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SOHE ASPECTS OF INVARIANT THEORY IN PLASTICITY 

Part II. Conatitutive relations for perfectly locking mater1als . Comments on 

perfectly plastic solida 

Summary 

The aim of this eontribul i on is twofold. Flrslly, by using the 

representat lon Lheory of isotropie tensor funet lons, genera i form of t he 

constltutlve relationshlp for perfectly Joeking mater i als i s derived. The 

homogenelty conditlon of degree zero lmposed o n the loc klng behavlour 

permlts to obta ln the general form of the loeklng loeus. Some partleular· 

cases ar·c also stud led. 

Secondly, lo aeeounl for the dlss l pation density dependent on hydrostali c 

pressure, l he theoi'Y proposed by Sawezuk and Stutz [l ) i s generallzed. 

Conscqucntly, ineompresslble behavlour of Isotropie perfcet ly piast I e 

materials obeying pressure sensitive yleld condltlon ls deserlbed. 
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l . I nlroduclion 

The cons l\lut ive J'e Jatl o ns for perfec tl y Joeking materiaJs seem to have 

been firs l proposed by Prager 12 1. Counterparts o f the limit analysi s 

t heore ms were formulated by Cyras 13 1. Next , more ri gorous mathematical study 

of not necessar i Jy perfec lly Joeking sol ids have been undertake n in Refs 

(4-7 l. 

Our alm here is to derlve the general f orm o f the const itutlve e quat l on 

(2. 1) pr ov ided that (2.2) !s satlsfl ed. The cond itlon (2 .2 ) express~es t he 

fact that Eq. (2. l ) s hould not depend upon the time scale. Lecking behavi o ur 

c a n s trong l y depend upon t he density p of lhe mater ia!, c. f. Re f s I B-10 ] . 

Therefore , we assumc t hal l he tenser funcl l o n E de pe nds no t on l y o n T , but 

also on p. 

The r epresental i o n theory o f tenser funct i o ns l s a conven! e n t tool r o, · 

the study of Eq. (2. 1 ) s at l s fylng the conditlon (2.2). flav lng derived lhe 

genera l f orm o f the tensorlal ly nonlinear constitut!ve re l ations hip 

descr lblng pe rfec tJy Joeking behavl our , t wo- d l mensl onal cases are dl scussed . 

Sever al par·li c ular· Joeking Joci are propos ed . 

The Joeking law derived is , in general , no t associated with the 

corres pond ing Joeking condltion. The as sociated Joe k i ng law is ob tained 

under an addit i onal condition. 

The second pr·oblem discussed In the paper concerns a general ization o f 

the model of i sotrop i e perfeclly plas ti c so li ds , proposed by Sawczuk and 

Stul z 11 l . Thal mode l y i e lds the diss i pation dens ity d as a funct ion of t he 

rate o f deformati o n t enser D only. Thus lncompressibl e mate ri a l s o be y i ng 

pressure dependent yi e ld condltions are prec l uded by the mode l prese n t ed ln 

l li . For t he model proposed ln Sec tion 10, d depends not only on D but also 

on a scalur parameter Ę. Parl i cu1ar1y o ne may take Ę = trT = T
1 1 

where T ! s 

lhe slress lensor . 

The compJ'ehensi ve papel' by Spe ncer ( 11 ], t he book 1121 and r eview paper' 

1131 provide an exhaustive source o f informatio ns related to bolh thc theo r·y 

of scal ar invariants and tensor· f unclions as we l l as to their appl i cal ions to 

t he fo r mu l at i on o f var i ous 

( 14-24]. 

consli tuti ve relationshi ps, c .f . also Hcf's 

An influence of a fabric lenser o n perfeclly Joe king and perfec lly 

plast l c be hav iour will be studi ed in a separate pape r; for earlier results 

t he reader should re f er to Refs 125-291. 
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2. Gener a l f orm of i sotropie eons t i tutive re l at ionship for pe rfee t l y Joeking 

mal er i a l s 

The gener al constltutive re lati o nship for i so tropi c , densi t y dependent 

l ec ki ng materials has the f o l lowing f orm 

subject to 

a E 
. T o 

ar 

He re E ~ (E ) E [3 
l J s 

E ~ E ( p, T ) 

8E 
(or __ I_J_ T 

81' 
k i 

k l 

i s t he stra in 

O) 

t enser. 

i f 
8E 

"' o 
ar 

T (T 
IJ 

) de not es 

tensor, lEJ i s t he s pace o f s ymmetri c 3x3 metr ices and Q s 
tenser o f t he f ourth (second) order . T he homogene i ty 

expr'esses LI me-scal e i ndependence o f s tra! ns. 

(2. 1) 

(2. 2) 

t he sl res~ rat e 

(0 ) i s t he zero 

condit i o n (2.2) 

One-d imenslonal case is i llustrated below, see f i g. l and fig . 2, c. f. (7]. 

l T lEI " E 

l" " "' "f?:";" f and 

lEI < E ., T o 
E 

E o lEI E ., T >. 
o lEI 

Fig. l 

T 

fig .2 
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To study the tensor·ially nonllnear constllutlve equation ( 2 . l) unde r t he 

condition (2.2) a procedure s lmllar to that used by Sawczuk and S t utz l lJ for 

I s otropie perfectly plastlc materla ls will consequently be used, c . f. al so 

l 15-19 l . According to the 
~ 

theory of representatlon of i sotropi e t e nsor 

func tions the relation ( 2. l) l s expressed l n the followlng way 

E = a I + a T + a T
2 ( 2. 3) 

o l 2 

whe re 

a fh(p, trT, 
h 

trT2
, trT3

) ( 2 .4) 

and t r T T
11

, trT
2 

T T , trT
3

= T T T . The summatlon eonventl on is 
l J J l l J J k k l 

used throughout the paper' . Moreover fh are arbitrary funet lons of the basie 

invariants trT, trT2
, trT3 and the density p, e. f . the f ormula ( A.8) glven 

in Appendix . 

