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Extremum principles in the dynamics of rigid-plastic bodies 
and mathematical programming 

M. I. ERKHOV (MOSCOW) 

Two variational principles for dynamically loaded rigid-plastic bodies are established as an 
extension of corresponding theorems of static limit anaJysis. Certain alternative forms of these 
principles are suggested, allowing for a rapid integrated estimation of an avarage permanent 
displacement and response time of the structure. The problem of dynamic loading is also formula­
ted as a problem of mathematical programming. As an example, the problem a simply sup­
ported circular plate acted on by a uniformely distributed rectangular pressure pulse is solved. 
Good agreement with the available exact solution was obtained. 

Ustanowione zostaly dwie zasady wariacyjne dla dynamicznie obci~nych sztywno-plastycz­
nych cial. Zasady te S<l odpowiednim uog6lnieniem znanych twierdzen z teorii nosnosci granicz­
nej konstrukcji. Podane S<i r6wniez alternatywne sformulowania powyzszych zasad pozwala­
j(lce na szybk<i ocen~ usrednionych trwalych ugi~ i czasu pracy konstrukcji. Problem dynamicz­
nego obci<!Zenia jest sformulowany r6wniez jako zadanie matematycznego programowania. 
Jako przyklad rozwi(lzano numerycznie swobodnie podpart(l plyt~ kolow(l obci(lzon(l r6wno­
miernie rozlozonym prostok(ltnym impulsem ciSnienia. Otrzymano dobr(l zgodnosc ze znanym 
dokladnym rozwi(lzaniem tego problemu. 

y CTaHOBJieHbi ABa Bapll3U1fOHHbiX npumnma WU1 AWiaMHlleCKH Harpy>KeHHbiX >KeCTKO· 
IIJiaCTHlleCKHX TeJI. 3TH fiPHimiUil>I COOTBeTCTByiDIIUIM o6pll30M o6o6~aiOT H3BecTHbie Teope­
Mbl TeopHH HeCyii.leH CDOC06HOCTH coopymemtii. ,D;aiOTCH BapHaHTbl <lx>PMYJIHPOBOK 3THX 
fiPHHUHfiOB, fi03BOJlHIOIIUie nonyqaTL npOCTbiM nyTeM HHTerpa.111>Hbie OI.leHKH OCTaTO'tiHb!X 
nporn6os u: BpeMeHH pa6oTb1 coopymemm. 3~aqa o ,mmaMHllecKOM Harpy>KeHH:H Q>opMyJIH­
pyeTcH TaK>Ke, KaK 3a.D;alla MaTeMarnllecKoro nporpaMMH:posamm. B KallecTBe npHMepa .D;aHO 
liHCJieHHoe pemeHHe 3a.D;aliH o6 H:MfiYJibCHOM HarpymeHH:H: pasHOMepHo pacnpe.D;eneHHbiM 
,ll;aBJJeHHeM CBOOo,ll;HO OTiepTOH KpyrJIOH IIJiaCTIUIKH. IJonyqeHO xopomee COBD~e:tme C H:3BeCT­
HbiM TOliHbiM pemeHHeM 3TOH 3a,l];aliH. 

Introduction 

The classical theorems of limit analysis has proved to be the basic approximate method 
of solution for structures loaded statically into the plastic range. These theorems provide 
upper and lower bounds for the collapse load by means of a proper technique of mini­
malization (maximalization) of certain functionals. The foundations of the static theory of 
limit analysis, together with proofs of the extremal properties of the limit load, wete laid by 
G. KAZINCZY [1], A. A. GVOZDIEV [2], S. M. FEINBERG [3], D. C. DRUCKER, H. J. GREENBERG, 
W. PRAGER [4], and R. HILL [5]. 

This theory is related to extremum principles for rigid-plastic bodies under static 
loading established by A. A. MARKOV [6], S. M. FEINBERG [3], W. PRAGER and P. G. HODGE 
[7], R. HILL [5] and W. KOITER [8]. 

However, in the case of dynamic problems, when inertia forces cannot be disregarded, 
the existing extremal principles and the static theory of limit analysis is no longer appli-
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cable. It is also not possible to use a purely "static" or purely "kinematic" method of 
solution. · On the other hand, the proper reformulation of the extremum principle to cover 
dynamic problems for rigid-plastic bodies is highly desirable from both the practical and 
the theoretical points of view. 

It should be noted that accelerations in rigid-plastic bodies can be determined approx­
imately, using the methods of analytic mechanics. In particular, W. P. TAMUZH [9] 
applied the Gauss principle of least action, while A. R. RZHANITZIN [10] suggested the 
Hamilton principle in the case of a velocity profile stationary in time. 

