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ON THE STABILITY OF SPRING PENDULUM VIBRATION WITH
THE MOVABLE SUSPENSION POINT

CZESEAW BRONIAREK, BOGUSLAW RADZISZEWSKI

Preface.

A study of the dynamic behavior of pendulum vibration
with the movable point may begin logically with measuring of
many physicsl msgnitudes when the measuring instruments are
connected with the test dody. It is well known, the support
motion has & grest quantitative and qualitative influence on
the engine vibration. The work of the mechanicel vibrator,
which is comnected with medium, is the other example of this
problem, ‘

The purpose of this paper is to develop the subjezt of
pendulum vibration with a movable suspension point conside-
red by G. Gorelik end . Witt {1], J.P. Den Hartog [2] , T
Minorsky [3} » Lehs Pipes |4] , R.Ae ATnold and L, Maunder
51

1. The general equation of pendulum vibrations.

We consider the motion of the system shown disgramati-
eally in Fig. 1. The system consists of a heavy uniform vod
AB of mass: B, and of length 2b whose upper end A is constrai-
ned to move horizontally with displacement x = x(t) eand
vertically with displacement y = y(t) . On this rod movas
the other mass B, which has a center of gravity denoted by
m, . The spring is attached to the rod at A, is of stif?ness
k, and has an unstressed length approximatelly 5 » We deno=~
te by §(t) the distance between point A and center mass my:
thus the elongation of the spring in each time is 5, - };(t) .



Viscous friction exists between the mass B, and rod m,
of the value ¢, per unit of relative velocity.
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Pig. 1

Viscous friction by pendulum motion around the suspension
point A 1s assumed in the value of ¢, per unit of angular
velocity of rod. The distance £(t) of the mass m, fron
A and the angle o((t) between AB and the vertical may be
chosen as our generalized coordinates.

The absolute speeds of point B, end m, may be
obtained from the expressions

'$ = i2+§2+ (bo'c)e-rzb&(x'coso(-iainoé) ,

(1

v, = 'x2+§2+(g&.)2+2§o'((icoao(-isinot\)+'=§2+2é(isim(+§cosu) ,
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which are calculated from gemeiry of vectors as shown in
Pig. 1.

‘The kinetic ensrgy of the system may de obtained from
the equation

(2 =1 + 0,93+ W),

mmI:I‘;d»Ig and I'i’-theuentof m, inertia in
regard to ng, lgo'ﬁemmtotnz inertia in regard to

L Subetituting the valoe V2 and V5 from (1) in (2)
givee
o ? = 3o, w,) (5257 i (m pPen E2 e P ralconni(m boa,E )
| * *2224‘ nz‘xg'emec- ysinn(a b + m,% )+E jm,co8% .
The potential emergy of the system is
(4) V=- l1g(bcosn(+y)- nzg@cos#y)-ﬁ %kl@' -, ;‘.Z.}

Applaying the lagrangian equations

d“'l' QT R ~ dC\-; QT qv o -
Rm} qg q »--c1g, a'{% i ro"” SR

after calculating we obtained the following mor.. - :ar &iffe
Tential equations of motion

'gﬁ""‘ﬁ +k'(g -£)m Lxﬂn;(— @-y\wj ey g“'-.: a,

(5) _
(I*a'bzuga)o&c *(n‘bhzg)[mnﬂ(g-y} ‘§ e O
If y=0 this system has the identical fr . < ihe boit

of R.N. Armold and L, Maunder mentioned % - ~vasics 5]
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Let x=m, = I=0 and y = asinwt, where w {s
frequency and a the amplitude of the pendulum suspension
point A in the wvertical direction, After introducing these
values into the system (5) the equation of the simplified
pendulun are thus

% ;‘-é ~lgxaw sinwtcosoh-(l-oz)dz.g@.cosog)
*;12‘57‘*% I Z&é*a«?sinotsin&)- 2—1%—2;;- fzg sin®,

where B = m,, §=2'- 1 and k,(l -go) = mg, 1 - length of
the gpring in the static equilibriun in vertical position,
It is not proposed to attempt a solution to the full
systen (5) of motion equation., A stady in this work will be
made, however, of the simplified cases described by (6).
2. Solution of a simplified deflected pendulum,.
Introduce to the system (6 ) the dinensionless time
T=wt, gmenaionless coordinate & = é and denote by
w? = F = the natural frequency o:f.' vibration of mass n
through red,
wg = £ - the natural frequency of angular vibration,

h, = =1 . danping ratio
1 ¢ ?

