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The rudiments of the numerical si mutations of flows in domains relevant to haemo­
dyna mic appl ications a rc provided. In t he first part of these notes, th <> problem 

of adequal<' mode ling of the boundary comlit ions is addressed. In is argued that 
"classical'· repertoire of such conditions is not sufficient and more general ap­
proach of t h<> ··dE:>fic ient" formulations of t hl' in lct outlet conditions should be 

resorted . In t he second part of t he notes, a cletai led description of the spectra l 

cleuJl'nt impll'1nentation of the Navier-Stokcs solver using the fo nuulation wit h 
.. deficient .. inlet outlet cone! it ions is g iven . llcsults of the computations presented 

in t he notes include some test cases as well a. the pulsat ilc fl ows in tlw model 

oft lw 13lalock-Taussig shunt. The lat ter case is also considered in t he third part 
of thc notes. whcrc thc rcsults of tlw numcrical simulations obtained \\·it h the 
coJJillll' rcial packag<' FluPnt 6.2 are pr<'sPnted. 

I\p~· words: Nrwier·-Stokes equatwn, spectral elements. dcjicu>nl mlet outlet con­
rhtions. {J/alock- Toussig sh1111/. mnliouascular flows 

Introduction 

These notes have been \\'ri t ten ott the bas is of the antltors' lecture during 

BF2005 meeting and they consist of three parts. In the first part, we summa­

ri:6e the ba,;ic governing equations and discuss the problem oft he boundary 

conditions. which can be cons istent ly set for a flow problem . when differ­

ent forllls of the weak velocity prcssmc formulation arc used . T he problem 

of adequate modeling of the inlet and outlet conditions is discussed in this 

framework . \\'e provide arguments that standard repertoire of tltc boundary 

conditions is not sufficient to perform realistic s imulations of pulsat ile flows 
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in cardiovascula r systems . ext. an alternative a pproach to inlet out let con­

ditions. introduced by Heywood et a l. 11 2] a nd improved by Fonuaggia et al. 

12L11. is explained in some details. T he advantages of this new method in t he 

contexts of haemodynamic . imu lation · arc shortly di. en, sed. 

The second pa rt of the lecture is devoted to a deta iled prcRcntat i n of 

t he numerical method design and implemented by t he a uthors. The solution 

method is based on the weak formulation of the initial-boundary problem for 

the govemiug equation. where new generalized approach to inlet outlet cou­

ditious is incorporated. The problem of discretization in t ime and space (us­

ing spectral elements) is discussed in some deta ils. Some particular efficiency­

improv ing algorithms arc described. Finally. the results of numerical tests are 

presented awl eucouutered difficul tics arc demonstrated . 

In the third parl. we present results of numerical simulat ions of the 

Blalock-Taussig shunt obtained by Jcremi Iizcrski in his doctoral t hesis with 

the commercial CFD package Fluent G.2, [25]. It has been found rather diffi­

cult to find program a nd parameter set ting. which ensure effi cient and accu­

rate results. We show Fluent screenshots demonstrating t he a pplied settings, 

which resul ted iu successful calculations. T he quasi-cornprcssibility effect of 

the used solver is demonstrated by evaluat ion o f t he balance of volumet ric 

How ra tes a t all inlctR and outlets to the computational domaiu. Neverth e­

less. it is argued that obtained results, especia lly Aow pa tterns, arc med ically 

relevant and useful. 

1. General Mathematical Issues 

1.1. Mathematical Model of a Viscous Incompressible F low 

The governing equa tions for au incompressible fiuid flow stem from two 

lmsic principles of classical tnechauics of cout inuum: t he mass couscrvation 

and the ::;econcl Newton's law. They arc formula ted for a fluid region. i.e. for 

the moving flu id portion consist ing of the fixed set of Auicl elements (or part i­

cles) . Originally. t he governing equat ions have the form of integral ba lances . 

For sufficiently regular fields we can apply the Reynolds tra nsport theorem 

and obta in t he flow dcscriptiou in terms of part ia l differential equat ions . This 

standard procedure can be found in auy handbook on the fluid mechanics. 

In particular. we recomm end excellent handbooks 11 ,21. also the report 1211. 
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FIGURE l. The volume of fiuid and notation used in text 

• lass conservation => the continuity equation: 

d ;· dt pdx = 0 UtP + 'V · (pu ) = 0 'V. u = 0. ( 1.1) 

n, 

• 2nd Newton's law => the momentum equation (the equation of motion): 

! J pudx = J pgdx + J Tnds 
n, n, Dn, 

.lJ. 

p [Dtu + (u ·'V) u] = Div T + pg. (1.2) 

Here u is the velocity field , pis the static pressure field and p denotes the 

(fixed ) fluid density. T he symbol T denotes the stre s tensor. while g is the 

external field of the body fo rce. If the g field is potent ial (like a grm·itaLional 

fie ld , for instance) then the body force term can be included into the pressure 

term. 

An equivalent form of the momentum equa tion for an incompre ible fl uid 

can be written as 

POtU + Div (pu ® u - T ) = pg. (1.3) 

The component wise form of the momentum equation in the Cartesian coor­

dinate system is 

3 3 

POtUj + p L UkO:rkUj- L U:rkTjk = P9j· (1.4) 
k=l k=l 
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Iu order to obtain a mathematical!~· complete description of the fluiclmotiou. 

a coustit utiw· rclatiou has to be defined . This is a relation between st resses 

and kiiH'niatics. In is generally accepted that cardiovascular flows in la rg<' and 

medium-sized arteries can be adequately simulated tts ing basic Newtonian or 

generalized Ncw tonian mocleb of flnid rhcology. The basic ingredient in these 

models is the dcforma t ion ratc t cnsor 

( J .5) 

The st ress tensor is nO\\' defined a:-. follows 

T =-pi + 2tLD. T.ik = pO.Jk + fL(J.r ,U j + u,, uk) (1.6) 

wherc fl [kg (m s)[ is t hc dy namic viscosit.\· oft lw fluid. In the bas ic. ewto­

nian modeL the viscosity is assumed cons tau t. meaniug il does uot depend 

ou the How kinematics. l u such case. the momentum eq uation can be wri tleu 

in s<'\cral equivalcut fonu s . nanH~l~ · 

p [D1u + (u · \7 ) u] = \i'p + '21'\i' · D + {Jg. 

f! [D1u + (u · \7 ) u] = - \i'p + p6u + pg. (1.7) 

p [D, u + ( u . \7) u l = -V p - I I \7 X ( \7 X u ) + pg. 

Assuming a fi xed \' iscosit .\' of blood is not f<'asii>le if excessive HH'HS or \'Cl".\' 

law slwa r rall' appear p ersistently within the flow donmin. In such case. one 

can switch to Olll' of the g<•m•ralized I\cwt oui au mo<kls . which accottnts for 

a shear-( hinuiug property of blood. In mon• complicated situat ious. the ap­

plication of c\·en more sophisticated \' iscoda:-.t ic nto<kls I nay occm ncc<'ssar.\·. 

Dctailccl <'Xposition of these topics can be found in the lectme notes 120] (the 

kcttm•s by Adelia S<'qt teira a nd Holw rt 0\\'(' tts) awl re fcn•nc·<'s cit<'cl therein. 

The generalized :\Tewtoniau models are bas<'d on the relation ( l.G) between 

stn•ss <l nd d cfornwtion. but the \'iscosit\· in now considered to he shear­

dependent. Thus. the const it ut iw relation can lJI' <'xpress<'d in the form of 

T = - pi + '2JL (')) D (U5) 

wlH're t h<' strain rnte ,.;, is the frnlll('-i nnuinnl qunntil_v defined as follo\\·s 

;~ 

1 = )2tr (D 2
) = J2D : D = 2 L D~J = J211DIIv (1.9) 

l.j=l 
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I·'Ic 1 In: :2. Carreau-Yasuda ntodel as us('d I>.Y A. S<•quPira a nd S. Dcpari ·, 1201 

In the aho\'C. t he symbol IIDIIF denotes the Frolwnius norm oft he ddonua­

t ion rat<' tensor. 

As a 11 exam plc consider I he Carrcau-Ynsudn modrl of a shcar-t hi nu i 11g 

fluid . Th(' formula for thr v iscosity is g iven as 

(1.10) 

where /lo a nd /1 -x. denot e the values of tlH' dynamic viscosity 111 t he limit 

of vanis hing and infi nit e shear rate, rcsjwctivC'Iy. In F ig. 2. the variation 

of the ,·iscosit .'· for th(' paranH'lN n11IH'S (/lo = 0.05Gkgm 1s 1). I' 

o.oo:nskgm 1s 1
. n 0.:3:216. ,\ = ;L31:b) d10sen by Sequeira a nd De-

paris I :20 I is shown. 

