Archives of Mechanics ® Archiwum Mechaniki Stosowanej ® 25, 5, pp. 833-849, Warszawa 1973

On the order of magnitude of the gradient-of-density dependent part
of an elastic potential in liquids(*)

A. BLINOWSKI (WARSZAWA)

AN APPROXIMATE equation of equilibrium and an expression for the gradient-of-density dependent
isothermal elastic potential is derived for nonlocal media with central interactions, The surface
tension on vapour-liquid interface for gradient-sensitive media is expressed in terms of bulk
properties of the substance. The order of magnitude of the gradient-dependent term is estimated
starting both from intermolecular forces and from known surface tension. Both methods lead
to the same order of magnitude of the specific length characterizing relative contribution of the
gradient-dependent term to the elastic potential which appears to be equal to 107%-10~7 cm,

Wyprowadzono przyblizone réwnanie rownowagi oraz wyrazenie na zalezny od gradientu gestosci
izotermiczny potencjal sprezysty dla oSrodka z nielokalnymi oddzialywaniami centralnymi.
Znaleziono wyrazenie dla napigcia powierzchniowego na granicy ciecz-para w zaleznosci od
charakterystyk materialowych substancji gradientowo-czulej. Oszacowano rzad wielkosci gra-
dientowego czionu potencjalu, zarébwno z sit miedzyczasteczkowych jak i z rzeczywistej
wartoéci napi¢cia powierzchniowego. Obie metody doprowadzity do oszacowan tego samego
rzedu (10~®-10~7cm) dla dlugosci charakterystycznej opisujacej wzgledny wkiad czlonu gradien-
towego do potencjatu sprezystego,

BoiBeneHo mpuGmieHHOE YPaBHEHHE PABHOBECHS, 4 TAK)KE BBLIPDAYKEHME HA 3aBHCHMBIA OT
TPajHeHTa IUIOTHOCTH HM30TEPMHYECKHI{ YIPYTHH IOTEHUMAN AJiA Cpefbl C HENOKATLHBLIMK
HEHTPANBHLIME BaaumoJielicTBHAMY. HalifeHa 3aBHCHMOCTh NMOBEPXHOCTHOTO HATDKEHMA Ha
rpaHHIe Map-XHIKOCTb OT MaTEPHANBHEIX XapaKTEPHCTHK IPaJMeHTHO-UYYBCTBATEIBHOTO Belle-
crea. Mcxons, KaK M3 MEKMOJNEKYSIPHBIX CHJI, TAK H3 PEAIbHOM BEJIMYHHEI MOBEPXHOCTHOTO
HaTAYKEHHA, IPOM3BOAATCA OLEHKH TPaJHEHTHOrO YIeHa yIpyroro moreHuuana. O6a mon-
XoAa BEAYT K Pesy/bTaTaM OJHOIO NOPANKA JUIA XapaKTepHOH [IMHBI OMMCBHIBaOMIEH OTHO-
C'l'l"l‘l!:!:lslibl? BHJIaf] TPAJMEHTHOrO WIEHA B YIPYTHIl MOTEHLMAN, KOTOPas OKasbIBAaeTCA PaBHOi
10-°~10~7 cm.

1. Introduction

DespiTe the well-known fact that the real behaviour of fluids depends on nonlocal
intermolecular forces, to the best of the author’s knowledge, no experimental evidence
for invalidity of the classical (i.e. based on the concept of the contact forces) approach
can, as regards problems of single phase flow, be demonstrated. On the other hand, there
is no doubt that if interfacial phenomena are to be considered, it should be assumed that
the behaviour of liquids in the interfacial region differs in some way from the bulk
behaviour.

For many applications, an interface can be considered as a separate two-dimensional
phase ruled by its own intrinsic constitutive equation. In the simplest model due to Young
and Laplace (for reference see [1, 2]), the interface can be represented as a constant tension
membrane. More sophisticated models include surface viscosity [3] and the possible

(*) This paper was written while the author was a Visiting Fellow in the University of Minnesota,
Minneapolis, U.S.A.
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dependence of interfacial tension on the curvature of the interface [4]. These models,
being very useful for practical problems, cannot, however, provide any information about
the nature of the interfacial region and about the connection between the bulk and surface
properties of liquids.

