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Mathematical theory of defects. Part II. Dynamics

E. KOSSECKA (WARSZAWA)

THE Basic formulations of the dynamic theory of defects in the infinite, homogeneous, line-
arly — elastic continuum are discussed. The relations between the theory of surface defects
in the displacement description and the theory of the medium with defects represented by the
incompatible deformation and velocity fields are demonstrated. The dynamic incompatibility
problem is examined.

Omowione s3 podstawy sformulowania dynamicznej teorii defektéw w nieskoriczonym, jedno-
rodnym kontinuum liniowo sprezystym. Pokazane jest przejécie od teorii defektéw powierz-
chniowych w opisie przemieszczeniowym do teorii o$rodka z defektami, opisywanego przez
niezgodne pola deformacji i predkosci. Pokazane jest rozwiazanie dynamicznego problemu
niezgodnosci.

OBcy)xaeHs! OCHOBHEIE (GOPMYTHPOBKA JHHAMHYECKOH TEODHH AeeKTOB B GECKOHEYHOM,
OAHOPONHOM JIMHEHHO YNpyroM KOHTHHYYM, IIoKasaH IepeXof OT TEOPHH MOBEPXHOCTHBIX
AeceKTOB B ONMMCAHMH B TEPEMELLEHHAX IO TEOPHHA CPEbI C Je(heKTaMu ONMMCAHHON HECOBMeE-
CTHMBIMHE TOJAMH AehOpMAlMH M CKOPOCTH. YKasaHO pelleHMe MMHAMMUECKOH 3ajaud He-
COBMECTHOCTH.

1. Introduction

IN THE PRESENT paper the dynamic theory of defects in the linearly-elastic, infinite, homo-
geneous medium will be presented. In the same way as in [1], where the static problems
were considered, the relations between different formulations of the theory will be de-
monstrated.

The theory of defects in motion is not studied to such an extent as the static theory,
in particular the dynamic incompatibility problem, and the disclinations dynamics has
been worked out only recently [7, 14]. In the present paper some results of [1] will be made
use of. Some questions, which are similar in the dynamic and static case, and were consid-
ered in details in [1], are handled in short here. Special attention will be paid to questions,
which are essential in dynamics. In every formulation of the theory, the geometric and
kinematic constraints equations, together with the solutions for the elastic fields will be
examined. The problems of forces acting on defects, defects self-energy and energy
radiation will be omitted.

In the dynamic case, the state of the medium is represented, in addition to the deforma-
tion field, also by the velocity field. Together with this new physical field, the new con-
straints equations appear in the theory. Dynamic defects are characterised not only by the
position vector, but also by the velocity vector; thus besides the defects densities, the de-
fects currents appear,
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In the displacement description we consider an ideal medium with the forced, time-
dependent, singular deformations: along certain moving surfaces the discontinuities of
the displacement field u were produced. Such a discontinuity surface we call a surface
defect. In the classical linear theory of elasticity, to defects correspond the dynamic elastic
potentials of a double layer (see[2, 3]), characterised by the discontinuity vector U of the
field u.

When the motion of a discontinuity surface § is arbitrary, not only the distortion
field u; & but also the velocity field @, possess on S the singularities of the type of a delta-
function. We represent thus, as in the static case, the distortion field u,; in the form of the

regular part B and singular °ﬂ, and the velocity field i1 in the form of the sum of the regular

part v and singular ¥. The fields B and v we call elastic, @ and ¥ the plastic (or initial)
distortion and velocity.

The strain and velocity fields corresponding to dynamic potentials of a double layer
satisfy the dynamic equilibrium equation in the form p9;— ¢y €1mx = 0, which is the basic
equation for the theory of initial deformations in the linearly-elastic medium. When we
pass from the ideal medium to the incompatible medium with defects, we assume that the
elastic fields satisfy this very equation and the constraints equations.

In the theory of dislocations, the medium is to be described by the elastic fields B
and v. The two constraints equations describe the influence of the dislocation density
tensor « and the dislocation current J on the fields  and v. The medium with disclina-
tions is to be described by four elastic fields: the strain e, the bend-twist x, linear velocity v
and the rotational velocity w. To them correspond the four constraints equations and the
four source functions: dislocations and disclinations density tensors « and 0, and current
tensors J and L.