1.2. Boundary Conditions for Incompressible Viscous Fluid Flows 

In this paragraph we will discuss the probl<'nl of the boundary condition. 

,,·hich can be consistently <'n forced in the incompressi blc flow of a ,·iscous 

flu id. Om exposition closely follows the problem description provided by 

i\ lax Cumdmrg<'r in h is excellent book IGI on finitr rkment lllclhods. The 

g<'neral id('H is to con:--.ider nuious possible forms of the \\'eak ( \·ariational) 

formula! ions of the gm'('rni ng <'quat ions aud sec ,,·hat sort of t ]l(' boundary 

ill fon na t ion can he a priori as:--.unl('< I. 

Consider an abstract computational domain n. Ld I he boundary un IH' 

divi<kd into part:--. as :--.ho\\' tl in the Fig. :3. 
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FIGl' l tG 3. The boundary of computational dom ain gPrl('ral sPtt ings 

The following (essential ) boundary condit ions arc pos tulat0d : 

f 11 : u · n = ~(s) . 

f r: U X ll = TJ(S) . 
(1. 11) 

Iu othe r words, t he norma l component of th0 velocity field has a prescr ibed 

dis t r ibution at the par t of the boundary f,1 , whi le t he tang nt component 

(bC'ing actually equal to n X ry (s)) is given a t r T. In gene ral , t here exist s 

a Jl0Jle!11pty prodUCt r ll n r T. Where full Velocity VeCt Or iS defined . 

Since we a rc going to work with p rimiti ve var ia bles (i.e. velocity a nd 

p ressure), t he following func t iona l ·paces a rc introduced: 

• the ve locity s pace 

v · n = 0 a t fn}, 
where 1! 1 denotes t h0 first So bolcv s pace o f functions which arc sq uare­

int egra ble in S1 toget he r wil h t he ir partial d eriva tives of t he first order 

• t he pn•ssm c space p E Q = L6(st ) or p E Q = L2 (n ). liN e . L 2 (S1) is 

the space of ·q uare- integra b le functio ns in 0 . while L6(0 ) is a linea r 

subspace o f L2 (0 ) conta ining functions which int0gra l over t h<' \v holc 

clomai n a mount to zero. Such uor llla lizat ion is necessary to avoid a m­

big uity o f the pressure . wh ich occm s if the boundary condi t ions arc 

C'xprC'sS<'d in terms o f purely kin em a t ica l q ua nt i t ics (ve loc ity or vor t ic­

ity) . 

The gcnNa l varia tional form of t he govern ing equa tio n can be writ ten as 

(Btu , v ) + a(u , v ) + b(v , p) + c(u , u , v ) = (f, v ) + d(v ), 

b(u . q) = O. v E V, q E Q . 
(1. 12) 
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I u the above. Lhe following notation has been used : 

b(v. p) =- j p\7 · vdx - pressure term, 

n 

c( u , u . v ) = j v · \7 u · udx convect ive term ( nonlinear) . 

n 

(f , v) = j f · vdx - volume force ter m. 

n 

367 

(1. 13) 

(1. 14) 

(1. 15) 

The viscous term a(u , v ) a nd the boundary term d(v) depend on the 

form of the avier-Stokes equation. Each of these forms generates a different 

form of the variat ional formulat ion and corresponding (natural) boundary 

cond ilions. 

Consider first the "standa rd'. form . where the viscous term in Navicr­

Stokcs equat ion is expressed using the Laplacian of the velocity field 

p ( 8t u + \7 u · u ) = - \7 p + f.LL'm + pf , \7 · u = 0. (1.16) 

'Vile will refer to this form as the Form A. There is an instructive exercise 

Lo show that the viscous and boundary terms can be expressed as 

a(u , v) = f.L j \lu : \lvdx, 

n 

(1.17) 

d(v) = j [-p + p (n · \lu · n )] (v · n ) ds + j J.t [( 'V u · n ) x n ] · (v x n ) cls. 

iJn\r.. aO\ r r 
( 1.18) 

In order to obtain a solvable problem we have to prescribe the integrands 

in square brackets in t he formula (1.1 ) . In other words, we have to impose 

na tural boundary conditions, namely 

{ 

-p + J.1 (n · \lu · n ) = ~(t. s) aL an \ r n · 

Jt [(\lu · n ) X n ] = ry (t,s) at 8n \ rT. 
(1.19) 

1 ote that the quantities we define of the indicated portions of the boundary 

do not have any particular physical interpretation. One can think that for 
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that reason such approach is useless. Howew'r. we w il l show later Lhat it is 

not a case . On t he contrary th is formulation is a basis for some very usefu l 

generalization to be described later. 

Final variational fon n of the Navicr-Stokcs t'quatioiiS can now be wriL­

tcn as 

p j (u1u + 'Vu · u ) · vdx + I' j 'Vu: \i'vdx- j p\7 · vdx = p / f · vdx 

n n n n 

+ j f., (v · n ) ds + j rJ · (v x n ) ds (1.20) 

1'\ r , L'\l 'r 

For sufficiently regular solutions. this fon uulat ion implies that the boundary 

conditious (1. 19) will be sat isfied. 

Consider now the for m (to be referred to as the Form B) where t he clcfor­

mation rate tensor D appears directly in the vi ·cous term of the momcutum 

cqna t ion. This for111 of the governing cq uat ions. which is valid also for gen­

eralized Nt'\Ytonian fluid. can he \\'rittcn as follows: 

(1 (d,u + 'Vu· u ) = - \i'p + 2\7 · (!tDu) + pf . \7 · u = 0 ( 1.21) 

when' Du = ~('Vu + \i'Tu ) is the deformatiou rate tensor. Agaiu, it left 

to tlw 11cadcr a;.; an exercise to show that the corresponding viscous and 

houlJ(lary t crms are 

o( u. v ) = 2 j 11Du: D vrfx 

Sl 

( I .22) 

d(v) = j f- p + 2p (n · Du · n )] (v · n ) r/.<; + j 211 [(Du · n ) x n ] · (v x n ) cls. 

i!Sl\[', iln\ l 'r 

C'onscq ueutl.\·. the na t ur<ll bouiHiary cond i t ious to be imposed arc 

{ 

a" : ~fJ + 21' (n · Du ·~)= f.,~/. s ) :tt UO,\ 1 11 • 

O'r = 211 [( Du · n ) X n ] - rJ (t. s) at DD. \ l r· 

( 1.23) 

( l. 24) 

Iu contrast to the Form A (Eq . ( l.JG)). the ahow conditions have a straight­

forward interpret at ion: they silll ply define the bounda ry distributions oft he 
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normal and or Lhc tangent eo m poncnl of tllC' surface stress. T hey arc often 

u lll('d l he tractiou conditions. 

T he fi nal var ia tional form of t he Navier-Stokcs equat ion for this case reads 

(J j (D, u + 'Vu· u ) · vdx + 2 j tLDu: D vclx - j p\7 · vclx = p j f · vclx 

n n n n 

+ J ~(v·n) ds+ JrJ · (v x n) cls (1.25) 

DSl\ t'n iJSl\ l'r 

Let us finally cons ider t he third option Lhe Form C. This t ime t l1 e viscous 

term in the momentum equation is written using the curl operator and t he 

vorticity field. We have 

P (a, u + vu . u) = - v P - tL v x w + pf . v . u = o ( 1.26) 

where the vorticity fi eld w = \7 x u is used. The viscous a nd bounda ry terms 

for t his case a rc expressed by the following formulae 

n(u .v) = p j w · (\7 x v )dx , 

n 

d ( v ) = - j p ( v · n) ds - j JL [ n x ( w x n )] · ( v x n ) ds 

DSl\ fn 8Sl\ f r 

and thus the corresponding natmal boundary conditions HH' 

{ 

p = ~(t, s)atDD \ I' 11 • 

n X ( w X n ) = rJ (t) 8) at DD \ r T. 

(] .27) 

( l. 28) 

( 1.29) 

The physical interpretation is again direct: we need to define th e boundary 

dist ri but ion of the static prcssnrc and or l he tangent component of the vor­

t icity field a t the indicated part · of the bound ary. Final variational form of 

the \!avicr-Stokes equat ion for this case is 

p j (u1u + 'V u · u ) · v clx + {L ./ (\7 x u ) · (\7 x v ) clx - j p\7 · vdx 

n n n 

= p j f · v dx + j ~ (v · n) ds + j JL'rJ · (v x n) ds (1.30) 

n iJS1\ f n aSl\ l'r 
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1.3. Modeling Inlet/ Out let Condition in Cardiovascular Simula­
tion 

In this part of the note,; we will briefly discus the problem of adequate 

selection of the inlet and outlet conditions in t he card iovascular simulations . 

