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In the introductory part of these notes a short overview of t he circulatory system 
with respect to blood flow and pressure will be given. In section l a simple model 
of the vascu la r system will be presented despite the fact that the fluid mecha nic of 
t he cardiovascular system is complex du to the non-linear and non-homogeneous 
rheological properties of blood and arteria l wall , the complex geometry and the 
pulsatilc fl ow properties . 
An importa nt part, section 2, is dedicat0d to the description of ewtonian How 
in s traight, curved a nd bifurcating, rigid tube . With the a id of characteristic 
dimcnsionlcss parameters the How phenomena will be classified and related to 
specific physiological phenomena in the cardiovascular system. In thi way differ­
ence between now in the la rge arteries and How in the micro-circulation and veins 
and the difference between now in s tra ight a nd curved arteries will be elucidated. 
lt wi ll be shown that the flow in bra nched tubes shows a strong re. emblancc to 
t he How in curved tubes. 
Although flow pa tterns as derived from rigid tube models do give a good approx­
ima tion of those that can be found in the vascula r system, they will not provide 
information on pressure pulses and wall motion. In order to obtain this informa­
tion a short introduction to vessel wall mechanics will be given and models for 
wall mot ion of distensible tubes as a function of a time dependent pres urc load 
will be derived. The flow in distensible lubcs is determined by wave propagation 
of the pressure pulse. The main characteristics of the wave propagation includ­
ing attenuation and renection of waws at geometrical transition arc treated in 
ection 3, using a o ne-dimensional wave propagation model. 

I<ey words: hemodynamics, curved tube flow , vascular biomechanic . wave propa­
gation, wave reflection 
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1. The Cardiovascular System 

1.1. Introduction 

ThC' study of cardiovascular fluid mccha uics is o11 ly possible wit h some 

knowledge of ca rdiovascul a r physiology. In t his section a brief int roductiou 

to cardiovascula r physiology wi 11 be g i vcn. Some general aspects of the fluid 

mechauics of t he hC'art , the a rteria l system , t he micro-circulation and the 

vC' nous system as well as t he u1osl important properties of the vascula r t ree 

that det ermine the prC'SSIIl"C' and flow characteristics in the cardiovascula r 

system will be dealt wi tll. Al t hough t hC' fluid mechanics of the vascular systC'm 

is complex duC' to complexity of geometry and pulsatility of the fl ow. a s imple 

linear model of this ·ystcm will bC' d C'ri vC'd. 

1.2. Short Overview of the Cardiovascular System 

The cardiovascular systclll take's care of convect ive transport of blood be­

tween the organs of the mam111alin.n body in order to enable d iffu sive t rans­

port of oxygen , carbon oxide, nut rients and other solutes at CC'IIular leve l 

in t he tissues. Without th is convective transport an appropria t e exchange 

of these solutes would be impossible because of a too large d iffus iona l rcsis­

taucc. Au extended overview of physio logical processes t hat a rc enabled by 

virtue of t he cardiova ·nda r systC'm can bC' found in standard lext books on 

physiology· like [3[. 

T hC' circulatory systclll can lH' di vid ed into two parts in SC'ries, the pul­

ntonary circulat ion and thC' systemic circulation (see F ig . l) . Blood rC'CC'ived 

by the right a triulll (RA) fro tn tlt(' wnaC' cavae is pumpC'd from t he right 

vent riclc (RV ) of l ite hear t into the pulmonary artery which strongly bifur­

cates in pulmonary a rLe rioles tra nsporti ng thC' blood to the lungs. The ld t 

a trium (LA) receives the oxygenated blood back from thP pulmona ry vC'i ns . 

T hcu t he blood is pum]wd via thC' lC'ft ventricle (LV) into t he systentic c ircu­

la tion. As from fluid mechanical poi nt of v iew the main Aow phenomena in 

the pulmonarv circulat ion match t hC' phenomena in the systemic circulat ion. 

in the sequel of this course only t lw systemic circula tion will be considerC'd. 

1.2.1. The heart. The forces ucedecl for the motion of t he blood a rC' p ro­

vided by the hear t, which serve's as a four-cham berC'd pump that prop els 

blood around th C' c irculatory syst em (sec F ig . 1). Since the mean pressure in 
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FIGURE 1. Schematic representation of the heart and the circulatory sy. tem. 
RA right atrium , LA left atrium, RV right ventricle, LV - left ventricle. 

the system ic circulation i ~ approximately 13 kPa, which is more than three 
ti mes the pressure in the pulmonary system (:::::: 4 kPa), the thick ness of the 

left ventricular muscle is much larger t hen tha t of the right vent ricle. 

The ventricular and aortic pressure and aortic flow during the cardiac 

cycle arc given in Fig. 2. Atrial contrl'lc tion, induced by a t imulus for mu -

cl contract ion of the si uoatrial nod , eau ·cs a filling of the ventricles with 
ha rdly any increase of the ventricular pressure. In the left heart the mitral 

valve is opened and offers very low resistance. The aortic valve is closed. 

Shor t ly after this, at the onset of systole the two ventricles contra t simulta­

neously coutrollcd by a st imulus generated by the atrioventricula r node. At 
the same time the mitral valve clo~es (me) and a sharp pressure rise in the 

left ventricle occurs. At the moment that this ventricular pressure exceeds 

the pre ·sure in the aorta. t he aort ic valve opens (ao) and blood i ejected 

into the aorta. The ventricular and aortic pressure fir t ri c and t hen fall as 
a result of a combined action of ventr icu lar contraction forces and the resis­

tance and compliance of the ~ystcmic circulation. Due to this pre sure fall 

(or act ually the corresponding flow deceleration) t he aortic valve clo e (ac) 

and t he prcssur in the ventricle drop rapidly, the mitral valve opens (mo), 
while t he heart mu cle relaxes (diastole) . 
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F JCL' R E 2. Pressure in the left atrium, left ventricle and the aorta (l<'fl) a nd flow 
through the mitral valve and the aorta (righ t ) as a function of limP d uring one 
cardiac cycle, after 141 . vVith limes: me· mitral valve closes, ao aortic valve 
opens, ac aort ic valve closes and mo mitral valve opens. 

S ince, in t he heart , both t he blood flow velocities as well a!> the geomet­

rical length scales are relatively large, t he fluid mechanics of t he hear t is 

strongly determined by inertial forces which are in eq uilibrium with pressure 

force::;. 

1.2.2. The systemic circulation. The ::;ystemic circula tion can be diviclccl 

inlo t hree parts: the arterial system, the capillary sy::;tem and the venous 

system. T he main characterist ics of the systemic circulation a rc dcpiclcd 

schC'ma tically in F ig. 3. 

Pron1 Pig. 3 it can be seen tl1at the diameter of the blood vessels strongly 

decrease from t he order of 0.5 20 nun iu t he arterial system to 5 500 Jll11 

iu the capillary system. The d iameters of the vessels iu the venous system 

in general arc slightly larger t hen those in the arteria l system. The length 

of the vessels a lso strongly decrca::>es and increases going from t he a rteria l 

system to the venous system bu t only changes in two decades. lost dramatic 

changes can be found in the number of vessels that belong to tlw different 

compartments of the vascula r :;ystem. T he number of vessels in the capillary 

system is of order 0 (106 ) la rger then in the ar teria l and venous system . 

As a con::;equencc. the total c ross sect ion in t he capillary system is about 

1000 times larger then in t he arteria l a nd the venous system. ena bling an 
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F 1c L"RE 3. Rough estimates of t he diameter, length and number of vessels, their 
total cross-sect ion and volume and the pressure in Lhc vascular y tern. 

efficient exchange of solutes in the tissues by diffusion. Combination of the 

di!Terent dimensions mentioned above shows that the total volume of the 

venous system is about 2 t imes larger then the volume of the arterial system 

and much larger t hen the total vol ume of the capillary system. As can be 

seen from the last figure, the mean pressure falls gradually as blood flows into 

the systemic circulat ion. The pressure amplitude, however, shows a slight 

increase in the proximal part of the arterial system. 

The aTteriaL system is responsible for the transport of blood to the tis­

sues. Besides the transport function of the arterial sy tem the pulsating flow 

produced by the heart is also transformed to a more-or-less steady flow in 

the smaller arteries. Another important function of the arterial system is 

to mainta in a relatively high arterial pressure. This is of importance for 

a proper functioning of the brain and kidneys. This pressure can be kept 
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at t his rela tively high value because t he distal end of the arteria l system 

strongly bifurcates into vessels with small diameters (arterioles) and hereby 
form · a large peripheral resistance. The smoot h muscle cells in the walls a rc 

able to change the diameter and hereby the resistance of the ar tcriolcs. In 
this way the circulatory system can adopt the blood flow to specific parts in 

accordance to momentary needs (vasoconstriction and vasodila tation). Nor­
mally the heart pumps about 5 li tcrs of blood per minute but during exercise 
the heart minute volume can increase to 25 liters. This is part ly achieved 

by an increase of t he heart frequency but is mainly made possible by local 
regulation of blood flow by vasoconstriction and vasodila tation of the distal 

artcric (arteriolcs) . Unlike t he situation in the hear t, in the arteria l ys­
tcm, a lso viscous forces may become of significant importance as a result 

of a decrease in characteristic velocity and length scales (diameters of the 

arteries) . 
Leaving the arterioles the blood flows into the capillary system, a network 

of small vessels. The walls consist of a single layer of endothelial cells lying 

on a ba.<;ement membrane. Here an exchange of nutrients with the interstitia l 
liquid in the t issues takes place. In physiology, capillary blood fl ow is mostly 
referred to as micro circula tion. The diameter of the capillaries is so small that 
the whole blood may not be considered as a homogeneous fluid anymore. T he 

blood cells are moving in a single file (tra in) and strongly deform. T he plasma 
acts as a lubrication layer . T he fluid mechanics of the capillary sy.tem hereby 
strongly differs from that of the arteria l system and viscous forces dominate 
over inertia forces in their equilibrium with the driving pressure fo rces. 

Fina lly t he blood is collected in the venous system (vcnulcs and veins) 

in wh ich the vessels rapidly merge into larger ves ·els transporting the blood 
back to the hear t. The total volume of the venous system is much larger then 
t he volume of the arterial system. The venous system provides a storage fun c­

tion which can be controlled by constriction of t he veins (venoconstriction) 
that enables the heart to increase the ar terial blood volume. As t he diam­
eters in the venous system are of t he same order of magni t ude as in the 
arteria l system, inert ia forces may become influential again . Both charac­

teristic velocit ies and pressure ampli tudes. however, are lower t han in the 
ar terial system. A a consequence, in the venous system, instationary inert ia 
forces will be of less importance then in the ar teria l system. f\ loreover. the 

pressure in the venous system is that low that gravita tional forces become of 
importance. 
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The geometrical dimensions referred to above and summarized in Fig. 3 
·how that t he vascular tree is highly bifurcating and will be geometrically 

complex. F low phenomena related with curvature and bifu rcat ion of the ves­
sels ( ·ee Sec. 2) can not be neglected. As in many cases the length of t he 
vessels is small compared to the length needed for ful ly developed flow, a lso 

entrance flow must be included in studie · of cardiovascular fluid mechanics. 

1.3. Pressure and Flow in the Cardiovascular System 

1.3.1. Pressure and flow waves in a rteries. T he pre sure in the aorta 

significantly changes with increasing di tance from the hear t. T he peak of 
the pressure pulse delays downstream indicating wave propagation along the 

aorta with a certain wave speed. ioreover, the shape of the pressure pulse 
change and hows an increase in amplit ude, a steepening of the front and 

only a moderate fa ll of the mean pressure (sec Fig. 4). 
This wave phenomenon is a direct consequence of the distensibil ity of the 

arteria l wall , allowing a part ial storage of the blood injected from the heart 
due to an increase of the pressure and the clastic response of the vessel walls. 

