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1. Abstract

The porousmicrogructure plays an important role in the damage resistanceof bones, [1], [3].
The aim of the paper is to establish the strength criterion for the bonelike porous material, which
takes into acmunt the porous geometry explicitly, Fig.1. Firstly, we define a new fabric tensor
based on the mathematicd homogenization theory to separate geometricd eff eds from mechanicd
ones. Next, we condruct the strength surfaceusng theintroducel fabric tensor.

Fig.1. Anisotropic porous structure of a bone

2. Fabric tensor based on the mathematical homogenization theory

The mathematicd homogenization of periodic as well as stochastic media is based on the
assumption tha an inhonpgeneous medium behaves as a homogeneous one provided tha
maaoscopic size L, is infinitely large as compared to the size | of its heterogendties. The
maaoscopic behavior is described by effedive (maaoscopic) propeties of a “honogenized”
material, which are obtained in the case, when the small dimensonlessparameter € = I/ L tendsto
zero.

Let us assume tha thelocd elastic properties described by the fourth order tensor, depend on the

postion x bdongng to the spaceocapied by a material body. The material bodyis composed of
@ © ©
two-phase inhonogeneous material in the following way: C(x/&) = C+(C-C)x(x/&). Here

® @
C, C aedastic propaties of components, and x(y) denctesa charaderistic function of the set

occupied by the comporent dencted by the index (1). Effedive properties of the composite are
given by:
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c* = C+(C—C)<,\/[I(“) +T D((Cll)—(cz)) )(J_ >

where the comporents of 4™ rank tensor Fa (YY) =0007,Gy, (v.y') composethe kernel of a

integral operator. The operator can be defined by the Green function of the periodic boundry
problem of eladicity for homogeneous material (2) if in a periodic structure of the composite was

assimed. The bradkets denote averaging over statisticd ansamble or over the periodic cdl. If
®

®
C - 0, then the effedive elastic properties of porous material with the skeleton described by C

@ @ .
are given by the formula Ce”:\/E:T: C, where T=I(4)—<)((I(4)—AD)()1> ,
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A=VC:T:VC. |- denates unity in the spaceof the symmetric 4th rank tensors and two dots
dencte doule contradion of the tensors. The tensor T is cdled the fabric tensor and it can be

e

rewritten in the following form: T =1 - . The measure du(x), namely their moments,
0

describe geometry of the porous structure. In what follows, the index (2) is omitted. Let us define
two tensors, T, =J/C:T: (\/6)_1 and T, :(\/E)_l:T :J/C, which are cdled the left and right
damage tensors, respedively. The names are justified by the relations ¢ =T, :6  and

£ =(T,) " : ¢, where the first one is a stressrelation between damaged ( material with pores) and
virgin materia. It is assumed that strains are the samein damajed and virgin material and the
semnd one is a strain relation between damayed and virgin material. Moreover, it is asaumed that
streses are the same in both maerials. The following relations aso hdds: C* =T, :C and

T,=C™:C*.

3. Srength surface

A homogenized fail ure criterion for an arbitrary two-phase elastic compasite is formulated
in [2]. The criterion incorporates an elegant first approximation to the microscopic stressfluctuation
due to the interadion between the homogenized stress and the microstructure. To formulate
homogenized criteria for trabeaular bore, we assume that such criterion is known for the skeleton
material i.e. compad bone, which is a comporent of composite. The criterion has the form of
inequality for microstreses in the skeleton material: 6™ : I1:6™° <1 , where 1I is given as 4"
rank positi vely definite tensor. Now, the strength criterion of the trabeaular bore, expressed by the
4" rank positively definite tensor, is given by the formulae

o =(cC*)*:.c:m:Cc:[0.,c*]:(C*)™,
where [0.C*] denotes so-caled phasegradient of the dfedive tensor with resped to properties

of compad bore material. It is the 8" rank tensor. The tensors C*, (C*)™ denate stiffness and
compiance dfedive tensors of the trabeaular bore, respedively. The phase gradient is obtained
from the solutions of a so-cdled locd problem. In the cae of periodic structure it is cdled
“problem on the periodic cdl”. The aiterion is gpplied to maaoscopic stresss in the trabeaular
bore. The strength criterion is given by the inequality 6™ : IT* : 6™ <1, where the equality
defines the strength surface. Usng the dependence on fabric tensor of effedive dastic tensor
introduced abowve, the influence of geometry on the strength criterion is analyzed with various
assumgptions concerning microstructure of bones.
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