Another approach which can also be traced from the works of YOUNG and LAPLACE
(c.f. [1, 2]) and which was developed by Rayleigh [S] and later by VAN der WAALS' school
[6, 7, 8], is based on the concept of nonlocal forces and employs quasi-continual methods
(in the sense of LAPLACE). More general approaches of modern statistic mechanics use
very similar concepts for obtaining the partition function by cell methods (c.f. [9]).

In addition to the two approaches mentioned above('), still another, different one
is possible. It can be assumed that the stress tensor, or the elastic potential of the fluid
(we shall see later that within the framework of this method there is no significant difference
between the gas and the liquid phase) depends not on the density alone, but also on the
first, and possibly higher gradients of density. This consideration, which yields the same
or similar results as the previous one, was employed as early as 1901 by KorTewEG [12].

During the last two decades, many attemps at a generalization of classical continuum
mechanics have been made. Several papers may be indicated [13, 14, 15, 16, 17, 18] devoted
to the concepts of gradient-dependent elastic potential and its application for the descrip-
tion of interfacial phenomena(?).

The object of the present paper consists in estimating the order of magnitude of the
gradient-dependent terms of an elastic potential in fluids. We shall consider here a simple
model of fluid, admitting symmetric, central and finite range nonlocal interactions depend-
ent on the densities and the distance only. We shall show the possibility of existence
of a transition zone similar to Van der Waals’ liquid-vapour transition in an infinite
medium. We shall also show that the simplest gradient-dependent potential theory can
provide an approximate description for the nonlocal interactions. An expression for
surface tension will be obtained in terms of the gradient theory.

Thus we shall be able to estimate the terms under consideration in two ways: (a) start-
ing from their physical origin due to intermolecular forces and (b) comparing predicted
results with the experimental data for surface tension.

As far as possible we will use here continuum mechanics methods only. Considering
infinite media we will avoid all difficulties connected with the generalized boundary
tractions (see e.g. [14, 15, 16, 17, 18]) the physical meaning of which is yet far from clear
in the existing gradient-dependent theories.

2. Nonlocal interactions and the elastic potential

Let us consider an infinite body with finite and sufficiently smooth density field {(X).
We assume that the following balance of forces holds for every material particle X(x):

e3) [y, e, Ry av, +p2e0 = L2501,
E

(*) We shall not discuss here Gibbs’ [10] and more recently Buff’s [11] approaches which, containing
some mechanical concepts, are based mainly on thermodynamic considerations.
() See also [19].
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where b(x) denotes the density of the external body forces R = y—x, R = |R|, {(x) and
{(y) are densities at space point x(X) and y(Y), respectively, and the integral is taken
over the whole space E.

It is not difficult to see that the expression (2.1) already contains certain assumption
on the nature of nonlocal forces acting between two material particles X(x) and Y(y)
which are assumed to be central, additive and dependent on densities in x and y and the
distance |y —x| only.

We assume also

(22 p(¢®), L), R) = p(¢¥), {(x), R)

i.e., we assume the symmetry of interactions.

Let us note here that (2.1) contains another hidden assumption that the integral over
the whole space exists for every bounded density distribution — i.e., we do not consider,
for example, mutual gravitational interactions. The above assumptions are essential to
our considerations.

Our next assumptions which we shall impose for the sake of simplicity of further
analysis can be omitted or replaced if we employ more sophisticated mathematical methods.
However, in the author’s opinion, they are quite reasonable from the physical point of
view.