The cro s-scct ional a rea of the vesseL· depends on the pressure difference 

pressure lkPal 
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FIGU RE 4. Typical pressure waves at two different sites in the aorta 
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over the wall. T his pressure difference is called t he t ransmura l prc\ sure and 

is denoted by Ptr· T his t ransmura l pressure consists of several parts. F irst. 

there ex ists a hydrostat ic part proport ional to t he density of t he blood ins ide 

p, t he gravity force g and the height h. This hydrostatic par t i a re ult of 

the fac t t ha t the pressure outside t he vessels is closely to atmospheric. Next , 

the pressure is composed of a t ime independent part p0 and a period ic. t ime 

dependent part p. So t he t ransmural pressure eau be wri t ten as: 

P11· = pqh + Po + p. (1.1) 

Due to t he complex nonlinear anisotropic and viscoclastic propert ies of t he 

ar terial wall , t he rela tion between the t ransmura l pres ure and the cross ·cc­

tional a rea A of t he vessel is mostly nonlincar and can be rather complicated. 

l\'Iorcovcr it varies from one vessel to t he other. Impor tant quant ities with re­

spect to this relation. used in physiology. arc t he compliance or a ltcruat ively 

the distensibility of the vessel. The compliance C i. defined as : 

C = 8A 
8p. 

For t hin wall t ubes t he following relation can be derived: 

DA 2na3 (1 - / L2 ) 
C=-=--o . 

Dp h E 

(1.2) 

(1.3) 

T he distensibility D is defined by t he ratio of the compliance a nd t he 

cross sectional a rea and hereby is given by: 

D = 2_ u A = C 
A Dp A . 

(1.4) 

In t he sequel of t his cour. c t hese quant it ies will be related to the lll a tcri a l 

propert ies of t he a rteria l wall. For th in walled tubes. wi th radius a a nd wall 

thickness h , without longitudinal st ra in , cg., it can be derived t hat : 

D = 2a 1 - tt2 

h E 
( 1.5) 

Here JL d enotes Poisson ·s ra tio a ucl E Young's modulus. From this we eau sec 

t hat besides the properties of t he materia l of the vessel (E, Jt) a lso geometrical 

properties (a . h) play an importaut role. 

The value of t he ra tio aj h va ries strongly a long the arteria l t ree. The veins 

arc more dis tensible t ha n the a rt eries. Jost ly, in some way. the prc. sure-area 
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relationship, i.e. the complia nce or distensibility, of the arteries or veins that 

arc considered, have to be determined from experim ental data. A typical 

example of such data is given in Fig. 5 where the relative transmural pres­

sure pfpo is given as a function of the relative cross-sectional area A/ Ao. 
As depicted in this figure, t he compliance changes with the pressure load 

since at relatively high transmural pressure, the collagen fibres iu the vessel 

wall become streched and prevent the ar tery from further increase of the 

circumferential strain . 

. I f. !,, 1-J 

11 

t•lrL...,Illl t lt'lt'lllliTH'tl 

O.YU.L6 _ _JO.-S - ---l.--l.L.2--l.Ll _ _ll (-i _ __J 

Jl/ /•u 1-J 

FIG Uitr; 5. Typical relation bC'tween t he relative transmural pressure p/ po and 

the rela tive cross-sectional area A/ Ao of an artl'ry. 

The flow is driven by t he gradient of the pressure and hereby determinccl 

by the propagation of the pressure wave. Normally the prc•ssure wave will 

have a pulsating periodic character. In order to describe tlw flow phenomena 

we distinguish between s teady a nd un::;teacly part of thi · pulse. Often it is 

assumed that the unsteady part can be described by means of a linear theory, 

so that we can introduce the concept of prc::;sure and flow waves which be 

supcrpo::;itions of several harmonics: 

N 

p = L PIICniwl 

n = l 

N 

q = L Qnemwt 

n = l 

(1.6) 

llere Pn and CJn are the complex Fourier coefficients and hereby p and q arc 

t he complex pre::>::>urc and the complex flow, w denotes the angular frequency 

of the basic harmonic. Actual pressure and flow can be obtained by taking 
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the rea l part of these complex funct ions. Normally spoken 6 to 10 harmonics 

arc sufficient to describe the most important feat ures of the pressure wave. 

Table 1 is adopted from [41 and represents the modulus and phase of t he 

fir t 10 harmonics of the prc sure and flow in the aor ta. The corresponding 
pressure and flow arc given in Fig. 6. 

T ABL8 1. First 10 harmonics of t he pressure a nd flow in the aorta, ft·orn 141. 

q in ml s pin mm Hg 

harmonic modulus phase modulus phase 
0 110 0 85 0 
1 202 -0.7 18.6 -1.67 
2 157 -1.50 86 -2.25 
3 103 -2.ll 5.1 -2.61 
4 62 -2.46 2.9 -3.12 

5 47 -2.59 1.3 -2.91 
6 42 -2.91 1.4 -2.81 
7 31 I 2.92 1.2 + 2.93 
8 19 +2.66 04 -2.54 

9 15 + 2.73 0.6 -2. 7 
10 15 -'-2.42 0.6 + 2.87 

1.3.2. Pressure and flow in the micro-circulation. T he micro-circu­

la tion i a t rongly bifurcating network of small vessels and is responsible 

for the exchange of nutrients and gases between the blood and the tiss11es. 

Mostly blood can leave the artcriolcs in two ways. The fir t way is to follow 

a metartcriolc towards a specific part of the tissue and enter the capillary 

system. Th is second way is to bypass the tis ·ue by entering an ar tcrio venous 
anastomosis that shor tcuts the arteriole and the vcnulcs. Smooth mu clc 

cells in the wall · of the mctarterioles. precapillary sphincters at the entrance 

of the capillaries and glomus bodies in the anastomoses regulate the local 

distribution of the flow. In contrast with th ar teries the pressure in the 

micro-vessels i · more or less constant in t ime yielding an a lmost steady flow. 
T hi tcadincss, however, is strongly disturbed by the ·control actions' of t he 

regulatory system of the micro-circulation. As t he dimension of the blood 

cells arc of the same order as the diameter of the micro-vessels t he flow and 

deformatio n properties of the red cells must be taken into account in the 
modeling of the flow in the micro-circulation (see Sec. 2). 
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F IGU RE 6. Pressure and Aow in t he aorta based on the data given in Table 1 
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1.3.3. Pressu re and flow in t he ven ous syst em . The morphology of 

the systemic veins resemble arteries. The wall however is not a~ I hick as 

in the arteries of t he same diameter. Also the pressure in a vein is much 

lower than the pressure in an artery of the same size. In certain s i tuation~ 

the pressure can be so low that in normal functioning the Yein will have au 

ellipt ic cross-sectional area or even will be collapsed for some time. A part 

from its different wall thickness and the relatively low pre::;~urc~ , the veins 

distinguish from arteries by the presence of valves to prevent back flow. 

1.4. Simple Model of t h e Vascular Sys tem 

1.4.1. P erio dic d eformation and flow. In cardiovascular fl uicl dynamic~ 

the flow often may be considered as periodic if we assume a constant duration 

of each cardiac cycle. In many cases, i.e. if the deformation and t he flow 
can be described by a linear theory, the displaccments and velocity can be 

decomposed in a number of harmonics using a Fourier transform: 

N 

V = L Vneinwt . 

n = O 

(1 . 7) 

Here Un are the complex Fourier coefficients. w denotes the angular frequency 

of the basic harmonic. otc that a complex nota tion of the velocity i~ used 

exploiting the relation: 

eiwt = cos(wt) + i si n(wt) ( 1. ) 

with i = J=T. The actual vdocity can be obtained by taking the real part 

of the complex velocity. By substit11tion of relation (1.7) i1 1 the governing 

cquat ions that describe the flow , often an analyt ic:al solut ion eau be cleri vcd 

for each harmonic . Superposition of these ·olution then will give a solution 
for any periodic flow as long as the equa tions arc linear iu the solution u. 

1.4.2 . The w indkessel m o d e l. Incorporat ing some of the physiological 

propert ies described above severa l models for the carcliovascular system has 
been derived in the past. The most simple model is the one that is known 

as the windkessel model. In this model the aorta is rcprcs0nted by a simple 

compliance C (clastic ch<u nbcr) and the peripheral blood vessels arc assumed 

to behave as a rigid tube with a constant resistance (Rp ) (sec top of F ig. 7). 
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FIC L' RE 7. Windkessel model of t he cardiovascula r system (top). Aortic flow 
and pressure, data from 141 as fu nclion of lime with pressure obtained from Lhe 
windkesselmodel indicated wilh the doll<'d line (boltom). 

The pressure Pa in the aorta as a function of the left ventricular flow Qa then 

is given by: 

(1.9) 

or after Fourier transformation: 

l 
Ga = (iwC + R )Pa· 

p 
(1.10) 

In the bottom two charts of Fig. 7 experimental data [41 of the flow in 

Lhc Horta (upper chart) is plotted as a function of Lime. This flow is used 

a · input for the computatiou of the pressure from Eq. (1.9) and compared 

with experimental data (dotted resp. ·olid line in F ig. 7). The resistance Rp 
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and compliance C were obtained from a least square fit and turned out to 

be Rp = 0.18 kPa·s/ ml and C = 11.5 ml/ kPa. 

During the diastolic phase of the cardiac cycle t he aortic flow is relatively 

low and Eq. (1.9) can be approximated by : 

opa 1 
ot ~ RpCPa during d iastole (1. 11) 

with olution Pa ~Pas e-t/ RpC with Pas peak systolic pressure. This approx­

imate solut ion resonably corresponds with experimental data. 

During the systolic phase of the flow the aortic flow is much larger then 

the peripheral flow (Ga »Pal Rp) yielding: 

opa 1 
ot ~ Cqa during systole (1.12) 

with solut ion Pa ~Pad+ (1/C) J q0 dt with Pad the diastolic pressure. Con­

sequent ly a phase d ifference between pressure and flow is expected. Exper­

imental data, however, show Pa ~ Pad + kqa, so pressure and flow arc more 

or less in-phase (see F ig. 7) . Notwithstanding the signifi cant phase error in 

the systolic phase, this simple windkcsscl model is often used to derive the 

cardiac work at given flow. otc that for linear time-periodic systems, bet­

ter fit can be obtained using the complex notation (1. 10) wit h frequency 

dependent resistance (Rp(w)) and compliance C(w)). 
In Sec. 3 of this course we will show that this model has strong limitations 

and is in contradiction with important features of t he vascular system. 

1.4.3. Vascular impedance. As mentio11cd before the flow of blood 1s 

driven by the force acting on the blood induced by the grad ient of the pres­

sure. T he relation of these forces to the resulting motion of blood is expressed 

in the longitudinal impedance: 

Z f}p /" 
L = f}z q. (1.13) 

The longitudinal impedance i a complex number defined by complex pres­

su res and complex flows. It can be calculated by frequency analysis of t he 

prc ure gradient and the flow that have been recorded simultaneously. A · 

it cxprc scs the flow induced by a local pressure gradient , it is a property 

of a small (infinitesimal) segment of the vascular system and depends on 

local properties of the vessel. T he longitudinal impedance play an impor­

tant role in the characterization of vascular segments. It can be measured 
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by a simultaneous determination of the pulsatilc pressure at two points in 
the vc se! with a known small longitudinal distance apart from each other 
together with the pulsatile flow. In Sec. 3 t he longitudinal impedance will 

be derived mathematically using a linear theory for pulsatilc flow in rigid 

and distensible tubes. A second important quantity i the input impedance 
defined as the ratio of the prcs. urc and the flow at a specific cross-section of 
the vessel: 

(1.14) 

The input impedance is not a local property of the vessel but a property of 

a specific site in the vascular system. If some input condition is imposed on 

a certa in site in the system, thau the input impedance only depend on the 
propert ies of the entire vascular tree distal to the cross-section where it is 
measured. In general the input impedance at a certain site depends on both 

the proximal and clistal vascular tree. The compliance of an arterial segment 
is characterized by the transverse impedance defined by: 

Z A1aq AI. AA 
T = p 8z ~ -p ~w . (1. 15) 

This relation expresses the flow drop clue to the storage of the vessel caused 
by t he radial motion of its wall (A being the cross-sectional area) a t a given 

pressure (note that iwA represent the partia l time derivative 8Aj8t). In 
Sec. 3 it will be shown that the impedance-functions as defined here can be 
very useful in the analysis of wave propagation and reflection of pressure and 
flow pulses travcling through the arterial system. 

