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Material connections and induced metrics on inhomogeneous
materially uniform two-solids

A.J. A. MORGAN (LOS ANGELES)

WE HeRE focus on the derivation of a result obtained in the course of a research program out-
lined in a preceeding Brief Note [1]. In a theory intended to describe the mechanical response
of Inhomogeneous Materially Uniform Higher Gross Order Bodies [2] the r-reference maps in the
charts of a material atlas " for an r-th order body # induce a material r-metric field go" on
#,r=1,2,.... In turn the material-geometric structure is described by a material r-connec-
tion field T'yfr = (P}lsz. ,I"f ipgq) O0 4. The requirement that there vanish the (generalized)
covariant derivative, with respect to the material connection, of the induced metric field estab-
lishes relations between the components of goi" and I'gy". Because of its potential import we here
explore the case r = 2. We show that, once assigned, the material 2-metric field ggiz on #
uniquely determines the material 2-connection field I'g;z on #. This appears to be a new result.
We close this Note with a brief discussion of its significance.

1. Basic notions

THE CONCEPT of a higher order body has been outlined in(*) [1]. To each point p in
the (abstract) body C’-differentiable manifold there may be assigned r-vector [resp.,
r-covector] spaces 7" (%, p) [resp., 7 ,(%, p)]. That is, set-theoretically:

3 W
2 geeddp __ |
U, = Up P p+ +U, axi1 ... Oxir |p}5

(L.1) T(B,p) = {U,
and
(1.2) T (B,p) = {Up|U} = Ul dpx't+ -+ +US, i dpx' - x'r},

where relative to a given base space chart (U,(3 p), w. = (x, n)), n = dim4, in an atlas

A" of %, the —a— and dpx't.--x'* k =1,2,..-,r, are the basis-vectors and
ox't «o. 9x'% |,

-covectors respectively. It is readily verified that the form of the elements in (1.1) and
(1.2) is unaltered under change of chart. In fact, upon invoking r-jet notation [1], [2],

() There called r-gauge. Cf., [2] for a modified and improved definition.
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if an element U, € 77(%, p) has, relative to a chart (U,(3 p), v, = (x', n)), the representa-

: d ar

tion Up, = €p,W,,, where e,, = ( i o p) and w,, = (Ul,, .-,
Ut;+*), then, relative to a chart (Us(3 p), ys = (', 1)),

(1.3) Up.ﬁ — ep,ﬂj;“(p), CVﬂ(P)""("’U’ oYy l)up,u

where the juxtapositions are to be interpreted via the r-jet composition rule [1], [2], and
the operator ¢ - ) deletes the target from the indicated r-jet.

2. Inner products. Induced metrics

Abstractly [3] an inner product on ¥ x ¥, where ¥ is a real linear vector space, is
a real (%#)-valued bilinear map:

@1 {-, " }: ¥ x¥ > R:(U, V) > {U, V}

which is: (1) symmetric in U and V, and (2) positive definite on the diagonal of ¥ x ¥".
In conformance with these requirements introduce:

DEFINITION 2.1. A k-vector inner product is a bilinear map on 7'(®, p)x 7" (8, p) - &,
which relative to a given chart (%,(3 p), ¥« = (x', 1)) in an atlas for 2 is defined by:
@2 (U, V™ = Y URVier DUV L+ ) Ui

i iy, {2 iy, ik
A k-covector inner product, {-, * }un,on T (#,p)x T (B, p)and a k-cross-inner product,
{-, - )&B, on T"(B,p)x T (B, p) are similarly defined.

In the above only the k-cross-inner product is form-invariant under change of base-
space chart.

