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Mathematical theory of defects

Part I. Statics
E. KOSSECKA (WARSZAWA)

THe Basic formulations of the theory of defects in the infinite, linearly elastic continuum are
discussed. The point of departure is the displacement description and the theory of surface
defects, which are represented by the elastic potentials of a double layer. The corresponding
to it total distortion field splits up into its regular part, called elastic and singular part, called
plastic or initial. The elastic stress field satisfies the equilibrium equation o x = 0, which is the
point of departure for the theory of initial deformations. Next we discuss the theory of disloca-
tions, formulated with the help of elastic distortion field and the theory of disclinations formula-
ted with the help of elastic strain and elastic bend-twist tensor. The transition to the general
incompatibility problem is demonstrated together with the solution for an arbitrary anisotropy
of the medium.

Omowione sg podstawowe sformulowania teorii defektéw w nieskoficzonym kontinuum liniowo
sprezystym. Punktem wyjécia jest opis przemieszczeniowy. i teoria defektéw powierzchniowych,
ktére sa opisywane przez sprezyste potencjaly warstwy podwéjne_] Odpowiadajace im calkowite
pole dystorsji rozbija si¢ na cze§¢ regularng zwana sprezysta i cze$¢ osobliwa, zwang plastyczna
lub wstepng. Sprezyste pole naprezen defektu powierzchniowego spelnia réwnanie réwnowagi
oikk = 0, ktore jest punktem wyjécia dla teorii deformacji wstepnych. Nastepnie oméwiona
jest teoria dyslokacji sformulowana przy uZyciu pola dystorsji sprezystej i teoria dysklinacji
sformulowana przy uZyciu tensora odksztalcenia sprezystego i tensora gietno-skretnego. Poka-
zane jest przejécie do ogblnego problemu niezgodnoéci i jego formalne rozwiazanie dla dowolnej
anizotropii.

O6cyxaens! ocHOBHEIE (GOpMYIHPOBKH TeopuH AedeKToB B GeCKOHEUHOM JIMHEHRHO ynpyrom
KOHTHHYYM. FlcXomHOl TouKON ABNAIOTCA ONMMCAHWE B INEPEMEIICHHAX H TEOPHA MOBEpX-
HOCTHBIX JeheKTOB, KOTOphIE OMMCHIBAIOTCA YNPYTHMH NOTeHIMaNamu gBoiisoro cnoa. Otse-
YaolljHe ¥M IONHOEe IOoJie AUCTOpCHl pasCHBaeTCA Ha PeryApPHYIO YacTh, HaskIBAEMYIO YIIpY-
roif, ¥ 0cofyI0 UacTs, HASLIBAEMYIO IUTACTHYECKON M/ BCTyNMTeNbHONH. YIpyroe moje Hanps-
JKeHHIf NOBEPXHOCTHOrO MedheKTa yAOBJIECTBOPSAET YPABHEHHIO PaBHOBeCHA Oy x = 0, KoTOpOE
SABNACTCA MCXOMHON TOUKOH IIA TeopHH HAaYANLHEIX Hedopmammii. 3ateM obcy»xeHa Teo-
pPHSA JHCIOKAINi, chOpMYMpOBAHHAA NPH HCIONB30BAHUM MOJIST YIIPYTO# AMCTOPCHH H Teo-
PHA OUCKUMHALMK, chOpMYJIHPOBAHHAA NPH HMCIOML30BAHMH TeH30pa ympyro# nedopmaimm
H H3ruGHO-Kpyuatero Tensopa. [Tokasan mepexox K ofimeii safayn HECOBMECTHOCTH H ee dop -
MaNBHOE pEllleHHe Jis NMPOM3BOJIBHON AHHM3OTPOIHH.

1. Introduction

THE AM of this work is to demonstrate relations between different formulations of the
theory of defects. We shall consider defects in the linearly elastic, homogeneous, infinite
medium. We shall discuss in principle those formulations of the theory which are applicable
to the theory of dislocations and disclinations. Special methods of the two-dimensional
crack theory will be omitted. We shall apply generalized functions technique.

