Archives of Mechanics ® Archiwum Mechaniki Stosowanej ® 24, 5-6, pp. 999-1011, Warszawa 1972

Remarks concerning the “plateau’ in dynamic plasticity
I. SULICIU(*), L. E. MALVERN, N. CRISTESCU(**) (GAINESVILLE)

IN THE PAPER a discussion is given of the possible existence of a *“plateau” in one-dimensional
dynamic plasticity, using rate-type constitutive equations. A necessary condition to be satisfied
by the coefficient functions entering rate-type constitutive equations is given. It is shown that
with the usual forms of a semilinear model, only an “asymptotic plateau” can occur. This means
that all three functions (stress, strain and particle velocity) tend asymptotically towards plateaus,
i.e. it is not possible for even one of the functions to be exactly constant, while the others approach
a plateau. With the quasi-linear model, in addition to the possibility that all three functions
can approach plateaus asymptotically, it is possible that one, two or even all three functions can
have absolute plateaus,

W pracy przedstawiono dyskusje problemu ewentualnego istnienia “plateau” w jednowymiarowej
dynamicznej teorii plastycznosci opierajac si¢ na réwnaniach konstytutywnych, uwzgledniaja-
cych wrazliwo$¢ na predkos¢ odksztalcen. Podano warunek konieczny, jaki spelnia¢ powinny
wspolczynniki funkcyjne, pojawiajace sie w rownaniach konstytutywnych tego rodzaju materia-~
tow. Wykazano, ze w przyjmowanych zazwyczaj prawie liniowych modelach ciala pojawiaé sie
moze jedynie “asymptotyczne plateau”. Znaczy to, ze wszystkie trzy funkcje (naprqicnic, od-
ksztaicenie i predkosc czastek ciala) zmierzaja asymptotycznie do swych plateau, a wiec zadna
z tych funkcji nie moze by¢ dokladnie stala, podczas gdy pozostale zmierzaja do plateau. Nato-
miast w modelu quasi-liniowym, poza mozliwoscia asymptotycznego zmierzania wszystkich
trzech funkcji do plateau, istnieje takze mozliwosé, ze jedna, dwie Iub nawet wszystkie trzy
funkcje osiagaja swe absolutne plateau.

B pabore npeacrasneno ofcy>kaeHne OpobGiaeMbl BOSMOACHOTO CYILECTBOBaHHA “mwiaro’ B of-
HOMEPHOH AWHAMHYECKO# TEOpHMHM IIACTHYHOCTH ONMpAsACh HA OIpEAe/AIOUIHE YPaBHEHH,
VYHTLIBAIOIIHME YYBCTBHTEILHOCTS Ha CKOpocTh Aedopmaumii. aerca HeoOxomumoe ycrloBHe
KaKOMY JOJDKHBI YAOBJIETBOPATE (DYHKIMOHANLHBIE K03 (HIUMEHTS!, NOABIAIINECT B ONpe-
JIEAIOWIMNX YPABHEHHAX 3TOr0 pofa marepuanoB. J[oKasaHo, 9TO B IPHHHMAEMbIX 0OBbIKHO-
BEHHO TONYJHHEHHBIX MOJENAX TENIa MOXKET MOABHTECSA TOJBKO “acCHMITOTHUYECKOE IIIaro’’.
D710 o3Hadaer, uro Bce TpH QyHKIU (HanpsuKeHde, HehOpMAlMA M CKOPOCTh YacTHIl Teja)
ACHMIITOTHYECKH CTPEMATCA K CBOHMM ILTATO, SHAYMT HH OJJHA M3 9THX QYHKIMH He MoXKeT ObITh
TOYHO NOCTOAHHOMN, KOTJAa OCTANBHLIE CTPEMATCH K IL1aTO. B MOAENAX )ke KBasH-JIMHEHBIX,
KpOME& BO3MOYKHOCTH ACHMITOTHYECKOTO CTPEMIICHHSA BCceX Tpex (QyHKIMI K IUIATO, CYyLecT-
BYET TalKe BO3MOM(HOCTE, UTO OJjHA, B M/ Ae Bee TP GYHKIMH QocTHUraioT ceBoe abeo-
JOOTHOE ILIATO.

