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1. Introduction 

The recent advance in the design and construction of 
automatic grinding machines and the increased requirements 
for the precision of the grinding process call for new and 
more accurate methods of testing and grading·respective 
tools, particularly abrasive wheels. One of the most ~ 
port ant characteristics of every abrasive wheel is its grade 
of hardness which is a measure of the tenacity with wbic~ 

· the individual grinding grains are bonded together. The in­

ner structure· of an abrasive wheel ·is schematically shown 
in Fig.1 • MSDY different methods have been hitherto used 
for measuring the hardness of abrasive wheels being all, aa 
a rule, mechanical methods which consist, generally ~eak­
ing, in acting upon the surface of the wheel's body with a 
hardened tool or with a normalized sand blast and then in 
measuring tha depth of the depression produced in the ab­
rasive material. All these methods, besides being destruct­
ive ones, are inaccurate~ very laborious and depend to some 
extent on the operator"' s skill and judgment~ 

In this connection another methods for grading abrasive 
wheels were proposed being non-destructive acoustical metb-
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ods based on resonance trequency measurements [ 1 ] [2]. They 
are founded upon the justified theoreticall.y by Kircbhoff [3] 
and verified experimentally by many other investigators 
well-known. relations which exist between the geometrical 
and material parameters of definite mechanical structures, 
especially circular plates, and their vibration properties. 

B 

Fig.1. Simplified sketch showing the inner structure 
of an abrasive wheel 

A - abrasive grains, B - bond, C - voids. 

It was proved that the hardness of any abrasive wheel, 
depending on its material constants and expressed convent­
ionally in several grades labelled according ·to the present 
standards with letters in the range from A /very soft/ to 
Z /very hard/, is closely related to the resonance frequen­
cy Fn 1 which corresponds to a definite mode of vibration 

' defined by the occ~nce of a diametric and ! concentric 
nodal lines on the surface of the -vibrating body and is 
given by the expression [3] 

·· - A!t tl~ Rz 
r'll}- 45r'T2v~2r /1/ 
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where: r- radius of the wheel /cm/, 
t- thickness of the wheel /cm/, 
E- Young's modulus of the wheels material /dyn/c~~/, 
Y- Poisson's ratio of the wheel's material, 
S - density of the wheel's material /g cm-3/, 
A,.."'j ~onstant for a given(n,l), 
n "!'" number of diametric nodal lines, 
1 - number of concentric nodal lines. 

Theoretical distributions of diametric and concentric 
nodal lines· on the ~face of a freely vibrating circular 
plate are .shown in Fig~2. The numer.ical relations of reso­
nance frequencies at successive higher modes of vibration 
P'n,l of a free circular plate tc its fundamental frequency 
F1 = P2, 0 are given in Table 1. 

Table 1. Frequency ratios of higher modes of vibration 
F n, 1 to the :tund3.tn.ental fr,equency F1 = F 2, 0 
of a free circular plate with ~ = 0.25 

~ - number of diametric nodal lines, 
1 - number of concentric nodal lines. 

~ 0 1 2 3 4 

0 - - 1 2.;124 4.0485 

1 1.6131 :;.?032 6.40;; 9.61+45 13.393? 

• 
2 6.9559 10.8380 15•3050 20.3249 -

Many different methods for exciting self-vibrations of 
circular plates such as abrasive wheels are possible, using · 
e.g. electrostatic, magnetic, acoustical or mechanical ac­
tuators. The simplest and most practical method consists in 
laing the Wheel on four pointed supporting pins located 
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Fo,t ·r.,,o 

Fa.~ . 

Fig.2. Distributions of Giaaetr.ic and concentric ncdal 
lines of a ·tft~ rtbra.ti.Dg circular plate 
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symmetrically on the nodal lines of the desired mode of vib­
ration and in driving it by means of an electromechanical 
transducer in any antinod.al point. The abrasive wheel is 
thus excited to forced vibrations whose amplitude reaches a 
maximu.+henever the frequency of the driving force is equal .. 
to any resonance frequency Fn 1• This frequency may be meas-

' ~ed by an arbitrary method using a probe microphone which 
receives the sound wave radiated by the vibrating wheel. 
Such a method, although used in practice [1][2][4], has ma­

ny disadvantages being rather laborious and subjected to 
noise. To avoid these inconveniences we have proposed a new 
re~enerative feedback method for measuring the resonance 
frequencies of mechanical structures, especially abrasive 
wheels[5]. 

