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1. Implicit Standard Materials

Themechanicalbehavior of manymaterialscan bemodeled bya constitutive law deriving from
a convex lower semi-continuous(lsc) potential Φ. A stress-like variabley is relatedto a strain-like
variablex equivalently by oneof thethreefollowing conditions:
(i) y ∈ ∂Φ(x) i.e. y belongsto thesubdifferentialof Φ atx ( ∀ξ, Φ(ξ) ≥ Φ(x) + 〈ξ − x, y〉)
(ii) x ∈ ∂Φ⋆(y) i.e. x belongsto thesubdifferentialof Φ⋆ aty ( ∀η, Φ⋆(η) ≥ Φ⋆(y) + 〈x, η − y〉)
(iii) Φ(x) + Φ⋆(y) = 〈x, y〉.

The bracketsenclosingx andy denotethe duality productbetweenx andy. Condition(iii)
can beregardedasanextremalcaseof theFenchel-Young inequality Φ(x)+Φ⋆(y) ≥ 〈x, y〉 derived
directly from thedefinition oftheLegendre-Fenchel-Moreau functional transformation [10]

Φ⋆(y) = sup
x

(〈x, y〉 − Φ(x)).

Suchmaterials are called”Generalized Standard Materials” [8]. However, there exist materials,
clays for example[5], whosebehavior cannotbe modeled bya convex lsc potential. In this case,
the constitutive law is callednon-associated.Giving up the sumdecompositionin (iii), Gery de
Saxće [5] succeededin modelingthe behavior of a new classof materials, the ”I mplicit Standard
Materials”. Thesematerials are characterized by a bipotentialb(x, y), as statedin the following
section.

2. Bipotentials

A functionb(x, y) satisfyingthe conditions:
(i) b(x, y) is convex andlsc in x (ii) b(x, y) is convex andlsc in y (iii) b(x, y) ≥ 〈x, y〉
is calledbipotential [4]. Whenthe constitutive law of a material can be expressedindifferently by
any ofthefollowing three conditions:
(iv) y ∈ ∂xb(x, y) i.e. y belongsto thesubdifferentialof thefunctionξ 7→ b(ξ, y) at ξ = x
(v) x ∈ ∂yb(x, y) i.e. x belongsto thesubdifferentialof thefunctionη 7→ b(x, η) atη = y
(vi) b(x, y) = 〈x, y〉
this law is saidto admit thebipotentialb, andthematerial is referredas”Standard Implicit”.

The ”GeneralizedStandard Materials” arespecial”I mplicit Standard Materials” with separable
bipotentials of the type b(x, y) = Φ(x) + Φ⋆(y), for which condition(iii) is nothingelsethanthe
Fenchel-Younginequality.

3. Parallelism of two vectors

As a start point to exhibit the bipotentialmodelingthe Coulomb dry friction ([5], [6]), let us
considerthe constitutive law enactingthat two vectors x andy of anHilbert spaceH have thesame
orientation. This constitutive law is not maximalmonotone andtherefore cannotbe described bya
convex lscpotential.Nevertheless,one canexpressthis law by makingequal theproductof thenorms
with the duality product: ||x|| ||y|| = 〈x, y〉. We canremark that thefunction b(x, y) = ||x|| ||y||
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satisfiesthe conditions(i), (ii) and(iii) of Section 2,the lastonebeingtrue thanksto theCauchy-
Schwarz-Buniakovskyinequality. The equivalenceof thethree conditions(iv), (v) and(vi) is dueto
thefollowing property of thenorm in a Hilbert space: thesubdifferentialof thenorm atx is equal to

the closed unitball if x = 0 andis reducedto
{

x

||x||

}

if x 6= 0.

4. Representing aconstitutive law by a function

For representinga maximal monotonemultifunction x 7−→ y ∈ Tx ⊂ H, S. Fitzpatrick
([3],[7]) introducedtheglobalconvex lsc function

F (x, y) = 〈x, y〉 − inf
y
′
∈Tx

′

〈x′ − x, y′ − y〉.

SinceT is maximalmonotone,the aboveinfimum inf
y
′
∈Tx

′

〈x′−x, y′−y〉 is non-positive andits equality

to 0 holdsif and onlyif y ∈ Tx. Therefore F (x, y) is boundedfrom below by the duality product
〈x, y〉, andwerecover the conditionsof Section 2for F to be abipotentialrepresentingT .

Thus,in caseof maximalmonotonicity ofthe constitutive law, a bipotentialcan be constructed
asa Fitzpatrick function ([1],[2],[9]). But, doesFitzpatrick’s methodwork for nonmonotone con-
stitutive laws?

In this lecturewewill present two examples.Thefirstone concernsthelinearmonotone explicit
law y = Ax with S = A+A

T

2
asa positive-definitelinearmapping.Thesecond oneis devotedto the

nonmonotoneimplicit law discussedin Section 3.
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