1. Introduction

IT was OBSERVED from the early papers on propagation of plastic waves [KARMAN-DUWEZ
(1950), TaYLOR (1946), RAKHMATULIN (1945)] that near the impacted end of a semi-
infinite bar, impacted with constant velocity, the maximum strain is constant. This result
was obtained theoretically for finite stress-strain laws and instantaneous impacts. The
early experimental results have also shown a certain strain plateau [see LEE (1956)].
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It was, however, only after the publication of two papers by MALVERN (1951a, 1951b)
that an extensive discussion concerning the possible existence of a plateau began. MALVERN,
after introducing a semi-linear rate-type constitutive equation to describe the propagation
of plastic waves, observed that his numerical examples given did not show any plateau.
For many years the presence or absence of a plateau was considered to be one of the main
arguments in favor of one or the other of the two theories of plastic wave propagation
then in existence: rate-type and rate-independent.

Generally the constant-velocity experimental results have always shown some kind
of plateau, though in some of the cases, very close to the impacted end a slightly higher
strain than that of the plateau has been reported [for additional bibliography see Cris-
TEScU (1967, 1968)).

The early computations done by MALVERN (1951a, 1951b) showed no plateau for
a semi-linear rate-type theory. RuBIN (1954) showed that in an asymptotic manner, when
¢ — oo, one can obtain a plateau. The computations by Cristescu (1965), this time for
a finite bar, have again shown no plateau. Woop and PHiLLIPS (1967), EFRON and MAL-
VERN (1969) and Kukubpianov (1967) have obtained, however, certain kinds of “asymptotic
plateaus”, with semi-linear rate-type theories.

It has been already established that finite-form stress-strain laws will predict plateaus
for stress, strain and velocity. In the present paper, the possibility of describing some
kinds of plateaus for one or more of the three mentioned functions, will be analyzed for
quasi-linear and semi-linear equations of the rate type.

2. Basic equations

The system of equations governing the motion is composed of the equation of motion

v da
(2.1) QW = TRt
the compatibility condition
ov ds
2.2 e o
@22 Ox ot
and the constitutive equation
do de
2. — = — , €).
(2.3) o = P07t y(o 8
Here g is the mass density, v is the particle velocity, ¢ is the stress (force per unit initial
area), ¢ = — du/dx is the strain, u is displacement, and o and & are positive in compression.

In (2.3) the coefficient function @ governs the instantaneous response [see CRISTESCU (1967)].
In particular, when ¢ = E = const, (2.3) is reduced to the semi-linear Malvern Model.
A particular form of this model which will be used in what follows is

24 ¢ = Eé —k[o—f(9)],

where k is a constant and o—f{(¢) is the “overstress” above a typical curve for each ma-
terial, which will be called the relaxation boundary [CrisTescu (1972)].
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A procedure will be given to integrate the constitutive equation with respect to time
[SuLiciu (1972)]. First, one eliminates the stress from the system (2.1)-(2.3) in order to
have in the system of equations governing the motion, kinematic variables only. For simplic-
ity this procedure will be presented for the semilinear form (2.4). A similar procedure,
somewhat involved, is, however, possible for the quasi-linear version of the (2.3) consti-
tutive equation as well.

By leaving aside in a first step the last term from the right side in (2.4), and integrating
from an initial time ¢, (x is fixed but arbitrary), we have

o(x, 1) = Ele(x, t)—e(x, to)] +a(x, to),

where e(x, 1,) = &, is the initial strain and o(x, f;) = o, is the initial stress. In order to
find a solution for the entire equation (2.4) the term o(x, #,) in the last equation will be
replaced by a function 7(x, t), which is to be determined using a Lagrangian method of
variation of parameters. Thus the last formula will be written as

(2.5) 0 =%F(c 60, 7) = E[e—go]+T.