In the fourth chapter the general formulation of the so-called dynamic incompatibility
problem will be presented. In the dynamic case, these are e and v, which have always the
good physical interpretation. In addition to geometric incompatibilities, represented by
the incompatibility tensor v, we deal with kinematic incompatibilities, represented by the
incompatibility current F. The solutions for e and v in terms of n and F are found.

2. The displacement description

2.1. Geometry and kinematics

In the dynamic case, we consider defects as the moving surfaces of discontinuity of the
displacement field u. As is known, dislocations have the comparatively great freedom to
move in the medium. But also the complex defects as cracks can move through the medium.
We shall assume, that the surface of a defect can vary in time in an arbitrary way. This
general model is important when considering point defects (see[6]); in the theory of linear
defects, as dislocations and disclinations, it is sufficient to consider surfaces which vary
in time only through the motion of their boundaries; the defects surface can have then
the interpretation of a real slip surface (at least from a certain instant of time). However,
because the physical quantities do not depend on the surface — they depend on the line
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only, moreover the choice of the surface and its motion are arbitrary — it will be conve-
nient to consider arbitrary moving surfaces. When a defect is a crack, its surface is a real
one; we consider only the motion of the type of cracking.

The discontinuity U of the displacement field u at the point §(¢) of the moving surface
can depend additionally on time:

2.1 (@), 1]l = UE®,1); ¥)es.
We assume, as in [1], that U can be represented as a function of .

In the dynamic case, to the geometric compatibility condition comes the kinematic
compatibility condition. Namely, the increment of U at the unit of time (represented by
the total time derivative of U) must be equal to the difference of the increments of u at

both sides of the moving surface; the latter quantity depends on u and the surface
motion:

d 5
(2.2 &= - [+ Ci Vi)l
Making use of (2.4),[1] we obtain (I:I = a_atU):
23) Uit Unali = Ilill+ Uiabi—men U o St meny] [ )] G
Hence the kinematic compatibility condition:
(X Up+ Gn)n,Uye = | (i)l + Gyl [ )1

2.2. Theory of elasticity

In the elastodynamics we have at our disposal the dynamic potentials of a double
layer, which will serve us to describe defects. By the dynamic potential of a double layer
we shall mean the expression (see [2, 3]):

2.5) ui(x, 1) = f dr’ f dsy U,[c.,,,,,v,+ 8ur0ls %] G (x=%(t"), t—1').
- (]

G is the dynamic retarded Green tensor of the Lamé equation:

(2.6), LuGu(x, t) = 8,6(1) 8,(x),

2

v a
(2.6), Ly = 6,0 57~ Cikim ViV;
L is the Lamé operator.
For the isotropic medium (see [8, 7]):

2.7, 5(: r
T A
G"‘—4ng{c§ r +VIV"[(?_Z6‘ ra r o e oy ¢ ’
(2‘7)2 c%‘:ﬂ’ C§=£,
e e

where 6 is the Heaviside function, ¢, and ¢, are the longitudinal and transversal wave
velocities.

6 Arch. Mech. Stos. nr 1/75
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The expression (2.5) has the following properties:

(2.8), [[w]l = Ui,

(2-8)2 [[taru]l = 0,

where

(2.9) f:r = 5:-:9”:5:% + 1y Caprs Vs »
2.9), [[twrtt )] = 07 Eol )l + | 15 0ol

We use the retarded Green tensor having in mind the physical interpretation of the
field u. (2.5) represents the total field produced by a defect in a period of time # = — o0;
the influence of the initial conditions is neglected. The integration with respect to time re-
presents the summation of all the impacts of the defect history to the present state of the
medium; the complicated process of propagation of the field due to a defect describes
the tensor G.