On aeeount of the homogeneity eondltlon (2 .2) , the relatlon (2 . 3) eannot 

be uniquely inverted. We reeall that (2.2) lmplles det(8EI8T) =O. Moreover, 

as will be de mons t r ated I n the sequel , (2.2) lmplles the ex i stenee of a 

sea lar relalion, called loeklng loeus , betwe e n p, trE, trE
2

, trE
3 

The 

Joeking l oe us i s a eounterpart of the yleld loe us , well kno wn in the t heory 

o f plasti e i ty . 

let us inves tl gate the eonsequene es of the homogenelty cond ltlon (2 . 2). 

Whe n a ppll e d to [q . (2. 3) i t yields 

[ a~o . T 

ar 
)r + [~ 

ar 
[ a~2 

8T 

o . (2 . 5) 

whe r e a.b = a
11

b
1 1

. The last relatlon !s sat!sfled f o r an a rb i tra ry T 

pr·ovided tha t 

a a 
k 

ar 
. T + ka = O 

k 
k:::0 ,1, 2. ( 2 . 6) 

Eqs (2.6) imp ly that the funetlons ak are homogeneous wlth r espeet to the 

str e s s rate tensor and of the degree zero, (-1) and (-2), respeetlvely; c.f. 

(A . 7) . As we already know, the f une tlons ak depend o n basie lnvarlants o f T, 

henee Eqs (2 . 6 ) reduee to 
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a a. 
3--·-

a trT! 

trT
3 

+ 

t 
3 

ka. 

the system of cquatlons (2. 7) ls transformed to 

a a. 
k 

at 
l 

o k:O , 1 ,2. 

• o ' k: 0 ,1, 2. (2.7) 

(2.8) 

(2.9) 

Now the funct i o ns a.• depend on t
1

, t
2 

and t
3

, yet t he same notatlon i s 

pr eserved . To so lve the system (2.9) ne w var i abi es a r e introduced, c.f. 

[30 , 31 l 

\Ie set 

~.(x , p,q) O'. k (t l (X, p)' t
2 

(x ) , t
3

( X, q) l 

w he re 

t 
1 

(x , p) t2p 
X 

t = X t
3

( x,q ) t2q 
X 

e p e e q 
2 

He nce 

a~ a a. at a a. a a. 
k • l k exp + • X 

+ e 
ax a t ax at at 

l l 2 

Thus t he system (2.9) trans f orms t o 

a a. 
k 

+ k~ • O, k=O,t, 2, 

ax 

and v i ce versa, o bvlous l y. 

The sol utl on of (2. 14) l s glven by 

0'. 
l 

- t B(p , p,q) 
2 

0'. 
2 

a a. a a. 

at 
• X • e q 

3 
at 

l 

_..:.._ C(p ,p, q) 
l2 

2 

( 2 . 10 ) 

(2. 11 ) 

(2 . 12) 

t 
l 

( 2. 13) 

(2. 14) 

(2. 15) 

where A, B and C are a rbitrary funct\ons or the i r argume nts and the til da 

has bccn dropped . 

Substit uling (2. 15 1 into (2 .3 ) we obtain 

E 
l 

: Al + l BT + ( 2. 16) 
~ 
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Taking accounl o f (2. 16), (A.9) and (A .ll)~A.J3) we caJcuJate 

wher·e 

By us\ ng (2. 16)-(2. 18) we find 

where 

T 
l 

2 

ń; (B-~ )- 1
, ~ ; 

r o 
C a 

r - A • ~ ; l 
l 

~ ; - ~ 
• 2 r 

( 2 . J7) 

(2. 19) 

(2.20) 

The const\tut\ve reJat\on (2. 19) \s an lnverse one w\th respect t o Eq . .... . 
(2.16). 

We no w pass t o the derivation of the generaJ form of the Joek i ng loeus. 

By us\ng l he r·e \ at i ons (2. 16), (2.17) and the identlt l es (A. JO)-( A.1 3) we 

havc 

!rE 3A + Bp + C 

3a + /3p + r 

trE3 3Aa + (aB + /3A )p + (aC + /3B + r A) + (/3C + r/3lą3 + 

+ ~ (p4 + 8pq3 - 6p 2 + 3) . 
6 

(2.21) 

Eliminaling lhe parameter·s p and q I n (2.2 1), provlded that s ueh an 

e! \m inalion can be performed , t he ge ner a l form o f t he Joeking cond\ t\ on l s 

oblai ned: 

(2 . 22) 

In generał, Lhe \ock ing law (2 . !9 ) i s not assoc l ated wlth thc Joeking 

loeus (2.22 Thus wi thouL additlonal assumptlons one has , In generał, 

11 "' o (2.23) 

The assoeiated Joeking law is obtai ned prov\ded that, c.f. Seetion 3 
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(2.24) 

(2.25) 

is not necessaJ·ily convex. Obvlously, convex!Ly of Lhe set K(p) lmposcs 

a restri c tlon o n thc funcllon f', and consequently on A,B and C, c. f. !32) . 

lf lhe set K(p) l s convex and c l oscd, Lhen Lhe genCI'ai subdlfferenlial 

f o 1·m of lhe assoc l atcd locking law !s g lven by 

whcre 

T E al ( E ) 
K(p) 

l ( E ) 
K(p) { 

O, if E E K( p) , 

+ oo, otherwl se . 

