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INERTIAL MOVING LOADS
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Insitute of FundamentallechnologicalReseach, Warsaw Poland

1. Introduction

The problemof bridge spansunderamovinginettial load[1, 2] hasexistedsincethebeginning
of the railwaysdevelopment. Togetherwith increasing elocity of trains, the influenceof the wave
phenomenoiis rising aswell. Dynamic effectsare geneated bytheload oftrain currentcollectors,
travelling throughthe power supplycableof the ovetheadcontact line.Solutionsof inertial moving
loadappliedto discetesystemainfortunatelyare practically notrepoted. Inettial force,whichshould
be considexdasa coupleof aforce anda massis usuallyreplaced bya spling-mass systentinally
the problemis solved asa problemwith a massles$orce. We mustalsoemphasizehat the ad-hoc
massdistribution between neighboimg nodes simplyfails. In the caseof the beamat low speed
rangesandlow ratio ofthe movingmassto the beam massesultsexhibit errors. Unfortunately such
formulationsexist in spiteof awrongformulationandanalysis.

In this presentatiorthe differential equations
of the motion of a string and beamsvere delived
from the Lagrange equation ahe 2nd kind. More-
over, the direct solution ofthe differential equation vZconst  EL pA
wasobtainedasan altemative solution. Both results NS CE AN
coincide. We also pesent thenumeical appioach 1 | |
to the moving inettial load poblem. Classicalfi-
nite elemenmethodwith Newmark timeintegration  Figure 1. The point massmoving onthe beam.
schemamentionedn fails. The space-timédinite el-
ementmethodis the only methodwhich enablesus
to descibe the masspassinghroughthe spatialfinite element ina continuousvay. We present the
solutionin the casef a stiing anda Bernoulli-Eulerbeam.

2. Formulation

Themotionequation othebeamunderamovingmassn coupledwith aforce P can bewritten
asfollows
0*u(x,t) 9%u(x,t) 9 %u(vt, t)
wher ET is the beam stiffness, N is a tensileforce andpA is a linear massdensity Taking into
accountbeamterms, we imposefour bounday conditions

0%u(z,t)
e | =Y T | =0

ard two initial conditionsu(z,0) = 0, du(z,t)/0t|,_, = 0 . The equatiortan notbe easilysolved
andwe must intgrateit in anumeical way. We usethe matiix notation hee
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which resuts in a shot form Mé£ + C¢ + K¢ = P, whee M, C andK are squae matices for
i=j=1,2..n

Whenwe calculatehevalueof geneal coodinates; (¢) for eachi to n. Finally we cancompute
displacementsf the string-beamu(x, t)

4) u(z,t) = gl:&(t) sianx :

Displacementsgiven in the exkamplebelov are dimensionless.They were calculatedn relation
to the static deflectionu, of the sting-beamloadedin the mid point by the point force P: uy =
uos top/ (Uos uop). Ugs aNdug, are staticdeflectionsin the caseof a string anda beam,respectrely.
Themasdtrajectoy is depictedn Fig. 2.
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Figure 2. Masstrajectoy for differentspeeds (bending nglected).

3. Conclusions

We dealwith the problemof thenumeical treatmenbf themovingmassproblem. Thesolution
presentedn the papershavs the way of mathematicabnalysiswhich resultsin a universal time
stepping pocedue. It enablesusto solve the problem with the abitrary speed. The solutionin
the caseof the string exhibits discontinuousmasstrajectoy [3, 4] at the endsuppot. This fact
influenceshigh gradientsof the solutionat thefinal stageof the motion. This phenomenoris the
pardoxicalpropety of thedifferentialequatiorsince consideng bounday conditionswe intuitively
expectsmoothcurves. Numeical resultsof the sting vibrationsexhibit goodaccuacgy, compamng
with semi-analyticabolution.In the casef the beamthe coincidencef bothcurvesis perfect.
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