2. N ew t onian Flow in Blood Vessels 

2.1. Steady and Pulsatile N ewt onia n Flow in S t ra igh t Thbes 

In this section the flow pattern in rigid straight . curved and branching 

t ubes will be considered. First, fully developed flow in straight tub . wil l be 
dealt with and it will be shown that this uni-axial flow is characterized by 

two dimensionlcss parameters. t he Rcynold number Re and the Womersley 
number a, that distinguish between flow in large and small vessels. Also 

derived quant ities, like wall shear stress and vascular impedance, can be 
expressed as a fun ction of these parameters. 

For smaller tube diameter (micro-circulation), however, the fluid eau not 

be taken to be homogeneous anymorc and the dimensions of t he red blood 
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cells must be taken into account. J n the entrance regions of straight tubes. 

t he flow is more complicated. Estimates of the length of these regions will be 

derived for steady and pulsatile fl ow. 

The flow in curved tubes is not uni-axia l but exhibits secondary flow 

patterns perpendicular to the axis of the t ube. The strength of this secondary 

flow fie ld depends on the curvature of the tube whi ch is expressed in another 

dimensionless parameter: t he Dean number. Finally it will be shown that 

t he flow in branched tubes shows a strong re cmblancc to the flow iu curved 

t ubes. 

2.1.1. Fully Developed Flow 

Governing equations 

To analyze fully developed cwtouian flow in rigid t ubes consider the 

avier-Stokcs equations in a cylindrical coordinate system: 

8v1. OV1· 8vr 1 8p ( 8 ( 1 [) ) 1:)
2 
u,.) 

8t +v1. OT +vz 8z = -pfJT + v OT ;:8T(Tvr-) + Dz2 ' 

O~z +vr ~V: +vz ~V:=-~~~+ v (~ !. (T :T(vz) ) + ~
2

;~z ) , (2.1) 

1 D OVz 
--;;)(TVT) + !'l = 0. 
T uT u z 

Since the velocity in circumferential d irection equa ls zero (v<P = 0), the mo­

mentum equation and all deri vat ives in <f>-direct ion arc omitted. For full y 

developed flow t he derivatives of the velocity in axial direction !Jz and the 

velocity cotuponent in radia l direct ion u,. arc zero and Eqs. (2.1) simplify to: 

fJvz 1 8p v D ( OVz ) 
8t = -p 8z +;: 81· Tor · (2 .2) 

ow a climcnsionlcss velocity can be defined as v; = vz/V. the coordinates 

can be made dimcnsionlcss using the radius of the tube. i.e. r * = r ja and 

z* = zja, the pressure can be scaled as p*' = pj pV2 aud the time can be 

scaled using t * = wt. Dropping the asterisk. the equation of motion reads: 

0.2 8vz =-Re Dp + ~~ (T 8vz ) 
Dt Dz 1· fJr or 

with Re t he Reynolds number given by 

a V 
Re=­

v 

(2.3) 

(2.4) 
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and et the \Vomcrslcy number defined a:;: 

(2.5) 

So two dimcnsionless parameters a rc involved: the Womersley number 0' defin­

ing the ratio of t he non-stationary inertia forces and the viscous forces and 

the n cynolds number Re that is ill this ce:LSc nothing more then a scaling 

factor for the pressure grad ient. T he pressure could also be scaled according 

top* = pj(a2 j17V) yielding one si ngle parameter o. 

In Table 2 the Womcrslcy numbers for severa l sites in the arterial system 

arc given. These values show that in the aorta and in the largest arteries 

inertia dominated flow and in arteriolcs and capi llaries friction dominated 

flow may be expected. In most part of the arteries an intermediate value of 

et is fo und and both inertia a nd viscous friction are important. 

TAI:!LE 2. E~timatcd Wonl('rslcy nulllber at several sites of the arterial system 
based 0 11 the first harmonic of the flow. A kinematic viscosity of 5 x J0- 3 Pa·s, 
a density of 103 kg·nl 3 a nd a frt>quency of I llz arc assumed. 

a lmml Cl' I I 
aorta 10 10 
large arteries 4 4 

small arteries 1 I 

arteriolt>s 0.1 0.1 
capillaries 0.01 0.01 

For the venous system a similar dependence of t he Womcrslcy number 

1s found but it must be noted that inertia is less import ant due to the low 

amplitude of 1 he first and higher ha rmonics with respect to the mean flow. 

\IC'locily profiles 

For flow in a rigid tube (sec Fig. ) with radius a the boundary cond ition 

l'(a.l) = 0 is used to impose a no slip cond ition. 

\ \ 'c will assume a harmonic prcssur<' gradient and will search for harmonic 

solu Lions: 
op a-p i...;t 
-=-e 
f)z Dz 

(2.6) 

and 

(2.7) 
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r a 

T 

FIGURE . Rigid tube with radius a 

The solution of an arbitrary periodic function then can be constructed by 

superpo ition of its harmonics. This i allowed becau e the equation to solve 

(2.3) is linear in Vz . 

ow two asymptotic cases can be defined. For small Womerslcy numbers 

there is an equilibrium of vi cou force , and the driving pressure grad ient. For 

large Womersley numbers, however , the vi cous forces are small compared to 

the instationary inertia forces and t here wi ll be an equilibrium between t he 

inertia forces and the driving pressure gradient. Both cases will be considered 

in more detail. 

SmalL Womer-sley number- flow. If <t « 1 Eq. (2.3) (agai11 in dim ension­

full form) yields: 

O = _ ~ 07J + ~ ~ (T OV z ) . 
p oz T or OT 

(2. ) 

Substitution of Eq. (2 .6) and (2 .7) yields: 

82vz(r) v Dvz(1·) 1 fJp 
1/ +---=--

OT2 7' or p fJz 
(2.9) 

with solution: 
1 afJ 2 2 . 

Vz ( T , f) = - - -
0 

(a - T )e·twl . 
47) z 

(2 .10) 

So, for low values of the Womersley number a quasi- tatic Poiseuille profile is 

found. It o cillates 1 0° out of phase wi th the pressure gradient, The shape 

of the velocity profiles is depicted in the left graph of Fig. 9. 

LaTge WomeTsley numbeT flow. If the a » 1 Eq. (2.3) yields: 

OVz 1 fJp 
at - pfJz" 

Sub t itution of Eq. (2 .6) and (2.7) y ields: 

- ~ () lafJ 
2WVz T = - --

p f)z 

(2.11) 

(2 .12) 
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FIGL: ItE 9. Pr!'ssurc grad ient (top) and corresponding velocity profil<'S (bottom) 
as a function of time for small (ldl) and larg<' (right) Womerslcy numbers. 

w ith sol ution: 
i of> . , 

Vz (T , t) = --;::jP
1
w . 

pwuz 
(2. 13) 

Now, for h igh values of the Womersley number, an oscillating plug flow is 

found which is 90° out of phase with t he pr ssure g radi ent (right graph of 

Fig. 9). The flow is dominated by inertia. 

Ar·bitrm·y Womersley number· flow. Substitution of Eq. (2 .6) and (2.7) in 

Eq. (2.2) y ields: 

(2.14) 

Substitution of 

(2. 15) 

m the homogeneous part o f this equat ion yields t he equation of Bessel for 

11 = 0: 
EJ

2 
Dz ~ DDz ( _ n

2
) , _ O 

[) 2 + [) + 1 2 1 z -s s s s 
(2.16) 

with solu t ion given by t he Besscl functions of the fin.;t kind: 

00 (- 1)" 21.; 

(
_
2
s) ·+u 

Jn(s) = L k!(n + k)! 
k=O 

(2. 17) 

so: 

( - 1) k ( s) 2k ( s) 2 1 ( z) l 1 ( z) 6 Jo(s) = L~ 2 = l - 2 + 1222 2 - 122232 2 + ... 
k=O 

(2.1 ) 
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sec also j1 j. Together with the particular solution: 

"P i Dfj 
V=--

z pw fJz 
(2.19) 

we have: 

vz(s) = K Jo(s) + v~ . (2.20) 

Using the boundary condition Vz(n) = 0 then yields: 

(2.21 ) 

a nd fina lly : 

vz(r) = _!:__ f)p [1 -Jo(i3/2a.rja) l· 
pw f}z Jo(i3/2a.) 

(2.22) 

These are the well known Womersley profiles, j8] displayed 111 Fig. 10. 

As can be een from this figure, the Womersley profiles for intermed iate 

a.=2 a.=8 a.=l6 

5 5 
lf \ 

4 4 V \) 

I 
~ 

~ 
V \J 

"g 3 3 
Qi 
> 
(/) 

V "V 
(/) 
<ll 
c 
.Q 2 2 
c 

i'v "V 

(/) 

<ll 
E 
'6 

1\.; ~ 

0 0 

- 1 0 1 - 1 0 - 1 0 - 1 0 
radius r/a [-] radius r/a [-] radius r/a [-] radius r/a [-] 

F IGURE 10. Womersley profi les for diiTcrcnl Womersley numbers (o = 2 , 4 , 8, 16) 
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'vVomcrslcy numbers arc cha racterized by a pha e-shift between t he Aow in 

the boundary layer and the flow in t he centra l core of the tube. Actua lly, 

in the boundary layer viscous forces dominate t he inert ia forces and the 

flow behaves like the flow for small Womcrslcy numbers. For high enough 

Womcrslcy numbers, in t he centra l core. inertia forces arc dominant and 

fl aL tcned profile · that arc shifted in phase arc found . The t hicknes · of the 

non- tationary boundary layer is determined by the Womcrslcy number. This 
will be discussed in more detail in Sec. 2.1.2. 

Wall hear stress 

Using the property of Be se! functions, sec [11 

8 Jo(s) = - l t(s) 
Ds 

and the defini t ion of the Womcrslcy fun ction 

the wall shear stress defined as: 

Tw = - ry -~ ov- ~ 
OT r=a 

can be derived as: 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

with T{~ the wa ll shear stress for Poiscuillc flow. In Fig. 11 the function Fw (a) 
and t hus a d imcnsionless wall shear stress Tw/Tfn is given as a function of a . 

Remark 1. 

( - 1) k ( s) 2k+ 1 ( s) 1 ( z) 3 1 ( z) 5 
J 1(s) = L k!(1 + k)! 2 = 2 - 122 2 + 12223 2 + · · · 

k=O 
(2.27) 

In many cases, for instance to inv tigatc limiting value for sma ll and 
large values of a, it i convenient to approximate the Womersley funct ion 
wi t h: 

(1 + (3)1/2 
Fw(a) ~ (1 + (3)1 12 + 2(3 wi th (2.2 ) 
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FtGl' H.E 11. ~lodulus (le ft ) and a rglllll<' lll ( right ) of the funct io n F 10(n) or T, /T!; 
as a functio n of a . The approximations are indicated with dotted a nd dash<'d 

lines. 

32 

This approximation is plotted wi th dotted lines in Fig . 11. For sma ll values 

of the Womersley number ( o. < 3) the following a pproximation derived front 

Eq. (2 .28) can be used: 

1 1 
Fw ( o.) ~ -1 _+_2_(3 = -1 -+-i---,a2;o-/,-,-8 (2.29) 

whereas for large values ( o > 15) one may use: 

F,o(o) ~ ~ ~:J 1/ 2 = (1 - i) j2. 
2 0 

(2.30) 

These two a pproximat ions arc plotted with dashed lines in F ig. 11. Note I !ta t 

the dimensionless wall shear stress for large values of 0 approximates zero 

a nd not that one could concl ude from t he steep gradients in the veloc ity 

profiles in Fig. 10. 