(2.26) 

(2.27) 

Denating by E
1 

(t =t,2,J) lhe princi pa l s t ralns , t he l ocking locus may 

equivalently be wr !Lten in the followlng way, c .f. Appendlx 

Fo r· C = O we oblain l he so cal l ed Lensorially l inear r·clation and ( 2 . 19) 

simpl i fi es Lo 

T 
T 

2 

1 B ( -Al • E ) ' 

The paJ·ameL r l c form o f' the y l eld locus (fo r C- O) l s lhen given by 

trE 3 A + IJp 

(2.29) 

(~. :łO) 

In t hc s cque l , Lhe above re l all o ns will be used f or a s pcc ifi cali on o f 

parll c ular l ocklng l oc l and l oc klng laws , c . f. Sections 6, 7 and 8 . 

3. Th e assoc i a l e d Joek i ng law 

The associal ed l ocking law is obv l o us l y a parllcular case o f lhe general 

no nassoc laled l a w given by ( 2 .19). Firstly, ho~<e ver·, the direc l law i s 
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lnvesllgated . Eq. (2. 2 4 ) i mp11es 

lie set 

By us i ng 

f 

ll 

+ 

+ 

Because 

BE • 
__ I_J_ T 

ar 
k i 

k l 

BE 

BE . 
__ k_l_ T 

ar 
IJ 

k l 

f __ I_J_ T t> k l 

ar 
k i 

K t r T , K trT2
, 

l 2 

BE 
__ k_l_ T 

k l 

ar 
IJ 

K 
3 

trT3 

(2.3) a nd (3.2) we r eadi ly obtaln 

Ba Ba Ba o 
+ 2--

0
- K + 3ar K

3
) I /iK KI + 

BK 2 
l 2 3 

Ba Ba Ba 
( 

l l l 
+ a ) T + + iiK K + 2/iK K2 

+ 3/iK K 
l 3 l 

l 2 3 

Ba Ba Ba • 2 
( 

2 
K 

2 
K 

2 
+ iiK + 2/iK + 3/iK K

3 
+ 2a

2
) T , 

l 2 
l 2 3 

Ba a a Ba o 
K + 

l 
K + 

2 
K ) I + iiK l iiK 2 iiK 3 

l l l 

Ba Ba Ba 
( o 

+ 2--1
- K 2 K + a ) T + 2/iK K1 

+ 2/iK aK 2 3 l 
2 2 2 

Ba Ba Ba 
J i-2. ( o l 2 

+ 2a 3/iK K + 3/iK K + 3/iK K 
l 2 3 2 

3 3 3 

f = tJ, hence (3. 4) and (3.5) i mply 

Ba Ba Ba Ba Ba 
o l o 2 l 

2/iK = iiK 3/iK = iiK 3/iK = 
2 l 3 l 

If (3.6) !s sat l sf l e d t he n a po l ent l al G( p , T 

t ha t 

E 8G/8T 

3 

(3. l) 

(3.2) 

(3.3) 

(3. 4 ) 

(3.5) 

Ba 
2 

2/iK 
2 

(3.6) 

(3.7) 

The potenllal G may then be l dentlfled wlth the locklng work rate , see 

Section 5. 

By noting lhal lhe func li o ns a
0

,a
1 

and a
2 

are glven by (2. 15), the 

condlllon (3.6) assumes t he followlng f o rm 
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aA aA a B P--ap + ą--aq ap 

a A 
aq 

2 a c 
q --ap 

q 2( 2c + ac ac l = _ aa Pap + qaq 8CI 

(3 .8 ) 

Let us now investlgate the lnverse locklng law (2. 19) , whi ch ls wrltten 

as follows 

T = >.( r
0

I + r E + r E2 l 
l 2 

w he re 

trE3. 
r h r h (p, L 

t ' 
L 

2' L3) ' <h=O,l,2), 

If the symmetry condlt\on 

ar 
lj 

aT 
ki 

aE aE 
ki l J 

and 

ls satlsfled the n a polentlal Flp,E) e xlsts s uch 

T = >.aF/aE 

L 
l 

t rE , L 

The conditlon (3. 10) ls fulifllled provlded lhat, c. f. (3.6) 

(3.9) 

2 
trE2

, L 3 

(3. 10) 

(3 . 11) 

(3. 12 ) 

Under lhe conditi ons s pec ified by (3.12), the patentlal F may be ldent if ied 

wllh the leck ing locus. 

4 . Spherical and dev lat ori c parts of the Joeking law 

Lel Ed and S de nole the devl atorlc parts of t he stral n tenser E and the 

stress rate tenser T, respectlvely, c. f. (A. 14 ). For phys lcal reasons , lt l s 

conve nient to s p l lt up Eq . (2.3 ) inlo the spher lcal 

t r E 3<Po' ( 4 . l ) 

and de v i a torl c 

E" = <P s + <P [ s 2 
1 ( trS2 l l l 

1 2 3 
(4. 2 ) 

pa rt s , respec li ve l y, where 

( 4 . 3) 
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~ ; a + ~ a trT 
l l 3 2 

( -1. . 11) 

Taking account ar the identlties 

( 4 .5) 

and apply ing the homogenelty cond!tlo n (2 .2) to (4.1) and ( 4 .2 ) we obLain 

where 

Funct i ons 

as 
l 

s + 
l 

s ; t 
l l 

t r T, 

~o; a(p,r,s), 

s 
2 

o k::::O, 1 , 2. 

s 
2 

b( p, r,s) , ~2 

sol ve Lhe system (11.6), where 

s ; s /s 
3 2 

(4. 6) 

( 4. 7) 

(4.8) 

( 4. 9) 

Obv!ous !y, lhe functi o ns ą,k, ( k=0,1, 21 , a re homogeneous f unctlons or Lhe 

degl'ee zero, minus l and minus 2 , r·especLive ly. 