A chart in a material (r-reference) atlas for # has the form (%,, j;), where j;
is a target-deleted r-jet field on %, whose coordinate representation relative to the
corresponding base-chart (%,, y,) may be expressed as:

(2.3) x(@D) = Ui, Jigs -5 Ty 1)y
where x is the coordinate map on the space of the indicated r-jets. This serves to motivate:
DEFINITION 2.2. With 1 < k < r, an induced k-metric on # [relative to a material atlas
A" of %] is a real-valued symmetric bilinear map [g,, (p; k)] (-,-) on T (%, p)x T (%, p)
such that for each p € %,:
24) (8o (P; )] (Up, Vp) = {52(P)0y,a, Je(p)Vpa} 7
for all (U, =e€,,1,,,V, = €,,¥,.) €T (%, p)xT"(#,p), where the inner product is
that of (2.2).
The map gm,(p; k), by (2.3) and (2.4), may be explicitly exhibited, relative to a base-

space chart, as:
k

(2.5) gmr(p; k) = Z Giyisiisit( D} k)d,le oo xls @dpxTi.n xIt,

s0=1
where the tensor product is denoted by ®, the usual summation convention holds, and
the components of the metric (2.5) may be expressed in terms of the J’s of (2.3). For the
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case r = k = 2, to which we shall subsequently confine our attention, relative to a given
base space chart, the juxtaposition to the right in (2.4) has the explicit component form:

(2.6) x(j:(p)“p.u) = (JjUﬁ.a +J‘ U;ku ’ Jt‘fil UH
3. Metrics and cometrics

The dual of the k-metric (2.5) is the k-cometric, which relative to a base-space chart
has the form:

a5 &t |
* 0. yeisidyd |
(31) gm (P, k) Jr;:g '(P,k) ax,l” ax,s ®3x"'---3x“ Ip’
where, with { -, ‘> denoting the action of the first on the second entry,
& Cfebay if s=t,
) @””xﬁﬁﬁaﬂﬁ== 0 if s¥t

The components of the k-cometric are determined by requiring that the k-cross-inner
product be preserved; that is, by imposing an orthogonality condition of the form

(I<k<r):

(33)  <(lgar(p; k)1 (Uy), [83r (5 k)] (V3)) = UMWy, + UMW,y 4 oo + UV,
When k = r = 2, (3.3) yields the following simultaneous equations for the components
of gy (p;2):

ghgaj +4g‘mbg¢b;_f = a}’ gu;abgnb;kl +43Umga;u o éil 5{;
818 +8" gy = 0, and  g“, n+8"gau =0,

where we have invoked the symmetry requirements on the 2-metric and 2-cometric as
reflected in the component-field symmetries:

(3.4)

Bij = Bjt» Bujk = Liksis Bkl = Ekistj»

3.5 and ; : ; :
3.5) g =gl ghlk = glki Ukl _ gkiitj

Equations (3.4) have two sets of solutions, differing by a constant factor, for each of the
components of gg:(- ;2). The value of the factor is determined by requiring the coa-

lescence of the two sets of solutions. The orthogonality conditions (3.4) then reduce to:

1 1
8"8’::1 = 2 5}, gU ot Babikl = 7 5&‘ 55'7,

(3.6)

By = 5 O 8 gun = 840,
and
3.7 giit = —2glg, . obeilk

The result (3.6); for 2-metrics may be compared with that obtained in classical (1-)
tensor analysis: g%,; = 8f; of course, the remainder of the relations (3.6), (3.7) have
no counterparts in classical theory. Relations (3.6) are frequently invoked in the course
of the subsequent development.
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4. Two-connections and two-mefrics

A description of the methods whereby it can be shown that (smooth) material in-
homogeneities in higher order bodies may be characterized by higher order material
connections is beyond the scope of this Brief Note. So is an outline of the theory for
determining covariant derivatives relative to such connections. These two topics are
covered in [2].