2. Description of the method 

The block diagram of the mei .. :·~, ·J.ring equipment is given in 

Fig.3. The abrasive wheel ST under test, lying on four sup­
porting pins located ~ynmtetrically on the hypothetical nodal 
lines of .the desired mode of vibra,.tion, is mechanically coup­
led with two transducers !! and !:Q. of the magnetoelectric 
type /see Fig.5/ which are electrically connected to the in­
put and to the O_Rtput of the bro~d~band electronic amplifier 
! vli th the .gain .k. The four-pole 1-2-3-4 whose voltage trans­
fer function according to Fig.3 is given by the expression 

/2/ 

constitutes an electromechanical feedback lo.op. ·The electro­
mechanical equivalent circuit of the feedback loop is shown 
in Fig.4 in which the following symbols are used: 
E - e.m.f. of the voltage source, in the case being con­

sidered the open-circuit output voltage of the ampli­
fier !, 
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RC • source impedance, in the case being consid.ered the 
output resistance of the amplifier !, 

z.1 s Re1 + jwL61 - electrical blocked impedance of the 
driving transducer m, 

Z8~ = Re2 + jwL82 - electrical blocked impedance of the 
receiving transducer EQ~ 

cC1 .... ideal gyrator cou~ling the electrical and the mecha­
nical SJStem of the driving transducer 1'J!, 

r:::£
2 

"!" ideal gyrator coupling the mechanical and the elect­
rical system of the. receiving transducer!:£, 

Zn3:1 = ~ + jr~~1 - wc1 
) - mechanical open-circUit i.m­

m1 pedance of the driving trans-
. . ducer !:!, . 

· Zm2 = ~ + j(wMm2 - ~) - mechanical open-circuit im-
m2 pedance of the receiving trans-

. ducer PO, 

ST -the abrasive wheel under test, 
R

0 
- ele~t~ical load impedance of the four-pole 1·2-3-4, 

in the case being considered the input resistance of 
the amplifier !• 

The whole system of Fig • .? becomes regenerative provided 
the well-known condition 

1\ A 

.kfi ~ 1 /31 

is fulfilled. The frequency of the excited self-oscillat- . 
.,a, . 

·ions ma:y be meeured by means of the electronic counter MC. 
The transfer function characteristic ft = f(w) of the f-;;d­

baek loop depends both on the vibration properties of the 
abrasive wneel §! and on the resonance properties of the 
transducers !:!f a.nd ~~ This problem should be discussed se­
parately in the low and in the high requenc, range. 

In the lo·w freguency range when f~ F 2 0 , where F 2 0 
. t ' stands for the first ~ode of vibration, the abrasive wheel 

§!behaves like a stiff mechanic~ lever- With· the force 
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MC 

~-------r~------, 
I I 

:Fi~. 3. Sche.me.tic di~agre.:m of the: eq\l.ipment for 
mtas'w.ing th~ ~esC';b.fPiC'e t~qu~,ncies of 
abr[;J<1v~ wbtel:S by "~he regtll.(!rat+ve 
el6ctromee~:r.Jical · feedback method 

& 
sr [f;. -v; I 

. 2 4 

Fig.4. Eleetromechanieal equivalent circuit of the 
fo~pole 1-2-3-4 forming the feedback loop 
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/;) 

lig.5. Simplified scheme of t~ magneto~lectric 
driving transducer I a/ end its equivalent 

mecba;lical·oirouit /b/ 

1 .. permane:11t magnet, 2. - pole !'ieces, · 
3 - moving coil, 4.- ~coil sus­
pension, 5 - ri vot shank ooupling the 
transducer with the abrasive wheel. 

ratio a = Ltl~ whioh trensters the vibrations ot the driv­
iDg t:ransduoer!! to the receiving transducer £:2• At the 
same time, the abi~asive wheel §! beiag coupled With both 
tJ:'a.nsduoe1os loads. them with masses M1 and ~' respectively, 
and · thus changes their own. mechanical :parameters. The simp­
lified scheme of the abrasive wheel treated in the low 
fre(!uenoy range as a coupling lever is given in Jig.6-a.·. 
Its electrical equivalent oireuit in the impedance analogy 
system is shown in Fig. 6-b. The coupling lever is. here re­
presented by the ideal tz·ansformer !! having t4e voltage 
/force/ ratlo 1 : A• In this ease the transformer li coup­
les two mechani.cal series :w:-esonanee circuits zm1 = Run + 

i- ~(CJ~1 - wCm~ ) and . Zm2 • ~ + j(~ -~) COrl.~~ 
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zm2 

a) 