By us! ng ( 4.~) and the ident!ties ( A. 15)-(A. 17 ) we flnd 

s ( 4 . 10) 

where 

(b - ( -1. . 11 l 

Na w, s imi larly as in the previ ous section we derlve the l ocklng locus In 

the parametri c f orm 
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trE ; 3a , 

(4. 12) 

Eliminatlng the parameter s r a nd s f r·om (4. 12 ) we o bta ln t he generał form of 

the Joe king eondltlon 

Fo r· e;Q , the rel a tion (4. 10) t akes a s i mple form 

Henee 

s 
s 

2 

s ; 
t r t /3S3 

tr '
12s2 

Thus lhe parametrle form of the Joeking eondit i o n l s glven by 

t r E a(p, 

trl /3( Ed )3 

tr 112( Ed) 2 

(4 . ! 3) 

( 4. 14 ) 

( 4 . 15) 

( 4. 16) 

13y an cllmination o f the parame t e r r we obta in lhe generał f orm o f the 

Joek i ng eonditi o n in the tensorl al ly linear case: 

t rl /3( Ed)3 

tr l /2 ( Ed)2 
o . (4. 17) 

The invariants o f the defarmatlon tenso r E oeeur l ng in the last f ormul a 

have a slmp le geometri e interpr eta t lon. Le t the s t r aln staŁe be deseribe d by 

the prine i pal s trains Ek ( k=l,2,3) and e har aeter lzed by the veetor OP , where 

P(Ek), 0(0,0,0). ~e set OP; ON~ NP, e. f. Fig.3. 
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p 

e = 1 l 1, 1 , l J 
V3 

o 
• 

Fig. 3 

The s traight l lne determlned by e makes equal a ngels with t he axes. On the 

o ther hand, the vector NP belongs to the plane orthogonal to t hl s line. This 

piane is called the devlatori c piane and ls denoted by rr. Its equati ons is 

E + E + E 
l 2 3 

O.The length of the vector ON ls 

ION I ; <; ; trEI -13 , ( 4 . 18) 

whereas INP I c haracterizes the devlatorlc part of E 

( 4. 19) 

The ang l e 8 (Fi g . 4) between NP and i is 

8 arc cos[Y6( (4 . 20) 

p 

[2, -1, - 11 

Fig. 4 
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5. Locking wark r ate 

In aur case the density W of the locking wark rate is given by 

. 2 . 3 
a

0
(p,p,q)trT + a

1
(p,p,q)trT + a

2
(p,p,q)trT 

2 A(p ,p,q)t
1

+ B(p,p,q)t
2 

+ C( p,p,q )q t
3 

~0 (p,r,s)trT + ~ 1 (p,r,s)trS2 + ~2 (p,r,s)trS3 
a(p,r,s)s

1 
+ b(p,r,s)s + c(p,r,s)s 2 s , 

2 3 

(5. l) 

-.here the funclio ns ah,A . B.C .~h.a.b and c are deflned by (2 . 15) and (4 . 8), 

respectiveiy. The de nsity p may be assumed to be a runctl on of the straln, 

e.g.: , c .f. (81 

Then one has 

Partlcularly, p 

p p(E) 

lll( E , T ) W( p( E), T ) 

p(trE) and then -.e have 

m (t rE, T) 
1 

W( p( t rE), T ) 

(5 . 2) 

(5 .3) 

(5.4) 

In the constltulive relatlon (2.3) and (2.4) p may be treate d as a 

scalar parameter. Above, -.e have lnterpreted lt as a denslty. A dependence 

of p on stral ns (E
11

) lmplles that the density of the locking -.ark rate 

depends not on ly on stress rate (T
1 1

) but also, expllcltly, on E. Such a 

dependence signlficant l y enlarges the c lass of non-assc l ated Isotropie 

loc klng laws . 

!f (3 .6) ls satlsfled then we may set G 

E 
a 

(T E ) 
IJ lj 

ar 

a E 
E+ --

1
-
1- T 

IJ 
ar 

E 

prov i ded t ha t (2. 2) and (3. l ) are s al !sf!ed. 

6. Pl ane stresa s t ale 

W because 

a w aG 
(5 . 5 ) 

ar ar 

The present Sec tion ls concerned -.l th practlcally Important case whe n the 

stress tensor has the followlng form 



http://rcin.org.pl

T = [ ! 
o o 

o 
o 
o 

- 16-

(6. 1 l 

!n thls parlicuJar case the constltutive re l ati on (2. 16 ) and the i denlilies 

(A. 19) , (A.20) yle l d 

E = [ ; ~ ] (! [l!afl); a , (l 1' 2 . 
o 

33 

(6.2) 

· whc r·e 

~ ll(p, p )~ + Cf( p,p ) 
I t 2 

(6.3) 
E 

33 
IJ (p,p) 

and 

11 = A , 5=A+~(I - p2) 
2 

[ = B + Cp . (6.4) 

Here l = t r 112
:r_· 

2 , p = tri_. / tr112
:r_· 

2 and :l [ o l Ob l l E E O 2 = a(l · v ous Y 13= 23 · 

The material funct ions 11 , 5 and [ depend on p and p solely because, c . f. 

(A.20) 

trT3 tr:i:
3 

3 l 
q 2 

tr3/2 .j-2 tr3/2 ):2 

The relation inverse t o (6.3) takes the form 
l 

--"---- ! 