The condition (2.8), is the condition of dynamic equilibrium of a defect. The expres-
sion g(tn)] [#,)] represents the momentum influx to the defect surface, |[n,0,5]| describes,

as in the static case, the action of elastic forces on the defect surface.
The expression (2.5) can formally be written as follows:

@10 u =Gi.*[—c..,,.,v, [[as Uty ~0—e 2. [dng, U,a,(x'—:)],
§ s s

the star denotes now the convolution with respect to the three spatial variables and the time.
The expression in bracket has an interpretation of the force distribution producing the
dynamic defect.

From the condition (2.8), we can calculate the discontinuity of the normal derivative
of the u field on the defect surface, for the prescribed discontinuity U. The detailed calcu-
lations for the isotropic case are presented in [3]. For the general anisotropy from (2.4),[1],
(2.4) we obtain:

@11) 0 = o@n){Ui+ CoymUx— Gmymel s 1} + 10 Cives {Ur,s = st Uy - mmi [l 11}
Hence

212)  [1smsCunre—0m)? ;) rad 41l ~ 14 Up ] = =1 Citrs Uer,er— 0GW) U

From the above system of linear equations the vector m (| [, x)| — U, x), which enters into
the expression for |[u;,]| and |[#], can be calculated in terms of Uy, and U;. We are not

going to analyse in detail the system (2.12), we notice only that when Ui, and U; are
equal to zero at the same time, (2.12) has only the trivial solution equal to zero [we mean
the solution for arbitrary (€n), we do not consider special cases of degenerate system of
equations). From (2.4), [1], (2.4) follows thus that the strain u,,, and velocity i; fields
are then continuous through the defect surface. The very conditions are satisfied for the
case of dislocation and disclination.
For dislocation:
(2.13) Ui=-b, Uyx=0, U =0,

[[urpdl = 05 |[&]] = 0.
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The dynamic potential of a double layer with constant discontinuity U = —b can thus
serve as a model of a dislocation, which is de facto a linear defect; the corresponding to it
“physical fields” #;, and u; should not have discontinuities on S.

A dynamic disclination is represented by the U vector constructed in the same way as
for the static case [see(2.18), [1]]:

(2.14) Ui = —e1pe25(La— ),
Ui = U[i,k] = Eup-Qp,

U=0 for £=0, ZeS.

One can have doubts, whether to describe a moving disclination loop as a defect with
a fixed rotation axis, or let the axis to move together with the loop. The analysis of the
formulae (2.12), (2.4),[1], (2.4) indicates, that the assumption ﬁ # 0 and consequently

U # 0, causes [[uan)l # 0 and [[i#;]| # O; such a defect in any case will not be a linear
defect; the fields describing a state of the medium will have discontinuities on S, and so
the surface S will be visibly marked in space.

For completeness we present here the formula for the displacement field of a moving
dislocation expressed by the Green potential K. The dynamic Green potential, which will
be important when solving the dynamic incompatibility problem (see [7]), satisfies the
Poisson equation to:

(2'15) AKi = "_Gin Kl'r = "'A_IGEH
and at the same time the Lamé equation:

v 1
(2.16) LJ',.K;,. = 65} é(t) -4; § r = le.

For the isotropic medium, K satisfying Eq. (2.15) with the retarded Green tensor at the
right-hand side is equal to:

ret. _ _L 6“ 1 1 1 1 _ 3
2.17) Ky = i {‘E;‘-r‘("—sz)ﬂ(r—czf)'*'“gvtva[‘a(" ¢, t)

x O(r—c, t)— cL (r—czr)’ﬂ(r—cgt)]}, t=0.

By the appropriate transformations, for U = —b, we can bring (2.5) to the form (see [9]):

@18 w=b [d § dc:ks,,,k[cmv,+g§b§;a..,]v,rq.

-0 L(t")
b; f 1
ot S = |x-T].
+%S@ﬂr,r Ix—¢
The above expression reminds the static one very much [see (2.24) [1]], however
in the dynamic case the term depending on the dislocation line L has the much more com-

plicated structure than in the static case. Nevertheless, it is significant that the second term
in (2.18), being responsible for the discontinuity of the u field, has also a simple form of

6*
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the harmonic potential of a double layer. It depends on the dislocation position at the
instant ¢ only the part of the field corresponding to it is thus so to say “dragged” by the
moving dislocation. It is essential also that only the velocity of the dislocation line ap-
pears in (2.18), the surface velocity being absent at the same time. The assumptions about
the surface motion are thus of no importance for the case of a dislocation.