In every formulation, the theory breaks up into geometrical conditions, which are at
the same time the constraints equations and the methods of solution of the equilibrium
equations, which result from the theory of elasticity.
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From the classical theory of elasticity comes the diplacement description, to which
corresponds the idea of an ideal medium. It is convenient to think of defects as of some
forced deformations of the ideal medium. Deformations corresponding to defects are
characterized by the fact that the displacement field u suffers discontinuities on certain
surfaces inside the medium, called the defects surfaces. The discontinuous u field we treat
further as a generalized function. The total distortion field u,;, which corresponds to
a defect in the displacement description, breaks up into its regular part @ and singular
part B, the latter having the character of a delta function concentrated on the defects sur-
face. In the same way the total strain u;, breaks up into its regular part e and singular
part & The regular part of strain, and the stress field corresponding to it, always have
a good physical interpretation; this is the elastic field corresponding to a defect. The sin-
gular part of strain has an interpretation of initial strain, in the theory of defects we call
it plastic strain. The regular part of distortion field B, called the elastic distortion, has
a good physical interpretation in the case of dislocations. This suggests the description
applied in the theory of dislocations. We consider not the ideal medium described by
means of the displacement field u with discontinuities, but the non-ideal medium described
by the field of elastic distortions . The field B satisfies the constraints equation, which
formally is a relation between the derivatives of the elastic distortion B and plastic distortion
ﬁ; de facto, it is the field equation which describes the influence of the dislocations on the
field . The dislocations distribution is represented by the dislocation density tensor a.

A slightly different description is to be applied for the medium with disclinations.
If the disclinations are present in the medium, no uniquely defined elastic distortion field
exists; the state of elastic deformation is represented by means of elastic strain and what
is called the elastic bend-twist tensor, which describes the relative rotation of the elements
of the medium. In the constraints equations, the dislocation density tensor and the discli-
nation density tensor appear.

As already indicated, for a defect of any kind the elastic strain field and elastic stress
corresponding to it are well defined. For the ideal medium, the strain field satisfies the
de Saint Venant compatibility equation. For the medium with defects, to which correspond
plastic strains e, the compatibility equation is not satisfied; instead, we have the constraints
equations between what are called the incompatibilities of the fields e and é. We can
thus describe the medium by means of elastic field e to which the incompatibility tensor
7 corresponds. 0 is connected with the presence of defects in the medium; formally it is
connected with the presence of plastic strains &. This ‘approach was formulated by
E. KRONER.

2. The displacement description

2.1. Geometry

It is convenient to consider defects as certain forced deformations of the ideal elastic
medium. We thus imagine that a defect was introduced into the medium by making a cut
along some.surface S and forcing some finite relative displacement U of the two faces of
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the cut. Thus we define a surface defect as a surface of discontinuity of the displacement
field u. Such a formulation has a clear geometric interpretation. If we use the displacement
description, any defect is a surface defect. A point defect is a limiting case of a defect having
the close surface converging to a point.

The displacement field u does not describe the state of the medium. We say that it is
not the state quantity such as the stress and strain fields. Thus it may occur that in some
cases it is not uniquely defined. For what are called linear defects, dislocations and discli-
nations, the elastic strain field produced in the medium by the defect, depends only on the
defect line, which is the boundary of the surface S. Such defects are the whole class of theu
fields having discontinuities on different surfaces with the same boundary.

In what follows, it will be convenient to assume that the function U admits the exten-
sion outside the surface S and can be represented as the function of the surface point E.
The condition of discontinuity of the u field we write in the form:

(2.1 |[u®)] = U®); EeS.

The double bracket denotes here the discontinuity of a function at the point E belonging
to S. The condition (2.1), which we call here the geometric condition, is de facto the de-
generate boundary condition.

Once U is given, the discontinuities of the tangent derivatives of the u field are pre-
scribed. In what follows, we shall assume that U is an at least twice differentiable function
of E. The derivatives of U with respect to £ we denote by a comma:

a

(2.2) Ui;l = EU[.
Let us define the operator of tangent differentiation:

d d
(2.3) Dy = T, *ﬂlns‘Es

where u is the normal vector of the surface S. The geometric compatibility condition
takes the form:

(2.4), Dy Uy = [[ui ]l —mil[nsuis]l,
(2.4); Uie—mn Uy s = [[ugpd] —meng|[uy,5]]

2.2. Theory of elasticity

We have now to construct the displacement field corresponding to a defect in a linearly
elastic, infinite medium.

