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In the paper, the model of heat conduction in solids reinforced by short fibres with a 
functionall y gradation of effective features (functionall y graded materials - FGM) will  be 
constructed. The proposed model will  contain a set of equations for an averaging temperature 
(describing macroscopic changes) and functions called fluctuations (describing the influence of a 
microstructure on the heat flow). The model will  be tested on the examples of numerical solutions. 

1. Conductors reinforced by fibres 

We are going to consider the conductors, whose configuration in the physical space with the 
Cartesian orthogonal coordinate system 3

321 Rxxx ∈),,(  will  be an area ),( 33 hh−×Π=Ω , where 

),(),( 2211 hhhh −×−=Π . Those conductors will  be strengthened with thin fibres. We assume that the 

fibres are distributed parallel to the axes αx , 21,=α . 

The conductors need not to be periodical, however in the area Π is possible to section off  a 
part 21 II × , where ]/,/[ 22 ααα λλ−=I , 21,=α  and αλ  are the quantities characterizing the 

structure of the reinforcement. 
For any Π∈),( 21 xx , let us determine the functions of a saturation by the fibres 

),( 2111 xxνν = , ),( 1222 xxνν = ,  such that ),( 21 x⋅ν  is for every 2x  a 1λ -periodic function, while  

),( 12 x⋅ν  is for every x1 a λ2-periodic function. 
An essential assumption from the point of view of a method of modeling which we are going 

to use below, is a demand, that the functions v1, v2 were slowly varying with respect to the 
coordinates x2, x1, respectively, what we denote in a form: )(),( 2

1
11 ISVx εν ∈⋅ , )(),( 1

1
22 ISVx εν ∈⋅ . 

The introduced way of gradation can be a consequence of a slow variabilit y of the length of the 
fibres or a slow variabilit y of the saturation of these fibres. 

In the case under consideration, the functions v1, v2 are not periodical and the direct 
application of methods of asymptotical homogenization is not effective. Therefore, we are going to 
use a nonasymptotic method, known as the tolerance averaging technique [1]. 

2. Equations of a heat conduction 

For the described conductors is assumed that the heat conduction is held according to the 
Fourier’s law, i.e. is described in the area Ω × 〈t0, t1〉 by the equation 

(1) fcK lklk =−∂∂ θθ &)( ,   321 ,,, =lk  

where ),,,( txxx 321θθ =  is a temperature, ),,,( txxxff 321=  – a source of heat, c, K  = (Kkl) – a 

specifi c heat and a tensor of a heat conduction in Ω, respectively, which assume the constant values 
cM, M

klK  in the matrix of the conductor, cF, KF in the fibres. We also assume that in the fibres a one-

directional heat flow is held and FM
kl KK << . 

The thermophysical features of the medium will  be described with functions: c: Π → R, 
K : Π → R of the form as below: 

http://rcin.org.pl



36th Solid Mechanics Conference, Gdańsk, Sept. 9–12, 2008 379

)),(),((),( 12221121 xxxxccxxc FM νν ++= , 

),(),( 211112111 xxKKxxK FM ν+= ,     ),(),( 122222122 xxKKxxK FM ν+= ,  

(2) MKxxKxxK 1221212112 == ),(),(  

where vα  are λα-periodic functions with respect to x2 and x1, respectively, 0 ≤ vα ≤ 1, 1 − vα ≅ 1. 
The functional coeffi cients (2) are oscill ating and non-continuous. They describe a 
micrononhomogeneity of the considered conductors. 

3. Averaged model 

According to the tolerance averaging technique, we carry out a micro-macro-decomposition 
of a temperature in a form: 

(3) ),,()(),,()(),,(),,( txxxtxxxtxxtxx 21
2

2
2

21
1

1
1

2121 ψϕψϕϑθ ++=   

where 

(4) )(),(),,( ∆∈⋅⋅ 1
εψϑ SVtt A   A=1,2 

for every t. 
The function ϑ(·), occurring in (3), can be interpreted as the macroscopic part of a 

temperature field θ(·), whereas the functions ψA(·) describe the microfluctuations of the temperature 
θ(·) in any part I1 × I2. These functions are the new functions to be sought. The functions ϕA(·, t) 
(shape functions) are linearly independent and must be known. 

According to the tolerance averaging technique, the equations for the sought functions ϑ(·), 
ψA(·, t), A = 1, 2, have the form [2]:  

>=<∂∂><+∂>∂<+><− fKKc AA ϑψϕϑ βααββααβ
&  

(5) ϑϕψϕϕψϕϕ βααββααβ ∂>∂<−>∂∂<−><− ABBABBA KKc & >=< Afϕ  

The equations (5) have a sense only if  the functions )(),( ∆∈⋅ 1
εψ SVtA , i.e. they are slowly 

varying functions. This condition can be proved only a posteriori – when these functions are 
already known. 

4. Concluding remarks 

In the constructed nonasymptotic model occurs n + 1 equations for the temperature and 
fluctuations, whose determination depends on certain periodic and oscill ating functions called shape 
functions, which must be known. In the paper will  be presented such functions, according to the 
tolerance averaging technique. Moreover, the model will  be numericall y tested. 
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