3. Velocities and currents

3.1. Geometry and kinematics

To the u field, having the discontinuity U on the moving surface S, corresponds, be-

sides the singularity ﬁ of the spatial derivative, also the singularity ¥ of the time derivative,
having the character of a delta function. We can cross the surface not only making a step
in the space, but also when the moving surface passes by our point of observation. We re-
present the derivatives of the u field in the form:

(3.1), U = Pa+bu,
(3.1), iy = v+9;,
where f§ and & are equal (see[10]):

(32), Bu = sf ds Uy 85(x—%),

(3.2), b = — [ds,t,U8:(x=0), Tes.
5

Notice, that the quantity ¥ depends only on the normal velocity of the surface S, for
(¢ +m) = 0 it is equal to zero. In the same way as P and §, the fields vand ¥ are called appro-
priately the elastic and plastic (or initial) velocity. For a point defect, v is concentrated
at the point (see[6]):
(33) b = —plids(x=Y),
where p is the intensity and § the position vector of a point defect.

For linear defects, the plastic velocity v, like the plastic distortion é is not the uniquely
defined quantity, determined by the position and the motion of a defect. It follows from the

free choice of the surface S.
For a dislocation:

(34 b= b [ dslyds(x-8), Ees.
s

The field ¥ of an arbitrary surface defect can be understood as due to a superposition of
infinitesimal dislocations loops with Burgers vectors — U™:

(3.5) 8 = = D UM En)s(45™).
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In the dynamic case we represent the state of the medium with the help of the fields
representing a deformation (distortions, strains), to which correspond stresses, and the
velocity field. When we are to describe the incompatible medium with defects, v is iden-
tified with the real velocity of material points. In addition to the constraints equations
of the static theory, having the geometrical character, the new kinematical constraints
equations appear, being the relations between deformations and velocities. Into these
kinematical constraints enter the currents, being the new source functions, depending
on defects velocities.

Let us consider dislocations, for which the distortion field has a good physical inter-
pretation. The constraints equation (3,7), [1] and the definition (3.8)[1] of the dislocation
density tensor « are also valid in the dynamic case. We obtain the additional constraints
equation differentiating with respect to time the Eq. (3.1),:

(3.6) iy = fin+ B

and subtracting the Eq. (3.1), differentiated with respect to x:
3.7 Uix = Ui+ Dug.

We obtain the following relation between @8, é, v, V!

(3.8) fhk—f’i.k — —[}éu"ﬁ:.ﬂ-

We introduce the dislocation current tensor J:

(3.9 Lo h B

From the definitions (3.8) [1], (3.9) results the following compatibility equation for the
functions @ and J:

(3.10) &lt'"sklmjlm.l =0.

For a single dislocation line:

(3.11) i =b; § dlutrsalsdsx—%), EelL.
L

The dislocation current J is concentrated on the dislocation line L. It depends in a linear
way on the Burgers vector, the tangent vector and the velocity of a dislocation. It is thus,

Fic. 1.

beside a, the good source function of the dynamic theory of dislocations. The functions B
and V have to be constructed in such a way, that (3.9) be satisfied. The tensor J can be gen-
eralised to the case of the continuous flow of dislocations. The expression ¢ x d§ under
the integral sign in (3.11) has an interpretation of the vector element of the surface,
outlined in the unit time by the dislocation line L; see Fig. 1.
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In the considerations carried out till now we have assumed that the dislocation mo-
tion can be arbitrary. However, the essential restrictions are imposed by the condition
of the mass balance (see [12, 13]).

In the ideal medium, described by the displacement u, the mass balance is automatically
satisfied. In the case of existence of moving defects in the medium, that is formally, when
the deformation and velocity fields describing the medium do not satisfy compatibility
conditions, the mass balance is not always satisfied.