T he mean flow q can be deri ved using t he property, see I J 1: 

(2. :H ) 

For n = 1 it fo llows t hat: 

s Jo(s)ds = d(8 Jt (s)) (2.32) 
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and top,ctiJcr with 11(0) = 0 the flow becomes: 

a 

! A .7fo
2 ~ Dp A 

q = 1'::21frrlr = 1- [1 - I·,o(n)] ~=[ I - Fw(o)] q 
pw u z 

0 

8i [ ..., ( )] A =- 1 - ho n q a2 P 
(2.33) 

with 
A i~2 ~ A ~~~ 
Qx = --- and q11 = -~- (2.3-+) 

pw Dz 17 uz 

Combining, Eq. (2.26) with Eq. (2.33) by elimination of Dpj Dz finally yields: 

o . Fw ( o) 
Tu , = 2A twp 1 - Fro (o.) q. (2.35) 

\\'ith A = 1ra2 the cross-sect ional area of the tube . Iu the next section this 

expression for l he wall shear stress will be used to approxi mate Lite shear 

forces that the fluid exerts on the wall of th e vessel. 

\ 'asculm· impedance 

The long,i lucl i na l i m pcdancc defined as: 

(2.36) 

can be deri\·ed directly from Eq. (2.33) and reads: 

Z 
. p 1 

I = lW~ . 
' 1ra 1 - F,o(n) 

(2.37) 

For a P oiscuille profile the longit uclinal inq)edancc is defined by integration 

of Eq. (2. 10) and is g i\'Cll h_\': 

z =-'' p 7f(L 1 • (2.3 ) 

From this it can be derived that tlw inqwdance of a rig id tube for oscilla ting 

flow re !at ed l o the i m peclance for steady flow ( Poiseui lie resist a nee) is g iven 

b~· the following equal ion: 

in2 1 

l - F10(o) · 
(2.39) 
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In Fig. 12 the relat ive impedance is plotted as a function of the Womcrslcy 

number a . The relative longitudina l impedance is real for a « 1 a nd becomes 

imaginary for a ---+ oo. T his expresses the fact that for low frequencies (or 

small diameters) t he viscous forces arc dominant . whereas for high freq uencies 

(or la rge diameters) inertia is domiuant a nd t he flow behaves a. an inviscid 

flow. 
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FIGURE 12. The relati vP impPdaJJcc for osci llating now in a tube ( linear scale at 

t hP top i\nd logarithm ic scale at thc botlom) as a function of a. 

For small values of a the relative impedance results in (sec 2.29): 

(2.-tO) 

Viscous forces lhen domina te and the pressure gradient is in phase with the 

Aow a nd does not (strongly) dcpcud on alpha. For large values of a Eq. (2.30) 

gives: 

ZL(a > 15) 

Zv 
(2.41 ) 
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indicating that the pressure gradient is out of phase with the flow and in­

creases quadratically with a . 

2.1.2. Entrance flow. In general the flow in blood vessels is not fully devel­

oped. Due to transitions and bifurcation · the velocity profile has to develop 

from a certa in profile at the entrance of Lhe tube (see Fig. 13). 

~ V 
X2 

L: -
+0 r--.- f+-

{ , 

FIGURE 13. Development of a boundary layer 

In order to obtain an idea of the length needed for t he flow to develop, 

the flow with a characteri tic velocity V a long a smooth boundary with 

characteristic length L is co11sidered. Viscous forces only play an important 

role in the small boundary layer with thicknes o. Outside the boundary layer 

Lhe flow is assumed to be invi cid so that I3ernoulli 's law can be applied. 

From thi configura tion simplified avier-Stokes equations can be deri ved 
by assuming that o « L and the order of magnitude of it · terms can be 

estimated : 

OV] 
+ 

OV2 
= 0, 

OX] OX2 

0 (~) 0 (J)) 

av, avl Dv1 ap 82v, 82v1 
P at +pv1 8 + pv28 = 

OXl +177)2 +1]82, X1 X2 X1 X2 

O (w V) 0 (~2 ) 0 (~2 ) o ( ~ ap ) 
pox 0 (~~) 0 (vVj o2) . 

(2.42) 
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This shows clearly that the diffusive forces are determined by secoucl order 

deri vatives of the velocity normal to the boundary. :t\Ioreover it can be seen 

that the stationary iner t ia forces are of the same order of magni tude a~ t he 

viscous forces (which is the c~e a t Lhe bounda ry layer x2 = <5) ~ long as: 

(2 .43) 

Steady flow 

If the ent rance length of the flow in a tube is defined as Lhe length needed 

for t he boundary layer to contain Lhc complete cross section. i.e. <5 = a, t hen 

the ratio of the entrance length and the radius of the t ube follows fro nt the 

equation a bove as: 

(2.4...1 ) 

or with the definition of the Reynolds number Re= 2a V/ v the dimensioulcss 

entrance length Le/2a is found to be proport ional to the Reyuolcls ntmtbcr: 

Le = O (Rc) . (2.45) 
2a 

In [6] one can find that for lamina r flow , for Le : v(Le. 0) = 0.99 · 2V: 

Le ( - = 0.056Re. 2.46) 
2a 

For ·teacly flow in the carotid a rtery. for instance . Re= 300. and t hus Le ~ 

40a. T his means that the flow will ncvcr become fully developed since t he 

length of the carotid art ery is much less than 40 times its radius . Jn artcriolcs 

and sma ller vessels. however , Re < 10 and hereby Le< a, so fully clevelopcd 

flow will be found in many c~es . 

Oscillating flow 

For oscillating flow t he inlet length is smaller as compared to t!te inlet 

length for steady flow. T his can be seen from the following. ThC' unsteady 

inertia forces arc of the same magnitude as the viscous forces when : 

0 (Vw) = 0 (~~ ) (2.Ll7) 

and thus: 

(2.4 ) 
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T his means that for fully developed oscilla ting flow a boundary layer exists 

wi th a rela tive t ltickness of: 

(2.49) 

IL for oscillating flo,,·, the inlet length is defin ed as the length for which the 

viscous forces still arc of the same magnitude as the stationary inert ia forces, 

i.e.: 

(2.50) 

then together with Eq. (2.4.9) t he inlet length is of the order 

(2.51) 

Note t ha t t his holds only for o: > 1. For a. < 1 t he boundary layer thickness 

is restricted to the radius of the t ube a nd we obtain an inlet length of the 

same magnitude as for steady flow. 

2.2. Steady and Pulsating Flow in Curved and Branched Tubes 

2.2.1. Steady flow in a curved tube 

S teady entrance flow in a cur·ved tube 

T he flow in a curved tube is determined by a n equilibrium of convec­

t ive force . . pressure forces and viscous forces. Consider , the entrance flow in 

a curved tube with radius a and a radiw; of curvature Ro. vVi th respect to 

the origin 0 we can define a cylind rical coordinate system (R, z . </J). At the 

<'ntrancc (A: Ro- a < R < Ro + a. - a < z < a, <P = 0) a uniformly dis­

t ributed irotationa l (plug) flow VcJ> = V (sec Fig . 14) is assum d. As long as 

t he bounda ry layer has not yet developed (Ro<P « O.la Re) the viscous forces 

a re restricted to a very thin boundary layer and the velocity is restricted to 

one component. VcJ> · The other components ( uR and v z) are small compared 

to ~'<i> · In the core the flow is invi. cid so Bernoulli 's law can be applied : 

p + ~ pv~ = constant . (2.52) 

\\'ith p the pressure. and p t he den ity of the fluid . The moment um equa tion 

in R-direction bows a n equilibrium of pressure forces and centri fugal forces: 

f)p pv~ 
oR R 

(2.53) 
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outer wall 

FIGURE 14 . Axial velocity profiles, seconda ry velocity streamlines and helical 
motion of particles for ent ra nce flow in a curved tube. 

A a consequence, the pressure is largest at the outer wall and smallest 
at the inner wall. Together wi th Bernoulli 's law it follows that t he velocity 

will become largest at the inner wall and lowest a t the outer wall of the tu bC' 

(sec Fig. 14 location (B)) . Indeed , elimina t ion of the pressure from Eq. (2.52) 

and Eq. (2.53) yield : 

and thus: 

OV<J> 

oR (2.54) 

(2.55) 

T he constant k1 can be determined from the conservation of mass in t he 

plane of symmet ry (z = 0): 

and thus: 

Ro+a 

2aV = j v<t>(R' )dR' = k 1 ln Ro +a 
Ro- a 

Ro -a 

(2.56) 

(2.57) 
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with 8 =a/ Ro . So in the entrance region (c/J « 0.18 Re) init ially the following 

velocity profi le wi ll develop: 

2aV 
V(j>(R) = 1+8 . 

R In 1_ 8 

(2.58) 

It is easy to derive that for small values of o t his reduces to v4>(R) = (Ro / R)V . 
Note that the velocity profile does only depend on Rand does not depend 

ou the azimuthal posit ion f) in the tube. In terms of the toroidal coordinate 

system (r, B,qy) we have: 

R( T , B) = Ro - r- cos fJ (2 .59) 

and the velocity profile given in Eq. (2.58) is: 

2aV 
V(j> ( T, B) = -----::---;,-

(Ro - T cos B) ln i~~ 
26V 

(2.60) 
(1 - o(r/ a) cosfJ) In i~~ . 

Again fo r small values of 0 this reduces to 

V 
V4> ( T' B) = -1 ---8-( 1_)_a_) -co_s_B 

Going more downstream, due to viscous forces a boundary layer wi ll de­

velop along t he walls of the tu be and will influence the complete velocity dis­

tribut ion. Finally the velocity profile will look like t he one that is sketched 

at position C. This profi le does depend on the azimuthal position. In the 
plane of symmetry it will have a maximum that is shifted to the outer wall . 

In t he direction perpendicular to t he plane of symmetry an M-shaped profile 

will be found (see Fig. 14). T his velocity d istribution can only be explained if 

we also consider the secondary flow field, i.e. the velocity components in the 

plane of a cross-section ( cjJ = const.) of the t ube perpendicular to the axis . 

Viscous forces will diminish the axia l velocity in the boundary layer along 

Lhe wall of the curved tube. As a result , the equilibrium between the pres­

sure grad ient in R-directiou and the centrifugal forces will be disturbed. In 

the boundary layers we will have pV2 / R < 8pj 8R and in the central core 

pV2 
/ R > 8pj 8R. Cousequently the fluid particles in t he central core will 

accelerate towards the outer wall , whereas fluid particles iu the boundary 

layer will accelerate in opposite direction. In this way a secondary vortex 

wil l develop as indicated in Fig. 14. This motion of fluid par ticles from the 

inner wall toward the ouLer wall in the core and along the upper and lower 
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walls back to the inner wall will ha\'c consequences for the axial \'Clocity 

distri butiou. Particles wit h a n ' lat ivel.v la rge axial Yclocity wi ll move to the 

out er wall a nd due to convective forces. the maximum of the axial \'elocity 

wi ll shift in the same direction. On the other hand. particles in the bound­

ary layer at the upper and lower walls will be transported towards the iuucr 

wall and will convect a relatively low axia l velocity. In this way in l ite plane 

of synuuetry an axial velocity profi le wil l develop with a maxintuut at t he 

outer wall. and a minimum at the inner wall. For large curvat un's or large 

Reynolcls numbers even negative axial velocity at the inner wall can occur 

due to boundary layer separation. 