Vvc will assume that the flow doma in has been ··extracted· ' from t he larger 

vessel system a nd therefore its boundary consists of the material part (walls 

of the vessels) and the inlet outlet part. The la t ter i ~ lllercly the efl'ect of the 

·'extract ion·· process- in principle. ideal inlet outlet conditions s hould not 

impose any addi t iona l restrictions of the flow field. 

Consider the repertoire of the bounda ry conditions described ill t he pre­

vious section from such point of view. Ideally, we would like to have full 

information about all components of the velocity vector at a ll inl ets and 

outlets. If such inforn1 ation were avai lable. all boundary condi tions would 

be of Lhc essential kind. Such situation. very desirable from the CFD view­

point , is not realist ic since detailed inlet outlet velocity profiles (ami their 

history in t ime!) can not be measured at reasonable costs. Thus. we have to 

work with much less information about the flow field at inlet outlet sections . 

l\Iathematically speaking: we have to resort some of the nat ural boundary 

conditions . 

Some possible choices a rc: 

• Setting one essent ial condi t ion (typically. sett ing the tangent velocity to 

zero) and one natura l condition. e.g. the static pressure or the normal 

stress. If I 0 sect ions arc sufficiently far awa.y from bifurcations in the 

vessel system. the sta t ic pressure can be assumed uniform within each 

section and the section-averaged value obtaiued from simplifi.cd lllodels 

(lD or lumped- para meter) can be used in full 3D simulations. Also. 

the normal ·trc ·s i · nearly uniform and does not d iffer much from the 

stat ic pre~sure, because t he viscosily-d ri ven term is usua lly very small. 

l\Iorcover for flat I 0 sect ions t he surface-integral average of this term 

IS ze ro. 

• Sett ing two natural conditions. The advantage of such choice i~ t hat 

explicit sc>tt ing of thc> tangent velocity (to zero) is avoided. Assumption 

of vanishing tangent velocity can be criticized for being not quite phys­

ical. Indeed . if a vortex ~tructurcs appear~ in the flow domain. it wi ll be 

convected towards some outlet sect ion a nd it will inevitably generate 

nonzero tangent velocity while lea\·ing the computational region. For 
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fur ther purpose we will refer to t his issue as a vortex-passage problem. 
We can also try to set both components of the surface stress, however, 

it is difficult to predict a reasonable d istribution of the tangent stress. 

In particular . the tangent strc s cannot be as umcd to be zero since 

such choice is incompatible even with unidirect iona l flow fields of the 

Hagcn-Poiseuille or Womersley flows. 

The fiua l conclusion is that none of the combina tions of t he boundary 

conditions arc really satisfactory. The inlet 'out let conditions offered above 

arc either too demanding (i. e. they require to excessive knowledge about 

t he flow field) or too restrictive ( i.e. the kinematical con ·trains imp lied by 
t he condi t ions arc likely to eliminate important physical effects from the 

simulation). 

1.4. Deficient Boundary Conditions 

ln this section we discuss new approach to inlet outlet conditions, which 

removes (at least part ly) limi tations of the classical repertoire of the bound­

ary conditions described above. [12 , 22, 24]. 

Fie: nu; 4. A sysLcm of branclwd vessels geonwt ry and notaLion 

Consider again t he computational domain modeling a sclcclccl pa rt of the 

vessel system (sec Fig. 4). 

Cvall = f n = r T• r i 0 = u sk 
k 

[)D. = f wall u r i 0 

and t he Form A (Eq. (1.16)) of the governing equations. We have already 
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shown that the corresponding; boundary t erm is g;iwn as 

d(v ) = L ./ [-p + I' (n · 'Vu · n )] (v · n ) ds 

k S\ 

+ L ./ J1 [ ( \7 u · n ) x n] · ( v x n) ds . 
k ..,., 

Asst lntc at the in let outlet sections 8~,- t he following conditions: 

p - Jl (n ·'Vu · n) = 1[1.-( t ) . 

( 'Vu · n ) x n = 0. 
(1.31) 

where k = 1. 2 .. .. . 1\!. Then. the bounclm·~· term reduces to the s imple fo rm 

d(v ) = L flk(t)<Pk(v). (1.32) 
k 

where the fun et iouals of the volume! ric llm\· rate <P 1.: (v ) = j~., v · n ds arc 

introd uced. The final variation a l form of the Navier-Stokes equatious i:-; 

/If 

p (iJ1v + 'Vv · v. v ) + fL ( 'Vv. 'Vv) - (p. \7 · v ) = p (f. v )- L flk(t) <PJ.-(v ) 
k=l 

( 1.33) 

A natural question arises a bout the phys ical intcrprt'lntion o f tit (' funcl ions 

n i;( I ). \ \ 'e wi 11 show that . \lllder ccrt a in gconwt ric C'OIIdi t ions. the fun e t ions 

11 ~,- (t) ckscri be the t cm poral variations of the seC'! ion-nwrag;ccl s tatic pressure. 

Indeed. let liS intr'gratc lli(' fol'l llllln ( J.31a ) ()\'('!' t iH ' inkt Olttlet section sk 

./ [p - JL (n ·'Vu · n )] ds = Jl~,-(t) IS\. I. 
s·, 

Assun\l' next th at s~.- is a flat smfan'. i.e. tli(' IIOl'lllal vector n is t hP same at 

a ll points of S~,-. T IH'll the followin g; equali t ~· holds 

Proof: 

./ (n · 'Vu· n) da = 0. 

s·, 

n = [1.0.0]. ( = [0.(2-(l] normal vector at the Aat contom aSh·· 
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./ n . Vu. n = ./ u.l"JUJd.r2d.z·:l = - ./ (U.r2ll2 + UJ";jll;l) cLr2d.r:l 

s, .s·, s, 

= - j" (u2(2 + V:J(l) d:c2dJ·:l = 0. 

ns,. 

Thus. we conclude 

n k(t) = l;kl ./ pds 
s, 

is a sect ion-averaged pressure at sk. 
\\'hat is thc mcaning of the second bound ary condition (1.3lb)? Choosing 

the same geometric setti 11g as in the aforementioned prooL it is immediate 

to sho\\· that this condition is equivalent to 

Thus. I he second condition is cquiYalcnt to the homogeneous eumann con­

dition formulated for the tangent velocity components. This condition seems 

to IJ<' bcttn suited for the inlet outlet moclcl ing since no explicit restriction 

on the Yclocity itself is imposed. However, Lo the authors· best knowledge, 

the i Ill pact of this condition on the vortex-passage phenomenon has not yet 

been s~·stcmat ic:ally studied. 

T he aclvautagcs of using deficient boundary conditions for inlets a nd out­

lets can IH' sunlll Jarizcd as follows: 

• Ill!C't outlet section-average pressure is prescribed. but no particular 

smface clist ribution oft he pressure field is cxplicitly assumed: 

• ThNe are no <'xplicit restriction im posed on the normal or tangent 

vclocit~· distributions: 

• Additional ki twma.t ic cons( rains can be incorporated in the formulation 

of the flm\· problem. For instance. we can specify the time Yariation of 

ll1c volume( ric flow rate through a giYen inlet outl et . In such case, 

the sect ion-awragccl pressure Ilk( t) corresponding to this inlet out let 

\\'orks <Ui the Lagrangc multiplier. which is a priori unknown and has 

to i>t' ddcnnincd in the solution process. 
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2. Numerica l Simula tion of Nonsta tiona ry Laminar F lows m 
a Pip e System Using Spectral E lem ents 

J n t his part of the lecture we present a particular s imula tion method based 

on the usage of defic ient bounda ry co nd itions. spect ral clement approxima­

tions in space and the OIFS1) time integra tion chemc. We descri be main 

ingredients of the met hod as well as selected algori t hms. which arc essent ial 

for munerical efficicucy. ~lore detailed exposit ion can be found in t he paper 

Jl7J. 

2 .1. Introduction 

The objecti ves a re lo develop a complete computat ional method and its 

efficient implementa tion to perform computer simula ti ons of nons tationary 

flows in complex vessel systems. T he test example for t he solver is t he sim­

pli fied model of the modifi ed Blalock-Taussig shunt. which will be described 

in more details in Lhe Par t 3 of these notes. 

The numerical method described in this cha pter can be cousidcrecl t he 

firs t st age of development of t he fu ture numerical package for cardiovascular 

simulc'ttions. Therefore, t he following a.i:isumptiou have been made 

• T inw-iuclcpendent geometry of t ile computational domain; 

• Ncwt oniall liquid model of blood rbcology: 

• Inlet outle t condit ions shou ld be form ula ted in terms of ·'easily" mea­

surable or cs t inta blc (integral) quantities: sect ion-aven'lgccl static pre:'l­

sutT' or volumetric flow ra tes. Various combinations of such cond itions 

should be possible. 

