A correct notation would be €yjk; (x3, #(x3)).

7 Arch. Mech. Stos. nr 4/75
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To begin with, consider the contribution from the volume integral

1) 63, = fd'r[f{T;M—go(ih—ﬁ)]éu;]dv
1 9

= fa[faf [Ty~ 0o Gis— F)) 0| ds.
L5 & h

Substituting for ;b and correspondingly for du; the representation (2.1), using (4.3),
(4.4) and (5.1) and (5.2), we obtain

(1.2) 83, = j dt f dA{Z‘[ 0o U™+ F{™ + P+ N™} ufm,

m=0

where

(7.3) N’(MJ (m) —-mT""“”+ 2 {Té:”}u}")ﬁ+pT"g“" l)u(%l + T(m-w)“ﬂg

p=0
pj"on+r~ Dyl — T m+p- l)u(pl —mp Ttmﬂ—-llu(p)}

and

ol
(7.4) P = D {SI+ [SPufm 4 pSE+r-Du]}
p=0
Note that it is P{™ which contains any possible interaction with water and/or wind
load.
Further approximation is achieved by neglecting special terms. If only zeroth and
first-order terms are retained and of the non-linearities only products with 4{’, then (7.3)
and (7.4) are approximated by

NE® = T2+ (T2 + TGt b,
N = T(;)
(1.5)
P(O) — S(°J+S(°}u{°) 6‘3’
P = 5,
or
N(O) = T(OI
NS = TS+ (T30 + TR ),
(1.6) N = Thi),

P;O) = S}(’o),
PO = SP+50u,
P = SV,
The surface integrals in (3.20) are
f2
(1.7) 83, = [dr [ (ut—u)oénda

v, Ry
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and

(1.8) &Y, - f di] [ (tt—1)ouda+ f (63— 1) dudA}

1 é9g
Here, 09, is that part of the surface where the drsplacement is prescribed. 02, is the sur-
face portion on 89, or 09, respectively, where the traction is prescribed, while 62,
is that portion of 02 where the stress is prescribed.
Using (4.3), (4.4), (5.2) and (5.3), performing the integrations in (7.7) and (7.8), we
obtain

19 63, f a [ jﬂ(n*‘”‘—uk ™) 5t dA,

Iy 89.1 m=10

(7.10) o3 = J'd: Z [ {rpem—sm— Z‘ [SEPu) + pST+r-DufP] bug™) dA,

m=028%,

03P = fa’: 2 f{‘“"" TN, — Z[T(mww u)+pTG+P-VN, utp)]éu(m}ds

f m=0 %;
With (7.1), (7.9) and (7.10) we are now in position to apply the Hamilton principle.
On setting separately each variation of the functionals J; equal to zero, viz.

(7.11) 03, = 63, = 63IP = I =0
for arbitrary variations of the displacement and traction vector éu{™ and 8™, the follow-
ing hierarchy of boundary value problems is obtained;
QU™ = FM+NM+P™, (%, %) € ¥,
ufmM—y{™ =0, (x,,%;)€ 09,,

o
(7.12) [Frem = Sim 4 2 [Sim+PyP) 4 pS§m+P- Dy (xy, x;) € 0D,,

p=0

LM = TN, + 2 [TSE+PNu3+nTE " UN®], (x4, X3) € 09,
n=0
These equations will henceforth be called the macroscopic equations of motion and bound-
ary conditions of order m.

So far, a fully non-linear plate theory has been established. It consists of a one para-
meter family of differential equations and boundary conditions (7.12). The stress resul-
tants T{}” are given in terms of the elongation tensor Ej; in (6.10) or (6.16), the latter being
defined in Sec. 3 in terms of the strains. Note that for a well-set initial value problem the
above equations must be complemented by initial conditions. Let u, and 1, be the dis-
placement and velocity field prescribed at time f,. Then, by a Taylor series expansion

0 @
a"'uo v
Uy = Xy — = xTuf”,
0 ; 3 m!ﬁx’;‘ eyl m‘;‘é 3 El
(7.13) N "
- amﬁﬂ 21 * (m)
o= 2 8 i o ~ g T
m= m=0

one obtains the initial values for the u§™ and u{™.