Fig.6. Mechanical /a/ and electrical /b/ equivalent 
circuit of the abrasive wheel considered in 
the low frequency range as a coupling lever 

ponding to the driving and receiving transducer PN and~' 

respectively. 
According to the general t h,2ory of inductively coupled 

circuits, the transfer function characteristic~l=~ff)in this 
frequency range has two maxima closely -related to resonance 
frequencies f 1 R::: f 2 of both transducers ~ and ~ loaded 
with the partial masses M1 and M2 of the abrasive Wheel and 
equal to 

The complete electrical equivalent circuit of the feedback 
loop is show.n in Fig.7-a and it~ transfer function charao-

• , 1} . 

teristic in Fig.7-b. At the frequencies f and f the 
self-oscillations in the feedback circuit may easilY be ex­
cited. As, however, these frequencies depend mainly on the 
resonance properties of the transducers themselves and are 
not correlated to the resonance frequency of the abrasive 
wheel under test, this effect should be treated as und.es~ 
ed one and must be eliminated by the e.ui table deempha.aia ot 

http://rcin.org.pl



- .. 10-

the amplifier's gain characteristic lkl = t(w) in this freguen­
o~ range. 
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Fig.7. Equivalent circuit ot the eleotromeohanioal . 
feedback loop in the low frequency range /a/ 
and its transfer tunction characteristic /b/ 

In the high freguency raage, on the other hand, Where 
t.? F2 , 0 , the abrasive wheel treated again as a coupling ele­
ment behaves like a mechanical vibrating system with dist­
ributed constants and ma::1 be represented by an equivalent 
nve guide in which standing waves occur corresponding to 
the individual modes o:f:' vibration Fn 1 ~ As an. example, the 
schematic repl~sentation of atan~'wave#s patterns ccr.res-
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ponding to the fundamental resonance frequency F1 = F 2 0 -
of an abrasive wheel being supported in the points ~,~,2,g 
located symmetric~ly on the nodal lines and coupled with 
the· transducers E! and j£ in the antinodal points ..A. and~ 
is shown in Fig.s-a. When considering this scheme it must be 
kept in mind that in fact the deformations of the abrasive · 
wheel occur . in the ~rection perpendicular to the. plane of 
the · drawing. In Fig. ~b the same standing wave's patterns · 
~ shown 1n the cross-section perp~oular to the wheel's 
plane along the unfolded circle ..§-~g-g on which the support­
ing points are located. 

a) b) 
I 1· I 

· I ,-t ..... .;.,. I 
b " ·1· 'C / \ 

Fig. a. Schematic representation of standing wave's 

patterns at the frequency F1 ::; F2 0 on the 
' surface of the abrasive wheel /a/ and in the 

cross-section perpendicular to its plane /b/ 

According to the general theory of wave guides it may be 
stated that in the vicinity of each resonance frequency Fn,l 
the abrasive Wheel may be considered as a mechanical series 
resonance cireui t with the lumped constants ·~ ·· 1, ~ 1, Cn 1 

' t ' representing its equivalent loss resistance, mass ana co~ 
plience, respectively, and with the factor of merit ~,l , 
the following relations being valid: 
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/5/ 

/6/ 

The electrical equivalent circuit of the feedback loop in 

the frequency range of interest, that is for f~F2 , 0 , is 

shown in Fig.9-a and the respective transfer function cha­
racteristic jf-,j =<p6)in Fig.9-b. It may be observed that at 
any resonance frequency Fn,l the mechanical impedance o~ the 
abrasive Wheel decreases to a minimum· value equal to~ 1 
and ·the modulus of the voltage transfer function 1}1 rea~hes 
a maximum thus creating the best conditions for the excitat­
ion of self-oscillations at these frequencies. The choice of 
the most convenient frequency of oscillations, which as a 
rule is F1 = F2,0, depends on the suitable dislocation of 
the supporting points as well as of the driving point on the 
surface of the Wheel. 

The simplified electrical equivalent circuit of the ab­
rasive wheel labelled in Figs.; and 4 with letters ST .and 

valid in the whole frequency range is given in Fig.10. When 
considering this scheme it must be kept in mind that the in­

dividual series resonance circuits shunting ~he transformer 
ll in the high frequency range .are active successively ac­
cording to the increase of frequency and that their role as 
coupling elements appears exclusively in the vicinity of 
their resonance frequencies. 

http://rcin.org.pl



dB 

45 

40 

5 

0 
1 

~I 

- 13 ... 

a) 1------ __ _j 

. 6) ~p 
1 F;., 

I ~ 
l ' 

~ 

\ ) 

J ~ ' ~ 

I 

· ~ 

ft,o ~-~ 
V\ ~ !'-... .....,; 