The second line of approach was developed by J. B. MARTIN [11] who established the 
upper bound on the permanent deformation and the lower bound for the response time 
of impulsively loaded structures (structures with prescribed initial velocity). In Martin's 
theorems were introduced two time independent statically and kinematically admissible 
fields. These give approximation to the actual stresses and velocities. The corresponding 
inequalities involve uknnown (not prescribed) quantities (permanent displacement and time 
for rest) and hence the theorems are of bounding rather than variational character. The 
bound would coincide with the exact solution only if the latter is given by a single mode 
velocity pattern. Since the Martin theorems refer above all to the case of impulsively 
loaded bodies, it should be noted that in all available exact solutions the velocity and 
deflection profiles appeared to be time variable. An improved method of solution for 
impulsively ioaded structures, utilizing a one-degree-of-freedom velocity field, was devel­
oped by J. B. MARTIN and S. S. SYMONDS [12]. The method was illustrated on the examples 
of beams. Analyzing the stability condition, the authors were able to prove uniqueness 
of the velocity field. 

In the present paper, extremum principles of the dynamics of rigid-plastic bodies under 
arbitrary loading are formulated. These principles are equivalent to the statement that cer­
tain functionals depending on the approximate fields of stresses, velocities and acceleration 
attain maximum or minimum. 

The suggested principles provide criteria for the existence of the solution and a 
choice of an approximate solution converging to the exact solution. They also enable the 
application of various variational methods and even the formulation of the given dynamic 
problem as an appropriate problem of mathematical programming. It is essential that 
minimum (or maximum) values of the functionals introduced be always equal to zero. 

In addition, some extremal properties for loadings and accelerations are considered, 
leading to determination of the bounds on these quantities by means of approximate val­
ues of loads and accelerations. This approach is also of a variational character. The gen­
eral dynamic problem for rigid-plastic bodies has been formulated in this paper as a prob­
lem of linear and also non-linear programming. Thus, the response of any dynamically 
loaded structure can be determined with great accuracy on a high-speed electronic com­
puter. As an illustration of the applicability of the method of linear programming, a simply 
supported circular plate is solved and the results obtained are compared with the exact 
solution presented by H. G. HOPKINS and W. PRAGER [13]. The method of mathemat­
ical programming is used to solve the dynamic problem of square plate. 

The general theorems proved in the present paper are illustrated on the exemplary so­
lution of a shallow rotationally symmetric shell loaded dynamically into the plastic range. 
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No exact solution of this problem is available in the literature and it would be difficult 
to derive such solution by means of classical methods used, for instance, in (13]. 

In what follows it is assumed that the yield condition does not depend on the deforma­
tion process and the shearing stresses do not enter into the constitutive equations. The 
rotary inertia is disregarded and deformations are considered small. 

1. Extremum principles 

A solution of the dynamic problem should satisfy the following conditions: 
a) equation of motion and boundary conditions on the body surface S 

o't1,1+Xi-yii, = 0, aiJnJ =pi; 

b) yield conditionj(ai1) ~ 0; 
c) components of the acceleration vector ii, = ou;/ot; 
d) components of the velocity vector should satisfy the incompressibility condition 

and kinematic boundary conditions, iil = ~ (u1,1+u1,i); 

e) fields of displacements u, velocities u1(e11) and accelerations ii1 should conform to 
the initial conditions; 

f) the yield functionf(ai1) is taken as a plastic potential for the strain rate tensor and 
the associated flow rule is assumed. 

In the above formulae, O'iJ denotes components of a stress tensor, X1 and p 1 denote 
respectively vectors of body force and surface tractions; y is mass density, and n1 is a unit 
normal vector to the surface S, t denotes time and i, j = 1, 2, 3. 

Let us introduce the following notation: 

f o'tjiijdv- J x~u,dv = F(o'j1,u,). 
V V 

J yii,u,dV = J(ii, u,). 
V 

jPtU;dS = I(p,,ui). 
V 

where V denotes the volume of the body. The body forces X1 are regarded as known quan­
tities. Using the symbols defined above, the principle of virtual velocities takes the form: 

(1.1) l(p" u) = F(a,1• ui) +l(iii• u1). 

It should be emphasized that in (1.1) the quantities O'iJJ X,p1 and ii" satisfying the equa­
tion of equilibrium, are in general quite independent of the kinematic quantities u1 and i11• 

This means that the conditions c) and f) should not necessarily be satisfied by quantities 
entering Eq. (1.1). However, the fields u1 and iii must meet the requirement d); any veloc­
ity field satisfying the latter condition is called admissible and is indicated by "stars" 
(for example e1,, ur). At the same time, the quantities ai1, ii" X1 andp1 should necessarily 
satisfy conditions a) and b). The stress field a11 falling in the class defined above is called 
admissible and is denoted by a?1. The determination of Pi and u1 will be described later. 