• Application of t he high-order spatial approximation wit h hexahedral 

spect ra l elements : 

• Application of higher-order time-integrat ion schcn1cs . 

2.2 . Formulation of the F low Problem 

T he computational domain and be prc.'cnted schcmatically as in F ig. 5 

r solid boundary of the fiow domain n. 
S~.: inlet outlet sec t ions (k l. ... l ) . 

I)O IFS OpC'rator- lntegrnt ion-Factor Spli tti ng 
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S' 1 

s', 

FIGURE 5. Computational domain 

Governing equations are 

{ 

p (8tv + 'Vv · v ) = - 'Vp + p,'V2v , 

'V· v = O 

and the boundary conditions arc defi ned as follows: 

• I\ Iatcrial boundary: 

r: v ir= 0 , 

• Inlet outlet condi t ions: 

- VF-typc 

375 

(2.1) 

(2.2) 

<1\ (v) = j v · n ds = Fi(t ). i = 1, ... , NvF, (2.3) 

S, 

- AP-typc 

i= 1, ..... NAP · (2.4) 

The variat ional formulation is stated as follows: 
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1 F111d: 

V E ' . - { V E [ J J I ( n) f1 
: V lr = ()}. 

11 E Q- L2 (~2). 

).,(!) E R. i = I .. . .. An (Lagrnngc multipliNs). 

81/ch that 

\\ I .\"\I' 

p(iJ1v + \.v · v.v)+tt ('V v. 'Vv) + L A1<l>,(v)+ L Pi( ! ) <Ps1 1 +, (v) 
I I t=l 

-(p.'V ·v)=O. 

(q. \. · v) = 0 'i/v E \ ·. 'ilq E Q. 

and 

<l>;(v) = f<~ (t) . 1 . .... Snc. 

v jl=lo - vo iuitial condition 

It follo\\'s from the Sec. 1.1 that the classical bouuclary conditions corre­

sponding to tlw above fomllllatioJt arc 

{ 

,, - ,, (n . '\u. n) ~ r, at s,. 
Ji - ft (n · \u · n ) - ).k at .'h. 

('V u · n ) x n = 0 at ·'h. 

/.: = 1. .... .Y,\P· 

1.: - .Y 1/' + 1 ..... Xw + .\\ F· (2 .;)) 

k - l. .... S,p+S\T· 

lt has bl'l'll also shmn1 a ln•a< l.\· that t IH' physiC'al inll'rprdat ion of Pk(t) (gi\'('Jl 

fuuctions) nnd ).k(t) ( to be evnltwted ) is tltc s<·ction-m·craged stat ic pressure. 

2.3. Tim e Integration Schemes 

In ordl'r to develop a<·cmatl' .Y<' I cuntputationally dfici<•nt llUIIH'ricnl 111('­

thod OJH' has to care about t h(' choict' of appropriat(' time integral ion sd1cnH'. 

lkrc \H' discuss short!.\' sollH' possihilitil's. To nwkc our discussion si111pkr . 

\\(' \\'ill consider a Jlloclel in it ial-valuc prohie111 

{ 

u'(t) = ~ 
linear lNIII 

u(O) = uo. 

+ .\' (u )u 
"-v-"' 

nonlinear l('rlll 

+ I . 
~ 

forcing i(•rm (2.G) 



http://rcin.org.pl

:\[ATIIEI\IATICAL AND :\illi\IERICJ\L i\ ]ODELLIN(; ... 377 

In the context of the incompressible fiow siundat iou. the reasouable choice is 

to apply the stiff-stable backward-differentiation formulae (BDF). In generaL 

the 1\-order DDF method ca n be written in the fornt of 

"" iJ()II (n+ l ) _ L lJ,.. u(nt- 1 k) = 6./ [Lu(n+ l ) + N(u(n+ l )) lf(n+ l ) + J (n+l)] 

k= l 
(2.7) 

The coefficients of the BDF met hods of different ordn have been summarized 

in the Table 1. 

f\ !"io ,it l j2 li:J 1-J I 

1 1 l 

2 :J/2 2 - 1/2 

3 11 / G :3 -;l/ 2 1/:J 
·I 25/ 12 4 - :3 ·1/ 3 - 1/·1 

The BDF methods arc implicit and thus unconditionally stable. Ou the 

ut her hand, l he nonlinear bouuclary-value problem has to be solved a t each 

ti111c s tep. which is computa tioually very demanding . especially in the context 

of tlw CFD. It is des irable to avoid solving a huge nonlincar problem at each 

t ime step. even though the unconditional stability will be lost. A number of 

di!krcut approaches eau be proposed. like: 

(A) Extrapola tion of th e non! i near t erm (of t lt(' same order as BDF). SC'C 

17. 1:3. 191. ThC' nonlin0ar tnm in cxt rapolatcd from its values at previ­

ous l imc steps as follows 

/( 

JV(n+l);::::; Ln~;N(n+ l -k) . 

k-l (2.8) 

TMlLI:: 2. 

{\' Ot 11 2 {I;J Ot 

1 1 

2 2 - I 

3 3 -:l l 

·1 4 -G ·1 - 1 
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Table 2 conta ins tile coefficients of the extrapolation methods of d iffer­

ent order . In the CFD application. the Stokes problem has to be solved 

at each t iruc step of the fiow s imulat io11 . 

(B ) Lincarization of the nonlinear term I asecl on the velocity extrapola­

tion [7. 23[. 

l\ Iorc sophist icated approach consists of extrapolating the velocity that 

a ppears in the a lgebraic way, while these parts of Lhe nonlinear term 

where the velocity id differentia ted remain in the original implicit form. 

/{ 

N (u(n+ l l)u(n+l ) ---t N (u*)u(n+ ll . u* = L n.k?L(n + l - k ) _ (2 .9) 
k= i 

This way we obtain linear approximation of the nonlinear term. which 

in the CFD applications leads to the Oseen problem to be solved at 

each t illlc step. The latter problem is more difficult Lo solve Lha t t he 

S tokes problem. but the method will posses better stabili ty properti es. 

(C) Operator-Integration-Factor-Spli tting l\Iethods [7, 10. 14, 17, 19[. 

This method is based on the idea of t he operator spli tt ing. AL each 

time step the following linear problem has to be solved 

/ ( 

/3ou (n+ l )-Lf3kil,~'+ L ) = 6./Lu(n+ l l , (2. 10) 
k = i 

,(m+ l ) _ , ( ) 
Uk = Uk ln+ l · 

where fLk arc defined as Lhc solutions Lo Lbe following ini tial value prob­

lems 

(2.11) 

tn·1 M RK4 tn tn+1 -I 

[ 
I I I I I 

·~ c.1 
t 

G2 

GJ 

FJGJ ' RE 6. TllC' OIFS lllClhod mo re details in t cxl 
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The init ia l-value problems a rc solved numerically wit h any higher order 

explicit me thod , which behaves well for p urely convect ive problems (4-

ordcr Runge-Kutta, Taylor-Galerkin methods) . The in tegration step is 

chosen as 6.LRK4 = 6.L / M , where typically M ::; 5 . The overa ll order 

of accuracy is equal to the minimum of the number J( and t he order 

of the method used for t he systems (2.11) . 

2.4. F inite Dimensional Approx imation 

\Vhichcver t ime discre t ization method is u eel . a bounda ry value problem 

fo r p a rt ial differential equat ions is obtained a t each simulation ·tep . In order 

to obta in approximate solu t ion , the following basic fields in t he velocity space 

V a rc int roduced 

(2 .12) 

V 2Nv + 1 = [0. 0. wl], V 2Nv+2 = [0, 0, w2] . · · · , V 3Nv = [0. 0, WJVvl · 

T he velocity field at a given t ime instant is approximated by t he linear com­

b ination of t he basic fields 

~· ~ ~ 

v (m+ l ) = L ( u \m+l)) . V j + L ( u~m+l ) ). V fVv+J + L ( u~m+l)). V 2N, ·+j 

j - 1 J j = l J j = l J 

(2. 13) 

Analogously, t he basic function { q1 } in the Q arc int roduced a nd t he pressure 

a pproximation is defined as 

(2.14) 

Hence, at each t ime instant 3Nv + Nq coeffi cients , which represent the in­

stantaneous velocity and pressure fields. have to be compu ted . 

It can be shown that in t he effect the d iscretizat ion procedure t he follow­

ing algebraic t ructurc are ob tained 
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(MI ·)ij = (u'i· li'J) ::::::: ./ ll 'ill 'jdx 

n 

mass m atrix. 