Once the maximum of the axial velocit .Y is located near t he outer ,,·a ll, t he 

seconclar~· flow will transport particles with a relatively large axial velocity 

a long the upper and lower walls aucl a C-shaped axial velocity cont011r wil l 

develop. T his can clearly be seen in F ig. 1.5 where for different curntt urcs of 

the t 11 be contour plots of the axial velocity and st rcamlin<:'s of the secondarv 

velocity arc given. otc that t!Je combination of the axial and secondary flow 

results in a helical movement of the fluid particles (sec Fig. 14.). Whik tnoving 

in downstream direction the particles mow from the inner wall towards the 

outer wall and back to the inner wall a long the upper (or lower) wall. 

;,ccondar, Dn 600 

On 2000 

/Jn '>000 

F1Cl'RE 15. Contour plots o f axial (l<'ft) a nd s tr<><unlin <> plots of sC'condary ( right ) 

fully d <'vdop<'d s teady fl ow in a cu rwd tube for Dean numbers of 600 (top), 2000 

(middl<>) a nd 5000 (bottom) as co111p uted by C'ollins and Dennis in 121. 
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Steady fully developed flow in a cuTved tube 

In order to obtain a more quantitative description of the flow phenomena 

it is conven ient to use the toroiclal coord inate system (1·, (), c/J) as is depicted 

in Fig. 11. T he corresponding velocity compo nents a rc v,., vo and v</1 . The 

Navicr-Stokcs equations in toroidal coordinates read [71: 

• iu /'-direction: 

_ _ Dp + _1 {-1 [_§___ (rBDv,. ) + _Q_ (B Dv,.) + _£_ (82r 8u,.)] 
- Dr Re r B Dr 8r ae ,. ae Dc/J B Dc/J 

l ( 8ve ) 8 sin 01•o 8
2 

cos 0 ( . av</1 ) } 
- 1''2 2 ae + v,. + rB + B2 Vo Sll1 0 - Vr cos() - 2 8c/J ' 

(2.61) 

• in e-c.Iircction: 

=_ up+ _1 {-1 [!!_ (rBDvo) + _§___ (B 8ve) + _£_ (82
r· 8vo)] 

{)() Re rB 8r or De r {)() Dc/J B 8c/J 

I ( Dvr ) 8sin0vr c5
2

sin() ( . 8v<t> )} +- 2-- V() - - , Vosm() - VrCOs0 - 2- , r2 {)() rfl B2 Dc/J 
(2.62) 

• in c/J-direction : 

+ ~ {-1 [!!___ (rn{)~'<J> ) + _§___ (B 8t'<t> ) + _Q_ (82
r Dvc!J )] 

Re rB or Dr ae r ae 81J B Dc/J 

28
2 

( ov1. Dvo . Vc!J ) } + B2 81J cos() - 8c/J Sll1 () - 2 . (2 .63) 
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continuity: 

with 
6 = _!!:__ 

Ro 

F. VA DE VOSSE 

(2 .64) 

and B = 1 + 6rcose. 

For fully developed flow a ll derivatives in tjJ direction are zero (8/Dt/J = 0). 
This of course does not hold for the driving force apj atjJ. If we scale according 

to: 
1" 

r* =­
a ' 

* p 
P = pV2' 

* vo 
vo =V' (2.65) 

the continuity equation and the momentum equation in r--direction read , 

after dropping the asterisk: 

8vr + Vr [ 1 + 26r cos() ] + ~ 8vo _ 6vo sin () = 0 
or- T 1 + 6r- cos () r f)() 1 + 6r cos() 

(2.66) 

and 

0V1- vo OVr v5 V~ COS () 
V-+----- 6-~-----,-

r Or T f)(} T 1 + 6T COS (} 

ap 1 [(1 f) 6sinB ) (1 OVr 8vo vo )] (2 .67) 
= -or + Re -:;:f)() - 1 + 6r- cos e -;. f)() - OT - -; . 

The two important dimensionless parameters that appear a rc the curva­

ture ratio 6 and the Reynolds number Re defined as: 

and 
2aV 

Re=-­
v 

(2.68) 

with a the radius and Ro the curvature of the tube. If we re t rict our. elves 

to the plane of symmetry (() = 0, 7f, cos()= ± 1 and vo = 0) we have for the 

momentum equation: 

(2.G9) 

If we consider small curvatures (6 « 1) only. knowing that vq, = 0(1) and 

T i already scaled and in the interval [0, 1], the momentum equation yields 
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and Lbus O(vr-) = 6112 From the continuity equation Eq. (2.66) it can be 

seen that Vr- and vo scale in the same way, i. e. O(vr-) = O(vo), and thus also 

O(vo) = 6112 . If instead of using Eq . (2 .65) we would use: 
T 

r * =-
a 1 

* p 
P = 6pV2' 

* vo 
ve = [Jl / 2V, (2 .70) 

the continuity equation and momentum equation in r -direction for {J « 1 

would be (again after dropping the asterisk): 

(2 .71) 

and 

avr V(} avr vt 2 
v,. ar + -:;: ae - -:;: - V <I> cos e 

[:)p 1 [ 1 [:) ( 1 8v1' ave vo ) ] 
= - ar + fJ1/ 2Rc r ae r ae - ar - -:;: . (2.72) 

From this we can see that for small curvature another dimcnsionlcss param­

eter , the Dean number, can be defin ed as : 

(2.73) 

The secondary flow depends on two important parameters, the Reynolds 

number Re and the curvature {J or the Dean number Dn and the curvature 

6. The last combination is often used because for small curvature only the 

Dean number is of importance. 

For large Dean numbers the viscous term in Eq. (2.72) can be neglected 

in the core of t he secondary flow field and one can talk a bout a boundary 

layer o f the secondary flow. The thickness 68 of this boundary layer can be 

deri ved from the moment um equation in 0-clircction: 

Dve V(} avo VrVo V~ Sill e 
V-+----- +6---'-::---

r ar r ae r 1 + fJr cos e 

= - ~ [:)p + 1 [( _§__ + fJcos0 ) ( ave +V(}_~ aV1· )] (2 74) 
r ae [Jl / 2 Re ar 1 + 6r cos e ar T 1' ar . . 

If we assume that at r = a - 68 the viscous and inertia forces a re of the 

same order of magnitude we have: 

6s = O (Dn- 1/2) _ 
a 

(2.75) 

In Fig. 15 the boundary layer of the secondary flow is indicated with a dashed 

line and indeed decreases with increasing Dean numbers. 
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2.2.2. Unsteady fully developed flow in a curved tube. In unsteady 

flow in a curved t ube the second ary Aow will have the same orientation as 

in stationary flow. The reason for this is that the centrifugal forces arc not 

scn itivc for the direction of the a,-xial velocity Uc ex v~). For high frequenc ies. 

or better large vVomersley numbers, like in the case for straight tubes an 
nonstationary boundary layer will develop such that in the central core the 

flow will behave more or less inv iscid whereas at t he boundary viscous forces 

arc dominant. For osci llatory flovv this may lead to a secondary flow field as 

is depicted in Fig. 16. In the core the secondary vortex will have an opposi te 

direct ion as in the boundary layer where the direction corresponds with the 

one in steady flow. In contradiction to the flow in a straight tube, however, 

for flow in a curved tube the supcrposition of several harmonics is not allowed 

because the governing equations are strongly non-linear. 

steady oscil latory 

inner wall outer wall inner wall outer wall 

FIGURE 16. StrE'amline patlerns of fully developed secondary flow in steady (left) 

and oscillatory (right) flow in a curved tube. 

In pulsating flow this second vor tex will not be that pronounced as in 

oscillating How but some influence can be depict cd. This is shown in t he 

Fig. 17 where t he results of a finite clement computation of pulsating How in 

a curved t ube arc given together with experimental (lascr Doppler) data. 

2.2.3. Flow in branched tubes . The flow in branched tubes (bifurca­

tions) shows the same phenomena as in curved tubes. Actually the bifurca­

tion can be considered as a two joined curved l ubcs. Of course there arc also 

differences with curved tube flow due to the b ifurcation point (apex) which 

will induce an extra asymmetry (see Fig. J ) . 

Detailed knowledge about the flow phenomena in curved and branched 

tubes is of great physiological and clinical importance. The prediction of 

a reas of high and low shear rates and wall ·hear stress. the prediction of 
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ooo: rxpPrimPntal : numerical 

:))/7777 
0 15 30 ,,5 60 75 90 

: ))D~J~J 
ftnun~num~ 

,\ 

exp.~A' 

FIGt.,H.E 17. Computational (FEl\1 ) and experimental (LOA ) results of pulsatile 
flow in a cm ved t ube: end diaslolic (top), peak systolic (bottom). 
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ooo: experimental : numerical 

:))????? 
0 I 5 30 45 60 75 90 

: J)J~1~J 
~num~num~ 

A 

V'exp.U~ 

A' 

F IGURE 17. Continuation: ComputaLional (FEM) and experimental (LDA) re­

sults of pu lsati le flow in a curved tube: end sysiol ic. 

FIGURE 18. Axial veloci ty and streamline patterns of flow in a bifurcation. 
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Aow instabilities related to high shear rates as occur at the interface between 
the areas with high and low axial velocity can help to interpret clinical data 
from ultra-sound Doppler measurements and MRJ images and can help to 
get insight in the development of atherosclerosis. In many case advanced 

methods in computational fluid dynamics (CFD) are needed to obtain more 
t hen t he quali tative information as is given in this section. An example of 
this is given in Fig. 19 where the results of computations of the flow in the 

internal carotid artery is given together with experimental resul ts obtained 
with laser Doppler ancmometry. 
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FIG U RE 19. Computational (FEM) and experimental (LOA) velocity distribu­

Lions of a steady flow in a model of the carotid artery b i furcation. 

3. Wave Phenomen a in Blood Vessels 

3.1. Int roduction 

In this ection we will show that t raveling pressure and flow waves arc the 

result of the distensibility (or compliance) of the arteries and the pulsatile 
character of the pressure. A typical relation between t he pressure and cross­

sectional area of an artery i · given in Fig. 5 and shows that the compliance 
normally doe not have a constant value but strongly depends on the pres­
sure. In this section. however. only small a rea variations will be considered 

and a linear relation between the pressure ampli tude and the vessel diameter 
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will be assumed. Apart from wave propagation and the importance of visco us 

forces expressed in the value of t he Women;ley number a, also wave reflection 

from arterial bifurcations or transit ions in mechanical or geometrical prop­

erties will be dealt with. Moreover, atteuuatiou of waves as a resul t of Auid 

viscosity and wall visco-elas ticiLy will be discussed . 

3.2 . Pressure and F low 

In t he physiological int rod uction of this comse (Sec . 2) it is mentioned 

that the heart is a four-chamber cl pump that generates a pulsating pressure 

and flow (sec Fig. 2) . The frequency contents of the pressure and flow in the 

aorta is given in Table 1 and shows that the pulsaLile character of t he pressure 

and flow can be described very well with the first 8 to 10 harmonics (see also 

Fig. 6) . Moreover, in Sec. 2 a simple (windkessel) model was int rod uced to 

describe the pressure/ flow relation or impedance of the arterial system using 

the compliance Ce = dV / clp of the clastic a rteries and the resistance Rp of 
the perifera l arteries (sec also equation 1.9): 

Z = Pa = Rp(1 - iwRpCc) 
2 2c2 · qa 1 + w RP e 

(3. 1) 

(3 .2) 

In Fig. 20 the absolute value and argu ment of the im pedance given by Eq. (3.2) 

is shown a..c; a function of the harmonics. Experimental data (indicated with 

lines [41) show that the windkesscl model does uot predict accurate results 
especially fo r the phase of the higher harmonics. l\1oreover, as illustrated in 

F ig. 4, t he pressure and flow waves change their shape with increasing dis­

tance fro m the heart. T his is a result of traveling waves and never can be 

described by the windkesscl model. 
In order to descr ibe t he pressure and flow in terms of traveling waves (i.e. 

p = p(z, t) and q = q(z, t)) the following complex notation will be used: 

p(z . t) = pei(wt -kz) and q(z, t) = qei(wt-kz) (3.3) 

where w is the angular frequency, k = kr + iki is the complex wave number 

and 73 = l:z31ei4> denotes t he complex am pli t ude. T he actual pressure (c.q. Ao>v) 
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20.----------, 
aorlir flow 

0.5 0.5 

ab.-(q.) nr,q(<Ja) 
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0 -4 
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20 0 
ab.,(p,) ary(p0 ) 

-2 

-4 
5 10 0 10 

0.5 
ab.,(Z) ar,q(Z) 

5 10 5 10 

FIGLIR~ 20. Absolute value and argu111cnt of the a rterial impedance as computed 
wit h a windkessel model (o) and from experimenta l data ( ). 

is d efined as the real part of Eq. (3.3) : 

Re [p( z, t )] = ifiiek,z CO (wt - krz + c/Y) (3.4) 

lt will be cl<'ar that ( - k 1 ) is a meas ure for the attenuation of the wave and 

l l1 at k,. = 21r / )., with )., the waveleugth. 

