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BRIEF NOTES

A note on shock waves in fluids with internal state variables

R. M. BOWEN (HOUSTON) and P.J. CHEN (ALBUQUERQUE)

THe osiEcT of this note is to derive a general expression which governs the behavior
of the amplitude of a shock wave propagating in fluids with internal state variables.
Two specific cases are discussed: (i) when the fluid ahead of the wave is well stirred,
and (ii) when the fluid ahead of the wave is undergoing spinodal decompositions.

1. Introduction

IN THIS NOTE we consider the behavior of shock waves propagating in fluids with internal
state variables. We derive a general expression which governs the behavior of the amplitude
of a shock propagating in such a fluid without adopting any assumptions regarding the
condition of the fluid ahead of the shock (). After examining the implications of this
equation, we specialize it to two specific cases: (i) when the fluid ahead of the wave is well
stirred, and (ii) when the fluid ahead of the wave is undergoing spinodal decompositions.

2. Preliminaries

Here, we consider fluids whose internal energy e, pressure p and absolute temperature
fl are determined by the specific volume v, the entropy %, and N internal state variables
T YR /Y

2.1 e = e(v, n, a),
2.2) p = p(v,n,9),
2.3) 6 = O(v, n, ),

where a is the N-vector with components (a;, 4,, ..., ay) and is called the internal state
vector. The material derivative a of a obeys the constitutive relation

(2.4) a = h(v, n, 2).

Of course, it is well known that the response functions ¢, p and  are not independent.
Indeed, the Second Law of thermodynamics dictates that (?)

2.9) p=-4, b=¢,

(') Our results generalize those given by CHeN and GuURTIN [1] and CHeN [2].
(%) See, for example, CoLeMAN and GuUrTIN [3].
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and that

(2.6) 6 h=oh+0h+ ... +oyhy =0,
where o is the N-vector defined by

2.7 o= —¢ = —(€ays €ays o0y €ay)-
In view of (2.5), and (2.7), we see that

(2.8) Oy = Pa-

In applications of our theory to chemically reacting mixtures each g; is identified as the
extent of reaction of a particular chemical reaction, ; its reaction rate, and o; its chemical
affinity.

In this paper, we are interested in the one dimensional motions of the fluids characterized
by the constitutive relations (2.1), (2.2) and (2.3). Each such motion is described by the
function y giving the position x at time ¢ of the material point X:

2.9) x = y(X,1).

Of course, we identify each material point with its position in a fixed homogeneous re-
ference configuration with density p,. The specific volume v is, of course, given by

(2.10) v=p""'=p5'xy,

where g is the present density.

We assume that the motion contains a shock moving with velocity U(r) = d¥(¢)/dt > 0,
where Y(¢) is the material point at which the wave is to be found at time ¢. Hence, letting
f denote v, g, X or 7, we have

(1) The motion y is continuous.
(ii) £, f, and fx have jump discontinuities across the wave.
We also assume that

(iii) a is continuous, but a and ay have jump discontinuities across the wave.

In view of (2.1), (2.2), and (2.3), we see that ¢, p, and 0 and their derivatives also have
jump discontinuities across the wave. Further, we also have the following compatibility
relations;

(2.11) [X] = = Ulxxl = —ooU0l,
(2.12) la] = —Ulaxl,
d .
@13 W _ (freuipm,
whenever f'is equal to v, o, X, 7, e, p, or 8. Here, [f] =/ —f* with fF = lim f(X,1).
x-y(n¥
Balance of linear momentum and balance of energy imply that ,
(2.14) [Pl = oo Ulxl,
(2.15) [px] = —ool31,
(2.16) o U[e+ -;—xz] = [px}],

@17) [¢] = — Ipol.
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By (2.11) and (2.14), we have
Ipl
elvl
for the velocity of the shock, and (2.14) with f = » and X, (2.2), (2.11) and (2.15) imply
that (3)

(2.18) U= —

dlv du
2.19) 20 L4 101G = Uttond + e et py st pa- 3.
Further, (2.17) with (2.1), (2.4), (2.5) and (2.7) implies that
(2.20) 641 = [o- h].

3. The governing equation of the amplitude

Here, we shall derive the governing differential equation of the shock amplitude without
adopting any assumptions regarding the condition of fluid ahead of the wave. First, we
note that the jump [4B] in the product AB may be rewritten in the form (*)

[AB] = A [B]l+B™*[A4].
With this in mind, (2.19) becomes

d .
(3.1) 2U——[ﬂ+ll (3---+U’)lvxl+ ! 5> Ux [Pl

1 1 1
+ 5Py Inxl+ —5 P, )+ —-[pa - ax].
0o 0o 0o

Before we can fully evaluate (3.1), we need expressions for [nx] and dU/dt. The derivations
of these expressions are rather lengthy; however, we shall only outline the procedure,
the interested reader may consult other papers in which special cases of these results are
derived.

First, we note that (2.16) with (2.11) may be rewritten in the form

(32) fel+ 5o~ +p*) o] = 0.