We shall make use of the following Drucker postulate [8]: 

(1.2) (o';1 -a~)iii ~ 0 or (C1~-a~)i1' ~ o. 
where a,1 , ith afJ, efJ, a?1 are functions of time and a11 and afJ are related respectively 
to eii and erJ by an associated flow rule. 
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Suppose to a certain admissible velocity field ur* there corresponds an acceleration 
field ur*. Now, with these accelerations ur* a stress field u?1 can be found so as to satisfy 
the condition a). According to (1.1), 

(1.3) 

where ut i= ut*. A question arises as to the existence of the equilibrium set (u?b ut*, Pi) 
different from the actual solution (uii, ub Pi)· The existence of such a system (u?1, ut*, Pi) 
can be shown, if these quantities are taken to be an exact solution for a certain yield surface 

inscribed in the given yield surface. Indeed, let iiii, Ui, ~i, Pi denote the exact solution 
obtained for the "inscribed" yield function satisfying all the requirements a)-f). The stress 
field iiii appears to be admissible for the exact yield surface - i.e., it can be denoted 

iiii = u?1. This field together with the acceleration ~i and loading Pi satisfies the condi­

tion a). Since ili and Li satisfy respectively conditions c) and d), they can be denoted by 

fit =ut*, fJ, = ur*. This completes the proof of the existence of the functions ( u?1, ut*, Pi). 
An example of the determination of such functions is given in Sec. 3. It is understood, 
as is usua1ly assumed in the theory of plasticity, that the solution of a given dynamic 
problem exists. 

The kinematically admissible velocity field ur is, in general, distinct from that result­
ing from the acceleration field ur i= ut*. It is clear, however, that ur*, as kinematic­
ally admissible, can be chosen to be the desired field. Denoting now ur* and ur* respect­
ively, by means of one star subscripts ut, ur, the identity (1.3) can be written as 

(1.4) 

Equation (1.4) together with (1.2) yields 

(1.5) 

which is the desired minimum principle. It states that for an actual solution the functional 
(1.5) attains minimum and is equal to zero. 

Equation (1.4) can be rewritten with Pi substituted by p?*, where p?* i= pi, 

(1.6) 

The existence of the system of functions (u?1 , ut, p?*) can be proved similarly as was 
done for the system (u?1 , ur, Pi), entering (1.3). For given F(u'fJ, ut) and J(ut, ut) one 
can always find such l(pt. ut) as to satisfy the equality 

(1.7) 

The quantities (ur, u0, pf) may viplate the condition a), the only requirement being that Pt 
satisfy (1. 7), (an example of such function will be given again in Sec. 3). Hence Eq. (1. 7), 
by contrast with Eqs. (1.3), (1.4) and (1.6), is not a principle of virtual velocities. In partic­
ular, the choice of (u?b ur, p?*) can be made so that Pt = p, where Pi is the actual 
loading. Equation (1.7) then takes the form: 

(1.8) 
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In view of the condition (1.2), Eq. (1.8) yields: 

(1.9) 

where G?1 , uf and p?*, according to (1.6), satisfy the condition a). The above inequality 
expresses the following maximum principle: the functional (1.9) attains maximum and 
is equal to zero for the actual solution. 

Assuming the system of functions according to (1.5) and (1.9), the exact solution (or 
in view of mathematical difficulties an approximation to this solution) is obtained by 
a suitable minimalization or maximalization of the functionals (1.5) or (1.9), using well 
established mathematical methods. 

In the derivation of both principles according to (1.3), uf can be replaced by uf*, 
for it is known that the solution of dynamic problems is unique. Similarly to (1.5) and (1.9), 
various other forms of the extremum principles can easily be established. 

For accelerations equal to zero, the principles obtained reduce to the known extremal 
static principles of rigid-plastic bodies. 

2. Alternative forms of dynamic principles 

An addition to the results established in the preceding section, a new form of extremal 
principles can be suggested which does not involve acceleration and velocity fields. Such 
forms of the theorems are of considerable interest from the practical point of view. 

