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1. Intr oduction

Theproblemof bridgespansunderamovinginertial load[1, 2] hasexistedsincethebeginning
of the railwaysdevelopment.Togetherwith increasing velocity of trains,the influenceof the wave
phenomenonis rising aswell. Dynamic effectsare generated bythe load of train currentcollectors,
travelling throughthepower supplycableof theoverheadcontact line.Solutionsof inertial moving
loadappliedto discretesystemsunfortunatelyarepractically notreported.Inertial force,whichshould
be consideredasa coupleof a force anda massis usuallyreplaced bya spring-mass system.Finally
theproblemis solvedasa problemwith a masslessforce. We mustalsoemphasizethat the ad-hoc
massdistribution between neighbouring nodes simplyfails. In the caseof the beamat low speed
rangesandlow ratio of themovingmassto thebeam massresultsexhibit errors. Unfortunately, such
formulationsexist in spiteof awrongformulationandanalysis.

In this presentationthe differential equations

Figure1. Thepointmassmoving onthebeam.

of the motion of a string and beamswere derived
from theLagrange equation ofthe2nd kind. More-
over, the direct solution ofthe differential equation
wasobtainedasanalternative solution.Both results
coincide. We also present thenumerical approach
to the moving inertial load problem. Classicalfi-
nite elementmethodwith Newmark timeintegration
schemementionedin fails. Thespace-timefinite el-
ementmethodis theonly methodwhich enablesus
to describe themasspassingthroughthespatialfinite element ina continuousway. We present the
solutionin the caseof astring andaBernoulli-Eulerbeam.

2. Formulation

Themotionequation ofthebeamunderamovingmassm coupledwith aforceP can bewritten
asfollows
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where EI is the beam stiffness,N is a tensileforce andρA is a linear massdensity. Taking into
accountbeamterms,we imposefour boundary conditions
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and two initial conditionsu(x, 0) = 0 , ∂u(x, t)/∂t|
t=0

= 0 . The equationcan notbe easilysolved
andwemust integrateit in anumerical way. Weusethematrix notation here
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which results in a short form Mξ̈ + Cξ̇ + Kξ = P, where M, C andK are square matricesfor
i = j = 1, 2, ..., n.

Whenwe calculatethevalueof general coordinatesξi(t) for eachi ton. Finally we cancompute
displacementsof thestring-beamu(x, t)

(4) u(x, t) =
∞

∑

i=1

ξi(t) sin
iπx

l
.

Displacementsgiven in the examplebelow are dimensionless.They were calculatedin relation
to the staticdeflectionu0 of the string-beamloadedin the mid point by the point force P : u0 =
u0s u0b/(u0s u0b). u0s andu0b are staticdeflectionsin the caseof a string anda beam,respectively.
Themasstrajectory is depictedin Fig. 2.
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Figure2. Masstrajectory for differentspeedsv (bending neglected).

3. Conclusions

Wedealwith theproblemof thenumerical treatmentof themovingmassproblem.Thesolution
presentedin the papershows the way of mathematicalanalysiswhich resultsin a universal time
stepping procedure. It enablesus to solve the problem with the arbitrary speed. The solution in
the caseof the string exhibits discontinuousmasstrajectory [3, 4] at the endsupport. This fact
influenceshigh gradientsof the solutionat thefinal stageof the motion. This phenomenonis the
paradoxicalproperty of thedifferentialequationsince considering boundary conditionsweintuitively
expectsmoothcurves. Numerical resultsof the string vibrationsexhibit goodaccuracy, comparing
with semi-analyticalsolution.In the caseof thebeamthe coincidenceof bothcurvesis perfect.

[1] C.E. Inglis. A MathematicalTreatiseon Vibrationsin Railway Bridges. CambridgeUniversity
Press,1934.
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