The medium, when acted upon by a force density X(x), obeys the static Lamé equa-
tion('): '
@
T oax

2.5) CimViVmth(X) = —Xi(x), Vi

(") For the derivatives of the functions depending on x or x—{ we shall apply both denotations: f
and Vy f; they denote always the differentiation with respect to x;, only for the functions of T, fx denotes
the differentiation with respect to {j.
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We accept force densities as being generalized functions. ¢ is the tensor of elastic moduli
of the medium. The particular solution of (2.5) has the form:

(2.6) U = Gy % Xi,
where G is the basic solution or the Green tensor of the Lamé equation:
.7 CiximVik Vm Gt = — 04 85(x).

The star in (2.6) denotes the convolution with respect to the three spatial variables.
For the isotropic medium:

(2.8), Cixtm = A0 Ogm +p(0iy O + O1m Ona) »

_ 1 6& 1 ;b+ﬂ . _
(2.8), Gu(x) = W{—;— - "Z_WVIV.& re, r=|[x|,
A and u are the Lamé constants.

Similarly as for the Laplace equation, for the static Lamé equation we have two im-
portant solutions called the elastic potential of a single and double layer. The theory of
these potentials has been worked out by W. D. KuPRADSE [1], the applications to the de-
fects theory having been elucidated by H. Zorski [2], see also the author’s papers [3, 4, 5].
The role of the function 1/4nr is played by G, the role of the normal derivative by the
operator

(2°9) ;Ill' = NpCnprs V,,

;,,,u, is the stress vector acting on the surface S. The potential of a double layer has the
form:

(210) Wy o= J.dsb Uy Casin ¥ Gy
5

The above expression has the following properties:

(2.11), [l = Uy,

@.11), |FEwrll = 0.

We assume the potential of a double layer to describe a defect. The condition (2.11),—
the continuity of the stress vector on the defect’s surface—ensures that a defect is a seif-
equilibrated formation.

Formally, we can write:

@12) Gy % | = [ ds UncusrsVads(x'~B)]
5

= G, % [-cubrsvnf d&], U, ‘33(1'—@] 3 E €Ss.
5

We can interpret the expressions in brackets as the force distribution producing the dis-
placement field describing a defect. It is constructed of gradients of the delta function
distributed over the surface S, and is thus a surface distribution of double forces. In view
of the symmetry of the tensor e, it is the selfequilibrated distribution of forces, its resultant
moment is equal to zero. The resultant force is also equal to zero. Consequently, in the
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displacement description, the single static defect is equivalent to the selfequilibrated distri-
bution of double forces X:

@13), X, = — [ dsgn®)V.8:(x~E); EeS,
S

(2 1 3)2 Grs = Crsnb Unny.

This question was discussed in detail in [5].

Taking into account the condition (2.11), and the geometric compatibility condition,
we can calculate the normal derivative of the u field as a function of the derivatives of U.
From the condition

. 14) 0 = |[HyCppes ur.s]l = NpCnbrs {D_, U, +n,m] {ur,k]l }
= HpCabrs U(r.a} + CrprsHp M5 { —H Ur.t +H|;i [ur,k]l },

we calculate:

(2.15) — 15 Uss 11| [1,5)| = gutm Uct,my»

where the structure of the tensor gy, depends on the structure of ¢. Hence the disconti-
nuity of the distortion field u;;:

(2.16), [l = Ui +megiim Ug,my »
(2.16), [[ug,]l = [0u1 Om +1xiyiml Ud,my»
(2.16); e, 0ll = Upigg +1px€iim Ut my -

The strain and stress fields are thus continuous through the surface if U is a constant
vector or if Ugyy, = 0. These two cases realise the dislocations and disclinations. Discli-
nations are also called Volterra dislocations of the second kind (see [7, 8]). Dislocation
is characterised by the constant Burgers vector b:

217 U= =b;, Ug=0, [l =0,

disclination by the constant rotation vector £, and the position vector of the rotation
axis E

(2.18), Ui = —epe2y(C—C); EeS,
(2.18), Uik = eupp, [uginll =0,  [[upigll = eup2,.

By way of illustration, we derive now the important formula for the displacement field
due to a dislocation; it will be represented as the sum of the discontinuous term, being
the harmonic potential of a double layer, and the continuous term depending on the line
only.

