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1. Implicit Standard Materials

Themechanicabehaior of manymaterals can bemodeled bya constitutve law deliving from
a conex lower semi-continuouglsc) potential ®. A stress-like vaiiable y is relatedto a strain-like
valiable x equivalently by oneof thethreefollowing conditions:
(1) y € 09(z) i.e. y belongsto the subdiffeentialof ¢ atxz (VE, P(£) > O(x) + (£ — z,y))
(i1) z € 99*(y) i.e. x belongso the subdiffeentialof &* aty (Vn, *(n) > ®*(y) + (z,n — y))
(i) ®(x) + P*(y) = (z,y).

The bracketsenclosingz andy denotethe duality productbetweenz: andy. Condition (i:7)
can beregardedasanextremalcaseof the Fenchel-Younginequality ®(z) + ®*(y) > (z,y) deiived
directly from the definition ofthe Legendre-Fenchel-Mareau functional transformation [10]

®*(y) = sup({z, y) — ®(x)).

Suchmaterals are called"Generalized Standard Materials” [8]. However, ther exist materals,
claysfor example[5], whosebehaior cannotbe modeled bya conex Isc potential. In this case,
the constitutre law is called non-associated. Giving up the sumdecompositiorin (iii), Gety de
Saxe [5] succeedeih modelingthe behaior of a nen classof mateials, the”| mplicit Standard
Materials”. Thesemateials are chaacteized by a bipotentialb(z, y), as statedn the following
section.

2. Bipotentials

A functionb(z, y) satisfyingthe conditions:
(i) b(z,y) is convex andlscin (i7) b(x,y) is convex andlIscin y (i) b(z,y) > (z,y)
is calledbipotential [4]. Whenthe constitutie law of a materal can be gpressedndifferently by
any ofthefollowing three conditions:
(iv) y € O.b(x,y) i.e. y belonggto the subdiffeential of thefunction{ — b(¢,y) até =«
(v) z € 9yb(z, y) i.e. z belongsto the subdiffeential of thefunctionrn — b(z,n) atn =y
(vi) bz, y) = (1)
thislaw is saidto admit thebipotentialb, andthe materal is referredas”Standad Implicit”.

The "GenealizedStandad Matetials” are special’l mplicit Standad Mateials” with separable
bipotentials of thetype b(z,y) = ®(z) + ®*(y), for which condition (zi¢) is nothingelsethanthe
Fenchel-Yunginequality

3. Parallelism of two vectors

As a stat point to exhibit the bipotentialmodelingthe Coulomb dy friction ([5], [6]), let us
considerthe constitutie law enactingthat two vectos = andy of anHilbert spaceH have the same
orientation. This constitutize law is not maximalmonotone andherefore cannote descibed bya
conwex Isc potential.Neverthelesspne carexpressthis law by makingequal theproductof thenoms
with the duality product: ||z|| ||y|| = (z,y). We canremak that thefunctionb(z,y) = ||z|| ||y||
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saisfiesthe conditiong:), (i¢) and(éii) of Section 2thelastonebeingtrue thanksto the Cauchy-
Schwarz-Buniakovskyinequality The eqwalenceof thethree conditiongiv), (v) and(vi) is dueto
thefollowing propety of thenom in aHilbert space: theubdiffeentialof thenom at x is equal to

the closed uniball if z = 0 andis reducedo {LH} if z #£0.

[l

4. Representing aconstitutive law by a function

For representinga maximal monotone multifunction « — y € Tx C H, S. Fitzpatick
([3],[7]) introducedtheglobal conwex Isc function

F(z,y) = (z,y) - y,ieanz,@' -,y —y).

SinceT is maximalmonotonethe aboeinfimum ian (2’ —z,y —y) isnon-positve andits equality
yle 2!

to 0 holdsif and onlyif y € Tx. Therefore F(z,y) is boundedirom below by the duality product
(z,y), andwe recower the conditionof Section ZXor F' to be abipotentialrepresentingl".

Thus,in caseof maximalmonotonicity ofthe constitutie law, a bipotentialcan be constrcted
asa Fitzpatrick function ([1],[2],[9]). But, doesFitzpatick’s methodwork for non monotone con-
stitutive laws?

Inthislecturewewill present tvo examples.Thefirstone concearsthelinearmonotone eplicit
law y = Az with S = A*—QAT asa positive-definitelinear mapping. The second onés devotedto the
nonmonotonamplicit law discussedn Section 3.
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