(3p - p3) 

whereas t he parametf'ic Joeking condl tlon !s expressed by 

trE = tri! + E
33 

= 11 + 25 + Cfp 

(6.5) 

(6.6) 

(o ·n 

As previousJy, elim!natlng t he parameter p f r om the sys tem (6. 7) we o btain 

t he gener a l f orm of Joe king condltion f or lhe piane stress s tale: 

(6.8) 

or equ l valently 

f(p, tri! + E , - 33 
(6.9) 

We note t hat the r esulls given above can a l s o be obta ined i n a somewhat 

diffrent manner . The second approach conslst s In s ubstltutlon of (6. 1), 
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(A. 19) and ( A.20) lnlo (2 .3 ) ; nexl the homogencity conditlon (2.2) is 

e xploited. 

The Joe king locus a nd the locklng law for the piane stress slate ar· e 

derlvcd si mil a rly a s In Sectlon 4 . There ls an analogy wlth Te lega' s { 19] 

sl udy o f lhe piane flow f o r perfec tly plastic material s. 

The devlatorlc parl of the stress rate tenser takes the form 

:r -

S = - :_ tri 
33 3 -

s 
1 3 

whe re 6 (6a~) (a.~= 1,2); we recall that t r i trT. 

Taking account of (A. 18) and (A.20) we have 

(6. 10 ) 

(6 . 11 ) 

The relation (6. 11) imp ly that no w t he functlons a, b and c occurrlng in 

(4.8) depend o n p a nd r o nly, because 

s = 
l 

2 
r - (6. 12) 

Oy applying (6.12) a nd the Cayley- flamil ton theorem In the two-dimensiona l 

case (c. f . (A. 18)) we ca lculate 

Subsl\luting (6 . 10) and (6. 12) into (4.2) we obtal n 

wherc 

a{ p, r) 

and 

(f -
1 ( trEl :l 
3 

a(p, r), 

1 
(:_ c r 2 - br - c) , b(p,r ) 

3 

o . 

(6 . 13 ) 

b + :_ e r 
3 

(6 . 14) 
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o ~d ] 
33 

The equatlon "i nvers e" to Eq. (6. 14)
1 

has the follow! ng form 

where 

s 
2 

;>. = c- 1 3/( 3b + er) 

(6 . 15) 

(6 . 16) 

(6. 17) 

Taking account of (4. 12)
1

,
2 

a nd (6. 14) one obta! ns a ~arametr l e fo r m of 

the Joeking eondltlon 

trE = Ja , 

tr( Ed)
2 tr~2 + ( E:

3
)
2 

= ~ (b2 (9 + r 2
) + (6. 18 ) 

+ 5c2 (: +: r 2 
+ _: r 4 ) + 8bc r - ~ c r 2 (br + c 2 ) ) 

4 6 36 3 

Ellmlnating t he paramet e r r from ( 6 . 18), a general form of the Joeking 

conditlon ls derlved: 

f (p, trE , tr112 ( Ed) 2 ) = O (6. 19) 

Here E and Ed are glven by (6 . 2) and (6 . 15) respeet l ve l y. 

For the piane s tress state the density of the Joeking wark rate is give n 

by 

w S(p,p)t
1 

+ [(p,p)t
2 

(6 . 20) 

la - r 2 (b + c r / 3) /9s )]s + (b+ cr/3) t rG2 / s 
2 l - 2 

where t he functions S, [ and c are defined by (6.4) and (6. 14), r espec tl ve l y. 

7. Pl ane defarmat lon 

By defin i tlon , t he de farmat l on tensor has now the f ol l owlng f orm 

E = [ ~ o 

o 
o 
o 

Tak i ng aceount of (7. l ) and (A. 18) In (2 .16) leads t o 

d J + d 1 o- t -

(7. l ) 

( 7 . 2 ) 



http://rcin.org.pl

-19-

o A + 
l 

BT t 2 
+ CT

2 
33 l2 33 

(7.3) 

2 
where 

d A + C( tr!
2 

- tr
2
I)/2t2 , d ( Bit

2
) + Ctri/t 2 

o - 2 l 2 
(7. 4) 

and 

[ ' 
! 

o 
T 

o 

o T 
33 

(7.5 ) 

Now lhe basie l nvaf'l ant s o f lhe s tress rate tenser are glven by 

trT t r ! + T 
33 

trT2 
t r:i:

2 
+ i-2 

33 
(7.6) 

trT3 tri3 i-3 3 
tritri

2 - l 
tr

3I + i-3 + 2 2 33 JJ 

Taking account of (2.21)
1

,
2 

and (7 . 2 ) we f!nd a parametr !c form of the 

leck ing condltlon 

!rE = tri! 

(7.7) 

By vlrtue of (A.20) we wrl le 

trl!3 = ~ trl!trl!2 
- : t r

3
1! (7.8) 

- 2 - - 2 -

Hence t he l ocklng condl tlen (c. f. (2. 20 ) ) depends on p, t ri! a nd t rl! 2 only. 

Thus we may wri te 

(7.9) 

The constllullve reiallen (2.19) reduces to 

~ fj2 
( tr~ 2 tr2~p l ~ A { [{30 + + (/3 , + {32 tr~)~) 

tri / 2T2 

(7. 10) 

T 
33 

= A {30 

tr
112T2 

where A and {3h ( h=O, l ,2) ar e given by (2. 18). Ne w the material functions A 
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and ~h depcnd on p a nd p sol e ly, c. f. (7 . 8l. 