Let us introduce the Green potential K satisfying the Poisson equation (see [9]):

(2.19), 4Ky = — Gy,

1
2.1 = —/A-1 = s s,
(2.19), K;, 471Gy = Gip % 7 el
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K also satisfies the equation:

1
(2.20) Cixim Vi VK = _‘5”745;}"‘
For the isotropic medium:
1 . 1 A+pu i
(2.21) Kik = 83’(# { 6;‘3 r+ 12 WV;V; I :.

Then using (2.10), (2.17), (2.19), we obtain:

(2.22) Ui = fdsbbncnbuvsair i fds,,b,c,,b,,V,V,V,Kg,
s s

= f[dsb"'—'a'“ _dsa_'i']bncnbrsvsvaKfr_ fdsabucnbrsvbvsvcxir-
% 3;0 acb s

From (2.20) and the Stokes theorem:

d
e [ dsifr=fas [l —dsr—]f= cusa [ diaf,
3 Olm 7 % gy by 4
it follows then that (L is the boundary of §):
b
(2.24) .= detebakbucubnvsvaKlr s é .s[dfav —1—

The second discontinuous term does not give rise to the distortion discontinuity, since
the derivatives of the harmonic potential of a double layer are continuous through the
surface; this result is consistent with (2.17).

3. Elastic and plastic fields

3.1. Geometry

It can easily be proved (see (10)) that to a discontinuity U of the displacement field u
on the surface S corresponds the singularity of the distortion field B, having the character
of a delta function concentrated on the surface S. If we represent u;; as (%)

(3.1 i = Bac+Bis

the singular term é is equal:

(2) Pu = [dsUi0,(x—8); EeS.
5

B is called the initial or plastic distortion corresponding to a defect. The term plastic is
rather in use in the defect theory. This term is motivated by the fact, that § represents
that part of the deformation which is responsible for the discontinuity of the field u; in
other words, it is the forced deformation which introduces a defect into the medium.

(%) The denotations u;x = fyi+ Py are in use in many publications.
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The field B, which represents the deformation of the medium around the defect surface,
is called the elastic distortion.

We introduce also the elastic and plastic strain field:

(3.3 Uaxy = enx+ép-

The singular plastic surface distortion corresponding to a surface defect is of a more
fundamental character than the plastic distortion corresponding to a point defect:f;; =
= 7p503(x—T) (see [11]), the latter can be obtained from the former as a limit case; the
form of a tensor T will depend on the form of a point defect.

Note also that for line defects the plastic distortion B is not uniquely defined. The
surface S may be understood as a real surface, along which has occured the plastic slip
giving rise to creation of defect, but it may also be some imaginary surface. It is not de-
termined by the actual position of the line of the defect. The quantity ﬁ may also be de-
fined for the continuous distribution of defects, but even so it will not be determined uni-
quely by the distribution. of defects.

Let us now discuss in detail the case of a dislocation. For a dislocation

(3.4 B = —b; [ ds.0(x—E); Ees,
S

b is the Burgers vector.
The notation

[ dsasx—8) = &(s),
s

(3.5)
[ dsid:(x~8) = m®6(S),
S

is often in use; (see [12, 13]).

Note that the general expression (3.2) can be understood as a superposition of small
dislocation loops 4S™, each characterized by the Burgers vector —U®™(Fig. 1):

(3.6) Bu = [ dnUi 85x—8) = D UMni»8(4S®™).
s n

Such a formation is called a Somigliana dislocation. This idea is used when constructing
what is called a dislocation model of a crack or a low angle grain boundary; we also speak
of the dislocation model of a disclination.

From (3.1), we can eliminate the field u by acting with the rotation operator. We ob-
tain the following relation:

3.7 &xmViBim = —2xmViBim-
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We introduce the dislocation density tensor a(3):

(3.8) Ay = _ellmvlﬁim-
From the definition (3.8) follows that the divergence of a« is equal to zero:
3.9 O = 0.
For a single dislocation line L:
0
(3.10) o = b [ dimeuin e 85(x~8) = by f dLubs(x-).
5 i

The components of the tensor a are proportional to the products of the appropriate com-
ponents of the Burgers vector and the tangent vector of the dislocation line, moreover &
is concentrated on the dislocation line; by contrast with ﬁ it is determined by the actual
position of the dislocation line. Thus e, not ﬁ is a good source function of the theory and
corresponds to the physical quanuty-dlslocation density. Note that, although (3 8) appears
to be the definition of & in terms of {, it is & which is the primary quantity.  should be
so constructed that (3.8) may be satisfied. The tensor a admits generalisation to the case
of continuous distribution of dislocations.
The Eq. (3.7) in the form

(3.11) eximViPim = i

may be understood as the constraints equation for the elastic distortion field 8 [14]. We can
assume now, that (@ itself describes the non-ideal, or in the language of defect theory
non-compatible medium in a state of elastic deformation. The incompatibility of the
medium (in terms of B) describes the Eq. (3.11). Such a medium can be projected to an
ideal medium only locally, in the areas where @ =0, This approach is close to physical
reality.