Differentiating (2.5) with respect to time and combining with (2.4) gives the following
equation to determine T

(2.6) T = —k[t+E(c—g)—f(g)]

with 7(¢,) = 0,. By straight integration of (2.6) = can be determined as a functional of &
on any interval (t,, £).
Thus the integrated form of (2.4) can be written as

@.7) o(t) = Es(t)+ e g — Eeo—k [ [Ee(s) £ (e(s))] M~"1ds}.

It is obvious from (2.5) and (2.7) that 7 is determined by the explicit form of both ¢ and
% and depends on the deformation history. For this reason = will be called the “history
parameter”. The structure of the function & in (2.5) is determined by the function ¢ alone,
and for &, and 7 fixed this function describes the instantaneous response.

A similar procedure can be applied to the quasi-linear constitutive equation (2.3).
The analogue of formula (2.5) is this time
(2.8) o =% &, 1),
where & is determined as a solution of the differential equation do/de = ¢(¢, ). The
analogue of the formula (2.6) is

oF .

2.9) -—a—_;r = y(s, F (s, &, 7))

With T(fo) = 0g.
Combining (2.7) with (2.1) one obtains, for the semi-linear Eq. (2.4),

(2100 o ?’ +E-§—3 = ke-*f'-'ol{ a;"——Eff‘l+ f [E-f(e ())] 9¢(s) ek{s-ro]ds}
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which together with (2.2) forms the system of equations describing the motion, using the
kinematic variables only.

A somewhat more involved procedure also leads from Eq. (2.9) for the quasi-linear
constitutive Eq. (2.3) to the analogue of (2.10):

ov de
.10 9~5r+g:(£, F (e, r))a =

— I:f a” (&(s), t(s))ds]f[exp f@ﬂ (e(sy)s r(s,))dsl] i’u gga's

where
e,y = PEE @)

—— (& 7)

ar *
and therefore

dyp oy dg 51;: ( dsr)’ rF
ey w_ 0 0" Ve o _ oo \ar) o
' oe oF * 8T oF\*
[k 1 Jt

In (2.11) in order to simplify the writing it has been assumed that 7, = 0, g, = 0, g, = 0.
If not mentioned otherwise, this assumption will be maintained from now on.

3. The necessary condition for the existence of a plateau

In the formulas (2.10) and (2.11) appears the term de/dx, which is related to quantities
that can be measured experimentally. The parameter that can be measured is the “surface
angle” a, i.e. the angle between the position of the normal to the lateral surface during
the bar deformation and the initial position of the same normal. The variation of this
angle during the whole process of dynamic deformation can be determined experimentally
[see BELL (1969)].

Using the mass conservation theorem, one can obtain

_ — 1 de dp _ de
@G.1) tana = Ro}/o 2 (1—8)P [EE —E _QE]’
where R, is the initial radius of the bar, g the initial density and p the actual density.

Simplified versions of this formula have been given by various authors. Thus the formula

_ _ Ry 0e
G2 =TT =

has been given by BELL, the formula

_ _Rg de 5
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was given by FILBY, and

R, 1 e
e *= "% T ox

by Cristescu [for literature see BELL (1969)]. All these formulas can be obtained from
(3.1) with some additional simplifying assumptions (incompressibility and by neglecting
higher powers of ).

Knowing the way in which « varies in a single loading experiment [see BELL (1968)],
using (3.4), one concludes that de/dx in (2.10) or (2.11) preserves the same sign.

We will consider a plateau to exist when there is a domain in the characteristic plane
xO0t, where one of the derivatives dw/dt or dw/dx is zero, or both are simultaneously zero.
Here w stands for any one of the functions v, ¢, 0. One might find a plateau either for
a single one of these functions or for more than one (possibly all three) of them. We will
consider it a “plateau in time” if one of the derivatives dw/dt = 0 and “plateau in space”
if one of the derivatives dw/dx = 0, and we will examine the cases when both derivatives
are simultaneously zero.

By analyzing the formula (2.11) one can see that 6% (g, t)/0r > 0. This results from
the way in which # is determined in (2.8). From all the other terms which enter the right-
hand side of Eq. (2.11), the only one which may be assumed to change sign is du/d¢, given
by (2.12), . In order for it to change sign, there must be a point ¢* in the integration interval,
where

oy Oy dp _
35 et 5 T V5,0

where all quantities are computed in the point (s(x, %), F (e(x, 1%), ©(x, t*))). Therefore

the condition (3.5) is a necessary condition for the existence of a plateau. Examples and
further discussion are given in the following two Sections.