3.3. F luid F low 

To analyze fully developed Newtonian flow in dis tensible tubes we cou­

s icler the avicr- tokes equations in a cylindrical coordinate syst m: 

Dur OVr Dvr 1 ap ( {) ( 1 {) ) D2vr ) at + l'r or + t'z {) z = -p Dr +V Dr -;:or (rvr) + {)z2 . 

Ul'z Ol'z OVz 1 Dp ( 1 D ( 0 ) D2
vz ) -

0 
+ Vr!:j + Vz!:j =--!)"+ V -!)" r!)"(vz) + --;:)"2 , 

t ur uz p uz 1' ur ur uz 

1 {) Dv~ 
--. (r·vT) + -~ = 0. 
r Dr o z 

~5rtG6 
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Since the velocity in circumferential direction equals zero (vet> = 0), the 

momentum quation and all derivat ives in <P-dircction a re omitted. Due to 

the distensibility of the tube, pressure and fl ow waves will propagate with 

a fini te wave speed c = wfkr and a typical wavelength A = 27f/kr · First 

a properly scaled dimensionlcss form of the avier-Stokc equations will be 

derived. To th is end the radial coordinates arc made dimensionless using 

the mean radiu of the tube, i .e . T
1 = r fao. The axial coordinates, however , 

must be scaled with t he real part of the wave number kr: z' = zk,. (see 

Eq. (3.3)). The axial velocity is made dimens ionless with its characteristic 

value over a cross-section: v~ = Vz/V . From t he cont inui ty equation it ·an 

be derived tha t the radial velocity then must be made dimensionless as: v;. = 

(v1-/ V)(1/ k1 a). T he characte ris t ic timet'= wt can be written as t ' = (k1.c)t 
wit h c the wave speed. Together with a dimensionless pressure p' = pf(pVc) 
t he dimcnsionlcss Navie r-Stokes equation read: 

av:. V ( I av:. I av~ ) -+- v-+v­at' c r or' z [) z' 

1 0 ( I I ) OV~ 
T 1 OT1 T Vr + az' = o. 

(3.6) 

Besides the 'vVomcr Icy parameter a = ao v:;;r;; t he dimensirmless parame­

ters t hat p lay a role in t his equation a rc th speed ratio S = V/ c and the 

circumference-to-wavelength ratio G = aok1. = 21rao/ A. Under the assump­

tions that t he wave velocity c is much la rger then t he fluid veloci ty V. t he 

wavelength A is much larger t hen the tube radius a0 , i.e.: 

V s =- « 1, 
c 

2 2 21fao 
( )

2 

G = (kr.ao) = - A- « 1. (3. 7) 
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lL can readily be shown t hat the equations of motion reduce to: 

ap = o 
or ' 

OVz = -~ ap + 1/ ~i_ (rOVz ) 
at p az r or or ' 

1 8 OVz 
- !:) ( TVT) + --;:;- = 0. 
T u1· u z 

(3. ) 

If we search for harmonic solutions with angular frequency w and wave 
number k: 

P = fjei(wt-kz) (3.9) 

and 

(3.10) 

substitut ion in Eq. (3.8) yields exactly the same differential equation for Vz 
as in the case of a rigid tube given in Eq. (2.22). If we further assume that 

the wall motion is axially restrained, which is thought to be relevant in vivo 
15], also the boundary condition for Vz is not different from the one in rigid 
tubes but now must be applied in a linearized way at r = a0 . It will be clear 

tha t in that case we obtain exactly the same Womersley solution given by 

Eq. (2 .22). Substitution of: 

y ields: 

afi .k ~ 
- = -z "P az 

, ( ) _ ~ [ _ Jo(i
3
1

2
orfao) ] , 

Vz r - pw 1 Jo(i3/2o) p. 

(3 .11) 

(3.12) 

In [ I a relation similar to Eq. (3 .12) is derived , however without the as­

sumption of axial constraint. In that case the second term in t he brackets is 

multiplied by an extra parameter that only slightly differs from unity. The 

wall sh a r 'tres is equal to the wall shear stress for rigid tubes and is defined 

by Eq. (2.35). The wave number k still has to be determined and depends on 

the propert ies of the arterial wall. In the next section t he wall motion will 

be analyzed , again assum ing axial restraint. 

3.4. Wave Propagation 

3.4. 1. D erivation of a quasi one-dimensional model. In order to ob­

tain an expression for the wave number introduced in the previou section, 
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a quasi one-dimensional wave propagation model for pressure and flow waves 

will be derived. To this end t he Lcibnitz formulae (or Rcyuolds tra nsport 

theorem) will be used to integrate the equa tions of motion given in Eq. (3. ). 

A suitable form for t he application in this section is (sec also Fig . 21): 

a(z) a(z) 

d j ;· 8s(T,z) 8al dz s(T, z) dT = az dr + s(a, z ) az a . 

0 0 

(3.13) 

r( t) 

a( z, l ) 

q(z, t ) 
z 

A(z, l ) 

FIGURE 21. F low q(z . t) in a distensible t ub<' w it h moving wall ql) and croo;s­

scctional area A (z . t ). 

Application to the second term of Lhc cont inui ty equation 111 Eq. (3. ) 

integrated over the radius: 

1 8 Dvz 

r 

a(z) a(z) l 
2• I ~Or (n>,.) rdr + I Dz rdr = 0 

y ields: 

(3.15) 

or: 

a 8q 8a I 
27!' TVrlo + Bz - 21T'Vz (a, L)a Bz a = 0 (3.16) 

and t hus: 

( 
8a I ) 8q 27ra Vr (a, t ) - Vz(a, t ) az a + az = 0 (3 .17) 
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with q = q(z, t ) t he flow through the cro 's-section. Rewrit ing the first term 

in terms of the cros -sectional area A (z, t) = na2 (z . t ), fin ally t he integrated 

continuity equat ion reads: 

8A 8q _ O 
at + az- . (3.1 ) 

T his equation is formally derived but will be clear immediately from Fig. 21 

if we wri te [A(z, t + dt ) - A(z, t) ]dz + [q(z + dz , t ) - q(z, t )] dt = 0. 

In a simila r way the momentum equation in axial direction can be inte­

grated: 

a(z,t) a(z,t) a(z.t) 

2n - rdr = - 2n - -1·dT + 2nv - T- dT. J Dvz j 1 8p j a ( avz ) 
{)t p {)z 8T 8T 

0 0 0 

(3.19) 

Application of t he Leibnitz formulae to the fir t term yield : 

(3.20) 

The second term in the left ha nd side of t his equation vanishes if a longitu­

dina l restra int of t he wall motion (vz(a) = 0) is assumed. The second term 

in t he right hand side can be written in terms of t he wall shear t ress defined 

in Eq. (2 .25) . The integrated momentum equation then reads: 

(3.21) 

Together with t he expression for the wall shear s tress given in Eq. (2.35) and 

linearisatiou of the A~ term we fi na lly obtain: 

8q 8p 
p- + Ao- = - foq Dt 8z 

(3.22) 

with fo a fric t ion fun ction defined as: 

. F10(w) 
fo (w) = zwp F ( ) 

1 - 10 w 
(3.23) 

The linearized one-dimensional equations that describe the pressure a nd 

flow in distensible tubes under t he assumption that Vjc « 1, (2na/A. )2 « 1 
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and under t he assumpt ion that the wall motion is longitudinally constra ined 

t hus arc given by: 

! Co ~~ + ~~ = 0, 

8q 8p 
Pat + Aoaz = - foq, 

(3.24) 

with Co t he li nearizcd compliance given by : 

Co- ( aA ) 
- 8p p= po 

(3.25) 

Al ternatively using the mean velocity iJ instead of t he Row q = Av: 

(3. 26) 

with Do a lincari zed distensibility given by : 

Do-~ ( aA ) 
- Ao 8p p= po 

(3.27) 

In the next section we will derive the wave number k for inviscid , viscosity 

dominated and general flow (i.e. la rge, sma ll and intermediate values of t he 

Warner Icy parameter a). 

3.4.2. Wave speed and attenuation constant. The lincarizcd onc-d i­

men iona l mass and momentum equa tions for unsteady viscous Aow t hrough 

a distensible tube has been derived by integrating the cont inui ty and nlo­

ment um equations over a cro s-section of the tube assuming t he wave-length 

to be large compared to t he diameter of t he tu be and the phase velocity 

of the wave to be large compared to the mean fluid velocity. l\loreover it is 

assumed t ha t t he motion of the tube wall is restrained longitudinally. Due 

to the linearity assumed, the resulting Eqs. (3. 1 ) and (3.22) can be solved 

in the frequency domain by ubstitut ing harmonic solutions 

p(w, z, t) = p(w, O) e i(wt - kz ). 

q(w, z, t) = q(w. O)ei(wt - kz ) ' 

(3.2 ) 

(3.29) 
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A (w . z, t) = A(w, O)ei(wt-kz), (3.30) 

where p(w , 0), q(w , 0) a nd A(w, 0) are the complex amplitudes representing 

both t he amplitude and t he phase of t he waves measured at locat ion z = 0, 

w is the angular frequency and k(w) is t he wave number ; a complex number 

d efined by : 
w . r(w) 

k(w) =- -~-. 
c .A 

(3 .31) 

Here c denotes t he phase velocity of t he waves and t he wave length is given 

by /\ = 21rcjw . The exponent ial decrease of the amplitude of t he waves is 

described by t he at tenuation constant r(w) = - 21fki/kr . 

Viscoelastic wall behavior is described by an experimentally determined 

cons ti tutive relationship between t he cross-sectional area A and the complex 

amplitude {5: 

A= C(w)f3 (3.32) 

where C(w) is the dynamic compliance. For thin walled visco-elastic tubes 

t his relationsh ip can also be der ived from E qs . (1.3) using a complex Young's 

modulus E = Er+ iEi · 

Large Womersley number flow 

For large Womer Icy parameters the flow will be inviscid and the friction 

fu nction f o can be neglected. Subst it u tion of Eqs . (3.28- 3.30) in Eq. (3.24) 

y ie lds: 

with solution: 

{ 

iwC(w)p- ik(w)q = 0, 

-ik(w)Aop + iw p(j = 0, 

w2 pC(w) w __ ___:____:_ = ±-
Ao eo 

ko(w) = ± 

(3.33) 

(3 .34) 

where t he posit ive (negative) sign holds for waves travcling in t he posit ive 

(negative) z-direction and eo denotes t he 1oen -Korteweg wave speed given 

by: 

{J!;-fl 
co(w)= V~= y~· (3.35) 

Note t hat t he subscrip t o is used in ko and eo in ord er to obey convent ions 

in li terature desp ite the fact t hat k a nd c00 would be more meaningful 
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since a--> . For thin walled tubes the Moens-Kortewcg wave ::;pccd can be 

derived from (1.3) and reads: 

eo = 
1 hE 
p 2ao(1 - f-l2 ) 

(3 .36) 

Note that t he wave number ko = wfeo is a real number cxprc::;sing that 

the phase velocity e equals t he Moens-Kortcwcg wave speed and that the 

attenuation constant 'Y equals zero: 

e(w) =eo, 'Y(w) = 0. (3.37) 

As there is no frict ion and the compliance is assumed to be real (no 

visco-clasticity), no attenuation ('Y(w) = 0) of the wave will occur. The cor­

responding wave equation can be derived from Eq. (3.24): after elimina t ion 

of the f-low and keeping in mind that the friction function is neglected we 

obtain the differential equation: 

(3.38) 

This is a wave equa tion with wave speed eo = )1/ pDo. So for large a and real 
values for the d istensibility Do the pressure wave travels without clamping in 

z-clircction. 