Thus we assume that the force function [ (x), {(y), R] can be expressed as

(2.3) p[E(), £(y), R] = AR)p[l(x), EW]+[1-A(RIP(R) LX) (),
where
A(R)=1 for R<C?,

AR)=0 for R>C,,
?®R)=0 for R>C,;C, <C,,

and where @(R), ¢[{(x), {(y)] and derivatives of @[{(x), {(y)] are bounded —i.e., we
assume that the force function can be expressed as a sum of an extremely short range
force, which does not depend on the distance, and a long (but finite) range force proportion-
al to the product of densities. We confine ourselves to the case of the static equilibrium

i
with the absence of external forces and to such density distributions for which |V {| < % "
1

i
for every i = 0, 1, 2, ..., where symbol V denotes the i-th spatial gradient and D is some
constant.
Under the above assumptions, we can write:

Ogle(), E@1

@4 AR, LM = plL®, LI+ =570

CZ
V@ Reo (55)
2

where o'(%) is of the order of
1

e, el )
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Expanding {(y) in power series, and disregarding small terms, we can rewrite (2.1)
in the form:

ROR
v f ‘2 av,

K(C2)

s [ZR V[ Ve BRe |, =0,

K(Cy) i=1

@9 o, te1 [ Rav,+ L@ LOL

K(C2)

where K(C,) and K(C,) denote interiors of the spheres of radii C, and C, respectively,

i
and dots stand for the product with contraction over all the indices of V{(x). The first
and the third terms are by symmetry equal to zero, and after rearrangement we can write:

dp[L(x), E(Y)]

9 3L

C2
v‘:(x)-;fn@mafmdx

y=x
= l i i+1 o
+C(x)2—i-'—VC(x)-fk®lnmdS f ®(R)R**dR =0,
i=1 x o 0

where » is the unit sphere, n denotes the outward unit normal vector.
Integrating, we obtain:

4n
@7 jn@nds ==L
41
(2.8) fk®lllu)ds =0 for i= 2?”, m= 1,2, 3, iy
@2.9) V) [n@n@n@ndS = =aVALX)
’ 3! : 15 ?
(2.10) VC(x) fn@n@n@ n@nPndS = -—::VA’C(K)(*")

It can be shown (see Appendix I) that the expansion (2.6) is, under our assumptions,
convergent.

Denoting

Cy
27
.11) &, = — | ®(R)RAR,
o lsof

i=1
() Forevery i = 2m+1 (m =0, 1,2, ..): Ve@)- f@ n(a)dS—iVA ).

(This relation has been recently proven by K. Zak MS Thesis, Warsaw University, 1973).
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(15, /27 can be referred to as the fifth moment of the long range part of the force function),
and

0P@Q) _ 47 (CE oplt(), L)) S )
(2.12) 5 = T(T e W c(x)a[ @ (R)R*R),
dropping out small terms containing higher gradients, we obtain:
(2.13) = VPEX)]+I(x)P;VAL(x) =

It is not difficult show (Appendix II) that in the case of a uniform density function,
P(?) is equal to the pressure defined as the total force acting between two semispaces per
unit area of the dividing plane (compare [5]). The equation of the mechanical equilibrium
(2.13) can be obtained also by an entirely different approach, as follows. Let us assume
that there exists an elastic (e.g. isothermal) potential density function w({, V), which
depends on the density and the first gradient of density(*); we assume also that the following
law of conservation is valid for every material region ¥ and every velocity field v:
VeV

(2.14) '!CWdV = !Cb-vdV-i-Jn -T. vdS-i-d‘!:n- Q-VvdS—!C

where T is a symmetric stress tensor and Q is some hyperstress tensor of rank 3. We shall
not discuss here a possible physical meaning of the tensor Q, which plays here only a tran-
sistory role and will not appear in the further analysis, because no dynamic boundary
conditions are considered (for discussion of hyperstress and hypertractions see, e.g., [14,
15, 17, 18)).