Let us denote by m the mass of a unit volume of the deformed medium; the density
of the medium is denoted by . The equation of balance for the quantity m:

dm :
(312) '&" +m‘Ug'k = =Jk.k-

In the above equation v is the velocity of the points of the medium, j represents the mass
flow. In the linear theory of elasticity v = u, while

(3.13) m = p(1—uy),

and the balance equation in the linearised form is automatically satisfied:

dm
(3.14) - +evs =0.

In the medium with defects the real strain is represented by the elastic field e, the mass of
a unit volume is thus equal to:

(3.15) m = o(1—ew),

the field v we shall identify with the field of elastic velocity. Taking into account the con-
straints equation (3.8) and the definition of the current (3.9), we obtain the balance
equation in the form:

(316) —Qék;‘+90k.g = —QJH.

The trace of the dislocation current tensor J determines thus the divergence of the mass
flow j. The dislocation motion proceeds thus without the mass flow if J;, = 0, that is

ﬁj_(-.- x b), what means that the line moves along the so-called slip plane, determined by the
Burgers vector b and the tangent vector 7. The condition Ji; = 0 is significant only for a dis-
location being not of the screw type; Txb # 0. The mass flow in a crystal can be realised
by the vacancies absorption or creation. The dislocations motions with Ji, # 0, the so-
called climbing motions of edge dislocations, can be realised thus with' the help of vacan-
cies influx (positive or negative) to the dislocation line; it makes the significant restriction
for the motion of this kind. A dislocation motion along the slip plane is called conservative.
The corresponding to it plastic deformation is a “pure plastic” deformation, without the
change of the volume. Notice that J; determines only the divergence of the mass flow j;
the mass flow which permits a dislocation to climb can be realised in many ways.

In the case of disclination, to the discontinuity of the displacement u, also corresponds
the singularity of the time derivative °; the role of the Burgers vector plays now the vec-

tor 2 x @—Ci The representation (3.1), , also takes place in this case. However, in addi-
tion to v, there appears the singular plastic rotational velocity, corresponding to the
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discontinuity of the rotation field w. The time derivative of the distortion field is equal
[see (3.12), [1]}:

(3.17) Uk = eix—EikaWa+ ém—smfi’a-

The time derivative of the discontinuous rotation field @ we represent as a sum of the reg-
ular part w and singular part 4::

(3.18) g = Wat P,

By the plastic rotational velocity we shall mean the quantity:

(3.19) Wa = Pa +Wa.

Hence

(3.20) l.l;’g = éig—'ﬁf*gw¢+3ik —Siuiz".

For a single disclination:

G.21), b= [ dsyleipe2p(Ce—ED 8:(x =),
5

(3.21), W= f dsytp2i05(x—8), CeS.
s

The comparison of the formulae (3.7), (3.20) leads us to the following constraints equa-
tion for the fields &, w and v:

(3.22) en—EpaWa—Vix = — [!éik ~ EixaWa— Dy
We define the dislocation density current J(1):
(3.23) Ju = — [Bi—ema¥a—D1]

TR [ﬁu — Dik— EikaVPal -

We find the second constraints equation by equating to each other the gradient of the
expression (3.20) with the time derivative of (3.15),[1]:

(3.24) Uigm = €itm— EikaWam+ étk.m"sika‘g’_a,m:

and on the other side:

(3.25) Uy = Cit = Eikaam+ €tk m— Eikaiam -
Hence

(3.26) Koam—Wam = — [am—Wa,m]-

We define the disclination current I(?):

(3.27) L = = [am—Wa,m]

= [ﬁ;am == 'F’a,nr] .

I

(*+?) The transposes of J and I are used in [14].
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Notice that disclinations being absent (¢ = 0, l]a = (), the expression (3.23) for the dis-
location current is identical with (3.9); moreover, the disclination current is equal to zero.
From the definitions (3.20), ,[1] and (3.23), (3.27) result the following compatibility
equations for the tensors a, 0, J and I:

(3.28), ik~ EximJim,1 + EximEimela = 0,
(3'28)2 éﬂ_— 3ulmfm.l = 0.