The constraints equation for B, called also the Burgers condition, may be derived directly
by examining the geometric properties of an elastic distortion field around a dislocation
(see [3, 13]), without making use of the ideas of the u and @ fields.

However when, in addition, disclinations are present in the medium, the incompatibi-
lities are of more complicated nature and B is no longer a satisfactory physical quantity
to describe the medium. (see [16, 17]). From (2.18), it follows that the antisymmetric
part of the distortion field is discontinuous on the disclination surface. We introduce the
elastic and plastic rotation vectors:

(3.12), Uk = U +upn

= e — EixaWq +€ik — EikaWa,
(3.12), [[wd] = —

Since the discontinuity of the rotation vector wis constant over the surface S, its derivatives
[by analogy with (3.1)] can be represented as the sum of the continuous part which we
denote by x and the singular part ¢:

(3.13) Wam = Xgm+ Pam
(®) The here defined a is the transpose of that used in [8, 15, 18, 19].
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x is called by de Wit the elastic bend-twist tensor, ¢ is called by Mura the plastic rotation
field (see [8, 16])(*). The sum of ¢ and d,,, will be denoted by x—the plastic bend-twist
tensor:

(314) ’%am = ‘Ba.:m +‘$’¢M,
then
(3.15), Uikm = €ik,m= Eika¥am +€ik,m~ EikaXam>
(3.15), Uikml = €ik,mt = EikaXam,1 F€ise,mi — Eika Xam,1-
For a single disclination, the plastic distortion by (3.2), (2.18), is:
(3.16) Bu = — § dsueine,(Co— £ 35(x—B),

£y
the plastic rotation field, by analogy with (3.1), (3.2) is:
3.17) bu = — [ ds, Qi85(x—E).

iy

From (3.15),,, follow the two constraints equations, being the relations between e, x
and &, x:

(3.18), U pm = 0,

(3.18), Extm[€im,t — EimaXal] = — Extm[Cim,1— EimaXall,
and

(3.19), Uiamy = 0,

(3.19), Entm¥am = — Enim¥am,i-

We define the two source quantities: the dislocation density tensor « and the disclina-
tion density tensor 0(%):

(3.20), U = — Exim[€im,1 = Eima¥all,
(3'20)2 Ban - _enlm;‘m.l-
In terms of ﬁ and ¢, a and 0 are:
(3.21), Ui = “etlm[gim,l_elmé’al]s
(3'21)2 8‘! . _Gulm&am.l-
From the definitions (3.20),,,, the following compatibility equations for a and 0 follow:
(322)1 “lk.khsimoanl A 03
(3.22); Buns = 0.
For a single disclination line L, from (3.16), (3.17) we obtain:
(3.23), ti = f dlaeipe@y(Ce— L) 8:x—D),

L
(3.23), Bun = f 42,2, 85(x~E).

L

(*) The transposes of % and ¢ are used in [8, 16].
(®) The transposes of a and © are used in [8, 16].

5 Arch. Mech. Stos. nr 6/74
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Both densities @ and @ are concentrated on the line only. & is proportional to the product
 x (E—E); thus, when the disclination line E coincides with the rotation axis, & is equal
to zero. The variation of ¥ with respect to rotation axis is equivalent to the addition of
a dislocation with the Burgers vector nx(g—é) to the disclination line. If both the
dislocations and disclinations are simultaneously present in the medium then a defined

by (3.21),, with ﬂ understood as due to dislocations and disclinations, is the combined
dislocation density tensor. When there are no plastic rotations in the medium, the defi-
nition (3.21), coincides with (3.8).