Equation (3.33) can also be solved with respect to the raLio 4/i1 bct weeu 

the f-low and the pressure: 

q w Ao 
Yo =-: = C(w)-k( ) = ±-. 

P w PCO 
(3 .39) 

This ratio is referred to as the admittance Yo and is equal to the reciprocal 

value of the impedance: 
1 A 

Y =:-=:2. . z p (3AO) 

As k(w) represents two waves (one wave traveling in positive z-dircction 

( k > 0) and one wave traveling in negati vc z-clircction ( k < 0)) there arc two 

flow and pressure waves: forward travcling waves QJ = + Yp J and backward 

traveling waves Qb = - YPb · The total pressure and flow is the sum of these 

waves p(z, t) = PJ(z, t) + Pb(z, t) resp. q(z. t) = Qj(z. t ) + Qb (z . t). 
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Small Womcrsley number flow 

For sma ll Womcrsley parameters the flow will be dominated by viscous 

forces and the friction function fo can be approximated by its Poiscuillc value 

fo = 811/ a6 whereas the instationary inertia forces in t he momentum equation 

can be neglected . Substitution of Eqs. (3.2 - 3.30) in Eq. (3.24) yields: 

{ 

iwC(w)13- ik(w)q = 0, 

-ik(w)Aop + ~ q = 0, 
ao 

a nd has a non-trivial , olut ion if: 

k(w) = ± - i17wC(w) = ± w /-& = ± 2(1 - i) ko 
Aoa6 eo V~ a 

(3.41) 

(3.42) 

where the positive (negative) sign now holds for waves traveling in the posi­

t ive (rwgat ive) z-direction and eo denotes the Moens-KorLeweg wave speed. 

Now the wave number is a complex number and the phase velocity c a nd 

aLtcnu RLion constant 1 a rc given by: 

c(w) = ~o.co . r(w) = 2n . (3.43) 

As tiH' real and imaginary part of the wave number are equa l, t he wave is 

damped critically. This can also be seen from Eq. (3 .24): after elimination 

of the fiow and keeping in mind that the instationary inert ia forces can be 

rwglected we obtain the differential equat ion: 

fJp 
fJt 

(3.44) 

This is a diffusion equation wit h diffusion coefficient D = a6/ 17Do. So for 

smal l C\ the wave equation reduces to a diffusion equation showing critical 

damping of t he pressure in z-di rect ion. T his phenomena is responsible for the 

large pressure drop that is found in the micro-circulation where the Womer­

slcy parameter is low as a result of the small diameters of the vessels. 

The admittance Y now is a complex number given by: 

(3.45) 
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Arbitrary Womersley number flow 

SubstitutionofEqs. (3.2 - 3.30), (3 .32) and (3.23) in Eqs. (3.1 ) and (3.22) 

yield ·: 

{ 

iwC(w)p- ik(w)q = 0, 

- ik(w)Ao;D + (iwp + fo ){j = 0. 

(3.46) 

After putting the determinant of t he result ing set to zero the following 

expression for the wave number k is found: 

w~ ~ k(w) = ±- = ±ko . 
eo 1 - Fw(w) 1- F10(w) 

(3.47) 

ote that the wave number is again complex due to the friction function 

fo a defined in Eq. (3 .23) or d ue to the visco-elasticity of the tube expressed 

in a complex value for the compliance C(w). The phase velocity c = wj k1• and 

attenuation constant r = -21rkd k 1• = - >..ki can be derived from Eq. (3.47) 

and a re given in Fig. 22. 

It has been mentioned that viscoelastic t ubes will yield a complex com­

pliance. From experiments it is shown that the viscous part of the modu lus 
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F IGURE 22. Phase velocity c/ c0 and attenuation constant -y / 2rr as a function of o 
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is about 0.1 to 0.2 t imes the elastic part so E = Er( l +ifv) with the fraction 

f v ~ 0.15. For la rge alpha the visco-elast icity then will give a imaginary part 

in t he wave number according to: 

w 1 
k = - ~ ko(1 - l.ifv)· 

eo ) 1 + ifv 2 (3.4 ) 

This line is ind icated in F ig. 22 and shows t hat for la rger a (high frequencies 

and large arteries) the visco-clastic properties of the wall are the main cause 

for the attenuation of t he pressure waves. 

F inally t he admittance can be derived as: 

and is given in Fig. 23. 

0 
<::: c.o.s 
VI 
.D 

"" 

0 
0 10 20 

50 

10 

0 
0 10 20 

alpha 

30 

30 

Y = koYo 
k 

0 
<::: c.o.s 
VI 
.D 

"" 

40 
0 
10-2 

60 

0 40 
<::: 
>-
'§ 
""20 

40 
0 
10-2 

10° 102 

10° 
alpha 

P1c RE 23. Absolute value and argument of Y / Yo as a function of a. 

Propagation of a pressure pul e in homogeneous tubes 

(3.49) 

As an example in Fig. 24 the propagation of pressure waves in an elast ic 

(left) and a visco-elastic (right) tube a re computed. For this computation the 

following characteristic data for the carotid artery a re used: 
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17 3.5. 10 3 Pa· visco ity 

ao 3. w-3 m rad ius 

h ao/ 10 m wall thickness 

p 103 kg·rn - 3 density of fluid 

E 4.5 105 ·m 2 Young's modulus 

JL 0.5 I oisson 's ratio 

Pressure wave, elastic tube Pressure wave. visco- elastic tube 

elastic tu be ( visco- )elastic tube 

N 

" g 
£l 

p -o 

1 
limet{s] 

N ., 
u c 
£l 
'6 

-Q.2L----~---_j 
0 1 

time t[s) 

p 

FIGURE 24. Propagation of pressure waves in an elast ic tube (left) and a visco­

elastic (E = E(l + i * 0.2)) t ube (right). 

For the viscoelastic tube, the Young's modulus was taken to be E(1+0.2i). 
Using Eq. (1.4) the distensibility and thus the compliance is determ ined. The 

wave number then was computed using Eqs. (3.47) and (3.35). The incident 

pressure pul e is given as: 

( (
t - 0.25)

2
) p(O, t) = cxp -

0
_
1 

(3.50) 

Clearly the damping of the wave clue to viscous forces (i.e. wall shear 

stress) and vi 'Coelastic properties of the wal l can be distinguished. 

3.5. Wave R eflection 

3 .5 .1. Wave reflection a t discret e t r a ns itions. We will refer to trau­

sit ions which are highly compact as discrete t ransitions. In these cases t he 

length of t he transit ion is so small compared to the wave length of the waves 
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so that there is no difference in pre ure or rate of flow between both ends 

of the t ransition , and the reflection phenomena can be described based on 

the equations of continuity of pressure and ra te of flow across the transition. 

Figure 25 shows a discrete transition as might be formed by an increase or 

decrease in wall thickness at z = L. If the incident pressure and flow wave 

arc represented by Pi and qi respectively, the reflected waves by p7. and qT' , 

and the transmitted waves by Pt and q1, conti nui ty of pressure and rate of 

flow at a transit ion at locat ion z = L can be expressed as: 

Pi(w . L , t) + pT'(w, L, t) = Pt(w. L. t). (3.51) 

qi(w . L. t) + qT(w, L , t ) = qt(w, L , t ). (3.52) 

The ratio between a single traveling pressure wave and its orre ·ponding flow 

waves is dependent on the impedance Z or admittance Y of the tube. An 

expression for the impedance or admittance can be obtained by substituting 

Eq . (3 .28 3.30) and (3.32) in Eq. (3.18): 

Y(w) = _ 1_ = q(w, z) 
Z(w) p(w, z) 

wC(w) 
k(w) 

(3.53) 

Note t hat normally the admittance is defin ed for waves traveling in positive 

z-d irection i.e. k > 0. In that case the flow amplitude is given by q = +Yp. 
For k < 0 the wave is travcling in negative z-direction and for an admittance 

defined for positive k we have a flow amplitude q = - Yp. 

-020~---:-, -­

bl'net(s) 

i::El jo1 
0 -
0 ~ ~ ~ ·--11•1 

~l.a ta tub~ 

P, 

t 

FJG\' HE 25. Wave refl ection and propagation at discrete transiLions formed by 
a sudden incrca.o>e ( left) a nd decrl'asc (right) of the wall thickness. 
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Substitution of Eq. (3 .53) in Eqs. (3.51) and (3.52) resul ts in expressions 
for the reflection coefficient f o and the transmission coefficient T01 : 

r 
0 

( w) = Pr ( w, L ) = Yo ( w) - Y1 ( w) . 
Pi ( w, L) Yo ( w) + Y1 ( w) . 

(3 .54) 

Toi (w) = Pt(w ,L ) = 2Yo(w) 
Pi ( w, L ) Yo ( w) + Y1 ( w) ' 

(3.55) 

where Yo is the admittance of the tube proximal to the transition , and Y, 
the admittance of the tube distal to the transition. T he propagation of an 

incident wave Pi= Pi(w , 0) exp(i(wt- koz)) in a tube with a d iscrete transi­

tion at z = L can be expressed as: 

z < L : 

p(w, z, t) = Pi(w, z, t) + Pr(w, z, t) 

= Pi(w , O)e-iko(w)z [1 + f o(w)e-2iko(w)(L- z)] eiwt, 
(3.56) 

z > L: 

p(w, z, t) = Pt(w, z, t) 

= Pi(w , O)e- iko(w)Ly01 (w )e-ik1 (w)(z- L)eiwt . 

As an example we consider the wave reflection of a t ransition form ed by 

a sudden increase and a sudden decrease of the wall t hickness (h(z < L ) = 

aflO while h(z > L) = a/5 and h(z > L) = a/20 respectively. The resul t ing 
wave propagation for L = 0.5 is given in Fig. 25. 

From these figures it can be seen that a. udden decrca~e in wall thickness 

and thus a sudden increase of the distensibility or stiffness (Eh) of the wall 

leads to a negative reflection of the incident wave and a transmitted wave wit h 

a decreased pre ·sure ampli t ude and a decreased wave ·peed. For a uclden 

decrease of the stiffness t he opposite phenomena occur. 

In a similar way as in equation (3.56) expressions can be obtained for 

the reflection and transmission coefficient of a bifurcation of uniform t ube· 

( ee Fig. 26) at z = L , here referred to as a di crete bifurcation. In that cas 

continui ty of pressure and flow yields: 

Pi(w, L, t) + Pr(w, L , t) = Pt1 (w, L , t) = Pt2 (w , L , t), 

Qi(w, L , t) + Qr(w, L , t) = Qt1 (w, L,t) + Qt2 (w, L , t). 

(3.57) 

(3.5 ) 
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resul t ing in : 

f o(w) = Pr(w,L) = Yo(w)- (Y1(w) + Y2(w)) 
P·i (w, L ) Yo(w) + (Y1(w) + Y2(w)) 

r, ( ) _ Pt 1 (w , L) 
01 w - '·( L ) Pt w, 

( ) Pt2 ( w, L ) ( ) 
To2 w = . ( L ) = T01 w . 