The time integration of the inequality (1.5) from 0 to t gives 

t t 

(2.1) I F(G?j, uf)dt + ~ J(uf, ut)- I I(pb uf)dt > o, 
0 0 

where uf = uf = 0 for t = 0. 
An alternative form of the minimum principle is obtained from (2.1) if t ~ tk, where tk 

is so called "time to rest" : 

tk tk 

(2.2) F(G?j, uf)- J F(ir?j, uf)dt-/(ph uf) + J l(Ph uf)dr~O. 
0 0 

The expression (2.2) msy be linearized. Integrating in a similar way the expression (1.9) 
from 0 to t, a corresponding maximum principle is obtained not involving accelerations 
or velocities. These forms of extremum principles describe in particular the cases of a re­
moved loading Pi = 0, or an impulsive loading, where Pi = 0, but an initial velocity field 
is prescribed. The extremal principles of dynamics derived above constitute the funda­
mental relations of the dynamic theory of limit analysis (such a theory should be more 
properly called "the theory of limit strength"), since they provide criteria for the rational 
choice of the solution. The method of the approximate solution of dynamic problems is 
indicated by the very structure of the principles which determines the choice of the stress 
accelerations and velocity fields [14]. 
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3. Example 

The application of the principles derived in Sec. 1 requires minimalization or maxi­
malization of certain functionals depending on approximate fields of velocities, accelera­
tions and stresses. The value of the functionals computed for these approximate functions 
would. of course, differ from zero, so that the difference can be taken as a certain measure 
of the accuracy of the solution. On the other hand, the degree of approximation can be 
estimated by means of certain integral relations for accelerations and appropriate relations 
for the loading. Such relations express the extremal properties of accelerations and load­
ings. 

Substituting Pi = pf in (1. 7) and using (1.3), we obtain: 

(3.1) 

It can further be shown that the ur• (integrated over the volume) is an upper bound 
for ui while uf is a corresponding lower bound. 

Comparison of (1.6) and (1.7) yields: 

(3.2) I(pf, u,*) > I(pf*, uf>, 

where either P1 = Pt or pf* = Pi. 
The procedure described above will be explained on the example of a shell loaded 

by a rectangular pressure pulse. Consider a rigid-plastic shallow spherical cap loaded by 
a uniformly distributed pressure p. It is assumed that pis suddenly applied at t = 0, then 
held constant, and removed at t = t 1 i.e., p = 0 for t ~ t 1 • The shell is simply supported, 
initial velocities and deflections are zero. 

The equations of motions are (Fig. 1) 

(3.3) 
1 a ( Q ) Nt N2 •. O --· fl 1 --- --p+yw = , e ae R R 

where M, N and Q denote respectively internal bending moments and axial and shear 
forces; w is radial deflection, 'Y denotes the mass density per unit area of the shell middle 
surface, and R and e are defined in Fig. I. The indices I and 2 refer respectively to the ra­
dial and circumferential directions. 

We shall use equations of an approximate yield surface inscribed and circumscribed 
on the exact one [15] 

(3.4/1) 

(3.4/2) 

lntl = in2! = n ~ k1, m2 =m= yld-n2, m1 ~m, kt ~ 0.75, 

!ntl = !n2i = n = k2, m2 =m= k3, m1 ~ k3, lk2l > 1, lk31 ~ 1, 

where n = Nf2(J8 h, m= M/(J8 h2 , (]8 being the yield stress and 2h is the wall thickness of 
the shell. 



EXTREMUM PRINCIPLES IN THE DYNAMICS OF RIGID-PLASTIC BODIES 75 

Consider the case of the "intermediate" pressures, defined by 

(3.5) 

where Ps denotes the static collapse load. According to (3.4), bounds on the static loads are: 

(3.5/1) 6h: yki -n2 _ 4hn = p~_ ~ Ps ~ p't = 6~2 k
3 

_ 4h k
2

, 

eo R as as as eo R 

where n = -2k~e5fy9R2h2 +4e~. 

Pressures exceeding the limiting value defined by (3.5) are called "high". 

FIG. 1. 

The kinematically admissible field of deflection in the phase 0 ~ t ~ t 1 is assumed 
in the form: 

(3.6) 

where u* denotes the horizontal component of the displacement vector. 
The components of the generalized strain rate vector are: 

. ou io 
Bt = --- = 

oe R 
_ Wo( t) ( 1 _ _g_) , 

R f!o "2 = 

()2iJJ 

"1 = - 0(!2 = 0. 

Internal forces can now be computed from (3.4) and (3.3): 

m2 = m, n1 = n2 = n, 
(3.7) p(/ YWo(! 2(2- eleo) 

m1 = m- 6ash2 + 12ash2 - 2neM3Rh · 

The condition (3.5) is obtained directly from omfoel(l=o ~ 0. Since m1 = 0 at the 
outer edge e = f!o, the amplitude w0 can easily be computed from (3. 7): 

(3.8) (P-Ps)f2 

Wo = ---
y 
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Taking in the second phase t 1 ~ t ~ tk the same form (3.6) for the function w*, and using 
the continuity conditions of w(t 1) and ic(t 1), the permanent deformation and response 
time are given by 

(3.9) w*(e, tk) = pti(p-Ps) (1- _g_), tk = t 1 _!!__. 
'YPs f!o Ps 

It is easy to check that the boundary condition at e = eo imposes the following condition: 

(3.10) .!!!_ ~ _ 8nh 2e~n 
as ~ R or m ~ - 3Rh · 

The above condition can be satisfied by taking for m and n the respective values: 0 ~ 
~1nl = k 1 ~ 0.866 for the inscribed yield surface (3.4)1 and n ~ -1, m ~ 1 for the cir­
cumscribed yield condition. 