3.2. Theory of elasticity

Notice first, that the elastic potential of a double layer (2.10) can by (2.12) and (3.4)
be written as:
(324) u = Glr -+ [-'cnh-svs nb] = —Gir % Cnbrs Vséub-
From the above it follows(®) that:
(325) Uy = — Glr 'x' cubr-'vs vk 5nbi GIr Cilbrsv.l vb ﬁank =

- G[r * Chbyrs V! [&nk.b _ﬁnb.l] +Blk1

or in terms of e:

(3.26) Uik = Gi % Cabrs Vs[€nd,x— Enx,p] +Eix-
To be in agreement with (3.1), we have to identify("):

(.27, Bix = Gir % CabrsValBrrs—Busal,
(3.27)3 e = Gir * cllbnv.l [éan.b-éllb.l](ﬁ)'

We derive now the formula for @ starting immediately from (2.10):

(328) Ui = — f ds'bU,c.b,,V,V; G;, o o f dfg Uﬂ c,,,,,,V, Vb Gg,. =
S s

0 d
= ! [ds&a_‘:.* o dst?fb_] Us CabrsVs Gir

- f [dsy Un,x— dsy Uy p] Caprs VsGir + fdfx U,85(x—E)
s 5

= § detnaUscursVsG— [ [ Ura=d5s Upslcuns¥sGrt i,
thus: : ’
(3.29) Bu = § datssaUnCursVsGir— k[ [d5s Uy x—ds, Ups] CasraVs Gir-
The first term of the :bove expression is continuous on S, the second one is at least disconti-
nuous on S and does not have the singularities of the delta function type.

6) Here + means the simultaneous addition and subtraction of a term.
7) Here <ik> means the symmetrisation of the whole expression with respect to indices 7, k.
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We can generalize formulae (3.24), (3.25), (3.26) and (3.27),, , to the arbitrary distri-
bution of defects and the plastic distortion field corresponding to it.
The u field given by (3.24) is a solution of the equation:

(3.30) CikimUtmk = = Cikim Vm Yk Gir ¥ Cabrs Vaasb = Cisnp Vspp.
From this it follows that the elastic field e satisfies the equation:
(331) clﬁnvlej- =0.

The above important result can be obtained also by direct calculation:

(332) Ciklm Cnbrs Vl vs [f d’m Un G.lr,b_ fd‘fb U- Glnll] =
5 8

= CunVi | dsn Uy 83(x—E) = 8y, CabrsVs [ d5y Uy 85(x~F) = 0.
S S

By o we indicate the elastic stress due to the elastic strain e:

(3.33) O = Cikim€im»
Thus:
(334) Ok = 0.

When solving the problem of stresses due to initial deformations, we always assume the
Eq. (3.34) for the elastic stress due to initial deformation. Here we find some justification
for this procedure, since for a surface defect, which is a fundamental form of initial deform-
ation, the part of the stress which has the interpretation of elastic stress satisfies the
Eq. (3.34) identically.

When we have to deal with an incompatible medium, which we describe by incompat-
ible elastic fields, we take the Eq. (3.34) together with the constraints equations as the
basic set of equations of the theory. Let us consider the medium with dislocations, which
can be described in terms of elastic distortion field B. The set of equations

(3.35), CikimVa €1 = 0,

(3.35), Exim Vifim = ks,

has to be simultaneously satisfied. Multiplying (3.35), by £, we obtain:
(3.36) Biva— Biap = Earntx = “'[ﬁu.-—ﬁu.i]-

Now, we differentiate (3.35),:
(337 0= citmViVslim = CikimViVsPim
= CliimYkVmPis+ CikimVe[Bim,s— Bisml-
From (3.36), (3.37) follows the equation of the Lamé type for the field B:
(3.38) Cikim Vi Vi Bis = Cinton Vi Emsr %1y -
The particular solution of (3.38) has the form:
(3.39) Bis = Gij % CittmViEame N1y

5=
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and is equivalent to:
(3.40) Bis = Gij ¥ c}klmvkiﬁls.m_uﬁ!m,s},
which is in agreement with (3.27),.

We present here the formal solution of the Eq. (3.38) in terms of the Green function G.
It is known that for most of the anisotropic bodies, G is not known in the closed form.
However, for some cases of special geometry—for example the rectilinear screw dislocation
perpendicular to the symmetry surface (see [21])— it is possible to find the solution of
(3.38) in the closed form.