T*
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Clearly, the set of equations introduced above is complex. In fact it forms an infinity
of equations and in this form cannot be used for practical analysis. We ‘must search for
a consistent reduction of the equations by truncating the series. Thus the plate theory of
order M is defined by

M
(7.14) e, 1) = D) Pu(xa)uf™(x., 1)

m=0
together with the condition
(7.15) ™ =0, forallm> M.
Accordingly, only those quantities in (7.14) are considered the order of which is not
greater than M. This results in a finite set of non-linear partial differential equations
and corresponding boundary conditions.

8. Further simplifications

The general theory which characterizes the non-linear behaviour of plates has been
formulated in the preceding Sections. This theory is still very complex and calls for
further simplifications. Such various simplifications are possible, depending upon the
degree of further neglections. Here we derive a “generalized Reissner-von Karmén theory”.

To begin with recall that the macroscopic constants A®? and M® for plates isotropic
in the (x,, x,)-plane are known, once the temperature variation across the plate thickness
is prescribed. Note further that we have not fixed the (x,, x,)-plane yet. This will be done
now with the condition

®.1) A® = [ x,2(@)ds = 0.
h

We assume hencefotth that the coordinates (x,, x,, X3) are chosen accordingly. To be
precise, howevyer, one must mention that the normalization (8.1) is only useful provided
the temperature distribution is such that the surface x; = 0 is flat. This implies that 1
does not vary within the (x,, x,)-plane.

Satisfying (8.1) does not, in general, imply

8.2) M® = [ x3u@®)ds =0,
h

but if it does, then u(#) = KA(#) and this in turn implies that Poisson’s ratio must be
independent of the temperature. We shall not assume it in the sequel, because we are inter-
ested in its significance.

The theory presented here can be considered to be an order “1” theory. Accordingly
we shall keep 0(1)-terms, while neglecting all higher-order terms. With regard to the strain
displacement relations we shall keep the non-linear terms which correspond to the von
Kérman assumption. The theory presented here may therefore be called a physically linear
but geometrically partially non-linear theory. We also assume isotropy(?), so that the stress

(*) More precisely we assume that the macroscopic equations are isotropic. This only requires the
equations of three-dimensional elasticity to be orthotropic such that material properties in the plane of the
plate and perpendicular to it are different.
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strain relations (6.12) can be used. These formulas are used to calculate the zeroth-order
stress resultants:

T = 0. = 2MOEQ +2MVESY,
T = Q, = 2MVEQ+2MVEL,
83) T =N,=AYEP +2MPEQ -0 (34 +2M®)O® +2M "V (E{Y —0OD),
T =N, = AQEQ+2M@EQ —w(34@ +2M@)0® + 2M V(ELY —wOD),
T = Ny,y=2MOEQ+2MMV E{Y,
which we shall assume to be nonzero. The resultant T$Y, however, is assumed to be zero.
Thus,
(8.4) T =A9EP+2MPER —@BwA?+2M®)O® +2MM(EY —wOD) = 0.

s far as first-order stress resultants are concerned it seems appropriate to assume that
As f fi d 1 d i pri ha
T, TS and T{Y are nonzero, while all other first-order stress resultants do vanish, viz:

TR = M, = 2MWEQ + APED + 2MPEY
—RMPuO® +34P0OM + 2MPDepOM],
8.5) T5Y =M, =2MPVEQ+APER +2MPESY
~ 2MD 00O +34P6OW + 2M @uOW],
~M,, = 2MPVEQ +2MPEY

o
wo
[

and

T = 2MVEQ +2MPEY =0,
(8.6) TS5 =2MDEQ+2MPELD =0,

TS = AD(ED =300D)+ 2 MD(EL —wOWD) + 2M D (E; 3 —0O®) = 0.
It follows from (8.6) that some zeroth and first-order strains are not independent. In
particular (8.6) imply that