For· lhe p i a ne de f a rmat l on t he de ns i ty of l he Joe k i ng wa rk rate is g i ve n 

by 

d t r i + d t r i 2 
o t -

(7. II l 

B. Par li c ular l ocki ng l aws a nd l ocking c ondi t ions 

In this Sect lon we s hall cons l de r si mp le Joe ki ng laws and Joeking 

cond i t i a ns r·esu l tl ng rrom ( 4 . 14 l and ( 4 . 16 l , respec l l ve l y . 

Example 8 . 1. 

Assume that 3a O. The Joeking condl t l on has t he fo ll owlng 

fo r m 

(8 . 1 l 

a nd tr ( Ed)
2

= O. Thus t he tack i ng behav i our i nfl uences t he spher l cal part 

only . 

Example 8 . 2. 

Let a = O and b= b
0

(p l. Then (4 . 16l r educes to 

(8. 2 l 

whl Ie l he Joek ing law l s glven by 

s 
( 8 . 3 ) 

The eond iti on (8 . 2l ls a counte rpart o f t he Huber- Mi ses y i e ld cond lt lon . 

Example 8 . 3. 

Le l us ussume l hal 3a a
1 

(plr a nd 

condll ion lak es l he f o rm 

a tr112
( E" l 2 - b trE - b a o l 

No w l he Joeking law 

s 

i s 

l 

---7~-- Ed 
b 

b + 
o 

t t r E 
a 

l 

b 

l 
o . (8. 4 ) 

(8.5) 

The Joeki ng condlti on (8.4 l ls a counterpa r t of the Dr ucker- Prager yle ld 

conditlo n . We r eca ll that t he l a~ l l s g l ven by 
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k • 

where c
1 

! s a material constant and k the shear yield l imit. 

Example 8. 4 . 

(8 . 6) 

Lct 3a = a
0 

+ a
1
r, b= b

0 
+ b

1
r; a

0
, a

1
, b

0 
and b

1 
may depend on p. An 

easy caleulati on ylelds the l ocklng condltlon 

(8.7) 

and the Joeking law 

where b 
2 

needed: a
0

, 

Exampl e 8.5. 

s (8.8) 

b
1
/a

1
. Thus only t hree material cons tant s (ar funetlons) are 

b and b . 
o 2 

We lake 3a = a + a r, b = b + b r 2 as prevleusly a , a , b
0 

a nd b
2 o 1 o 2 o 1 

may depend on p. Naw l he Joeking eondltlon has the followlng form 

( t r E - a ) 2 

o 

The Ioeklng law Is 

s [ b 
o 

o (8.9) 

(8 . 10) 

S imllarly as in the prevlous examp l e only three material funct l ons 
2 i nlervene : a

0
, b

0 
and b

2
/ a

1
. The Joeking condltlon (8. 9) l s a counterpart 

o t' Mróz-Buyukozturk yi e l d eondilion [33]. 

Taking mor e generał for m of b
0

: 

b 
o 

we obla ln a counterpart of Nllsson- Glemberg er tterion [ 33] . 

9. Decomposillon of lhe tensor f unc li on ( 2.3) in orthagonaJ bases 

( 8. 11) 

Olinawski investigated the decomposltlon of the isotr opie tensor functl on 

in orthogonal bases [34]. His approach is now adopled to the tensor funct l on 

(2. 3). 



http://rcin.org.pl

-22-

\Ie will now s how, after the paper [34], that (2.3) can be trans f ormed 

into a f or m whl c h makes lt posslble to determlne al! scalar func tlons ~h 

(h=O,t,2) or a,' b and c In a s lmpl e way . 

\Ie can rewr l t e (2.3 ) or (4 . 1) a nd (4. 2 ) as f o llows 

. 
E = llo I + j.L s + j.L s 

\ 2 
(9. l ) 

where . 
rs2 1d s 2s s rs2 1d 5 2 \ s 2 I s -

3 3 2 
(9 .2) 

and 

llo ~o - : ~ 52 
2 2 

a - J c 

~ 1 
2 (b + cs 3 )/s

2 11 , + ~25 53 (9.3) 

Obvlously , the f unct l ons j.ta (a=! ,2), are homogeneous func tl ons of thc degree 

(- ! ) and (-2 ) , r espect l ve ly . Performing the contrac tlon of (9 . 1) wl t h S a nd 

s', respec tlve ly, we obtaln 

. • . • 2 
E.S / trS . (9. 4 ) 

Mak i ng use of the Cayl ey- Hamllton t heorem (s ee Appendlx) and (4.8 ) we find 

(9 .5 ) 

prov ided that S ~ O; here 

m = s 6 
- 9s

6 

2 3 
(9 .6 ) 

The d ia gona l repres entat l on of (9. l) takes the form (see [34]) 

where 

(9 .8) 

Here 5
1

, ( 1=1 ,2 ,3 ) , are ei genvalues of S ( no t e t hat f or equa l elge nvalues K
2 

0). \Ie observe t hat now Ka (a= l, 2) are not homogeneous f unc t lons. 

Among othe r poss lbl e orthagonaJ representatl ons ( ln the sense of scal ar 

product ) of the tensor f unct i on (9 . l ) of l nte rest ls the fo l l owlng one 
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1 
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~Ol + ~1 K 1 + ~2K2 , 

[ : o 
-l 

v'6 o 

o 

l o K 

-l 

s 2
tfJ cos2r . 

2 2 

2 

(9.9) 

[: 
o o 

l o 
12 o -l 

(9. 10) 

(9. 12) 

We r·ecall that the parameter s
1 

( 1=1, 2 ,3) and s are deflned by (4.7) and 

( 4. 9). 