The set of equations:

Migy = €n+en

(341) } =u = Gy ¥ cnbrsénb.l

ik = 0 = Cikim€rmi
is also postulated in thermoelasticity. Initial strain € is given there as a function of the tem-
perature. However, there is a difference in the interpretation of the quantities we deal with,
since in thermoelasticity u and o are the real quantities, while e and é are the subsidiary
ones; whereas in the defect theory e and o are the real quantities, while u and e are the
subsidiary ones.

4. The incompatibility problem

4.1, Geometry

From (3.27), we conclude that the elastic strain field e, and therefore also the elastic
stress @, can be represented in terms of e alone. Moreover, it is e which describes the state
of the body and which appears in the equations of equilibrium. It is important thus to derive
the constraints equations for the e field when the plastic & field is prescribed. When we have
to deal with defects, the e field is given as the symmetric part of (3.2), but the formulae
derived in this section are applicable to any problem with initial strains e.

The following identity for the derivatives of the u field takes place:

“4.1) Upem = *;12— [tti e+ e 1] + -Ll,— (24 mic +Um, 2] — —;'“ [t mi +thm ki) -
Inserting into the above formula the expression u¢ i, = e +éx, we obtain:
4.2) Up ke = €oem+Comt—Chim,i +C1icm+Cim,x—Chim,1

and

4.3) Ui kml = Cik,ml T Cim,kl — Ckm, il +é 1k,mi + élm,kl = E’km,ll .
Simultaneously,

4.4) Ui kim = €ik,im €1t km— k1, im +Cikim + Eit fm = €1, im -
Subtracting (4.4) from (4.3), we obtain:

4.5 Cim, ki +Ck,im— Chm it —Citkm = — [Cim 11 +Ext,in— Cxom, 11— €11, km] -

In view of the antisymmetry in the indices (i, k), (/, m), we can write (4.5) in the form:

(4.6) Erik EplmChm,it = ErikEplnim, il -
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This is the basic constraints equation for the e field in the presence of initial (plastic) é field.
When there are only elastic deformations in the medium, (e = 0), (4.5)is the classical de
Saint Venant compatibility equation for the strain field. We define the incompatibility
tensor 7 (the definition of n is due to Kroner {18]):

4.7) Nij = Eiki€jmn éll,hl'

The constraints equation (4.6) for the field e now takes the form:

(4.8) Erik Eplm€km,it = Mpr-
From the definition (4.7) it follows that 0 is a symmetric tensor and that the divergence
of n is equal to zero:

(4.9) iy = 0.

Let us now explain the role of the incompatibility tensor.

Since a vector field can be represented as the sum of the gradient of a scalar field and the
rotation of the vector field, a symmetric tensor can be represented as the sum of the symmet-
ric part of a gradient of a vector field and the “double rotation” of a symmetric tensor field
(see [18, 19]). We derive such a representation'for the e field. We make use of the identity:

r

(4.10) A8 = —85().

We have thus:

r

(4.11) e = ey ¥ 05(x) = —ey X 44 T ‘_éil:,o-bb‘x-sr_“

r 5 5 . . o o &
= e E* {vavb[eik,sb +eab,il_e¢k.lh_elb.-k]—vavb[enb,ik_eak,m_eib.tl]} =

r . . , . .
= - —8;* {VaVseiactcael€ax,er—€ap,ei] = ViVilas,ab + Vi€ak,ave +Vieisaa} =

r G | S 5 1.
e {Euc exbgVaVoeceatynjVeVneaj+ Vi [fu.m - ?eab,cbi] +Vi [el‘a,abb iy eab.a&t]} :

If we define
4.12), @i = [€ab,abi— 2€ia,a80] 5

r , .
(4.12), b, = B ¥ [€a,abi — 2€ia,a50]

and take into account the definition (4.7), (4.11) takes the form:
(4.13) ik = Pixy— €iabEkca VaVeMba *SL"
4
The term @;,, can be considered as due to the displacement field @, the second term

describing the incompatibility of the field . As will be seen, only the incompatibility of the
initial strain & gives rise to the elastic strain e.
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Let us now calculate v in terms of dislocation density @ and disclination density 6.
Taking into account (4.7) and (3.20),, ,, we obtain (see (16)):

(4.19) My = &m ejmvlvn E’u
= €01 jmn Vil[€1n,m T €1naHam]
= — e Vit + &y Vie[# 1 — 6j1%ad)
= — ey x—0ji +&ijx ViXaa,
(4.15) Ny = — [emoy;x+0 k-

