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VISCOUS INCOMPRESSBLE FLOW IN POROUS MEDIA
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1. General

Our am is to extend the Darcy law to a range of higha speals of flow, and to derive
a nunmber of properties of such aflow. First, we note that the laminar flows ocaur for the large
values of Reynoldsnumber. Next, it is shown that viscosty scding for small capillariesin aporous
medium is not related to the Reynolds number, and the Darcy law, applicable not only to the
stokesian sgage, is obtained usng the Navier—Stokes equéaionsfor the seady case. Findly, anon-
homogeneous porous medium, conssting of two different porous comporents is seleded to show
that for such a composte so cdled the Dykhne hypaheses are satisfied and a square root formula
for theeffedive pameability is obtained.

2. Thelaminar flow

Condde stealy flow in a pipe of arbitrary crosssedion, the same alongthewhole length of
thepipe Let v denote the velodity, p — presaure, 77 - viscodty. Moreover, let t denote thetime and
X —the postion. We take the axis of the pipe as the X, axis. Thefluid velodity is alongthe x; axis,
andisafunctionof x, andx, only. We have dv, /ot =0, v,=v,=0andv,=v. Hence theleft-hand
side of the Navier-Stokes equaion vanishes. If /7 is congant then dp/dx, = dp/ox, =0 and
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In gened, fluid flow in a pipe crosss the threshold from laminar to turbulent flow when Reynolds
numbe R reades abou 2000, R=pud /7; p - thefluid densty, u — the mean velodty over the

pipe crosssedion, and d — its mean diameter. For thewater ( p=1 g/lcm?®, 7 =0.01g/cm s) flowing
in a pipe with the diameter d =1mmwe read such value of R with the mean velocity u=2nvs.
Laminar flow has adudly been obsrved even to Reynolds number R= 50000, what gives

u=50m/s. The velocity of bloodin aorta (in pulséil e regime) is of the order u=4 m/s.

3. Saling in laminar flow

Let the crosssedion of a pipe be an equilatera triange of side a. We put x= X,y =X, and
z =X,. The solution of the equation (0 is
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and Q denates the discharge, it is the volume of fluid passng ead second throughthe pipe.

Next, we divide eat side of crosssedion into two equal parts, introduce into the parall el
rigid walls with infinitesimal thickness and obtain four smaller pipes similar to the origina one.
After n such divisions Q,=Q/2*" and Q, vanishes as number of divisions n goesto infinity. To

conserve the total discharge we shoud reduce the viscosity of fluid by fador £°, where £ =1/2".
Inredity, instead of 17 itisthe presaure gradient which scaed .
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4. Homogenisation of gationary laminar flow in porous composte

Consider stationary laminar flow in a porous medium of dimension L with periodic structure
(elementary cdl with dimension| ) and introduce the fradion =1/ L. According to an asymptotic
development metod we put for the presaure p® and velocity v¢ the expansions

P = p2(x )+ (xy) +epP(xy) .. U= P(xY+eP () +eVI(xy) +..,
where y=x/ ¢, substitute to the laminar flow equation (*), and compare terms at the same power
of &. Term with £ provides 9p®/dy, =0 what means p© = p@(x). To satisfy equation with

power £°, weput p© = {(y)(— op@/ ax) ad V= X(y)(— op@/ ax) where ¥ satisfies
2 2
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After averaging the velocity over the elementary cdl we get the Darcy law

()=t -2

derived nat from the Stokes but from the Navier—Stokes equation for the steady laminar flow.

5. Sationary flow in two-dimensional two-component porous composite

The solid part of the system contains two overlapping domains of distinctly different
permeabiliti es, K, and K, . In geology, the low permeability medium corresponds to block matrix
with primary porosity, surrounded by fradures, and the high permeabilit y continuum corresponds to
rock fradures (secondary porosity). In biology we observe, for example, pores of different sizein
plant tissues or in anima bores, corticd and trabeaular. If such systems are planar and the
following Dykhne asaumptions are satisfied: (i) considered fields are 2-dimensional, (ii) the flow is
stationary and has the potential, (iii) statisticd symmetry and isotropy of the compasite is asaured,
then the square root formula for the effedive property hdds.

Define vedor f as 2-dimensional gradient of presarefield, f, = -dp/dx, where a=1,2.

The Darcy law hastheform v, = K f, where K isapermeability. On the ancther hand, curl of
f as of the potential vedor, vanishes, it is f,,—f,, =0 and the assumption that the flow is

incompresshlegives v, , =0or f,+f,,=0. Thusthe condtionsof Dykhne are satisfied and

K® = /KK, . Thisistheformulafor effedive permeability if the domains with permeabiliti esK ,

and K, are statisticaly equivalent. It gives the effedive values also in the case when the Hagen-
Poiseuill e flow and Darcy flow are mixed together.
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