(K I'),.i = (V'tt•,. vw.~) = ./ V' w, · \i'u·.idx 

n 

La place (- ·st iff.ucss .. ) matrix. 

,:Jo 
A = - M1 · + //K1 · 

~t 
Ht'lntlwltz nwtrix. 

cliw•rgcncc grndicut matrices. 

(A~)i.i = cJ>,(vJ). i = 1. .... N\T· 

(A~) i.i = <1)\'Ft,(vJ). i = l .. . . . NAP · 
1 0 \'o lumetric flux matrices 

j = (n- 1 )N,· + J ..... oN,·. o = I , 2. 3. 
,,. 

( 
(rn+l )) _ __ 1 ""' J ((A (m+ l)) •· ) 

r n i - D. I L U/.: V k ". U I . 

1.:- 1 

r-11-s vector 

i = 1. .... • v,.. n. = 1. 2.1. 
(2.15) 

2.5. Spectral Element Method 

T 11 t b is sect iou \\'C clcscrilw brief!~· the main features of the spectral cle­

tllC'nt discr<'tization nsi ng hC'xahedrn l ekmcnts and the nodal (or ('Ollocntion) 

a pp roach. The eo m put at ional domai 11 is meshed \Y it h bcxaheclral cells. Each 

cell c·a11 lw mapped into tll(' stand ;-m l cu iH' [- 1.1rl \\'IIC'rl' all difkrcntiation 

and integratiou operations arc carried out. 

The 111apping fro1u a ph,\·sical clt'IIICill tot ht• standard cube CHI I he d efi ned 

in diH'crent forms dependently on the geonwt rical inform ation incl udt'd. lu 

Fl c:l · u~-: 7. Th<• ;,landard culw and ph."sical <'le llle nl 
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the s impks t \'ariant. the \'Crtex-bascd transfonuatiou of t he standard cube 

to a phn;ind c lelllc nt eau be written as fo llows 

1 1 
X ( ~ 1 . ~ 2. (\) - ) ( 1 - ~I ) ( 1 - 6) ( I - 6) X I + 8 ( 1 + ~I ) ( l - 6) ( 1 - 6) X 2 

I 1 
+ 8 ( I + ~t) (1 + 6) (1 - (J) X;J + 8 ( I - ~J) (1 + ~2) (1- (l) X I 

1 I 
+ ~ ( I ~ 1 ) ( 1 - ~2) ( l + (l) X;; + 8 ( 1 + ~ 1 ) (1 - ~2) ( l + 6) Xfi 

1 1 
+ H (1 + 6) ( l + 6) (1 + (l) X 7 + 8 (1 - ~t) (1 + 6) (1 + (\) X K (2. 16) 

:\lorl' sophist icated cur\'i lincar transformations arc a lso p ossible the prac­

tical implt'lllt'nl ations arc usually based on the Gorclon-Jiall blending proce­

dure (sec for instance 171. pp.1 83-18-.L ) . 

Each C't'll of l he grid is equipped \\'i l h the pa ir of internal collocation 

nwshcs. ,,-h id1 arc the transformation images of the two standard collocation 

p,ricl in the cube [ - 1, 1 fl: one for the Yclocity a nd another one for the pressure. 

The st andarcl \'c locity collocation mesh is cons I meted as follows 

~i~'l=-- 1. ~; ~\!\ l)=l. 

(2. 1 7) 
j = 1, . . .. j\h · 

and t h<· corresponding local basic func tions in [ - 1. 1 rl a rc ddi ncd as 

(2 .18) 

\\'hen· L)'(~;n) - 6; . (j ~- 0 .. ... .\h 1) a rc the Lagrangt• intnpola ting 

polynomials corresponding to the nodes (2 . 1 7). 

The pn•sst m ' collocation nodes arc constructed in t lw si 1nilar utanncr: 

{~;~)- j = 0 ..... .\!p - I} root s of tilt• Lcgcndrc pol. P\1,. - t- (2. 19) 

Tht• local basic pressure functions arc t lwn defined in the followin g forlll 

(2.20) 

\\'hen• t.['(t:~·~))- 6f. (j = 0 ... . . Mp - l ) an• the Lagrange·s interpolati ng 

polynOinials <·orr<'spondin!!, to t lH' nodes (2.1!1). 

Si 11 !'<' del ai led <'xposi t ions of t lw spt•c-l ra l elt' liH'llt approach can be found 

in Sl'\ 'N<tl l'< '<'t' lll handbooks and monographs 13. cJ. G. 71. \\'t' wi ll merc•l_,. s tllll­

lllarizc so lilt' bas ic f<'Ht urcs of l his Hpproacb: 
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• St raightforward interpretation of the coefficien ts of the velocity and 

pressure expansions wit h respect to Lhc local basic functions- the co­

efficients arc s i m ply the values of velocity or pressure <tl Lhe correspond­

ing collocation nodes. 

• Differentiation: local ve locity representations a rc differentiated inside 

the standard element and the derivat ives a re re-interpolated on t he 

collocation mesh (the pseudo-sp ct ra l approach). N cxt, tile derivatives 

with respect to physical coordinates arc con1puted with the use of the 

(inver ·c) Jacobi ma trices. 

• Volume and surface integrals arc calcul ated with the use of Gauss­

Jacobi-Loba tto and Gauss-Legenclre formulae based on t he velocity and 

pressure collocation me::;hes. respecti vely. 

• Tile local basic funct ions a rc L2-orthogonal \Yith respect to the Gauss 

integration. Consequently. tile ma,<;s mat rix Mv (also the pressure mas · 

matrix M p used in a preconclitioner of the conjugate gradient itera­

tions) is pure ly diagonal. 

• Div-sta.bi lity condit ion (necessary for the Stokes m atrix be invert ible) 

is fu lfilled when N1 · ~ Np + 2 . 

2 .6. Summary of the C omputation a l Method 

T n t his sect ion we give a brief clcscri pt ion of the OIPS-ba.scd spectral cle­

ment method using hexahcdral grids. The mnnerical proble111 im·olves coJn­

putat ion of 1 hC' vC'locity and pressure fields as well as thC' Lagrange multi­

pliers (scc tion-averag<'d pressures a t VP-typC' inlets outlets). Superposition 

of special Stokes solut ions is used to construc t the full solu tion at each time 

instant. 

A. Preparaloq; stage> (11me-indepcn den t space disrTelizolion and ji1·e>d 6.1 ) 

The following Stokes problc'llJS are solved 

A 0 0 (D ,) r {k} 
u l -(AnT e {k} 

0 A 0 T {k} - (Af) T e {k} (D:~) u 2 (2.21) 
0 0 A (D :3)T {k} - (Af) T e {k} u 3 

D , D 2 D :J 0 7f{ k} 0 
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where 

p{k} = {0 if j -I k, 

J 1 if j = k. 

Then, the following array is created 

(2.22) 

where 

f {k} = (~ A F {k}) 
J L a U a ' 

a = l j 

j = 1, . .. ,Nvp. (2.23) 

If the flow domain and grid geometry as well as the time integration step· 

a re fixed . the above solutions a re computed once and forever . 

B. Main simulation stage 

Tile computaLional procedure Lo update the solu tion at t = tn tot= tn+l 
cons isLs of Lhe fo llowing steps: 

1. Integration of convective terms (!{-steps OIFS) 

2. 

(~ (ua)k = -Ca [( G. 1 )k, (u2h, (G.3hl (uo)k, n: = 1, 2, 3. 

(unh (t = t(m- k+ l)) = u~n-k+L)' k = 1, .. . ' K. 

(2.24) 

Numer ical integrati on: 4th order Runge-Kut ta method with the sub­

step 6.t fllls up to the time in tant tCm+l) = t(m) + 6.t . As a resul t we 

get 

( G.n)i~n+ l ) = (uo)k (t = t(m+ l)) . 0:=1.2.3. k = 1, . . . . K. (2. 25) 

Solution of the reduced Stokes problem 

A 0 0 (D t)T I uf'lm+l) (m+l) 
r l 

0 A 0 (D 2)T {0} 
r 2 u 2 (2.26) 

0 0 A (D 3)T {0} 
u 3 r 3 

D J D 2 D 3 0 ?T {O} 0 
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where 

/\" 

(mt- 1) _ __ 1_ ~ J M (A )(m + l ). 
r n - ~t L__, I k V U n k n = I. 2. 3. 

k-1 

Solution procedmc cmlsis ts in t be following :3 steps 

( i) 

( ii) 

( iii) 

:l 

S1r
1 

= ~ D n lln , 
n=l 

7r {O}(m + l ) = 7r {O}(m) + 1r1. 

A I DT I 
u n = - o 7r . 