A material two-connection field on # has, relative to a material- and corresponding
base-space-chart, the representation I'oz = (I, Iiy;). The body 4 is said to be a 2-solid
if and only if the first entry in the coordinate representation of its relative isotropy group
%2(U?) = {(d}, afy)} is such that the set {aj|deta] # 0} = 2(n), the full orthogonal group
of transformations of #". As should be the case, it is readily shown that this definition
of a 2-solid does not depend upon the choice of base-space chart. An intrinsic tensor(?)
at p € 4 is one which is invariant under all transformations of the intrinsic isotropy group
at p. Intrinsic tensor fields on # are similarly defined. It follows that the induced 2-metric
field on a 2-solid is intrinsic. Thus, its covariant differential must vanish on #. Coordinate-
wise this condition is reflected by the three equations [2, § 12]:

d
agtJ' +I11wguj +Pjuwgh| Lo 0;
4.1) 3
g;wk +I0guik +1 o8y + i &ijiu + Lk &uj + 1 fiw&iu = 0,
and
38:; Kkl 4T I I e I =
“ox® o g gt i 8 H 0w 8k + w8uit = 0.

We seek_to invert these equations so as to obtain the /s in terms of the g’s. Clearly,
by (3.6)3, (4.1); yields an expression for I'f;, in terms of the I'j’s and the gy;’s. Let
I'{jy and Iy, denote the symmetric and skew-symmetric parts of I'j, respectively. Then,
invoking the classical solution-method, (4.1); may be solved for I'j;,. The substitution
of these two results in (4.1), yields an equation for IT;,; whose solution is:

n uii 3 i u
4.2) I +IGw = 32¢ "{ g‘ sk +8rjo1kd Ciwy 8otk Giwy +8it; nr(kw)} 3%

But I'j, = I'{;, 4+ I hence, (4.2) serves to determine I7;; = % Iy —T%). In sum-

mary, the solution of (4.1) for the I™s is:

98ja , 9%a g,
The® =& Ra;* o 3”}”””’

R s
() We employ “tensor” in a generalized sense; e.g., as an element in (7 (&, p))@(RT (%, p)),
R,85=1,2,...
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i ial Ogabyit w w
4.3) Iipg = 16g% i—gﬁﬁ +8&ovwyt £ g +8owayt I‘(m;},

and

. U s | 08k ., .
k= - o gl {%’L +&uiiab It + 8 jusad Tkt +&ikun L at + & jksau Pu}-

This result may be phrased as:

ProOPOSITION 4.1. Let & be a 2-solid. Then the assignment of a material 2-metric field
on B uniquely determines the material 2-connection field on # in accordance with (4.3).

COROLLARY 4.1. The material 2-connection I'op = (I'iy, I'ly) field on & is symmetric
in j and k if and only if the induced material 2-metric fields possess the symmetries:

(4.4) Sij:ik = Ljik and g = g

5. Discussion

Within the confines of the universe of discourse for simple-(gross) body theory [4]
no mechanism is available for determining the torsion, I'{;;, of the connection . As
a consequence it must necessarily rest content with focusing its attention at this stage
of its development on Riemannian (i.e., torsion-free) material connections. As shown by
(4.3) such a limitation does not arise in the case of 2-solid (gross) bodies. In fact, (4.3),
indicates that in general the connection symbol I'j is not torsion-free. Since the com-
ponents of the 2-curvature tensor [2], Rep = (Rix, Rjum), are expressed entirely in terms
of the I"s and their first partial derivatives, we conclude from (4.3) that the assignment
of a material 2-metric field, gop(-;2), not only uniquely determines the material
2-connection field, I'op( - ), but also the 2-curvature field Rop( - ). However, in general, the
converse is not true. That such is the case follows from the fact that, upon assignment
of the field I'y2(-) on &, (4.1) may be viewed as a system of three coupled first order
linear partial differential equations for the components of go:( - ). In general, these equa-
tions do not possess a unique solution. The study of this inverse problem should, we
conjecture, yield new insights into the mathematical properties of inhomogeneous ma-
terially uniform 2-solid (gross) bodies.

Finally, another interesting aspect of the result (4.3) is that, in contrast to Iy, the
2-metric gop2, since it is a measure of “distance,” possesses greater amenability to physical
interpretation and, hence, is easier to assign. Thus, providing still another avenue of
ingress to the theoretical study of inhomogeneous 2-solids. Naturally, the equations of
motion for such solids would need to be invoked. These have been derived in [2].
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