Taking the d/dt derivative of (3.2), substituting the result into (2.13) with f = e and using
(2.1), (2.5), (2.17) and (2.20), we have

: i p,,U(Z!r—l) dr p;U(zr 0D p U@r-D) dr
+( prtpi 2[61 ‘_)@;__1_ il
Py UQT=1) " p; U]l (27—1) U
L(opaitpd 200 da
P UQR2tr=1) pyURQr-1D[v]] 4t

f’) Cf. CHEN and GurTiN [1].
(*) Cf. Cuen [2, 4].
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where we have introduced the definitions

osU? 0-
3.4 — . T= ——,
84 # Py pyll
Now, differentiating (2.18) and using (3.3) and (3.4), we obtain
35 AU _ __wil-p dhl _{ pil=p) . (=Dipl }fg*_
’ dt —  pdUQRr—1)|v| dt e5Uv] 2z—1) " p3Uv] 2T—-1)) dt
_{ ) . ptpy (6] } dn*
203Uv]  203UR](27—1)  p3UQRr—1))*]| dt
_{ 12 I . lo] da
203Ukl * 203URIQT-1)  gUBPQe—D))

If we substitute (3.3) and (3.5) into (3.1), it can be shown that the resulting relation may
be written in the form ()

dv] URt—-1)(1—pu)

©:6) @ = GuiDe=Ga-1 2l
where
3.7 A=— 1 {3p; (01— +(x=2)[p ]}f‘?:.
ps2r—1)U1—p) ° il
I 3 3000 dn?
+ H(T— 2—) lp,]+ 5(‘0" +p7)+ ﬂ_}_dt_
! 3 o5 4p?)— ﬂ}.d_“
S {(T_ ‘2") [pa] + ‘2'([’: +Pa 3 [?J] dt
1 + " py 101 . Rt e iz P;J“_ﬂ}
—W{U[Pnlvxi-b'lpqlnx + -9+ © h* + Ulpa-ax] 6= '

Equation (3.6) is the governing differential equation of the amplitude of the shock; it is
of the same form as those which arise in other theories. In particular, we observe that
if at any instant 1 = [vy], then d[v]/dt = 0, i.e., at that instant the shock amplitude neither
grows or decays. In general, however, we expect that 1 # [vx], and hence the amplitude
may either grow or decay. Before we can infer any results from (3.6) regarding the behavior
of the shock we need to recall certain preliminary results.

Consider a particular instant of time. Hence v*, n* and a are fixed. If we assume that
(3.2) can be solved to express 7~ as a function of »~, and, as is customary, that

(3.8) Po<0, p,>0, p,>0

then (i) the shock is compressive, (ii) the shock speed is subsonic with respect to the ma-
terial behind the wave, and (iii) the entropy %~ increases with decreasing specific volume &~.

(%) The relation includes as special cases those given by CHen and GuURTIN [1] and CHen [2].
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With these results, we can show that x and 7, defined by (3.4), obey the inequali-
ties (°)
1

(3.9) O<pu<l, T> 5.

By (3.6) and (3.9), it is a simple matter to establish the following results on the local
behavior of the shock:
At any instant

(3.10) g s el o 5
dt
(3.11) [ox] < 4 < d'{::’" <0.

Equation (3.10) and (3.11) states that the magnitude of the shock either grows or decays
according as [vy] is greater or less than A. In other words, the shape of the pulse behind
the shock has a definite effect on its behavior.

A most interesting application of our results is when the fluid ahead of the wave is
well stirred, in the sense that each reaction is proceeding at the same rate at every point
prior to the passage of the wave. Hence, the field quantities ahead of the wave are independ-
ent of position. In this instance (3.6) reduces to

12} dgl = (3222.:;,11((;;?1) {A-vx},
where
@G13)  A=- E—"'('z_r‘;‘;)_(}fl_;;)'|{3P;(1“#)+(r—2)[p,|}i:+
+ {(r— %) [p,)+ %(p; +p)+ 3[[311 32 m;fmﬁl} u:,lw
+=(r—%) [P.]+%—(p;+p:)—3-{:—l] bt} + N_U_(li__ﬂ)_{p;,[hwpt?l;_' hl}-

As a further special case of (3.13), we can consider the situation where * and o*
are zero. When o* is zero, it follows from the energy equation that %* is also zero. In
a state (v*, n*, a*) such that 6* = 0 the inequality (2.6) has the following implications (7):

(.14 o.(v", 7%, a%) - h(v*, n*,2%) = 0,
(3.15) o,(vt, n*, a*) - h(vt, n*, a*) = 0,
(3.16) o.(v*, n*, a*) h(v*, n*, a%) = 0.

Equations (3.14), (3.15) and (3.16) can be viewed as a system of N+2 equations with N
unknowns h*. They place certain restrictions on the possible values of a* = h(v*, 5%, a*).

(5) See, for example, CHen [2].
(") Bowen [5, Sec. 4].
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If the rank of the matrix of coefficients is N then a* = 0. In which case, our results would
be the same as those given by CHEN and GURTIN [1]. However, if the rank of the matrix
of coefficients is less than N, then a* = h* need not vanish. Chemical reactions which
occur with a zero chemical affinity are known to exist. They are called spinodal decomposi-
tions(8). In this special case (3.13) with (2.8) and (3.14) reduces to

1 [, _ .o 1
3.17 i=-— 3tpe —=3-—¢-h* 4 ——————
@l pree=nua=wl ™ Pl ™ i=w oo |
In closing, we wish to record the limiting form of (3.17) which is valid for weak shocks,
i.e., in the limit as [v] = 0. Following the procedure used by CHEN and GuRrTIN [1], (3.17)
yields

07pa +p;07 ) h".

2a¢f-h}

Uopsh
where pjU3 = —p#. Equation (3.18) is equivalent to that obtained by CHEN and GURTIN
[1] under the different assumption that the region ahead of the wave is in a weak chemical
equilibrium state (®). In the case where both o* and h* are zero, we can prove, as CHEN
and GURTIN [1] proved, that 4 > 0.

(3.18) ;o

as [v] = 0.
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(®) See, for example, KuBascHewski, Evans and Avcock [6], pp. 69-70.

(°) Here, we should point out that our 4 is —1/g3 times the A given by CHEN and GURTIN [1], Eq.
(48). Also, their Eq. (48) is also valid when o* # 0 because (2.6) implies that * - h* = 0 in a weak chem-
ical equilibrium state,