10 . Comments on plastlc dlsslpation density and yield condition for isotropie 

perfectly plastic solida 

The constltut\ve relat\ on proposed by Sawczuk and Stutz [ l] precludes a 

dependence of the dissipat i on density on hydrostal l e pressure. Part lcularly, 

i n the case of a piane flow the fl ow rule r educes to t he c !ass \cal von Mises 

theory [351 and a pressure dependent yie ld c r\terlon ls ru l ed out. 

A s !mpl e generalization of the model developed In [ l] allows to remove 

the drawbacks me nt i oned above. 

Let D = (D
1

JJ be the r ate of defarmat l on tensor and (a sealar parameter 

(or a set of scalar parame ters). The tensor lally non-l l near eonstltutlve 

relatlons for perfect ly p l ast l c isotrop i e materlals ls assumed i n t he 

f o llowing form 

T = T((, DJ subjee t t o 
8T -an- . D = O and ( 10 . l) 

lf the tenser funetlon T l s independent of ( then the mode l of Sawczuk and 

Slutz [l l l s r·ecove red. I n t he sequel t he parameter ( w\11 ma lnly denole t he 

hydr·ostatie press ur·e, lhough suc h an !nte rpre t atlon ls not the only possibl e. 

As prevlous!y, it maystand for lhe densi ty of a mater ia!. 

The representat\on of the I so t rop ie tenser fune tlon T has the form 

2 
T = a

0
I + a

1
D + a

2
D . (10.2) 

Here ah (h=0,1 ,2l are Isotropie funetlons of t he bas i e lnvar lants of D nad 

(; moreover they are of degree O, - 1, - 2 In the r a t es of deformat l on , 
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respec ti vely, c. f . [ 1 ). The th\rd term on the r. h. s. of ( 10.2) ls r csponsibl e 

f or second order effects. 

Ile set 

od = o - : ( t rDl I , 
3 

S= T- : (trT ) I 
3 

a nd c hoose the fo llowlng set o f bas i e \nvar\ant s 

trD . 

t r T, 

( 10 . 3) 

( 10 . 4) 

The re lalion ( 10 . 2) \s decomposed lnt o the spher\cal and dev\ a t or l c parts 

trT = 3<1> 
o 

s ( 10. 5) 

where <1>
0

, <1>
1 

and <1>
2 

are funct\ons of Ę and the klne matlcal l nvar i a nt s 

(10 . 4 )
1

. The state of plas tl c motlon 1s c onven i ent l y desc r1bed in ter msof 

t he dimens1on l ess parameters 

trl /3( Dd)3 

t rJ/2( o d l 2 
w = 

Thc condit i o n of homogenei ty y 1elds 

<l> 
o 

A(Ę, t, w) , <l> 
l 

BU;, t,w) 

tr J /2 (Dd ) 2 
<l> 

2 

( 10 . 6 ) 

( 10.7) 

Obvi ously, the f unc tions A, B and C ar·e no t t o be confused with the 

functions entering in to the f o rmula (2. 15 ) . 

The law of p lastlc d i storslon takes even t ually the f o rm, c . f. [ 1 l o r 

Sec ti o n 4 In this pa per, 

Od= ;>. {S - 6C [ 5 2 - :( trS2
) I )) ( 10. Ul 

6B
2

- c2 3 

;>. {tr 11 2
( Dd)

2 )[B- 2C
2 

(B+ ct
3

l J- 1 (10.9) 

6B
2

- c2 

Ile note that the parameter Ę , for instance the hydrostal l e pressure , 

lnfluences also the plast i c multlpl1e r ;>. . 

The fl o w law (10 . 8) , \f s ubs t\tuted l nto (10.5), r esu lts in the 

fol l owing expresslon for the stress \nvar i a nts 
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t r T = 3A , 

( 10. 10) 

A yiel d locus l s o btalned whe n t and w a r e ellmlnated from ( 10. 10 ) 

( 10 . 11) 

As s uming t hat ( 10. 10)
1 

c an be r e solved in~ one obtal ns 

~ = 1/J ( trT, t, w) ( 10 . 12 ) 

! f 1/1 doe s no t de pendent o n t and w then ~ = 1/1
1 

( t r i ); particular l y Ę trT. 

In gene ral , t he f l ow l aw ( 10 . 8 ) ! s not assoc l ated wlth t he yleld 

condi tl on (10.11 ) . Under an addltl onal condltlo n 

8T 8T 
t j - k i 

ao;:;-~ ( 10 . 13 ) 

the a ssoc iated fl ow r ul e f ollows , c. f . Sec ti o n 3 of t he pr esen t paper and 

118 l. 

By using ( 10 . 5) the ge neral f o rm of t he di s sipation densit y d is readl l y 

c alcul ate d 

( 10. 14 ) 

Incompressible flow . Now we have trD = O and cons equently w = O. The 

go ve r n lng e quat l o ns take t he f o r m 

whe r' e 8 
1 

D 
6C 

>. {S - __ .:...' _ 

68
2

- ~ 
1 1 

[52 

8(Ę , t , O ) , C
1 

C(Ę, t , O), whe r e a s 

2C2 

(t rt / 202) [ 8 - __ :__, __ 

l 6 82- ~ 
1 1 

( 10 . 15) 

( 10. 16) 

El imlnatl ng t he parameter fro m t he r e l a tlo ns ( 10 .10)
2 

and (10 . 10 )
3

, the 

yl e l d l ocus i s o btained in the f o rm 

( 10 . 17) 

llence we concl ude that f or Ę = trT the y l e ld c ondlt i o n c an stil l de pe nd on 

t he hydros t alic pressure, tho ugh the c o nstltut ive r e 1a t i on des cribes t he 

in itl a l, i ncompress lbl e fl ow. Moreover , t he d l ss l patlon densi ty i s gl ve n by 
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d d(~.D) t tr(Dd) 2 + t tr(Dd) 3 (10 . 18) 
l 2 

w he r e 

t 
81 (~.t) 

i 
C

1 
(~,t) 