)

8.7 EY =" __EQ, E»=_"__

while (8.4) and (8.6), lead to
E[aoa) o A‘D’E§°’+B‘°’Eii’+c‘°’,

(8.8)
E§Y = AVE + BVEN 4+ CD,
with
(8.9) A® = _AOAD LIYD)A,  BO = 2ADMD/A,

(8.10) C© = [(AD+2MD)BAOG® 2 OO© +IYDGW
—2MDOBADOD £ IM DO L IM VO] /A,
and
AD = 2AOMD 4 BD = _ AD(AO 4 2MO)/A,
CD = p[(AQ +2M@)(3APOD + 2 POW +2 Y DO©)
—2MDOBA@G® 1 2Y OO L IYDOW]/A,
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where

A= [A(0)+2M(O)] [A{21+2M(2)]__4(M(!))2_
Note that B and A" vanish when M = 0. Substituting (8.7) and (8.8) into (8.3)
we obtain

(8.11) 0. =TE{Y, 0,=TIE,
with

2 M(l) 2
(8.12) I''= (2M‘°’+ (M(,)) )
and

N, = 9(01(510)_'_ A"‘°’E‘°’)+@‘”(E‘”+ _/V"”Eﬁ?)'i‘y,
(8.13) N, = @‘“’(_y‘“’E“” {0))_,_9{11(#(1)5 )+E§Iz))+y‘
N,y = 2MQEQ+2MVED,
where

@(01 = [A{O)(A(0)+ 1)+2M‘°}], /V'm) o _A_ 5 (A(DJ + l)

(8.14) DD = [AOBO LIYW], ) = “@:"Ti' (A©B®),

T = [A(U)C(O)_w(3A(0)+2M(0))@(0)_2wMt1)9(l]]_
M® =0 implies 2 = 0 and 2 4™ = 0, in which case the relations (8.13) simplify
considerably.
Similarly, one obtains from (8.5) the following relations:
= DO(EQ + NROED) + DO(EN +NRVER)+ T,
(8.15) M = DONRNOED + EP) + DDROED + ED)+ T.

M., = —RMDEQ+2MPEY),
where

‘I)(O) = (A(Z)A(ll_'_zM(l})’ g‘tto; - D!O) (A(Z)A{I))’

(8.16) DD = (ADBD4+1)+2M?P), RO = f&')i” (AP (B® +1)),

2: [ {[2M(1)@(0)+ 3A(2)9(11+2M{2}@(1)]__All}c{ll}'
Observe again that in the case M@ = 0, then D@ = 0 and DN = 0. In this case

there is a true separation of (8.15) from (8.13).
With the definitions

(8.17) el® =M, F=gIV, S =¢gl?,
the equations of motion can be obtained in the form
i s ONg Ny 0
Mu—-FP = = +a—y+T‘ A
% . _ ON., 0N, i
MY y"ﬂ = % + W +Ty ¥



A GENERAL THEORY FOR FLOATING ICE PLATES 633

Q; 00 *n 0%y *n
N — L=y /i il
(8.18) My +Suf + 5 +qg+N, g 5 +2Ny, %y +N, 5y
(aN, 3 6Nx,) an (aN,,, an
ox ay | ox ox 6y ay’
6 Pe oM, M, 15
Ci-for =~ &t
Py M., OM, -
Sv— f—‘a"t“z o ax +Ty s
where we have defined
(8.19) TO = FO4+PP, TP=FP+PP, q=FP+PP
and
(8.20) u=u®, o=u.