The case of "high" pressures can easily be treated in a similar way. 
In the approximate solution discussed above, approximate stress, velocity and acceler­

ation functions were introduced, satisfying the necessary conditions defined in Sec. 1. 
The evaluation of the functionals appearing in the principles proved would give some 
indication as to the accuracy of the approximate solution. [The admissible stresses cor­
respond to the surface (3.4)1 , the pressure p and acceleration w* being in equilibrium. 
The strain rates 81, er, x~, resulting from ic*, are computed from the flow rule associated 
with the yield surface (3.4h]. 

Substituting in (3.9) Ps = p~ or Ps = p:, according to (3.5)1 and (3.1), we obtain 
respectively the upper and lower bound on the function w (and hence on w), integrated 
over the surface of the shell. It can be shown, using (3.2), that accuracy of the computed 
bounds is determined by the values p~ and p: . 

4. Formulation of the mathematical programming problem 

In recent years, considerable attention has been paid in the theory of limit analysis 
to certain practical methods of solution by means of linear programming, which is char­
acterized by the necessary accuracy and high degree of automatization in computations. 
The corresponding mathematical methods are well developed and routine computer 
programms are now available for carrying out difficult and time-consuming calculations. 
The method of convex programming has also proved to be of practical interest. By com­
parison with static problems, only a limited member of dynamic problems for rigid-plastic 
solids have been solved. The application of the methods of mathematical programming to 
such problems is therefore of considerable importance. A typical initial-boundary value 
problem for rigid-plastic structure will now be formulated as a problem of linear and 
convex programming. 

The functional to be minimalized is given by (1.5). Taking into account that initial 
(t = 0) and final (t = tk) velocities are zero, the functional (1.5) can be replaced by (2.2) 

tk tk 

(4.1) Z = J J adVdt- J J pJJfdSdt, a= a'Qe'Q. 
0 V 0 S 

We shall be concerned with plates and shells, hence, generalized stresses Ei and strain 
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rates e1 will be used rather than stresses ail and strain rates 8;1. The dissipation a = 

= et~ e~, appearing in (4.1), should then be replaced by a= Etet, where j = I, 2, .. . 
The yield condition is in general represented in the space E1 by a certain non-concave 

hypersurface. The nonlinear yield surface is approximated by a set of hyperplanes defin­
ing a piece-wise linear yield surface. It can be shown [I6], that the equality a = Ete1* is now 
replaced by a system ofi nequalities with the properties of dissipation functions a retained: 

(4.2) a ~ £.i<m>;;t, 
where m = 0, 1 , 2, . . . denotes the number of corner points in the piece-wise linear yield 
hypersurface, Ejm> is a generalized stress at the m-th corner point (the associate flow rule 
holds). Now, the dynamic problem for rigid-plastic plates or shells can be reduced to the 
corresponding problem of linear programming and can be solved by means of the simplex 
method. To this end, the time and space coordinates are discretized by means of finite 
differences [in the case of plates and shells the volume integration in (4.I) is replaced by 
integration over the middle surface S]. Consequently, the continuous fields of stresses, 
displacements and rate of energy dissipation are described by a finite number of corre­
sponding parameters, defined in the nodal points of the space-time net. 

The problem of linear programming can finally be stated as follows: Find a minimum 
of the objective function Z (4.I) under the restrictions a) for E1° and ut, b) for E1° and 
(4.2) for a. The function Z is linear with respect to ut in nodal points, E1 and ut being 
free variables while a is not a free variable (a ~ 0). 

The problem of linear programming formulated above can be reduced to the corre­
sponding problem of convex programming. The method consists now in solving the prob­
lem by consecutive steps in timet. For each step (for example for the step t,.-t,._ 1) ami­
nimum is sought for the functional (2.I) 

tn+l I tn+l 

Z,. = j f adSdt+ l f y{(ut(tn+ 1)}
2 -[ut(t,.)]2 }ds- f f piutdSdt, 

~s s ~s 

under the same restriction as in the preceeding case, formulated for each time step (the 
restriction a) should now be modified; instead, the corresponding equation is solved for 
stresses). 

5. Bounding theorems 

An approximate value of permanent displacements occurring in dynamically loaded 
structures can be determined by the methods described above. It is possible to find certain 
direct bounds on maximum deflections and response time. 