( 10. 19) 
l tri/2(Dd) 2 2 tr(Dd) 2 

Plane in• ·mpressible flow. In t his c as e D D = D = o and trD = o, 
13 23 33 

tr( Dd) 3 O· hence = w = O. Consequently t he ma terial functions B and c 
l l 

depend or :; sole l y. We put 

( 10. 20 ) 

The st r e> tensor T has t he form 

[ o! 
o 

T = o 
o T 

33 

(10 . 2 1) 

whlle the const !tut l ve re lationsh i p i s given by 

(10. 22 ) 

where ;\. = tr 112
ll

2
/ b , tri =T + T 

- l - 11 22 

Censi cte r naw the d l ss ipatlon density and the yl e ld condi t lon. lf ~ 

tr! . then b
1 

b
1 
Ctr!l and c

1 
= c

1 
Uąl. For ~ = trT = tri + T

3 3 
we have 

T 
33 

: [tri - c (tri+ T )J 
2 - l - 33 

(10. 23) 

Assuming that Eq. ( 10.23 ) can be resolved for T
33 

we may wrlte T
33 

T
33

(tri) . Thus i n both cases the functlons b
1 

and c
1 

may be assumed t o depend 

on tri. Theref"ore t he d isslpatlon de nsity becomes 

( 10. 24 ) 

On the o ther hand 

D = !rll [ = (! r i
2

- : t r
2
I) . ----b-- - 2 - ( 10 . 25) 

l 

He 1 by us ing (10 . 2~) we f i nalty obta in t he yield condition i n the 

r .. Iawing forJn 

( 10. 26) 
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In t he case of pi a ne lncompress lbl e fl ow whe n b
1 

and c
1 

do no t de pend on 

l; we ha ve b
1
= b

0 
and c

1 
= c

0
, wher e b

0 
and c

0 
are ma ter ial constants . The 

fl ow ruJe r e duces t he n to the c lassical von Mlses t heor y and a pr essure 

de pendent yield c r lterion l s pr ecl uded [ 35) . 

Appendi x 

For s econd orde r Cartes tan tens ors A 

t he fo l\ owl ng not at lon l s used 

trA A = A + A + A 
li 11 22 33 

( trA) 0 , ( A. l) 

A.B = tr( AB ) trAB = A B 
IJ I J 

( A.2) 

( AB ) A B 
l k l J J k 

(A. 3) 

( A~B) = A B 
l J k l l J kl 

( A. 4) 

(A" ) 
l k 

(A. 5 ) 

AT denotes t he t r anspose of A. 

The notlon of a homoge neous functlons of degree m ls esse ntial f or our 

e on s i de r a t i ons . 

~finition A. t. [30- 32 ] . A funct l on f 

m lf 

F(A) l s call ed homogeneous " f degree 

F(tA) = t "F( A) 

f or each t > O. 

We note t hat F is not necessarlly a scalar func tlon. 

Eu ler's t heorem for homogeneous f unc tlons yl e lds 

8 F 
aA. A = mF or ~ A = mF 

8 A
1

J l J 

As bas ie sca lar l nvar lant s of A one may assume 

trA , trA2 
, trA3 

. 

Cay l ey-Hamllton's theorem ylelds 

A3 
- l A2 

+ l A - l I = O , 
l 2 3 

( A. 6 ) 

( A. 7) 

(A. B) 

(A. 9 ) 

where I denot es the uni t tensor; 1
1 

(A) ( 1=1 ,2,3) are scalar lnvarlants , bt> l ng 

the coeff lc lents of the fol lowlng połynomlal In~ : 
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det( A + ;>.I) = " 3 + I "2 
1 

+ I 
2 

;>, + I 
3 

( A. 10) 

T he lnvariants ( A. 8) and I ar e l nterr e l ated by 
l 

l = trA l 
1 

( tr
2

A trA
2 l 

1 2 2 
( A. 11) 

By using the Cayl e y-Hamilton's t heorem we r eadl ly calculale 

(A. 12) 

and 

trA
4 =: (tr4

A + 8trA trA
3 

+ 3tr
2

A
2

- 6 trA
2
tr

2
A ) 

6 
(A . 13 ) 

Le t us reca ll t ha t !f A = (A
1

J) ! s a tensor , then its devlator is 

def! ned by 

A 
d 

A -:( trA ) I 
3 

The f o ll owing relations ho ld t rue 

A3 l 
( trA

2 
) A 

l 
( trA

3 l i 
d 2 d d 3 d 

A ' 
l 

( t rA
2

) A
2 l 

( t rA~ ) Ad , 
d 2 d d 3 

trA
4 1 

t r
2

A
2 

d d 

For a t wo-dime ns i o na l te nsor· ~ ( ~Cl/3 ) 

theorem h as 

~2 

Hence 

t he form 

- (t r~ l~ + 
1 

2 

3 t r~t r~2 
2 

( tr2~ tr~2 ) ~ D 

(a,/3 

(A
1

J ) its pr inc ipal 

cal c u laled by using the fo ll owing formula 

For a matrix A 

w he re 

A 
l 

+ -
3 

A cos [ ~ rr (i-1) - ~l 
Ił 3 

(A. 14) 

( A. 15) 

( A . 16) 

( A. 17) 

1, 2 ) the Cayley- Hamll ton' s 

values A 
l 

( 1=1,2,3) 

(A 18) 

(A. 19) 

(A. 20) 

can be 

( A. 2 1) 
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