Using the following identity, which holds for every material region ¥V

@.15) f twdV = fcde f ( e (VC) vg) av,
and expressing ¢ and VC by the velocity gradients
(2.16) b= —0Vv, VE= Vv VeV V=LV V),

and changing the surface integrals into volume integrals, we can perform the standard
procedure on (2.14): making use of the fact that (2.14) should be valid for every velocity
field and every material region, we are able to obtain the following equilibrium conditions
(in the absence of body forces):

(2.17) V:T=0,

ow
a(vo W)”C avp VeV (‘: K5} ®1)]

It should be mentioned here that condition (2.18), which can be considered as a constitutive
equation for T, has been obtained as a consequence of the fact that (2.14) does not contain
any higher order inertial terms (for details see [19]).

218) T= [(;2 e

(*) In the thermodynamic approach, w can be referred to as a generalized form of Helmholtz free energy.
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It is not difficult to see now that, if we assume

(.19) o, V) = [P de+0, VT,

then we obtain for T

(2.20) T= (-p(¢)+ 5 DV VE+ 0, cac) 1-BVE @ Ve
and (2.17) can be rewritten as

(2.21) V-T=- aggc) VE+®5LVAL = 0

which is exactly the same as (2.13).

Thus, starting from entirely different assumptions, we obtain the same equation of
equilibrium (if we did not assume v =0, b = 0, we would get in both cases the same
equation of motion). It is evident, however, that (2.19) is by no means the only possible
form of potential w which can yield (2.21) or (2.13). If we demand, however, w to be an
isotropic function of { and VI, we can prove (see Appendix III) that if any particular
w(C, V) yields (2.21) then the stress tensor has to be equal to those given by (2.20). Thus
(2.19) is one of the simplest potential density functions which is compatible with the
expression (2.13) which has been obtained as an approximate equation for nonlocal
central interactions.

Now, we can see the other interpretation of P({) which is equal to the negative deriv-
ative of the potential density function over the specific volume v = 1/{ (in the case of uni-
form density).

3. One-dimensional case, the surface tension at the plane vapour-liquid interface

For the one-dimensional case the Eq. (2.13) has the form:

(3.1) aP(C) Cf+¢3 CC": =

The trivial solution of (3.1) is { = const, which corresponds to the single phase case.
The problem of the stability of this solution, as well as the problem of the existence of
any nontrivial solution, cannot be solved without at least qualitative information about
the function P({), and will not be discussed here.

Let us seek, however, the conditions necessary for the existence of an inhomogeneous
solution with gradients vanishing at infinity. Integrating (3.1) by parts, we obtain

3.2) —P(0) +¢3(CC” - -12- C’z) =q.
Integration of (3.2) after some rearrangement gives:
(3.3) & @) PR E SR

¢ ¢
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Let us impose the following conditions:
lim ¢ = ¢, lim ' =0,

(34) x-+.—rx.' .\'—'F;Eoo
lim¢{ = £,, lim " =0
X—+00 x—++00
From (3.4) and (3.2), we obtain the following necessary condition:
3.5) =P, = —P(;) = o
and from (3.4) and (3.3), we have:
&2
(3.6) f ﬁ@;"_‘_’_d; w0
<] C

It can be shown that (3.5) and (3.6) are also the necessary conditions for the existence
of the one-dimensional solution of any-order differential equation which can be obtained
from (2.6) with higher gradient terms preserved under the condition of vanishing of all
derivatives at infinity (see Appendix IV).

Now we have, sufficiently far from the transition region, almost uniform density,
and P({) can there be considered as a pressure. If the density transition under consider-
ation is to be considered as a liquid-vapour transition (cf. VAN DER WAALS [6, 20]) then
o, = — Pg, where Ps denotes the saturated vapour pressure and {,, {, are correspondingly
saturated vapour and liquid densities.