For a single disclination:

(3.29) i = ,.f s imabmeipe@a(Ca— £ 8:x—T),

(3.29), Im = § dtyount:.85x-0), CelL.
L

In the same way as densities & and 0, the currents J and I are concentrated on the dis-
clination line only. J in the same way as « is equal to zero when the disclination line coin-

19

T

| o
| /

Fic. 2. FiG. 3.

il

I'*hmulmllll"lll

cides with the rotation axis; & x —%) = 0. The motion of a disclination with respect
to the rotation axis is equivalent to the dislocations current with the Burgers vector
Qx (tj—t).

For a disclination, the condition for the motion to be conservative, that is to proceed
without the vacancies creation or absorption, imposes also restrictions on the disclination

line velocity €. The condition Ji, = 0 takes the form:
(330) 0= émemk Ta Eipe'Qp(cq— Eq) oo "'n(c{_ Cog) C.rQ P Ta-Qa é."q(C.,— fq’)s

what means that the conservative motion of a line element occurs in the plane de-
termined by the vector T x [ x ((—f)]. We can speak of the glide surface of a disclina-
tion. This problem is examined in details in [15]. The two conservative motions of a dis-
clination loop of the twist type (t _|_£2) and the wedge type (£ is contained in the plane
of the loop) are demonstrated by Figs. 2, 3.
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3.2. Theory of elasticity

If we compare thie Egs. (2.10) and (3.2),,, it becomes evident that the dynamic elastic
potential of a double layer can formally be represented as follows:

a . 5 d .
(3-31) U = — Gir % [cubrs Vsﬁnb -0 'E 'Ur:l = -G x I:C.,;,,, V,eub—g E Ur],

the convolution in (3.31) being with respect to four variables.
The gradient of u can be represented as follows:

d _ . 9 % .
= Gir * cubuvs vk&ub_ (4 a vkt"r i Gir * cubrsvb vsﬁuh -0 ? ﬂrk

U =
(3.32) 3
- Gir * icubrs vs [ﬁnb,k _ﬁ:rk.b] +eo 'E‘ [Brk _ér.l]} + ﬁlk s
or with the help of e:
° a a 1 o o
(3.33) Uip = —Gir » {cuan Vslens,k — €nes] — 0 r [ —”r.k]} + €.

The time derivative of u:

2 -
(334) i‘i e Gfr * {cnbn Vl‘a_(‘i énb —e _aa;_;' ’jr i Cnbrs vb vsén} i Gircnbn vs{éub _én,b] i él .

To be in agreement with (3.1), 5, (3.2);,, we identify:

o a ) a
(3.35), Bixk = —Gi, * :cllbrs Va[ﬂub,t_gnl.b] +e Bt [ﬁrk-vr.k]} ’
° a a % o
(3 35)2 e = —Gj, » {cnbu Vl [elb,l - enl,b] +0—=- [erk —ﬂr.t]} »
ot <k>
(3.35); V; = —Gip % Coprs Vs ['zs"nb = éu-b] =

From (3.35);,; we immediately obtain the expressions for the elastic distortion and ve-
locity fields of a dislocation in terms of dislocation density @ and current J:

7}
(336)1 ﬂtk = G = I:Cnbr: v:e&bpaup +o 'a Jrk]:

(3.36), 0y = Gir % Coprs VeJup -
Notice moreover, that the u field given by the Eq. (3.31) is a solution of the following
equation:

62

a -] o
(3.37) Qa—rft‘l_-‘-’mmvkvmﬂl =0 E’vi_clsnbvsenb-

From the above follows that the fields e and v satisfy the following equation:

i
(3.38) @ 57 Vi Cikim Viem =0,
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what we write in the form:
(3.39) iv - =0
. e ar Tk = U.

The stress o is understood here as due to the elastic strain e. The elastic parts e and v of the
strain and velocity corresponding to the potential of a double layer, being the model of
a defect, thus satisfy the equilibrium equation (3.38). In the linear model of the medium
with defects, we identify e and v with the real strain and velocity fields. Further on, when
formulating the theory in terms of elastic fields, we can assume the Eq. (3.38) together
with the constraints equations as the basic set of equations of the theory.

4. Dynamic incompatibility problem

4.1. Kinematics

In the dynamic case the state of the elastic body is represented by the two physical
fields: the elastic strain e and velocity v. The general formulation of the incompatibility
problem has to take into account also the kinematical incompatibilities.