Pt w , 

2Yo(w) 

(3.59) 

(3.60) 

(3 .61) 

Here Pt 1 and Pt2 are t he waves transmitted into the daughter tubes, and 

Y1 and Y2 are t he impedances of t hese daughter tubes. Expressions for the 
pressure waves arc similar to t he ones given fo r t he d iscrete t ransit ion in 

Eqs. (3.56) . 

In Fig. 26 the wave reflection eau ed by a bifurcation of a t ube wi th 

radius ao into two tubes wit h respectively radius a 1 and a2 is given for 

ao : a1 : a2 = 1 : 1 : 1 (IefL) and ao : a1 : a2 = 3 : 2.1 : 1.8 (right ) . 
One can observe a nega tive and a posit ive reflection of the incident wave due 

to the fact tha t a5 < ai + a~ and a6 > ai + a~ respectively and a wave speed 
which is slight ly higher in the branch with t he smallest radius. 

aO:a1:a2=1:1 1 ao:a1 :a2=3:2. 1.1 .8 
1.2.-----.~--,-----,---, 1.2 

di~crele hifurcalion 

~ \\.. 1"-----
f--' 1\.. 1'---

0.8 r--' . \ ."-----
r--' 

I o.s C-' 
N 

~ 
c: 

"' 1ii 0.4 

\ 
"0 

p , p , 

0.2 ."-. 

\A. lA_ 

0 /". ""'-
-0.2L.-~-~-~--' 

0 0.5 1 1.5 2 -o.2o 0.5 1 1.5 
t1me t (s) timet [s) 

F IGURE 26. Wave reflection a nd propagation at a d iscrete bi furcation. 
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ote tha t the transmission and reflect ion coefficients given in Eqs. (3.54 

3.55) and (3.59- 3.61) are special cases of a genera l N-way junction with: 

Pi(w, L , t) + Pr(w, L , t) = Pt
1 

(w . L , t ), j = l , .. . , N, 

N 

qi(w. L , t) + qr(w, L , t ) = ~ q,
1 

(w, L , t) , 
j=l 

resulting in: 

N 

, Yo (w)- 2: 1j(w) 
f (w)= Pr(w, L )= j=l 

0 , ( L) N 
Pi w, Yo (w) + 2: Yj(w) 

j = l 

T, ·( ) _ Pt1 (w, L ) _ 2Yo(w) 
OJ w - '·( L ) - N Pt w, 

Yo(w) + 2: lj (w) 
j=l 

j = l. . .. ,N. 

(3.62) 

(3.63) 

(3.64) 

(3.65) 

3.5.2. M ult iple wave reflection: effective admittance. Consider two 

N-way junctions at a distance L mn apart from each other as given in Fig. 27. 

Nm Nn 

111 

FIGU RE 27. l\Iu! Liple j u nctio ns . 

At junction n we have: 

(3.66) 
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where Y,~j is the effective admittance of section nj at location n. If t here arc 

no reflected waves in section nj t hen Y;j = Y;1j . 

At junction m we have: 

with: 

Nm 

Yrn- I: Y,~n 
n= l f m= -----­
Nm 

Ym + I: Y,iin 
n = l 

2Y;n 
~nn=--~~-­

JVm. 

Ym+ I: Y~n 
j=l 

y:e = q(w, Ll) = Y, exp(i km.nLmn)- f nexp(-ikm.nLmn) 
ntn ·( L ) mn ( 'k L ) r ( 'k L ) . P w, 1 exp Z Amn mn + n cxp -z rnn mn 

(3 .67) 

(3.68) 

In this way it is possible to compute the pressure and flow in a complete 

transmission line network, starting from a distal impedance going back to t he 

aorLa . An example of such a computation is given in Fig. 28 where the input 

impedance a t the aorta is given as a funct ion of the frequency. A minimum of 

IZI is found corresponding with a phase angle of zero. In 141 this is attributed 

to a reflect ion from Lhe aorta bifurcation . 

?r-----------------------------------------~ 

e 

5 

0~--------------------------------------~ 

+ 1 .o 

tr 
w 

F IGURE 28. I nput im pedance at t he aor ta as a function of t he frequency, a fter 141 . 
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The reflection mentioned above can be explained from the expression we 

obtain afte r substitut ion of Eq. (3.66) in Eq. (3.68) yields : 

Nn 

L Y;j + iYmn tan(kmnLmn) 
e j= l Y,nn = Y,nn ____ N_n _______ _ 

Ymn + i L Y;1 tan(kmn Lmn) 
j=l 

(3 .69) 

For kmnLmn = 0, ±?r , ± 2?r, . . . we find ~~m = L:f~\ ~~j and t he section 

mn has no influence. T hese phenomena arc illustra ted in Fig. 29 showing t he 

impedance Z~m/Zo in a tube wit h characteristic imped ance Zo = Zmn as 

a function of the frequency and dista nce from a terminat ion with imped ance 

Zf = 4Zo. Also the effect of attenuation i shown. 

" 4 ' 

o------~----+-
5 10 
f (Hz) 

+1 . f\ f\ f\ r 
-~vvvv 

D 

100 50 
Distance from terminus 

FIGURE 29. EO'cctive impedance as a fu nction of the frequency {left) anci distance 

from termination {right) with ( ... ) and witho ut ( ) attenuation , 14 

From expr ssion (3.6 ) (or 3.69) we can s c t hat for kmnLmn « 1 we 

simply have exp(±ikL) = 1 and after subst itution of Eq. (3.66): 

1 r Nn 
y e = Y, - n = ~ y e. 

mn mn 1 + r L.... llJ 
n j=l 

(3.70) 

as if the section mn did not exist . If, however. kmnLmn i · ·mall but still 

large enough that fir t order term can not be neglected (i. e. k?nnL'!nn « 1) 

we have: 
y e _ Y, 1 + ikmnLmn - f n(1 - ikmnLmn) 

mn - •nn 1 'k L r (1 'k L ) + '/, "mn mn + n - Z .. mn mn 
(3.71) 
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and a fter substit ution of Eq. (3.66) : 

If we neglect terms of O (k2 £ 2) we obtain: 

Nn 

Y~n = L Ynj + ikmnL mn Y;nn 
j=l 

(3.72) 

(3.73) 

From this we can see that for intermediate long transitions only the phase 

of the admittance and not its absolute value is changed, [5]. 
So far , no attent ion was paid to reflections originating from peripheral 

va cular beds. However, these reflection phenomena might play an important 

role and can easily be taken into account. In the presence of reflected waves 
in the distal parts of a discrete t ransit ion, the reflect ion and transmission 

coefficient at an N-way junction read : 

N 1-fd 
Yo - I: ~1j 

j=l + J 

fo (w) = N , 
1- r d 

Yo + I: "i+R1J 
J=l J 

(3 .74) 

2Yo Toj(w) = ___ N __ _ 
1- rd 

Yo + L J+r~1j 
j=l } 

j = l, .. . ,N. (3.75) 

Th is result can directly be derived from the re ults for distal sections without 
reflection by replacing the admittance by its effective admi ttance using the 
reflection coefficients r1 of the distal sections at the junction (sec 3. 70). So 

the reflection from the distal vascular system is represented by the reflection 
coeffici ents rr These have to be determined from experimental data or can 
be e timated by modeling the distal par t as a transition to an appropriate 
output impedance. 
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3.5.3. Vascular impedance and cardiac work. T he importaucc o f wave 

phenomena in the vascular system and the corresponding vascular impedance 

is clearly illustrated if we want to investigate the mechanical work do ne by 

the left ventricle. For each cardiac cycle this work is the integral over time 

of the pressure x flow product: 

Lo+T 

w = J pqdt. (3.76) 

to 

This integral consists of two parts . The firs t par t is t he steady fl ow power vV~ 

which is determined by the resista nce Ro of the vascular system (mainly the 

peripheral resistance) defined as the ra tio between t he mean pressure a nd 

the mean Aow Ro = Po/qo. The second part is t he oscillatory flow power H 'o 

following from Eq. (3.76) and th vascular impedance for each harmonic n 

(Zn = JZn J exp(iBn)) . So: 

N 

W = ~ L q~JZnl cos Bn + q6Ro. (3.77) 
n = l 

In J4] the following values can be fou11d: 

q~Ro L: .. 

le ft vcnlriclc 1400 200 

rig ht w ntric l(' 155 7:3 

For the systemic circula tion the coni ri bution of t he higher harmonics to 

the total work is rela tively low. This is due to t he fact tha t cos 011 « 1. As 

the value of Z11 directly influences th<" work tha t has to be clone by the heart , 

knowledge of the influence of age, medicine and other factors on the value of 

Zn is of great clinical importance. 

4. Summary 

In this lecture a short introduction lo cardiovascula r fluid mecha nics is 

given. A simple (windkessel) model has been derived based on the knowledge 

that the cardiovascular systems is characterized by a n elastic pa rt ( la rge 

a rteries) and a flow resitance (micro circulation ) In t hi model it is ignored 

tha t the flu id mechanics of the carcliova.<>c ular system is characterized by 
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complex gcomctrics and com plex constitutive bchavior of the blood and the 

vessel wall. The vascular system. however. is strongly bifurcat ing and time 

dependent (pulsating) t brcc-dimcnsional ent rance flow will occur. In the large 

arteries the flow will be determined by both viscous and inertia forces and 

movement of the nonlinear viscoclastic anisotropic wall may be of significant 

importance. Tn the smaller arteries viscous forces will dominate and non­

Ncwtonian viscoclastic proper ties of t he blood may become essent ial in t he 

description of the flow fie ld . 

Flow patterns in rigid straight, curved and branched tubes have been 

treated. The velocity profiles of fully developed ewtonian Oow in a straight 

circular tube can easily be derived by integrat ion of the Nav ier-Stokes equa­

tions in cylindrical coordinates us ing ·uperposition of harmonics of the pres­

sure pulse . Apart from a scale factor for the pressure, only one single pa­

rameter. the Womersley number a: = a rwr;;, determines the cha racter of 

the flov\·. For large values of this parameter the flow is dominated by iner­

t ia and fla t velocity profiles arc found oscillating 90° out of phase with the 

pressure gradient. For low values of a: the flow is dominated by viscous forces 

and a quasi static Poiseuille fl ow is found that is 1 0° out of phase wit h the 

pressure gradient. For arbitrary values of a: t he velocity profiles arc solut ions 

of Bessel's function and can be interpreted as a composition of a viscosity 

dominated flow in the boundary layer and an inertia dominated flow in the 

core. The t hickness of the boundary layer appears to depend on a: according 

to Jfa = O(a- 1). 

The flow in curved t ubes with curvature ratio J differs from that in 

st raight t ubes because also centrifugal forces a rc of importance. Due to these 

centrifugal forces, the press m e gradients in I he bulk flow arc not in equ i lib­

rium wi t h t he flow in the viscous boundary layers and a ·cconclary flow is 

iuduced. resul t ing in a st rongly disturbed axial flow. A new climension less 

parameter. t he Dean number. defined as Dn = (a/ R0 )
112Rc, determines the 

importance of this secondary flow. The main features of the flow in branched 

tubes strongly resemble those of the flow in cmved t ubes . 

F inally, lincetrizcd wave equations that govern the pressure and fl ow tra­

veling through the arterial system arc derived. For large values of t he Wom­

ersley parameter these equations yield the l\ Iocns-Kortcweg wave speed. For 

small values of the \t\'omcrslcy parameter a difl\tsion equation can be de­

rived expressing pcrfusion fl ow in sma ll arteries. For intermediate (arbit rary) 

values of the \Vomcrslcy parameter wave , pc d and admittance can be ex-
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pressed in terms of those derived for the Moens-Korteweg waves. Reflection 
of waves at discrete t ransitions are derived from continuity of pressure and 

rate of flow and a llow determination of multiple wave reflection and the defi­
nition of effective admittance in order to determine vascular impedance and 

cardiac work. 
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