As already indicated, we shall not discuss here the necessary conditions for the existence
of the solution. of (3.1). We shall only point out that if for some particular case P({) can
be approximated within some range of { as a virial equation of state without linear terms

(3.7 P() = BL*+CL3+ DL,

then the solution of the problem under consideration (subject to certain restrictions im-
posed on coefficients B, C, D) can be obtained in the form:

(3.8) { = a+btanh(cx),

where a, b, ¢ are functions of B, C, D and @;. The representation (3.7), however, does
not seem to be very realistic, because it leads for low densities to

. 0P(0)
lim——= =0,
w0 O
by contrast with the well-known behaviour of diluted gases for which
lim oP(%) RT

Rl e
where R is the gas constant, T is the temperature and M denotes molecular weight.
Let us assume, however, that w({, V{) is not an isothermal, but an adiabatic potential
[in this case w(, V£) can no longer be identified with the Helmholtz free energy, but still
it has sufficient thermodynamic explanation as an internal energy]; then for diluted gases
we have:

P() / (é—)‘ = constant,
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where & > 1 and {, is some arbitrary density. In this case, (3.7) can represent the first
three terms of the power expansion of the isentropic equation of state. Now, the value

oP()
o
for { = 0 does not stand in contraction with the physical behaviour of gases. It is not
difficult to see that all the above considerations remain valid and, as in the case of isother-
mal potential conditions, (3.5) and (3.6) are the necessary conditions of mechanical (but
not necessarily thermal) equilibrium.
Let us adhere, however, to the Van der Waals viewpoint and assume that there exists
a proper solution of (3.10) [with the conditions (3.4)], then, taking one of the common
definitions of surface tension (see e.g. [21]):

=0

69) @= f (T,,—--;TtrTm)dX,

where y is a suitable second principle direction. From (2.20), we obtain:
12

(3.10) Tyy = P(0)+ 9P, (t&'" L

Bearing in mind that -% trT, = Ps, and substituting (3.10) and (3.2) into (3.9), we

obtain the familiar result (cf. [20]):
(3.11) o=@, [{2dx.

We have obtained here the expression (3.11) using concepts of stresses and forces for o
as a tension of some fictitious membrane stretched perpendicular to the x axis. Let us
observe here that Giees’s [10] definition of ¢ as a surface energy also remains valid. Let
us consider density distribution {(x) satisfying (3.1) and (3.4), and some other distribution
(*(x), where

(*(x)=¢, for x>a, and {*(x)=¢, for x<a.

Introducing the following condition for a

(3.12) -t @i=0

which can be considered as a condition of preservation of total mass, we can find the
difference AW between the total elastic potential associated with both distributions (per
unit area of the yz plane):

(3.13)

AW = f [C( )( f a0, C(;:S)) —0 )U ] CE*ZS) ]dx
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where £, < {, denotes some arbitrary density, or, using (3.3)
(3.14)

- & (=)
" v [ PO 4y L g 876
AW = _£ D3 (x)dx+ _£ [Gn—“zc(")"w@“)—c (x)“ o it 2 ?s e*(x) ]dx,

but £*(x) = 0, and by (3.3) and by our definition of £*(x), we have:
C'(J)P ’
00 [ 2dt = a-tim-u) for x<a,
()

3.1
(3.15) -y

¢ [ 2= a-ti-u(t) for x>a,
{o

or

*(x)
C*(x)f Pg) dt = o, —C*(x)ay—w(lo).
o

Substituting (3.16) into (3.14), we arrive at:

(3.16) AW = [ @02 (xdx—a, [ [E(x)—C*(dx.

In view of (3.12), the second right-hand side term is equal to zero and in virtue of (3.11),
we have:

(3.17) AW = 0.

Thus we can consider the surface tension as an excessive Helmholz free energy associated

with the existence of the gradient zone. The plane x = a at which our reference density

distribution {*(x) is discontinuous has been defined by Gisss [10] as the surface of tension.
Changing the variable of integration, we can rewrite (3.11) in the form:

{2
(3.18) o=, ta,
131

or substituting for ' the expression obtained from (3.3), we are able to write:

{2 4

(3.19) o=20; f t (2D ey pg— L5 par.
? 4 &y
1 &

Thus, in principle, knowing o, Pg, ¢;, {, and P({) we are able to find @;. However,
our description somewhat being simplified can hardly be applied for any particular
substance. Moreover, it is well-known that P() cannot be experimentally found for the
entire interval {, < { < {,. Thus in the next section we shall use cruder methods based
on the Eq. (3.11) for the estimation of @;.
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4. Numerical evaluation

For further considerations, we shall introduce now the characteristic length / defined as
D5 X3
() I/ PG YV M T ]/ e’

where M is the bulk modulus and c is the sound velocity.