Note that the unknown u4" in the equations (8.18) can be expressed in terms of u, v, @, y
and 7. To this end, observe that [see (3.9)] C{¥ = 2E{2 = u{". On the other hand,
the Eq. (8.8) must hold. Thus

8 du v 1 ()" 1 (on)?
1.6 [ (0) = rae) bisiin Ay i |
E2) W =g {A [ax 2 (ax) 3 (ay

_B(m[a_@ + a_v:l i C(o)+C(I)} n
dx  dy
With this set of equations a definite set has been obtained describing the dynamic response
of ice plates to instationary motions. The equations of motion are (8.18); they form a set
of 5 equations for the unknowns u, v, ¢, 9, and %. The stress-strain relations for the
macroscopic equations are (8.11), (8.13) and (8.15), while the strains are given in (3.8).
Often one is concerned with a theory where the following simplifying assumptions
are made:

@Hm £=0,
(8.22) () MD =0,
(i) TP'=TM=TH=TM =l

This theory could justly be called a generalized Reissner-von Kdrmdn theory. Assumption
(ii) implies that D@ = g1 = DOR® = g® 40 = (, (iii), on the other hand,
implies that there are no horizontal surface forces. Drag due to wind and water motion is
thus neglected.

For flexural motion further simplification is achieved by neglecting horizontal acceler-
ations i and %. In this event the equilibrium equations (8.18), , for the membrane forces
are satisfied identically by introducing the stress function:

0*F 0*F 0*F

(8.23) Nx ZW’ ¥ ='3'x—2, Nx),= —'é-x-—a—y-.
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Using the stress-strain relations it then can easily be shown that the equilibrium equations
for the membrane forces reduce to

O*F *F | 0F on \* 9% oy
B2 ox* 9 0x?0y? 3 oyt [( 3x3y) T oxt oyt |
with
(0) = (o2
(8.25) H = g._%_ﬁ_ff_a.’:’ﬁ_)_ 24O € = O —(4O),

where use has been made of the fact that temperature varies only in the direction perpen-
dicular to the plate reference plane. Note that an equation similar to (8.24) also occurs
in the von Kérmén plate theory with § = 2. Here, we note that this assumption cannot
be made.

The equations of motion and constitutive equations on the other hand reduce to

2 2 2 2 2 2
iy = 9%, 00 O°F o*%y . 0°F &y  0°F oy

ax Vo M r Vi an ey T o 2
g oM, M,
T R 3y —Ox

Py _ oM, M,

-— = xy —_—
s ot? oy ox O
dp dy 1./ dn )
= D] e i = fiszzc
(8.27) M, D [Bx +N 3 ]+1, 0. 21‘( o .
— _pw| P q ¥ =Llplon_
M, = -D I:ay +N ax]+1, o, 2F(6y s

dp Oy

PRNPRRNE ¥ {3 |G ciu Pl o)

M,, M ( o + 6y)'

Moreover, neglecting all non-linear terms we obtain the linear bending theory accounting
for shear deformation. Similar, but not entirely the same equations, have been derived
by REISSNER [22] and, by a different method of derivation, also by GREEN [23] (see also [24]).

9. Numerical values for the plate constants

The preceding calculations made use of various constants which are different from the
familiar ones in ordinary plate theory. To make this theory amenable to explicit calcula-
tions we shall list the pertinent constants in this section. Because temperature variation
is essential in this theory, we first need some information with regard to the temperature
variation of the elastic constants, such as for Young’s modulus, the shear modulus, Poisson’s
ratio and Lamé’s constants, respectively. For polycrystalline ice with randomly oriented
crystals these constants have been calculated by various authors from the corresponding
single crystal properties. ROTHLISBERGER [25] summarizes the work of JonNa and
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SCHERRER [26], Bass [27] et al, BRockAMP and QUERFURTH [28] and BENNET [29]. After
some reinterpretations, these results can be summarized as follows:

ED) _ 0001468, E(0) =921x10' [dynes/cm?],
E(0)
v(9) = 0314,
0> 9> —30°C).
,u_(t?)__ = 1-0.00146%, w(0) =3.5%x10'° [dynes/cm?], )
©(0)
9.1) —i—(&% = 1-0.001464%, 1(0) =5.95x10'° [dynes/cm?],

In these formulas the temperature is given in centigrades.