4. Numerical examples

The existence of the plateau has generally been discussed in connection with the impact
with constant velocity of a semi-infinite bar. However, such plateaus can be found even
for more realistic problems as for instance the symmetric impact of two identical finite
bars. For such a problem assuming that the specimen is impacted with a velocity of V' =
= 1600in/sec and that the other end is free, several solutions have been obtained with
constitutive equations of the form (2.3) in [CrisTESCU (1972)].

For one of these cases, the one called XII in CRISTESCU (1972), the three curves of Fig. 1
show the variation in time of ¢, ¢ and » at various cross-sections of the bar. From these
figures one can see when any one of these three variables is constant either in time and
space or in time only. The plotting has been done only for those cross-sections of the bar
where there are one or several plateaus. Of the three functions involved, it is the strain
which exhibits plateaus in time in the greatest part of the bar.
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FiG. 1. Quasi-linear constitutive equation predictions:
(a) stress-time, (b) strain-time, (c) particle velocity-time curves at various cross-sections.
(2D means two inches from impact end, etc.).
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Let us write the necessary condition for the existence of the plateau, Eq. (3.5), for the
particular case under consideration. In [Cristescu (1972)] the following explicit expression
for the constitutive Eq. (2.3)

__E . Ey
T1+ED T 1+ED

4.1) g

was used, where

) o ‘kg) [o—f(&)] if o>f() and &3¢
0 if o<fd or e<e

¢ = f(¢) is the “relaxation boundary”, and

(4.3) k(e) = ko[l —exp( - f—)]

with k, and & constants. The function @ (&) was defined for increasing stress processes as

a 3/272/3
3[5—-£r—s*+(—) :|
@(c) = 3% ek

a r?

4.4

where
(4.5) a=m+nye

and m, n, ey, £¥ were constants.
With the previously given notations, the condition (3.5) can be written as

1 ay [ 1 od  dy
() TT[E(E*‘”)“""&TW?]
(z+2)

~

ko[l-exP(—‘%)] [1—(%+¢‘)f’(s)— 2{o—f®}

[1 +E¢]2 4 #2991/
a[s—sr—e*+(ﬁ) ]
kg 1 1 . i
+m[=f+“’}?{“‘f (")}-"P(s)

~{1—exp(-§-)}{a—f(s)} . V?ﬁ [eﬂs,_sn: (%);]ﬁ]

In writing the right-hand term in (4.6) some terms of a much lower order of muignitude
were neglected.

If in the right-hand term from (4.6) one makes ¢ = &y (beginning of the plasticdeform-
ation), this term is positive, while at the states close to the maximum value f @ the
same term is negative, i.e., meantime it has changed sign. This result is obvious iince for
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& = ¢ (strain at the inflection point of the e— curve at x = 0) the term (EL“- @) f'(e) =

& 1.37. The condition is verified at x = 1D as well. All the other terms in the right-hand
side of (4.6) are at ¢ = ¢ either also negative or negligible.

Thus the main conclusion is that for quasi-linear constitutive equations of the form
(4.1), the right-hand term in (2.11) can be zero for a certain ¢* > 0 and therefore an abso-
lute plateau in time and space is possible. In other words, with the quasi-linear constitu-
tive equation there can be a domain in the characteristic plane, where v(x, t) = const,
&(x, t) = const, and o(x, ) = const. The examples plotted in Fig. 1 show that in fact
a plateau does occur.

5. Absolute and asymptotic plateaus

Let us show first that semi-linear models in the form (2.4) most often used, do not
exhibit an absolute plateau.

In order to show this let us assume that above a certain curve I" in the characteristic
plane we have

(5.1) 9 = const, & = const.

Then by combining (5.1) with (2.10) one obtains for any point above I" (with o, = 0,
€g = O)

(5.2) ettt [ [E—f(e(5))] S eHe-tolds = 0.