3. Dctcrlllination o f the Lagra ngc lllultipliers 

The following linear system conta ining _V\'F eq uations is solved 

:l 

T . , ( m + l ) _ p ( m + l) _ ~A~-' {O}(m -1 1) 
F A L__, " u0 . 

n I 

(2.27) 

(2.28) 

(2.29) 

(2 .31 ) 

The ph~·sical interpretation of the cotnputed mullipliNs: the scction­

<wcragccl s tatic prcssmc at VF-type inlets outlets , at the timet= fn + l · 

..J. Computing the final form oft he sol ut ion a t the time I = I u+ 1 

The fi1ml sol ut ion is constructed as the linear co111biuatio n of the Stokes 

sol ut ions 

( 111 + 1) 
u l 

{0} ( Ill + I ) 
u l 

{k} 
U L 

( 111 + 1) {O}(ru + l ) ,\\ "F {k} 
u 2 u 2 + ~ Ailll + l ) 

u 2 
(2.32) 

( 111+1 ) {O}(rn + l ) {k} 
U:l U :l k I U :l 

7r (m + l ) 7r {0}(111 + I ) 7r {k} 
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2. 7 . S e lected Nume rical Algorithms 

2.7.1. Precondit ione d conjugat e gradie nts (PCG) . The PCG method 

!SI is used to solve linear :;ystems wit h the H<'lmholtz and Uzawa matrices 

(bot h arc SP D-symmctric and positive definite). Here is the summary of this 

a lgor ithms for t he SPD system Sx = b . 
Start: x(0l : r (O) = b - S x (0 l : solve Pr(O) = r (0l: p (O) = f (O) 

Fork 1,2 .... : 

(.) = _ (-(k ) (kl) I ( (kJ s (kl) 1 Clk r . r p . p . 

(ii) x(ld I) = x (kl - Clk P (k) 

(iii) r (k-l l) = r (k) + o~.:Sp(k ) --4 couvergence test llr(k+l l ll I llbll <E. 

(i\') solve Pr(k+ l) = r (k+ l). 

( ·) . ~- (- (k+I J (k+ ll) I (-(k) (kl) \ 1-1k r . r r . r , 

T he Tiel mholtz system can be efficiently precondit ioned hy the diagonal ma-

trix 
. !3o 

P = (hag{ - Mv + ttK }. 
6.t 

Past CO I11plltat iou of the pressure correctiou is lll liCh 111ore t ricky' 

2. 7.2. Preconditioning in the pressure solver . T he overall performance 

of the <WiN-Stokes sol\'er dcpends mostlv on the dlicicnc.\' of t he pressure 

det en 11 in at ion. The corresponding algebraic problem is defined as fo llows 

3 3 

S7T 1 
= L D nUn. S = LDnA - 1D /,'. (2.33) 

n = l n = l 

where 
iJ() 

A = 6.t M 1· + ttK 1· . 

It has been clcmon::>trated 19. 15] that appropriate p recondit ion ing matrix 

for l1 1 is problciu (sui table fo r bot h low and highN R('ynolds 11\IIUbers) can 

lw CO ils! ructcd in the following form 

p l = vM pl + ~E I 
6.t 

(2.3..1) 
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where 
3 

"""' - 1 T E = ~DkMv D k 
k=1 

and M p denotes t he pressure mass mat rix (d iagonal) . We still need an effi­

cient met hod for solving internally ( i .c. , a t each iteration of the PCG method) 

the syste m with the matrix E . which itself is poorly conditioned. 

2 .7.3 . Solution of Eq = r. T his section is based upon the references 

110, 16, 17. 19]; we sha ll use the following notation: 

Np number of the pressure collocation nodes in each spectral clement 

J( number of t he spectral elemeuts in lhe fiow domain 

N = dimE = Np · K global number of the pressure nodes 

Conside r the rectangular matrix J , where dim(J ) = (N, 1\), such t hat: 

• each column of J has a structure of K blocks with N p entries. 

• in k-th column all blocks a rc zero except the k-th block, which is filled 

with l 's. 

T hus, the columns of the matrix J are the orthonormal vectors in R N 

and J T J = I. Text, the K-dimcnsioual subspace 

is introduced. Conceptually. the space IT contains reprcsentatious of p iece­

wise constant field s in the con1putational dolllain , i.e. such fidds which are 

uniformly dist rib11tcd with in rach individ ual spectral clement . 

T he solution is sought in the form of the stun of the piccewisc constant 

·'background" a nd the ·'correction '' belonging to the orthogonal sp ace rr.l 

q = Jqo + q ,. r: qo E R . 

Projection opera tor on n.L along E(II ) is introduced as 

- 1 T P rfl- = I - EJE0 J . 

(2 .35) 

(2 .36) 

where E o= JTEJ . Then . the vector q 1 is determined a~ the (unique) c lement 

from IT .l satisfying the follovvi ug I i near !:>ysten1 

(2 .37) 
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The linear system (2.34) is solved using PCG iterations with the block { E} 
preconclitioncr 110,191. The efficient way to deal with the local systems for 

each individual clement is to use the method of fast cl iagonalizat ion . The vec­

tor Qo is determined from the following SPD system containing K equations, 

solved by t he lloniterative method (e.g .. the Compressed-Sparse-Row-based 
Cholcski solver) 

(2.38) 

T he computational performance of the pressure solver precondit ioning (Pen­

ti um IV 2.6 GHz, 512 KB cache, 512 1\IB RAt-.I), where I\ = 1536. N = 5, 
E = 10- 10 has been summarized in the Table 3. 

TABI. P. 3. Performa nce of pressure solver 

AII NT 0 5 10 12 15 18 20 

I\ I 420 39 22 18 15 13 13 

Time lsl 1398.8 198.5 150 9 136.3 129. 1 125.8 134 9 

Acceler. 1 7 9.3 10.3 10.8 11.1 10.4 

J\ ft NT denotes tbc number of internal P CG ite rations for the linear system 

with Lhe matr ix H and J\ J is the number of P CG iterations of the pressure 

solver. 

2. 7 .4. Efficient solution of long sequences of large linear syst em s 

with the same SPD matrix. The overall computational performance eau 

be improved much not only by using a sophist icated prcconditioncr . The 

smart choice of Lhc ini t ial approximations turns out to be equally important . 
ln t he nonstationary simulat ion, using t he fl ow st ate from t he p reviou, time 

step seems to be a good idea. Surprisingly enough, this approach is rather 

disappointing. In this section we give a brief accoun t of much better method 

proposed by Paul Fisher 

In the general setting, consider tbe sequence of t h la rge linear ystems. 

These systems have the same SPD matrix A. but different right-hand side 

vectors. The Fisher ·s projection method 1111 can be descri bed as follows: 

Initiation: 
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for k = 2. :3 .... : 

(a) !Iaving the A-orthonormalizcd system of k - 1 w ctors c 1. e2 ..... e~,: 1. 

we cl e fi 11 c the wet or 

such t hn t 

lt is easy to show that 

k- 1 

x = LnJe.J 
.i= l 

( c .i . b("' l - Ax) A = o. 

Cl j = ( c,. b(k)) . 

(b) \\'e seck the solution of the k-th system as x (A· ) = x + x' . where Ax' = 

b(k)- Ax = b' is solvC'd itC'I'ati,·cl.'· bY the PCGl\I with the stopping 

criterion ll r'll 2 / llb(k) II·J <E. One can easily show that r' = r. 

(c) To coutinue the procedure. the next basic wctor ek has to be deter­

mined. To this C'nd. \\'(' C'cl lculntc thC' part of th C' solutioll orthogonal to 

the s nbspace span ned by the basic vectors gl'IH' ratcd so far 

k I 

x~ = x' - L ,-JJcJ 
j - l 

,,·here J.J = (e.l. x' ) ,.1 = - (eJ. r'). 

TIJ(' following l'q uivall•nt foml. whic·h avoids until iplicat ion by the tJHl­

trix A . can be derived 

k [ 

ll x~l l . l = J(x'. Ax')- (x(kJ . b - r')- L (nJ + dj) 2 
. 

.J=I 

and final!\· \\·e ge t ek - X~j ll x~ll. \ · If).; heconiCS to large (sm· ).; -

]\.max) t IH' proccd me is re-started: e 1 = x 1' ."'·" / llx''"'·" 11. 1. 

Figure'~ sho\\'s the comput ational time per s ing le s imulation s tep. \\'hen 

t he Fisher's met hod i:-, implemeutccl. In the presented case. t he sequence is 

re-st a rted cvciy JOO time s teps. J\ftcr tiil' res tart. the cmnp nt a tionaltillJC is 

quite largl' lmt it drops dras tically a ft e r sc \Tnd s teps. The m·cragl' C'Oll lJH I­

tational time pl'l' Olll' integra tions step is about 17s ( PcntiJllll [\' . 2.GG llz. 