(6) ..

ccr = Zmnq - "critiecal® damping,

8]
"

£18 £ie

- forced frequency ratio,

- natural frequeancy ratio,

- parameter, which we call "small"”,

¢
= Wzr h, = ;‘2‘.‘(;3 - coefficients,
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After perforning sore algebra equation (6) is
transformed into



g+ Zh‘%_?:,‘-r(%)zg = sintcosd%cﬁ'2+d.'g-/.xz (1-coeoa) s
(M o(,"+$uxhzoz.‘7,xzeina(= -/emfsi;:a(-'ziuu( !;‘-/‘,zf;sin'tsmu( -
-2!"‘22" 5'“'-2/,.;«:'-/‘?1{%11106 ,
where ‘= g"'v 13 the symbol of differentiation in respect to

dimensionless undependable wvariable T .
The first equation of system (?)tor <= 0 takes form

@' + gy +(§-‘f; = sinT .

The amplitude of forced vibration will be less of a unit when

1 <1y
CRRE
(87 - 17+ gy >

()& - 20 - 23)] 30

from which 1 -2h% ¢ O end hp)’% . Therefore, the
amplitude of forced vibration is less of a unit for any £
when h1 > 5 e V
In our case we are interested only in such case when
h1 }‘L? or when the damping cocefficient in relative motion
through rod AB ¢, » "5 ¢, o Which means that || a.
The solution of the system (7) due to the first



approximation we want to find in the form

L=,
(8) o= x+/usm.m,'
E’ rI‘ ain! .

mmummw(v\,nmu

() * +mfxe(Rfx- S LT )

I =y r.z[ I# ees
(10) ¥j =-2um,1,- EsinY- sis¥ sinYeosY - 23X~

-2,.: “costsinY+ \Xstr®'siny + 2[ L ..

Asoming M &1 t!m-ne Gq\llt;m(9_,'-n obtain
(11) X + 2, & x* {&Fx = staveosy,
.i:ere Y 1s constant by the steaty state motion.

The solution of the equation (11) by these assmmptions
we mey write
(12) X = UcosTatn{t - ¢),

where

1 ’ mf:ﬁ.g;

ey ower @R

Substituting the solutfom (12) into (10) and averaging




0=

througb dimensionless time T 1in this period gives

(13) T+ 7.31121% rz[xz +%(1 + Ucou‘f)coa% sinY = 0,

Now, we are investigating the stability of the down
equilidrium position of the pendulum, in other words, stabi-
11ty of the zero sclution of the equation (13) . In such a
~case fram the equation (13) we obtain the following variatio-
nal equation

2[401 [x . ‘(1 + Ucosf)]ir =0,

and the stability condition
(14) £ » (1 + Ucos'®) 0.

The unequalities (14) are satisfied for the all finite
magnitudes of kinematic restorting force frequency W and ‘€
according to the previous assumptions, becames 0 LU £ 1.

By the upper equilibrium position of the pendulum
(1 = f")after a short calculation, the stadility condition
becones

(15) K - %(1 + Ucos‘e) < 0.

By using the notes for K and U we perform these
unequalities into

(16) ¥4 ( Ty s

where _
252 L (nﬂ.‘ ('2')2]

N R T Py T3
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This both functions 313_ and y, @arve shom in Fig, 2 as a

i}
plot of the function §- -w\];‘ for the definite systems
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Fig. 2

The region of value functions ¥, is contained between
two curves Y, for h1 =‘l—§- and h1 =C2

For example, we are trying the stability of small
notion of the pendulum for which a = 2 cm, mg = 1 kG,
k, = 1 kG/cm, ¢, = 0.71 c . o Thus §° =% and from the plot
ve £ind @|E > 0.4 . I other words, by W' >12.6 the
upper equiliﬂriun position is stable.

In this way we can try stability conditions of spring



e 1] -

pendulum vibration in this position.

When h, or k, tends to infinity (1.g., the spring
of pendulum occur in the inverted mathematical pendulum with
rigid rod) the unequalities (15) than becomes

2 _1
x.2<o.

'mése results agree with works [1] ’ [3] ’ [4] .
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