Taking into account the formulas of the type (3.4) and knowing from experiment that
o does not change sign, one comes to the conclusion that (5.2) is impossible. Thus an
absolute plateau is impossible with the usual linear overstress form of the function o
assumed in (2.4).

An absolute plateau is also impossible with certain other forms that have been proposed

for the function , such as y = ~—k[exp(L‘{(£)-)—-1] or p = —kyo—f(¢), as is

easy to see from direct checking the formula (3.5) with @ = E. However, it might be
possible to verify the condition (3.5) even for a semi-linear model, by choosing in some
other appropriate way the function .

Because of the negative exponential in front of the integral in (5.2), it might appear
that (5.2) could approach zero asymptotically for z » ¢*. But we will now show that, with
the semi-linear model (2.4), the equations of motion cannot be satisfied everywhere in the
x, t-plane by assuming that one of the functions &, », ¢ is constant while, the other two
asymptotically approach a plateau.

Let us assume that above a certain curve I" in the characteristic plane, one of the required
functions, say v, is a constant (in time and space). For this case let us examine in what
conditions, in an asymptotic manner, some other function, say ¢, could reach a plateau. If

(5.3) 9 = const above I,
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then from (2.2) results

(5.4) e = h(x).

Denoting by (x*, t*) the coordinates of the points on I, and integrating (2.10) up to
t > t* we get

Ba(t x*)

(5.5 0= —f(e(t*, x*)) ——>—>+kexp(—k(t—10))x

é‘e(s x*)

| f [E-f"(e(s, x*))] —5——exp (k(s—1o))ds

35(!

—-—[E — 1 (eter, )] 22 exp ke “—‘0))}

This identity is of the form a+bexp(—k(t—1,)) = 0 with a = const and b = const.
We will see that this identity cannot in general be satisfied for ¢ > #* either exactly or
in an asymptotic manner.

In order to satisfy exactly (5.5), one must have

65(3, x*)

(5.6) f’%—o and f[E [ (e(s, x*))]—5—= exp(k(s—1,)) ds

[E —f"(ee*, )] LX) 36(‘

Equation (5.6) is satisfied in very particular cases only. First, (5.6), is satisfied if
f’(e(r“, x*)) = 0 and then from (5.6), results

I

k _65_(5_1_)_ exp (k(s—10))ds =

That is, (5.6) is satisfied if no work-hardening is present and if a very special exponential
law for the variation of strain is imposed.
Secondly, (5.6), is satisfied also if de(t*, x*)/ox = 0, i.e.

(A

f[E —f'(e(s, x%)]

fo

exp (k(t*—1,)) = 0.

a’“"(‘ exp (k(t* — 1))

63{ ) — = ~exp(k(s—1t))ds =

which is impossible (see (5.2)).

In order to satisfy (5.5) asymptotically, (5.6); must be satisfied (in the particularcondi-
tions already discussed) and simultaneously one has to find a particular big value of t for
which (5.2) is to be negligible. But then it is observed that in the strip (¢*, t), the equation
of motion is not satisfied.

Therefore the assumption concerning the absolute plateau for one of the functions
v, &, or o [assumption (5.3)] is incompatible with a semilinear model which would not
satisfy at least the necessary condition (3.5). (A similar discussion follows from assuming
that it is € or ¢ that is constant.)
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Figures 2a-2c show that for a semi-linear model, though nearly horizontal plateaus
are visible, these are in fact slowly but steadily increasing or decreasing. The figures la-Ic
for the quasi-linear model, however, show a much better approximation of an absolute
plateau in the first two diameters near the impacted end.

Conclusions

It was shown that in order to possess a plateau, the coefficient functions entering
a semilinear or quasi-linear constitutive equation must satisfy a certain necessary condition,
Eq. (3.5).

With the semi-linear model, “asymptotic plateau” means that all three functions tend
asymptotically toward plateaus, since we have seen that it is not possible for even one of
the functions to be exactly constant while the others approach a plateau. With the quasi-
linear model, in addition to the possibility that all three functions approach plateaus
asymptotically, it is possible that one, two or even all three functions can have absolute
plateaus.
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