For a single disclination line, % is concentrated at the line only.
Where there are only disclinations present in the medium,

(4.16) My = — Em%y xiijy-
4.2, The elastic strain field

The incompatibility problem for the elastic medium is thus formulated as follows.
The medium with incompatibilities satisfies the following set of equations:

(41?)1 0y, = 0,
(4.17) EikIE jum Cln,km = T)ij-

The first is the equilibrium equation, the second is the constraints equation. The method
of solution of the set of equations (4.17),, (4.17), was presented in [9]. Here we shall find
the elastic strain due to incompatibilities by making use of the formula (3.27),, where e
is given in terms of é:

(4.18) eis = Gij ¥ Cjxim Villis,m—Eim,s)isy
From (4.13) it follows that:

o o " 1
(4 19) €ism—Cim,s = EsmpEpgrCig,r = {T [?l,sm +Psim— Prms— ?n.ls]
r 1
- eaalps"r Eigb Eged ancvrﬂbd 'X' T'; = {T [?s,mi - ?m.:i]
r
— Esmp 8I¢bvl [Vc Vc Nop— VP Vr ’?br]} * g .

The divergence of v is equal to zero, Ar = —3~, we thus obtain:

= ; 1
(4'20) €ism—Cim,s = ¢[.r,-]l + EsmpEalb va Nop * “4_"}_ .

We insert (4.20) into (4.18):

@2) e = Gy % CpunVaViBrum Gy ¥ g X CrbinViamp s Valt.
We make use now of (2.8) and the defiinition of the K tensor (2.19),:

(4.22) eis = Py +Kij % Chrim Vi VaampEats Mop sy -
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The asymmetric term Py ,; does not contribute, thus
(4.23) eis = Kij % Cjkim Vi Vasmpatd Mop (isy-

It is evident from the above formula, that in the static case only the incompatibility of the
initial strain gives rise to the elastic strain e. However, to reconstruct n we need to know e
and e, not only e and %.

We define the incompatibility source tensor I (introduced by SMMoNSs and BULLOUGH

[20D:

4.29) Iig, = ssnpsalbcjilmvkleU(h)-
Then
(425 €5 = lebp % Nop-
For the isotropic medium, the I tensor can easily be calculated and is equal:
2(A+
(4.26) Ly = {— 85 O1p A + 814 0pp A — ; 2“) 8, ViV, l
Therefore,
r +
(4.27) € = g * l"-ms,n + Nk, rr O1s— "g_‘_—z‘u)’hk ls}

This is the well known KRONER solution, presented in [18].
From (4.23) and (4.15) the following expression for the strain field due to a disclination
follows:

(4.28)  eis = —Kiy ¥ CuimVi Va&smp€att [€orn Vi Onp +00p— €V Xaa Jiisy
= —Kij % CiuimViVa&smp[Va tip— Vi tap +241505,)
+Kij ¥ Ciuim¥iVal€ats Vin#aa— Eatm Vs %aakiisy
= Gij ¥ Cjtim Viesmp%ip+Kij % €jkim Vi VaEomp€iad Osp

o l
—Eisa Va¥aa K m {is)s

(4.29) eis = Gij % CiximViEsmpip+Kij ¥ CikimVi VaEsmpEatsOspisy -

1
y e +&isp Vatlap ¥

If for the rectilinear disclination its line L coincides with the rotation axis, @ = 0, and e
depends on 0 only.

5. Conclusions

We have demonstrated the transitions from the theory of surface defects in the displace-
ment description to the theories making use of the ideas of elastic and plastic deformations
and what is called the incompatibility problem. In every formulation the theory breaks
up into the conditions referring the form of elastic deformation (we call them here the geo-
metric conditions), which are the constraints equations for the elastic fields, and the con-
ditions of elastic equilibrium, together with the method of evaluating the elastic fields
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when the constraints are prescribed. Formal solutions of the equilibrium equations are
constructed by means of the Green tensor of the medium with a given symmetry. The phys-
ical quantities—the appropriate elastic fields—we express by means of physical source

fu

nctions, the densities of the appropriate defects. In. the incompatibility problem, the

source quantity is the incompatibility of the initial strain.

In the second part of this work, we shall discuss the dynamic problems of the medium

with defects.
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