For simplicity, consider a structure with initial velocity and displacement equal to zero. 
Let the structure be loaded by a rectangular-pressure pulse of intensity p; and duration 
time 11 • Integrating over time the equation of motion and boundary conditions a) and 
yield condition b) in the interval 0 to th we obtain: 

tk tk 

J (aiJ.J)dt + J Xidt = 0, 
0 0 

(5.1) 
tk J cti1n1 = pit1 on S , tkf(ai1) ~ 0, 

0 

where tk is the so called time for rest. 
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Equations (5.1) are fulfilled by a certain fictitious static solution. Following the first 
theorem of limit analysis concerning the lower bound on the collapse load, we conclude 
from (5.1) that 

(5.2) 

where p 11 is the static load-carrying capacity of the structure acting in the same direction 
as Pi· Hence, the bound on the response time tk, computed from (5.2) is: 

PI 
(5.3) tk > lt-11 • 

p, 

In order to obtain bounds on permanent displacements, we shall rewrite the functional ( 4.1) 
and the system ( 4.2), taking actual velocities u,' e J : 

'" (5.4) f f adSdt- f PiUi(t1)dS = 0, a> .E}"ei, m = 0, 1, 2, ... 
0 s s 

Integrating the dissipation inequality (5.4) over the shell surface and time, we have 

'" (5.5) J J adSdt = J .EJ"e1(t,.)dS, m = 0, 1, 2, .... 
0 s s 

The left-hand side of (5.5) is greater than or equal to the energy dissipated in the course 
of an actual motion leading to the permanent displacement u1(t~c). Hence, the upper 
bound theorem for the limit load implies 

'" (5.6) j j adSdt ~ j p~ui(t~c)dS, 
0 s s 

where pf denotes the static load-carrying capacity of the structure, where the pressure pf 
acts in the direction of p1• 

Comparison of (5.4) and (5.6) yields the final results: 

(5.7) J p,u,(tt)dS ~ J pful(t~c)dS. 
s s 

Inequalities (5.3) and (5.7) can be extended to other loading conditions. 

6. Example 

The method of linear programming has not yet been applied to dynamic problems 
for structures. As an example of application of this method, consider a simply supported 
circular plate. The exact solution of the same problem is according to H. G. HoPKINS 
and W. PRAGER. Comparison of the two solutions referred to above would give indica­
tions as to the efficiency of the proposed method and accuracy of the results obtained. 
Thus, we shall present an examplary solution merely as an illustration of the application 
of a linear programming method to the solution of dynamic problems for rigid-plastic 
bodies. Emphasis is placed on discussion of the usefulness of the new method by compar­
ison with the existing ones, since the solution itself, as known in the literature, is not of 
any special interest. 
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It is assumed that uniformly distributed pressure p is applied at t = 0, held constant 
afterwards and removed at t = t 1 • The velocities resulting from the rectangular pressure 
pulse are continuous; the acceleration may however suffer discontinuities at t = 0, t = t 1 

and t = tk. The jump of acceleration at t = t 1 can be described by finite difference approx­
imation, the acceleration at t = t" appears to be averaged. This introduces a negligible 
error in computations, since plate velocity is zero at t = tk. The equation of motion of the 
plate is 

(6.1) :, (rM)-N = - J, (P-yw)rdr, 
0 

where M, N denote respectively radial and circumferential bending moment, w denotes 
vertical deflection and r is a radial coordinate, Fig. 2. 

According to the Tresca-Saint Venant yield condition 

where u • is yield stress in simple tension and 2h denotes thickness of the plate. 
The load intensity is taken to be P = JP•, where p• denotes static collapse load. Let us 

divide the radius of the plate R into five equal sections, each oflength R/5, Fig. 3. Accord-

ing to (5.3), the response time is estimated as I" = 5 ~ 11 • Now the interval 11 ~ t ~ lk 

is divided into sevene quals teps of length 2/3 11 , Fig. 3. All integrals over the surface and 
time are replaced by corresponding sums. The partial derivatives with respect to r and 1 

are replaced by central differences (at the plate centre, curvature rates in radial and 

circumferential direction coincide, K, = /(,). 
Displacements are defined at the points 0, l, 2, 3, 4 on the radial coordinate and at 

the points 11 , 11 _ 2 , 12 , 3 •.• on the time coordinate. Thus, 

"1 2w1 w =--, 
11 

f00'-1 - _!_ .. ,1 - 3....,. 

The point 0' is introduced to describe a jump in acceleration at 1 = 11 • 

Upper and lower indices refer to the number of mesh steps respectively in the time and 
space coordinate. 