The time derivative of the total strain has the form:

“.1) Uy = ém'f'é:k-
On the other side:
(42) i‘d»b ] <I.b+éd.b-

Subtracting (4.2) from (4.1) we obtain the following constraints equation for the fields e
and v:

4.3) en— Uik = — [en— {’d.h} .

The quantity on the left-hand side of (4.3) we call the incompatibility current F:

(4-4) Fy = - [éit_éd.b]:
hence the constraints equation takes the form:
@“4.5) én—Yar, = Fix.

From (3.9), (3.23) is evident, that F coincides with the symmetric part of the dislocation
current:

(4.6) Fu = Ja,.

The disclination current I does not contribute to F.
The trace of F describes the mass flow in the medium with incompatibilities [see (3.16)].
Let us recall the definition of the incompatibility tensor n:

“.7 Ny = Eik1 Ejmn€in km>
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to which corresponds the following representation of & [see (4.13)[1]:

o r
(4-8)1 € = Qd,b‘“ E1ab€kca Va Vc??w * *8;: )

r o o
(4.8), P = " [€ab,abi —2€1q,a85] -

Differentiating twice and contracting with the product &,; &,.x the Eq. (4.4), we obtain
the following compatibility condition for.the tensors n and F:
4.9) —Wab = Eatt Eomk Fik,im-
Notice that for v = 0, the incompatibility current is equal to minus time derivative of
the plastic strain.

As is evident from (4.8), & depends on @ and #; we could accept as the incompatibility

current the quantity @ —%, independent of W; for ¥ = 0 — just @, For the reasons of phys-
ical interpretation, it is more convenient to deal with the quantity F, being close to the
dislocation current J.

4.2. Elastic strain and velocity fields

The dynamic incompatibility problem for the elastic medium is thus formulated as
follows. The medium with incompatibilities satisfies the following set of equations:

(4.10), @ o Vim0 = 0,
(4.10)2 _siklejmnelu,im = 7;"!}’
(4.10) éu—f’d.b = Fi.

Equation (4.10), is the dynamic equilibrium equation, (4.10), ; are the constraints equa-
tions. As we mentioned in [1], the method of solution of the above set of equations was
presented in [7]. Here, like in the static theory, we demonstrate how to calculate e and v
fields in terms of 0 and F from the expressions of the chapter 3. The elastic strain equals
[see (3.35),]:

] o a 2 a
4.11) e = —Gyx icjtlm Vileims—e€is,ml+0 n lejs— ‘Uj.s]}

<is>

We make use of (4.20)[1]:

o o 1
(412) €ism— €Im,s = ‘D[s.m]l + EsmpEalb Vanbp * 2’; .
From the above follows:
(4'13)1 Q[SJII}H = éls,ml_élm.sh
1
4' \ G T4 e .
( 13)3 qj{s,m] {emr.sa esa.ma] * dr

The specific dynamic term, occuring in (4.11), we transform as follows:

P ] & 1 ; s : 2 5 1
(4'14) €is—Vjs = — [ejs,n_vj,sa] xV, W = GD[j,a:]_ [ejs.a+eja.s_esc.j_vj,u] * Vg m .
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The expression in bracket can afterwards be represented in terms of the incompatibility
current F:

e 4 & o 2 2 g a o
(4.15) [ejsat €ja,s— €sa,) V),50) = €js,0+€ja,s— €sa,j— Uej,va— Vgjoars
+€’u.nj e Fj.s,a + ch..l — Fu.!'
Because

(4.16) Gy LJM‘D[MM,.) = ¢["'](l.» =0,

we obtain the following expression for the field e, written in terms of the dynamic Green
potential K:

d
4.17) e = Kijox ‘cjklnvtexmpsslb =0 3p [Fisat Fias— Fu,j]}

<is

The expression for v we obtain immediately from (3.35),:
(4.18) vy = Gy * Cjkim Vi Fim-

From (4.17) we can obtain the strain field of a dynamic disclination given in terms of the
source functions &, 8, J, I; it will be published in [14].
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