In order to obtain numerical values for A™ and M‘™ as given by (6.13) we assume
for the sake of simplicity a linear distribution of the temperature across the thickness
of the ice with temperatures #* and ¢ at the upper and lower face, respectively. Without
loss of generality we may assume #' = 0, because the water temperature at the lower
face is at freezing point. Then (Fig. 2)

9.2) Ag= ,.f (3= 8) A(®)ds = 0,
implies
9.3) -:; = 0.5+0.000122 9%,
u
T T/
N * X3
Fig. 2.

where 9" is to be expressed in centigrades. Furthermore, after lengthy manipulations,
one deduces

A® = 2(0)A[1-0.0007329*], M = pu(0)A[1—0.0007324"],

1(0)h ,u(())h

(94) AP = [1-0.0002938%, M@ =20 11-0.000293 94,

2/1(0)

2 = ST=Sh(1-0.0007329%), DD = % 31“-_(?.(1#0.000293 ),

9.5) O =y RO =y,
(9.6) T = 24 (0)h(1—0.000732 %).
With (Fig. 2)

©.7) B (xs) = ( 3 %)9"_ ih-“-a- = O 4+ x,00,
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Plate constant B(m and D'V for sea
ice as function of the temperature <
and solid salt content S,
10 I
¥ (-1 (®'%%h?). (dynes/em?) ] ]
1 142" h2).(dynes/em?)
] 531072 ’\
5,=2:10%2
10° - 5=10¢ - —
] 5,210 a!® " IF Poisson's ratio
] v# FCT () then
20sp 1
ey
10° S,=3-1022 M
Sy=2-1022 D
S,=102 b
] Su-ll:l
Temp profile
107 7
{77
Poisson's ratjo v=0.333+061 exp (9/5.48)
. ‘ ‘ -30°C)
R 10-! g0 et 102
FiG. 3.
where
(9.8) 00 = (1 — Tg-):?" ~ 0.59, OV = —19:'{'}3,
‘we also obtain
K
(9.9) T = —3whm(l—0.00073219"),
(9.10) IT= —wh3-—-K— (1-0.0007329")
4(1—v) ’
where K is the bulk modulus, given by
(9.11) K= (32(0)+2p(0))f3.

The above calculations are performed for fresh water ice and they amply indicate that
the influence of the variability of the temperature across the thickness of the ice is negli-

gible. This is not so for sea ice as will be demonstrated now.

The reason for the different behaviour of sea ice must be sought in the presence of salt
which not only makes the freezing point of brine temperature dependent, but also deter-
mines the amount of brine inclusions according to the phase diagram. Therefore, depend-
ent upon the temperature distribution there is a more or less substantial contribution
of brine inclusions in the ice which weakens its strength. Extensive studies have been per-
formed recently. Among those, we mention the illuminating article by Assur [30]
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which among many other things presents the numerical values for the relative volume of
brine, n (volume porosity), in “standard sea ice” as a function of the temperature. It then
suffices to relate the elastic properties of a solid without porosity to those of the same solid
when containing holes. This relation, that is, the dependence of the elastic moduli
upon the porosity has extensively been studied from an experimental point of view (see
WEEks and Assur [31]). It seems that Young’s modulus is linearly related to the porosity
but there is insufficient information on the variation of Poisson’s ratio with the state of
the sea ice.

Rather than relying on such insufficient information our ultimate goal would be to
perform a model calculation, by assuming that the voids are of special form. These results
are not available now but extensive computer calculations based on results of [31] have
proved that there is in fact a substantial influence of the temperature distribution on the
plate constants. The calculations are tedious and not pertinent to the matter in hand.
It may suffice to substantiate the above conjectures by Fig. 3 where 2> and D@ are
plotted as functions of the surface temperature © and the solid salt content Sj.
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