It is not difficult to see the physical meaning of / as that length with which certain
length characteristics for the particular problem under consideration (e.g. ratio {/|V{]
or wavelength) should be compared in order to decide whether or not the term @, intro-
duces any detectable contribution to the solution.

According to (3.11) we have

4.2) Oy =—7

J ¢%dx

Now, let 28 denote the width of the zone within which the major density change takes
place. We shall omit here the proof of the rather obvious fact that

@3 f[ang m] < [ tax.
—4

If we take now sufficiently large 8, we have:

C(&) ~ 61, C(_a) ~ cl,

and we can write

280
@4 ®< Ty

Up to this point we have used exclusively considerations of continuum mechanics.
Now, we shall try to expand our field, borrowing certain concepts from molecular theory.
Our function p(Z(x), {(y), R) in (2.1) describes all possible interactions, including both
static forces and dynamic forces due to momentum exchange between moving particles
(compare RAYLEIGH [5]).

However, it is reasonable to assume that the long range part of

p(L(), {(y), R)
—i.e., D(R){(x)L(y) —is insensitive to the relative molecular velocities. Thus, if the
force between two similar molecules separated by the distance R is equal to some value
f(R), we can express @(R) as

4.5) f (R)

where m denotes the mass of the molecule. From (2.11), we obtain for @, :

4.6) ®, = ﬁ f;f) RY4R.
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Many valuable results in molecular theory were obtained with the use of LENNARD-
JonEs [6-12] potential function (see e.g. [9]).

@.7) A(R) = 48[(%)12 —(%ﬂ,

where ¢ and d are certain constants. In our sign convention, where the outward directed
force is considered as positive, we obtain for the total force f(R):

dﬁ d12
(4.8) f(R) = 4¢ [ 7 —12F:|.

Now, we are faced with the problem as to which part of f(R) has to be referred to as the
long distance force @(R). It can easily be shown, however, that for any choice of C, and
C,, we shall obtain:

W [4e[ d® __ av Sme o d° _ 10ed"
: <= - 5
(4.9) P, - [6R, 1225 ]R AR < 4o 56 '/2 gy
]/Za‘
thus from (4.1) and (4.9) we obtain:
'T0ed5F
(4.10) I< V%,

as an estimation from molecular forces. And from (4.4) and (4.1) we obtain:

260 Iy
4, i SR
Bl ’gl/@z—c,)z =

as an estimation from the surface tension. Now, the only problem is the choice of the
proper value for 24 in (4.11). Available estimations of 26 vary from “Several molecular
diameters” [22], to 100 A [21, 23].

Thus we hope that we do not underestimate in taking 28 = 200 A. If we now take
data for such a typical molecular substance as CCl,, where

€ =3.27-13806-10"'* gem?, d=5881-10"%cm, m = 153.811.66-10"%*¢

¢ = 1.595 g/em?3, = 27— dyna

(cf. [9, 24]), we obtain from (4.10):
] <3-107% cm,
and from (4.11):
1 <445-10~% cm

For reference we may mention here that the linearized Eq. (3.1) completed with dynamic
terms yields the following expression for the relative contribution of gradient sensitive
terms to the velocity of sound waves in liquids:

(4.12) =l T 5
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where c¢ is the classical sound velocity, © is the velocity obtained by taking into consider-
ation the term @, and A is the wavelength. For CCl, under normal conditions and
frequency as high as 10> MHz we obtain for (v—c)/c the order of magnitude of 1078,
which is evidently far beyond the range of any possible experimental verification.