The velocity at the points t 2 and 13 is defined by 

. 2 3 ( 2-3 5 1) w = -- w --fO 
2t1 3 ' 

the corresponding expressions at point 14 , t5 , 16 are analogous to that defined for t3 • 

Equation (6.1) is written for intermediate points in the radial direction (points 0-1, 
1-2, etc.) and intermediate points in time (points 11 _ 2 , 12 • 3 , etc.), and separately at 
the point t1 • Moments M and N are associated with points 0, I, 2, 3, 4 on the radial 
axis and with points 11t 11 _ 2 , t 2 _3, 13 _ 4 , 14 _ 5 /15 _ 6 and 16_ 7 on the time axis. The boundary 
conditions yield M 0 = N0 , M 5 = 0. 
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The accelerations at points t 1 _ 2 , 12 _ 3 and 13 _ 4 are given respectively by 

FIG. 2. 

~1 1-2 2-3 3-4 4-5 5-6 6-7 1-8 t l;,~f.J o .1: I .1: o .t I .1: 0 .1: I .1: I .r • t 

FIG. 3. 

Similar expressions, corresponding to points 14 _ 5 , 15 _ 6 and t 6 _ 7 , are constructed by analogy 
to i.iJ3-

4
• The boundary condition of a simple support requires that w5 = 0, while the 

requirement of zero velocity at the end of the motion 11 yields w6
-

7 = w7
-

8
• 

Now, the objective function together with the imposed restriction can be constructed. 
The results of computations, performed by means of the method of linear programming, 

are gathered in Table I. A comparison of these results for w with the earlier exact solu-
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tion [13] indicates the high accuracy and hence the efficiency of the method applied (the 
computed response time lk = 3!1 coincides with the exact value). Consequently, the 
method of linear programming can be successfully applied to the solution of other bound­
ary value problems. 

wR2 y 
Tablet. Numerical values -~ 

C1s ft 

~I 0 0.2 0.4 0.6 0.8 1.0 

tl I 9.57 9.57 7.18 4.79 2.39 0 

2tl 26.21 24.16 18.12 12.08 6.04 0 

22tl 
3 

31.16 28.12 21.09 14.08 7.03 0 

3tl 31.16 28.12 21.09 14.08 7.03 0 

wR2y 
Table 2. True values ~ 

C1s I 1 

~I 0 0.2 0.4 0.6 0.8 1.0 

tl 9.0 9.0 7.75 4.95 2.50 0 

2tl 25.50 23.30 18.60 12.10 6.20 0 

22tl 
3 

30.80 27.60 21.80 14.20 7.30 0 

3tl 31.50 28.10 22.20 14.55 7.40 0 

7 

Consider the dynamics of a rigid-plastic square plate, simply supported on its 
boundary (Fig. 4). A uniformly distributed pressure of intensity P kgfcm2 acts within 
the time interval 0 ~ 1 ~ lb while for 1 ~ 11 we have P = 0. It is required to determine 
the motion and the permanent deflections of the plate. This problem has not so far been 
solved. We shall apply to the solution of this problem the LP. 

The qualitative characteristics of the problem are the same as in the problem of motion 
of the plastic circular plate considered in the preceding Section (the continuity of the 
velocities, jumps of accelerations and uniformly accelerated motion for 0 ~ 1 ~ t 1) . As 
in the preceding Section the time interval 11 ~ t ~ lk is split into 7 segments, each of length 
2 2 
3 11 and we denote lk = s3 11 • 

The differential equation of motion of the plate has the form 

(7.1) 

6 Arch. Mech. Stos. nr 1{73 
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L L 

FIG. 4 

where M and N are the bending moments in the directions of the x and y-axes, respectively 
(Fig. 4), S is the torsional moment; the remaining notations are the same as in the preceding 
Section. 

The material of the plate is assumed to obey the Tresca-St. Venant yield condition so that 

h2 M+N ... I(M-N)2 2 2 -as :::;; -
2
- ± Jl -

2
- +S :::;; ash , 

(7.2) 

-a,h2"' 2V(M~Nr +S2"' a,h2, 

we assume moreover that the linearized equation of the yield surface has the form: 

(7.3) 

-ash2
:::;; N ± S:::;; ash2

• 

The surface (7.3) is inscribed into the surface (7.2) and is shown in Fig. 5. 
In view of the symmetry of the plate it is sufficient to investigatei ts one eigths (Fig. 4). 

We introduce the lattice with step ox = 0.2/, i.e. we divide each side of the plate into 10 
parts (I is one half of the side of the plate). 