F1gli9. Equivalent circuit of the electromechanical 
feedback loop in the high frequency range I a/ 
and its transfer function characteristic /b/ 

http://rcin.org.pl



- 14-

Fig.10. Simplified equivalent circuit of the abrasive 
wheel considered as the mec}lanical coupl~ 
element in the low frequency range /f~F2 , 0 I 
and· in the vicinity of resonance frequencies 

,;. Instrumentation 

According to the above given considerations proved by ex­
periments made with vario'l..J.S assortments of a.b:rasi ve wheels, 
the laboratory model of the equipment for ·measu:ril:lg their 
resonance frequencies was designed and· constructed~ The ge­
neral view of the measuring equipment is given in Fig.11 
where tvro fundamental pal."ts mey· be distingUished, viz. the 

. measuring table and the electronic device. 
!Ch.e m.rasurin!!: table is i1i fact a heavy iron plate wei th­

ing about 140 kG, on which four supporting pins and two 
electrom.ecbanical transducers may be suitably fixed to fit 
the chosen distribution of the arbitrary mode of vibration 
on the surface of any abrasive wheel with the diameter rang­
ing from 150 to 600 mm~ The measuring table with the abrasive 
wheel under test lying on supporting pins is shown in Fig.12. 
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Fig.11. General view of the measu.rtng equipment 

Fig.12. The measuring table with the abrasive wheel 
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The electronic device consists of the voltage amplifier, 
compressor, power amplifier and digital frequency counter 
and is so designed as to fulfil the condition /3/ of generat­
ing electrical oscillations in the case of various types of. 
abrasive wheels to be investigated. The compressor is neces­
sary to keep the amplitude of the excited self-oscillations 
within the range of linearity. The time necessary to measure 
the resonance frequency of an individual object does ·not ex­
ceed 1 second, the accuracy is better than 10-5 ! 1 Hz, the 
distribution of results in iterative measurements is less 
than 0.2% and the long-time stability better than 0.01% per 
hour. 

4. Results and conclusions 

Using the above described method and equipment, labora­
tory tests were carried out aiming at empirical prove of re­
lations which exist between the hardness of various types of 
abrasive wheels measured by conventional methods and their 
resonance frequency F1 = F 2 0• Two examples of nodal lines 

' visible on the surface of an abrasive wheel, viz. the dia-
metric nodal lines at the first mode of vibration F1 = F2 0 

. ' and the concentric nodal line at the second mode of vibrat-
ion F2 = F0 1 are shown in Figs.13 and 14, respectively. 

' . The investigated inventor.y contained more than 500 wheels 
of the ty:pe NSAa /according to Polish Standards PN-62/!~ -
59119/ with different characteristics, viz. three kinds of 
abrasive grains /corundum EA, corundum EB, silicon carbide 
SZ/, three grain sizes I 25/60, 32/46, 40/36 /, five struc­
tures /from 5 to 9/ and several hardness grades ranging from 
F to Q. An example of the obtained results is given in Fig.15. 
The curves are valid for NSAa abrasive wheels of the size 
150 mmx20 mm.x20 mm, structure 6, grain size number 40/36, 
with grains made of c9runc.um. EA, corundum EB and silicon 
carbide SZ, respectively, all on _ceramic bond. The ordinate 
scale is given both in hardness grades expressed in letters 
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Fig.13. Diametric n.odal lines at F1 = F2 , 0 

Fig.14. Concentric nodal line at F2 = I.P0 1 . t 
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of the alphabet code and in depths _a of the depression in 
the wheel's boey produced by the sand blast when grading it 
by means of Me Kensen's apparatus. 

It follows that the electroacoustic regenerative feed­
back method proposed for grading abrasive wheels according 
to their hardness is a non-destructive comparative method~ 
Wheel grading by resonance frequency measurement is based 
on the f~rmerly found empirical-relation being repres~a­
tive for a given type of wheels~ It is worth while saying 
that the resUlts obtained for wheels of a given diameter n1 
and thiclmess t 1 may be directly translated to wheels of 
another diameter D2 and another thickness t 2 when using 
simple arythmetical relations. 

The method proved to be-ver,y useful for many research 
and practical applications. It makes it possible not only 
to measure quickly and accurately the hardness of all exemp­
lars of abrasive wheels being produced, but also to find out 
within a given inventory of wheels with similar characteris-. . 
tics those exemplars which are identical from the point of 
view of their hardness. This fact is very important in view 
of the increasing demands for the unif'ormi ty and repreduci­
bili ty of tools in the grinding process by automatic machin­
es when the abrasive Wheels are periodically consumed and 
have to be replaced without any readjustment of the machine. 