5. Conclusions

In the foregoing sections, we have shown that the concept of gradient-dependent elastic
potential can be used for approximate continuous description of fluids with nonlocal
interactions.

We have also pointed out that for certain forms of the equation of state the simplest
gradient-dependent theory can yield a solution with a density transition analogous to
Van der Waals’s vapour-liquid transition. By obtaining an expression for the surface
tension at the plane vapour-liquid interface, we were able to show that the gradient approach
yields in this case the same result as the VAN DER WAALS and BAKKER approach, and
agrees with the widely-used Gibbs’ energetic approach.

Despite the crude assumptions and rough approximations, we have obtained, by two
independent ways, essentially the same estimation for the gradient-dependent part of the
elastic potential.

Our extremely simplified model can hardly provide an accurate quantitive description
of any real fluid, but even if it is assumed that in some cases the value of parameter / can
exceed our estimation by one or (which does not seem very probable) two orders of magni-
tude, it is still evident that for any particular problem which does not involve discontinuities
or phase boundaries the gradient-dependent term can be disregarded without detectable
loss of accuracy.

It may be supposed that the term under consideration may provide some information
on the behaviour of materials within the transition regions of shock waves. It should be
mentioned here, however, that the first gradient term alone, with positive constant @,
likely, does not yield a continuous solution for high amplitude shock wave. Thus if it is
desired to apply the gradient theory to shock wave problems, viscosity and/or thermal
conductivity effects leading to high but finite gradient solutions (cf. [25]) should be taken
into consideration.
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Appendix I
Introducing some characteristic pressure P, and characteristic density {,, denoting
7 < C1 52 s R e B ol B oo il
(IA) OR)= HCOQ(R), R=a, P= Py C=§, = Civ,

and using (2.9) and (2.12), we are able to rewrite (2.6) as follows:

e - 1 2+1 24+1 I s Ei oy
(LB) kL .;.21_4-1 v .| ®n(ds f ®(R)R¥+3dR = O.
{ml * o

i
Under our assumptions listed in section 2 £,V{ and D(R) are bounded. Now, if we use

the following inequalities:
lIA - BI| < |41l IBl]; | [Ads]| < SsupllAl
(L.C) 1 %
e s |
D(R)R**+%dR| < |P(R)| =—»
-0,. 2i+4
we are able to write:

(LD)

241 2142 o S— 3M;/2
(V-] & rods) [ SR R42aR| < sV P77 < =

’(2;+1)1

where M is a certain positive number. The constant term series in (L. D), which is an absolute
majorant of the expansion under consideration, is convergent. Thus the expansion in
(2.6) is uniformly convergent over the whole space.

Appendix IT

We shall calculate here the total force per unit area acting across any plane in the
infinite homogeneous body with uniform density.

By virtue of symmetry, the only component of the force to be taken into consideration
is a vertical one.

We seek a quantity:

F
(IL.A) 2 = lim — 5
5—+0

where F is the total force acting between the lower semispace and the infinite column K
(Fig. 1), and § is the cross-section area of the column. We have:

(ILB) 2= | [ p(t®, (), R)cosadhdVy,
¥rLo
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.

Fia. 1.

where ¥ denotes the lower semispace. In the polar coordinates, we have:

n

27 0 o0
(ILC) [[[ 1 v, t®), dr|r2sinddrdpas.
000 r
Integrating by parts and substituting y given by (2.2), we obtain:
(1L.D) P = ——2;(:2.[' cb(R)RadR—i’i Ci p(tx), L(¥)),
0
and
-9 _ 4n dg*(5) C2
(ILE) =3t j o R+ O G

where ¢*(0) = ¢(¢, 0).
Let us observe, however, that if (¢, ) is a symmetric function, then
op(&, n) _ 1 0¢*(©)
o femnmt 2 00
Now, comparing (ILE) and (2.12), we can see that #({) and P({) can differ only by some
constant term, which can be chosen to be equal to zero.