1.):36 elem ents, .Y, · = G . . \'p = -1). 



http://rcin.org.pl

\fATII E:\IATIC'AL A:'\D :\t "I\!Eil iC'AL \lODELLI:'\C: ... 

100 -

80 

~ 

~ 60 f-. 
iij 
c: 
0 

~ 
:5 40 a. 

8 u 

20 1-
r.:-~<:-

0 
10000 10500 

---

t'l 

11000 
Time step 

f-f- f-

1- 1-

11500 12000 

F I<: 1 Ill·. H. P<•rformam·<' of t lw FisiH•r ·s proj<'<"t ion met hod more dctai Is in lhl' 
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2.8. Sample Results, Encountered Difficult ies and Furth er D eve­
lopment 

2.8.1. Simulation of an unsteady flow m t he T -shaped junction 

z 

A 

F1<:1 HI !J. llPxahl'dral IIIPshp,., for tlH' T-shap<' pipl' jun!"l iou C'Oillauullg l.'i:36 

m :m I~ sp<'ct ral denH'IIls. Th<• coutputat ions hm'<' h<'<'ll J)('rfornwd with ( ,\ 1 • 

. \I ') (;'i.:l) or ( .\'1 , Xi') ((i,l ). 
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FIGl' RE 10. The vol ume nux of the l<'Sl now ploued as a function of time, 

calctdat<'d for different grids and collocation m<'shes: grid A with (5,3) mesh (blu<' 
line) , grid A with (6,4) mesh (green line) a nd grid B \\'ith (.5.3) mesh (red line). 

The black line corresponds to rcfNcnce result obtained with FIDAP. The brown 

liB<' d<'picls the lime dcpcnd<'nC<' of tlw presnibed inlet pressure. 

