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SAINT-VENANT’S PRINCIPLE IN MAGNETOELASTICITY

T. J. Hoffmann, M. Chudzcka-Adantzak
Pomari University of Technology, Ingitute of Applied Mechanics, Pomari, Poland

Toupin’s version of Saint-Venant's princple in linea elasticity is generalized to the case of
linea magnedodasticity. Tha is, it is shown tha, for a straight prismatic ba made a linea
magnetodastic material end loaded by a self-equilibrated system & oneend only, theinternd energy
stored in the portion of the bar which is beyond a distance s from the loaded end deaeases
exponentialy with the distances.

Mathematicd versions of Saint-Venant's prindple in linea elasticity due to Sternbeg,
Knowles, Zanaboni, Robinson and Toupin have bee discussed by Gurtin [1] in his monogaph.
Later developments of the prindple for Laplacés equaion, isotropic, anisotropic, and composte
plane elasticity, threedimensgond problems, nonlinea problems, and time-dependent problems are
summarized in thereview articles by Horgan and Knowles [2] and by Horgan [3]. In this pgpoe we
prove an andogueof Toupin’s version of Saint-Venant's principle for linea magnetodasticity. For
alinea elastic homogeneousprismatic body of arbitrary length and crosssedion loaded ononeend
only by an arbitrary system o sif-equilibrated forces, Toupin [4] showed that the dastic energy U(s)
stored in the pat of the body which is beyond a distance s from the loaded end satisfies the
inequdity

(1) u(s)<su(0) exp{— (S_l)}
s.()

The charaderistic decy length s (1) depends uponthe maximum and the minimum elastic

moduli of thematerial and the small est nonzeo charaderistic frequency of freevibration of adice
of the cylinde of length |. Inequditi es similar to (1) have been obtained by Batra [5] for linea
elastic piezodedric prismatic bodies and by Borrelli & P&ria[6] for a semi-infinite magneodastic
cylinde on the asymptotic behaviour of the Dirichlet integral of the magnetic field and of the eastic
energy.
Here we condder a linea theory of magndodasticity (for infinitessimal strain) in which only the
pondeomotive force remains nondinea in presenceof amagndic field . We assume tha theelastic
bodyis honogeneous isotropic and dedricdly conduding [7], [8], [9], [10].

Let the finite spatia region ocaupied by the magndodastic bodybe V, the bounday surface
of V beS. theunit ouward nomal of Sbhe n,, and Sbepatitionad &

S pU §=30S;,

@) 0= Sn $=5nS;.

Physicdly, S ,S; are, respedively, pats of the bounday S on which medanicd displacanents
and tradions are prescribed. S; is the pat of S which is in contaa with eledrode, hence the
tangential eledric field vanishes oniit, and S; the pats of S on which the magndic indudion is

prescribed. The govening equaions and bounday conditions for static magndodasticity in
redangular Cartesian coordinaes in 9 units are;
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0;T; =0, &« 0;E,=0, 0,D,=0, in V,

gijkaij:ji! 0,B,=0, inV,

jk:JEk’ Dk:£Ekl Bk :ﬂHky |n V,

— 1 )

3 T =t +T, 4 =CGyé&e, T =B H, _55" B.H,., inV,
&; =%(6i u +6jui), inVv,

ui:Ui onSu, n uij:.} OI"IST,
&«N,E,=0 onSg, n B =0 ons,,

where u; is the mechanicd displacement, t; the mechanicd stresstensor, T, the Maxwell stress

L
tensor, ¢, the strain tensor, E, the eledric field vedor, D, the eledric displacenent vedor, H,

the magndic field vedor, j, the current vedor, B, the magndic indudion vedor, &, 4,0 the
eledromagnetic material condants, c;, the elastic modui, ¢;, the permutation tensor, J; the unit

tensor, 0, the spatial derivative, U, and ﬂ are the prescribed boundry medhanicd displacement
andtradionvedors.
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