(IL.F)

Appendix 111

If w(¢, V&) is an isotropic function of V{, then we have:
(IILA) V(E V) = w D
where

(IILB) 1=V, V;
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then we have

ow ow

(IILC) S5 = T

V¢,

and (2.20) can be rewritten as:

B ow dw
(I11.D) T——l:(C2 ac C )I+2§ ViQVt-V. (2&'2??4‘@1)

= fil+£V: Q@ Vo +2VL-VVL-VI1+£,V- V{1,

where f;, (i = 1, 2, 3, 4) are some functions of { and /. Let us denote now:

PG D) = fi= (= PO+ O5VE-V2),
@2(5! I) Ef2+¢3! ?S(C! I) Ef&r ?4(4.’[) Eﬂ_(pSC'
Now the potential w(C, I) can provide the Eq. (2.13) if and only if
(I1L.F) V(@11 +9,(VEQ VO) +¢3(VE-VVE- VO 1+¢,V- V(1] = 0,

for every density field { = {(x).
We can rewrite (IIL.F) as follows:

(IIL.E)

(IILG) 53? v+ L 69" e+ 22 6% 2 (V- VEVE+2 39’2 ((VE-VVE-VEVE

402V -VOVE+,VE VVE+ ‘3;’:3 (VE.VVE.VOVE

6% 2(VE-VVE - VE)VE-VVE+@sVVE-VVE-VE+psVE-VVVE-VE

+@sVE-VVE-VVE+ = a% (v Vi)-VI+ a"‘" 2(V-V) VE-VVE+ @,V (V -VE) =

There are only two terms in (III.G) which depend on the third gradient:
@V VVVE.VL  and @ V(V-VD),
but (I11.G) should be valid for every density field — i.e., for every local value of its gra-
dients, and the second term does not depend on the first gradient, so both ¢; and ¢, should
be equal to zero. If @; = @, =0, then multiplying (IILG) by V, and denoting
V. VV;- V¢ = J, we obtain:

(IILH) ag; I+ ‘3?’1 J "’g"; 1242592 69’2 I+, J+9,(V-Vt) [ = 0.

For given I and J, V- V¢ can be chosen arbitrarily; hence @, = 0, and we are left only
with two terms, but 7 is independent of J and consequently

0p, 0py _
(IILD) 2 = 0, =T = 0.
But if ¢, 0, then bearing in mind that P({) has the meaning of pressure for V{ = 0,
we have from (IILE) f; # 0 for { = 0 and V{ = 0 and by (IILD) T s 0, which is non-
sense. Thus, if only (2.13) is valid, then T is uniquely determined by (2.20).
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Appendix IV

For the one-dimensional case, substituting (2.12) into (2.6), we can write:

(IV.A) Cf_'_cij C(z.t-n] =

s

where @, are certain constants.
Dividing by ¢ and integrating the first term by parts, we obtain:

(Iv.B) 3P0 - [EP Z s gan =

Multiplying by {’ and integrating, we arrive at

wo - [proa-[[FDaas | 2 0 dx = By b+

Now, integrating many times by parts, we can obtain:

i
(IV.D) f2[2i tdx = 2'(_, 1)k+1c[2i-k]c[kj__(_1):f A1y

k=1
_2( 1)k+ 12k (= l) 220 (e,
k=1

If we demand now {11 = 0 at ¢ = (,; ¢, for every i > 1, we obtain from (IV.B), (IV.C),
and (IV.D):

(IV.E) PO [FD g,

and

av.p) - [Fa- [ [ ara = pe+s,
forf =y, ¢,

s [[2Ouinc[POu [FOq,

and we have from (IV.F)

(IV.G) e (’:)

dC_ﬁ.lC-"ﬁz fOl' C=CI!52’

which is equivalent to (3.6). Multiplying (IV.E) by ¢ and subtracting from (IV.G), we
obtain (3.5) with 8 = —a; = Ps.
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