2.8 .2. Lamina r flow in t he T-junction accelerated from re t to a te­
ady state 

~~~~~ 
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Fl<: l ' RE 11. ontour maps of the steady-slate velocity magnitude and thp static 
prPssurP computPd at the symmetry plane. Th<' veloc ity units a rc cm s: th pres­
s ure d<•nsily is show11 in t he bottom color map (the values arc in cm2 s2

). 
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Lam inar flow in a T-shaped domain acce lerat ed 
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f-'1 Cui1.E 12. The volumet ric flow rate as a function of timE', for different driving 
pressure diH'erence between the in lets and the oullet (the pressure units are Pa, 
the density is J03 kg/ m3

) . 
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2.8.3. La mina r pulsatile flow in the simple model of the Blalock­
Taussig shunt 

FIGUR~~ 13. Geometric model of t he BT shunt. In the figure, the smaller test grid 
of L672 spectra l elements is shown. The presented results have been computed 
for similar geometry but nsing the grid of 3760 spectral elements. The density of 
t he intem a l collocation mess has been set to (N, . . Np) = (6,4). 
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F't<a J{V ll. T<'lllporal mriat ion oft h<• \'OIIIJIH' fiiiX<'" cak11latcd for the UT shunt 

using ,\P-1.\' j)<' conditions at all inl<·t 011tkt s<·dion,.,. The black lines show the 

\'OIIIt ll<' fl11x and static prcssllr<' at th<' inl<'l ,.,p('(iott :l. Th<• bl11c lin<'s rcpt-es<'llt thC' 

same data for tlw outlet section l. Th<• gr<'<'n and tn l lin<'s show tlw tC'tnporal 

,·ariat ions of t h<· \'OhtnH' fl11x<•s at t h<· o11 t let s<'d ions I and 2. respect i \'Ply. Tlw 

pn•,.,snn' appli<•d at t IH' s<' outl<'ts \\·as fix<'d in tinH' and <'qwtl to zero. 
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F JC! ' HJ. 10. Pulsati l(' laminar flm\· in th(' B r slntnt IISing \ ' F- t~ JH' iniPt Olltlct 

condition,.,. l'hP Jpft pict m<' shows assllnt<'d ,·ohtnt<'l ric flow ral<'s at a l l I 0 s<·c­

tions. l 'IH• \·oluut<'-flllx distrih11tiou ratios an• fix<·d in ti111c and <'qllal :ll.:i'!. . 

:l7.:i'!. and 2:i % for the o11tkts 1. :2 and 1. rl'sj)C'C'tin·h. The right pictnr<' shows 

th<• comput<•d t<•tnporal histori<'s of th<' s<·dion-a,·<·rag<•d static press11rc at the 

I 0 s<•ctions. :\otl' t h<• initial JH'Hk of till' inlet prPssurP. which pr<'V<'Ills tlw flow 

n ·vcrsal at t h<' 0111 kt l. 
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Fl<:l· lm 16. Top and centcr pictures: t he contour plots of the velocity magnitude 

and th<' fi0ld of the static pressure to density ratio in t he symmetry plane, com­

puted for the time of the maximal flow rate. Botto111 picture: the contour plot of 
LhC' corresponding strain rale. 
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2.8.4. Encountered d ifficult ies. umcrica l ins ta bili t.\' of yet no t under­

stood or ig in appear · at the inlet sect ion . The scenario of the iu ·ta.bi li Ly de­

\'Ciopnwnl can be characterized aB fo llows. 

Fi r~l. ra pid increa..se of a cross-flow (taugent ) veloc ity is ob. crved, which 

gives rise iuteusive generat ion of t he "s pi kes" o f the s treamwise velocity. Even­

lualh ·. l he flow fie ld quickly ''blows up''. The cha racteristic s t ruc t urc i 11 t he 

in let w locity field is shown in Fig. 17. 

lVI 
68 
64 
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48 .. 
40 
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28 
24 
:?0 
16 
12 
8 

2.8.5. Furt her deve lopment. The wo rk of the improved wrs ions o f t he 

spcct ral soh·cr i: iu progress. In particula r: 

I. Expni111cnta l 2D codes with d ifferen t inlet outlet cond itio ns (inc lud ing 

zero la ng('Jlt velocity, a nyway') a rc being develo ped (some uudcrg rac.l­

ua l t' s t udcnt 's projects a rc ca rried out in t he Faculty o f A ronaul ica l 

and Power Engineering. \\'arsaw 11 i vers i ty of Tcch nology). T he main 

purpose is t o i m·0st igat c nnmcrically stabi li ty prope r! ics of l he spccl ra l 

soh·ers ,,·it h ·'deficient" inlet outlet cond itio ns . 

2. \ \ 'ork o n effic ient pa rallclizat io n o f l he soh·cr (s) (wit h colla bora t io n of 

t he IntC'rdiscipli na ry Cenler o f Ia t lH' Ilmlical :t\lodcling . ni,·ersity o f 

\.\'a r:,a\\·) will be conti nued. 

3. Dc•,·elo pll lCIJt of t he spccl ra l-elrment 3D nonst a tionary con\'ec t ion-cl if­

fusiou solver bctsed on prc'COllcli t io lJecl 8iCGStab 181 itera t io ns is in 

p rogn ·ss . 
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4. Implementation aucl computational tesU; of new high-order Yosida me­

thods [l , 23] a re planued . 

3. N umerical Modeling of Blalock-Taussig Shunt U sing Com­
mercial CFD Package FLU ENT 

The last part of the lecture covered the clinical application of findings 

and assumptions given by the computational flow analysis in the group of 

patients undergoing the systemic to pulmonary shunting operation. 

3.1. Clinical Background and General Considerations 

Systemic to pulmonary shunt operation was first performed on ovem­

ber 20th 19<-J.cl by Alfred Blalock. The patient undergoing that procedure was 

young girl suffering from congenital heart malformation of the type of tetral­

ogy of Fallot (ToF). T he most typical clinical fin ding in that t>ubjects is 

cyanosi resulting form low oxygen aturation of arterial blood. Natural re­

t:>ponse to that cond ition is overproduction of the reel blood cells (RBC) and 

augmentation of the hematocrit (HCT-RBC to plas ma rat io) which leads to 

the strokes and haemorrhagic compl ication . The ai rn of the operation was 

to augment t he oxygen saturation of the arterial blood by redirecting part 

of the blood flowing through the syt>tem ic circulation back to the pulmonary 

circulation. T he concept was developed by Hellen Brook Taussig, cardiolo­

git>t , who noticed deterioration of clinical status in the subjects suffering form 

ToF a t the time of natural occl usiou of the ductus ar teriosu ·. 

Pulmonary 
Artery 

FIGURE l The general overview of the localization of B-T hunt 
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Contemporarily t he modific'd 131alock-Taussig anastomosis is ve ry illlpor­

tan t first s t age of palliation in many forms of congeni t a! heart malformations, 

especial I.\' rl'quiring Font a n- like ci rc nl<tt io11 as a fi mtl sol ut io 11. The patency 

o f first stage pallia tion (mBT) delimits the' time step length a nd the· lime 

i nternd for tIll' ru rt heT surgical intCITCllt ions. 

3.2. Definition of the Model Geometry 

Due to the co rnplicat ion o ft lie geometry of the aort ic arch a nd t l1e pul­

lllonary c\rt cr.'· lmlllc:hing the volume of the model subm itted for furthe r 

inwstigation ,,·as greatly rc•duced and s implified . 

(a) (IJ) (c) 

FtG\tm lD. (a) C'on1 pkte vulumeofthel!,reat \T~selsaud prostl ll'l icshuul. (b) ab­

stracted r<'giou of tll<' syst <' lllic to puhnonar.Y shuut, (c) g<'Olll<'lry of the lllll llt'rical 

mod<•! 

Fiual geomct ry was ll]('Shed wi th st anclard domaiu meshing comme'r­

cial soft \\'HI'(' Gamhi t ~ . [2.'iJ. The oht a incd l<'t ralr<'d ra J lliC'Sh consist !'cl or 

00 820 cells. 187 7!):3 faces and 18 :3Gi nodC's. Total mlutll(' oft li<' rnodC'I was: 

1.8.')!):29 x 10 c; m:! ( 1.8G ml). 

3.3. Definition of Boundary Conditions 

Boundary cond itions \H'r<' a lso great!)· simplified. The walls oft he model 

were dcfi11ed as rigid wi th 110 slip condition applied . Fluid !lm,·ing through 

the clomaiu was defined as :\cwtonian \'isc:ous with the follO\Ying JMrmneters: 

p - lOGO kg lll :l and 11 - 0.00-1 k11, nts . 

SA influ,,· ( red arrow in Fig. 20) is defined as time d<'pC'ndant rnass flow 

inld. The t!St'r defined function is C'quipped ,,· it lr lm:-;ic dri,·ing cmn' of rnass 

flux changes and the linear intNpolation lwtwceu the giwu time instants is 

u:-;ecl. The flmy direct iou is set to be normal \\'it h respect to the inlet surface 

a nd tire dist ribu t ion o f tire nrass flux (p1' 11 ) is <1ssumcd unifor111. 
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I 

G 

- -
PA 

FlGll ll b; 20. Dimensions in mm and flow directions in the B-T shunt computa­

tional model 
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• SA out lel (bl ue arrow in Fig . 20) was defin ed as: out flow wit h flow rate 

weighting = 0.5, 

• PA outlets (blue arrows) were defined as : outflow wit h flow rate weight­

ing= 1. 

Such dcfi ni t io11 results in fl ow ing flow distr ibut ion: 

• 20% of volumetr ic ftovv cont inues towards t he SA out let, 

QOU 

440 

I 
(If', 1 lit;· 2' 

Time [s] 

F' !G CHE 2 1. lass flux driving curve at Lhe A inlet 
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• ii01
;{ of I he \'OillllH'I ric flo\\' is red ircclt'd towards hot 11 PA otlllcls. 

• l'A outlets flow \\'as equallY split lwtm'C'll both of them. 

ThC' uu t flow dist ribution W<b chosC'n accordiug to the' cliuical findings 

based upon postopcratin' cchoumliography. 

\Yith the outflo\v couditions, all flow panund<Ts (except pressme) were 

cxt ra pola t cd to the out flu\\. sect ion from wit hi 11 t h(' domain i 11 such n man­

ner that t he diffusion flnxcs arc zero (holnOg('llt'OilS \'cuntatll t b.c. ). S uch 

approach is justified prO\·iding I hat I llC' outflm\· is reasonably close· to a ful ly­

cle\'elopcd state. 

3.4. Solver Settings 

The most of the default nllllc's were appliPd for solving the Ho\\' equations 

inside' the defined geometr~·. 

• \ ' iscous model: laminar. 

• Prcssnrc-\'elocit)· coupliug: simple . 

• Fixed time step: !:J.t = 2 X w- Is. 

• C\Hivcrgcnct' eritcrion: E == I 0 1 

Solver 

r. Segregated 
r Coupled 

Space 

Formulation 

r. Implicit 
r 

Time 

r r Steady 
r " 'ltmt tnl" r. Unsteady 

n nl"trtLSwu 
... 30 

Velocity Formulation 

r. Absolute 
r Relative 

Gradient Option 

r. Cell-Based 
r Node-Based 

Transient Controls 

r Non-Iterative Time Advancement 

r Frozen Flux Formulation 

Unsteady Formulation 

r 
r 1 si-Order Implicit 
r. 2nd-Order Implicit 

Porous Formulation 

r. Superficial Velocity 
r Physical Velocity 

Fl<;t HE :.t2. Soln•r sdlinp;s F IXE.\T (i.2.1H 
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3.5. Results and Conclusions 

C'oltl!ml<•r tnodcls inclnd<•d ld't subclaviau artery. graft. a nd le ft pul­

monary art <'ry. and n•pn's<'nt c•d the <l\'Nctg<' geomet ry of t hc' graft in l wo 

p,roups of pal icnts. The size of the blood ,·c·ssds was the satne in both mo­

dels. hut the graft \n1s lon!l,er and muTowcr in model B (clo tt c'd grafts) than 

in model A (patent grafts) . Shcm stress fields werP calculated. and the ,·ol­

tmw wi thin the J!loclcl with hip,h shear rate (over 25001 s) was detcrminPd. 

in cliHncnt phases of t he cardiac c~·ciP. 

About ()<;(' of i n f1owi 1111, blood was d irected to the pulmonary c irculat ion . 

fn both models we obserwd a large reC'irC'ulat ion region at the inlet to t he 

p,raft acc·o1npa nied b.'' a hig h shea r stress region at the opposite wall of the 

p, ra ft. Th<' regio n of high st ress was less l hnn 0.5o/c of total volume o f the 

S)'Stem in model A (patent grafts). and owr J</(' of total volunw in model B 
(clot tcd p,rafts). 

:'\arrm,· and long grafts C'reate flow pal terns with high s hear stress that 

promot<' platelet <lclin1lion kading to aug1ncnted risk of clot formatio n. 

TIH·rc{orc t 11<' graft geomet ry may be one of crucial fac tors in mBT a uas-

1 omosis fail m e . 

.. -· -

... 
... . 
... 

[mfs] [Pal [s''l 

,.<'lorit\· ma)!;nit uci<' slat i<' prl's,.,un· strain rate 

F1m Ill·. 2:l . Result" obtainPd during sysloli<' phase of lh(• simnlation 

The most important findi ngs from t hP ll!<'di<'al point of ,·iew were t lH' 

results i><'ing in best agn'<' lll<'lll with tbe findings common in im·a,-;i ve a nd 

no11 in,·asiw C'liuical cxaminat ions. 
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The best example of that was perfect explanation of the pressure loss at 

the inlet of t he graft commonly found in hemodynamic postoperative st udy 

of t he pal ienls undergoing the m13T shunting. 

The second important finding was the \·isualizat iou of l he high shear 

st ress regions at t he inlet of thP pros thetic vessel. Shear stress is conside­

red t he most important mechanical factor directly influ enc ing biod te ntical 

reactions like t hrombosis and intimal hy perplasia in vascular syst m . 

N ulllnic models gave t he u n iq tte opportunity to study in ·'patient safe" 

environment such condi t ions like: 

• Il yd raulic pressure loss in the B-T shunt. 

• region · of high shear rate can be localized. 

• n tlnerability of the flow to the g,eowelry of t he proxintal a naslolllosis. 

During the evaluat ion period of t he results we found some q uasi-com-

pressibility occurring in solving lllethod a lthough the sett ing of the solver 

explicitly was set to uou-contprcssibl <•. 

T .\BLE cl. "Qnasi-COl llpressibility'' dl'cct of the solver results i n relatively large 

<'!TOr in inslantanE>ous volnmPLr ic flux balanc<:' 

In let out let !\lass flow rate lg ~1 Vol. flow rate lcnt:l si i\vg. densit.v lg <·mal 

I (Out ) 4.69714 1.297 1:37 1.09:l01 

2 (O ut ) 4.697 14 4.291925 1.09111 

3 ( In ) - 11.74285 - 10.04857 l. lGSGI 

I (Ou t ) 2.34857 2. 1122 15 1.09633 

2: 0.0 0. GH:Hl07 

From t he computational point of view some safegua rds a nd pi t fa lls had 

to I)(' IIH'utionC'cl for t he '·non engi neer" user of the commercial packages. All 

of the results obtained from the CFD methods has to be cardully evaluated 

and the sole judge of their applicabil ity for t he medical doctor has to be 

<·mnnton sense a nd crit ical analysis. 
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