Integrals over the area and time are replaced by the appropriate sums. 
The system of inequalities ( 4.2) is written in the form 

(7.4) 
A ~ ± ash2xx, A ~ ash2xy, A ~ ± ash2(xx+xy), 

where ux, xy are the velocities of change of the curvatures in the directions of the axes x 
and y and xxy is the velocity of the relative torsion of the surface of the plate with respect 
to the axes x and y; these quantities are 

iJ2io 
"x = - iJx2' 

~2. . uW 
Xy = iJy2 ' 

~2. . uW 
Xxy = OXOY. 
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0 

N 
n= 5sh2 

FIG. 5 

11 
m= 6sh2 
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The derivatives of M, N, S, w with respect to x, y and 1 are expressed in terms of the 
finite differences, as shown in the preceding Section. It is taken into account that on the 
diagonal 0-55 of the plate M= N whereas on the axes x and y we haveS= 0, M 5i = 0, 
Nis = 0 (i = 0, 1, 2, 3, 4, 5; j = 0, 1, 2, 3, 4, 5; the lower subscript denotes hereafter 
the corresponding nod of the difference lattice, while the upper subscript denotes the 
time instant; in the double notation of the points the first number denotes the point along 
the x-axis, while the second along the y-axis, Fig. 4). 

The system (7.4) is constructed for the time instants 1b 12 , 13 , 14 , 15 (the velocity of 
the deflection at instant 16 is assumed to vanish). The deflection is prescribed at nods 
of the difference lattice at instants 11 , t1 - 2 , 12 - 3 , t3 - 4 , 14 - 5 ,15 - 6 • In accordance with the 
boundary condition w 5 i = 0, 'Wis = 0 (i = 0, 1, 2, 3, 4, 5; j = 0, 1, 2, 3, 4, 5); the 
distribution of the deflections is symmetric with respect to the axes x and y and the diagonal 
0-55. 

For definiteness we assume that the plate is subject to the pressure P = 3P5
, where ps 

is the limiting static pressure. To determine the quantity ps by the LP method we solved 
the problem of load-carrying capacity of the square plate; we made use of the basic relations 
of the preceding Section for accelerations w = 0. By means of the determination of the 
maximum of the value of P with the conditions (7.1) and the inequalities (7.3), we obtained 
the quantity P11 = 5.716(]5 h2 /fl. 

Computer calculations of the considered problem yield the following results. The values 
of the reduced deflections wy/2 j(]5 h21f of the plate at the nods of the difference lattice for 
the time instant 11 , 11_ 2 , 12_ 3 , 13_ 4 , 14 _ 5 , 15_ 6 are given in Table 2. Since w4 - 5 = w5- 6 , 

with the assumed discretization the derived time of the motion must be assumed to be t 5 = 

= 3 ~ t 1 . The permanent deflections of the plate are equal to the deflections at the instant 

14 _ 5 = 3! 11 (Table 3). The deformed plate is shown in Fig. 6. 

6* 
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FIG. 6 

Table 3 

Time 
instant 1 2 1 

Point 
t 1 ft-2 = 1-ft 

3 
12-3 = 2/1 / 3 _ 4 = 2-/1 

3 
14-5 = 3-tl 

3 
ls-6 = 4ft 

numbers 

()() 8.913 14,855 25.111 30.396 30.710 30.710 
10 8,913 14.855 23.054 27.278 27.529 27,529 
20 6.915 11.525 17.665 20.830 21.018 21.018 
30 4.645 7.742 11.825 13.929 14.054 14.054 
40 2.323 3.872 5.901 6.947 7.009 7.009 
11 8.151 13.585 21.783 26.007 26.258 26.258 
21 6.915 11.525 17.665 20.830 21.018 21.018 
31 4.645 7.742 11.822 13.924 14.049 14.049 
41 2.323 3.872 5.890 6.930 6.991 6.991 
22 6.809 11.348 16.640 19.367 19.529 19.529 
32 4.645 7.742 11.472 13.394 13.508 13.508 
42 2.323 3.872 5.744 6.709 6.767 6.767 
33 3.778 6.297 9.107 10.555 10.641 10.641 
43 3.106 3.510 4.848 5.531 5.578 5.578 
44 1,053 1.775 2.424 2.769 2.790 2.790 

In accordance with the above, the values of the dissipation function A vanished at the 
following nods at the following time instants: 

A5o = Alo = Alt = A~t = Afo = A~o = A~o = A~o = Ato = A~o = A 5 
= 0. 

At these points the velocities of the curvatures are equal to zero (these points may be assu­
med to be "rigid". 

We do not present here all values of M, N, Sat the nods of the lattice at various instants 
of time, we note however that except at the rigid points the state of stress corresponds to 
the edges FAG, EFG, the ribs AF, FG, EF, EG, GH and the corner points F, G (Fig. 5). 

It is noteworthy that in the first stage of the motion there exists a zone of equal 
deflections which decreases and vanishes in the following stages. A similar character of 
the motion is observed in the case of a circular plate £13] after it has been subject to "high" 
pressures. 
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