At the moment the mode 1 of the measuring equipment is 
subjected to detailed exploitation tests under normal pro­
duction condi tiona in the IllBil.Ufactory and is used in tech­
nological research work in the abrasive industry. 
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Pracownia Elektroakustyki 
Zaklad Badania Drgan 

!PP! - PAN 

ELEKTROAKUSTYCZNA METODA GENERACYJNA 

BADANIA SCIERNIC TARCZOWYCH 

PRZEZ POMIAR C~TOTLIWoaci REZONANSOWYCH 

S t r e s z- c z e n i e 

I oparciu o uzasadnione teoretycznie przez Kirchhofta i 
potwierdzone wielu badaniami doswiadczalnymi og61nie znane 
zwi!l-zki mi~dzy parametrami ma.terialowymi bryl o ok:reslo:c;ych 
ksztaltach geometr,ycznyah, w szczeg6lnosci za8 p~ ko~ow,ych, 
a ich wl~ciwesciami drganiow,ymi,_opracowano oryginaJn~ ge­

neracyj~ meto~ elektroakustyc~ wyznaczania twardosci 
scier.nic tarczowych plaskich. Metoda polega na wykr,yciu 
zwi~zk6w, jakie is~ej~ mi~dzy twardosci~ sciernicy okreS­
lonego typu, w,yrazaD4 w konwencjonalny spos6b w stopniach 
twardosci wedlvg kodu literowego _ o~ A do z, a cz~stotliwoS­
ci~ rez.onanso?nl Fn, 1 oa.powiadaj~c~ ok:reslonemu rozkladowi 
drga.il. wlas:oych na jej powierzchni, kt6ry charakteryzuje si~ 
w og6lnym przypadku w,yst~powaniem a- srednic ~zlowych i 
1 koncentrycznych o~g6w ~zlow,ych. 

Pomiar cz~stotliwosci rezonansowej badanej scier.nicy tar­
czowej polega na jej sprz~gni~ciu mechanicznym z dwoma przet­
wornikami elektromechanicznymi typu magnetoelektr,yeznego i 
utworzeniu w ten spos6b p~tli sprz~zenia zwrotnego w ukla­
dzie elektronicznego wz;.nacniacza szerokopasmowego. W pow­
stal;ym. ukladzie generaeyjnym na.stQpuje wzbudzeni~ siQ drgan 

elektr,yc~ch o c~stotliwosei Fn,l odpowiadaj~eej okre8- _ 
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lODelllU rozkladowi cmga:il 6cie~q t • kt6rego w:rborze decy-

4.uje rozmieszczenie punkt6w. ~·~ podparcia. oras ~·~ . sprzts-
. D.itcia 1 obu przetwo:-r.-n1 kam1 • Pomiaru cztstotl1wo6c1 rezoDSD-
aowe~ Jn 1 dolconuje sit cztstotliwoacioaierzem lic~CJ'Il· . 

' . Opracowana. metoda. elektroakustyczna. wyznaosallia twardoil-
ci . 8ciemic tarczowych wy~e szereg salet . w por6wnaniu 
se atosonll;YJDi dotychczas metod.alli konwencjona.ln1mi /np. me­
t~ woiskowe 1 metoda piaskowa sa pomoc~ aparatu lie Kensena 
itp./, a ponadto przewyzsza ~e pod ngl~dem dokladno6c1 1 

prosto"t1 stosowania oraz czasu zut.ytego na pom:Lar. Naleey 
podkresl16, ie w odr6Zllieniu od wszystkich dotychczas ato­
eo~ch utod ·jest to saetoda. nieniszc~ea, pozwalaj~ca na.­
baclan1e· ZUl biett\CO wszystkich egzemplarey 8ciern:lc produko-

. wanego lub uiytkowanego asortymentu bez ZDliaDy ich wluc1-
dc1 eksploatacy~~ch. 

W pra07 prseprowadzono szczeg6loq anallzt metod;J ze 
azoseg6~ ungltdnieniea warunk6w .wzbudzania si~ drgan w. 
ukladzie generacy~~ o elektromechanieznym sprzQ!eniu zwrot­
~~ Podano kr6tld. ~is· opr~connej modelowe~ apara'tul:7 po. 
aiarowej oraz przytqczono. przykla.dowe wynild. bad.aD ekspe17 ... 

un~ch, obej&j4cydl pomiary cztstotl1wo6ci drgail wlas-
. D:JCh ok:t'Hl~ch -asortyaent6w 6eiemic tarc-zowych· pod ~tea 

w.y~czania ich twrdo6c1. 
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