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The goal of these notes is to introduce the reader into selected, currently impor
tant topics of soft tissues behaviour and modelling. Particular emphasis is put 
on nonlinear and anisotropic behaviour of various tissues. Approximate linear be
haviour of some tissues is also discussed. Averaging methods used in modelling 
macroscopic behaviour are critically assessed. The study also includes the behav
iour and modelling of collagen molecule, collagen fibre and elastin. It is shown 
that modelling of hyperelastic behaviour of nonlinear soft tissues is essential for 
elaboration of acceptable macroscopic models. Fluid (blood)- structure (arterial 
wall) interactions are sketched. Issues pertaining to residual stresses and remo
delling are only briefly sketched since the book (570] offers comprehensive papers 
on those topics. Selected thermal problems are also examined. 

1. Introduction 

The aim of these lectures is to provide a sort. of synthesis on various as
pects of soft tissue modelling. In the biomechanicalliterature such modelling 
ranges from molecular level, like in muscle contraction, to more standard phe
nomenological description used in solid mechanics. Having plunged into abun
dant literature on structure, functioning and modelling of soft tissues one 
easily perceives that we are faced with extremely challenging problems since 
biological aspects play an increasing role. In biomechanical modelling, bio
logical aspects, like cell activities, hierarchical architecture, are still not easy 
to incorporate into constitutive equations. We think that inspiring thoughts 
by Reed [479], on mathematical biology apply also, with some extensions and 
modifications, to biomechanical modelling of soft tissues. In biomechanical 
modelling of interest for us in these notes, the well-established principles of 
continuum mechanics are in fact exploited, even if not explicitly stated. Yet 
we are aware that biology of tissues should somewhat be taken into account. 
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192 J.J. TELEGA AND M. STANCZYK 

We are convinced that in the years to come biomechanical modelling will 
profit more deeply from developments offered by biophysics [190), mathema
tical biology [289, 413] and molecular biology [586]. The situation resembles 
solid and fluid mechanics, where micro-macro modelling and material science 
play an ever increasing role, cf. Ponte Castaneda et al. [453]. 

The aim of these lectures is more modest; .we shall focus on mechanical 
and thermal aspects of soft tissue modelling. An attempt will be made to 
synthesize various aspects of modelling, to cover a broad spectrum of tissues 
and provide relevant references. Clinical aspects and phenomena such as mus
cle contraction are out of scope of this comprehensive paper. The last topic 
is discussed by Skubiszak (this volume and [528]); for a sort of the state-of
the-art the reader is also advised to consult the book [232], and particularly 
the paper by Huxley [264], cf. also the relevant papers on modelling cited in 
Jemiolo and Telega [276, 277]. 

The plan of the paper is as follows. The aim of Section 2 is twofold. First, 
a concise presentation of tissue classification is given. Next the hierarchical 
structure, anisotropy and inhomogeneity of selected tissues and organs is 
described. Section 3 deals with mechanical behaviour of actin, elastin and 
collagen, including the classification 

Selected experimental methods including biaxial and shear tests are pre
sented in Section 4. Elements of nonlinear elasticity and constitutive relation
ships for isotropic and anisotropic tissues are introduced in Section 5. Sec
tion 6 critically assesses the available results on effective (macroscopic) prop
erties of tissues derived from microscopic data. Modelling of active stresses is 
investigated in Section 7. In Section 8 the pseudoelastic behaviour of soft tis
sues is investigated. The cases of isotropy, transverse isotropy and orthrotropy 
are discussed and the appropriate examples are given. 

Section 9 is devoted to thermal modelling of tissues. Pertinent heat loads 
are described, criteria for thermal damage are given and various existing mod
els for vascularized tissue are discussed. The section concludes with a brief 
discussion of the possibility of hyperbolic conduction phenomena in soft tis
sues and application of mixture theory to thermally-induced changes in soft 
tissues. 

The paper is summarized in Section 10, where final comments and re
marks are presented. 

2. Classification of tissues, hierarchical structure, anisotropy, 
inhomogeneity 
Prior to proceeding to soft tissue modelling we shall introduce the classi

fication of tissues and provide examples of their complexity, anisotropy and 
inhomogeneity. 
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2.1. Main groups of tissues 

A tissue is a collection of cells and extracellular matrices, that perform 
specialized functions [46, 98]. The extracellular matrix consists of fibres like 
elastin and collagen, and a ground substance, e.g. proteoglycans. Animal and 
human tissues are classified into four main groups: connective, epithelial, 
muscle and nerve. Let us pass to a short description of each of these tissues. 

A connective tissue is defined as any tissue, in which the extracellular 
matrix occupies a greater volume than the cellular component. Connective 
tissues include cartilage, tendons, ligaments, the matrix of bone, and the 
adipose (fatty) tissues as well as the skin, blood and lymph. The last two 
tissues are special connective tissues where the extracellular matrix is the 
fluid component. Skin provides an example of dense connective tissue. Thin 
fibrous connective tissue is found to bind vessels and forms a basal membrane 
to support cells of the tissue of the liver and of the muscle. Connective tissues 
are composed of various types of cells and extracellular matrix. The fibres 
of the extracellular matrix consist of high-molecular-weight polymers of the 
proteins collagen or elastin, see below. The fibres may be either loosely woven 
or densely packed in either an ordered or disordered arrangement. In dense, 
irregular connective tissue, the fibers are closely interwoven in a random 
way, as in skin, whereas in dense regular connective tissue the fibres are 
arranged in parallel bundles, as in tendons or in flat sheets, as in aponeuroses. 
Muscle fibers are either attached directly to bone or to an elastic sheet called 
aponeurosis, which extramuscularly merges into a tendon. The tendon is 
attached to the skeleton and transmits the force generated by the muscle 
fibres, cf. Figs. 10 and 11 in Section 2.2. 

The relative abundance of the various tissue components varies greatly 
from one region of the body to another, depending upon the local structural 
requirements. 

Epithelium consists of sheets of cells that line the inner and outer surfaces 
of the body and have a secretory as well as a protective function. Epithelial 
tissues include the 'skin' cover of the lungs, stomach, intestines and blood 
vessels. In contrast to connective tissues, which may contain a great deal 
of extracellular matrix around each cell, the cells of epithelium are tightly 
packed with little extracellular substance between them, although they are 
usually supported on a basal membrane that contains components of the ex
tracellular matrix. One of the main properties of epithelial tissues is a stable 
apico-basal (outside-inside) polarity, which is expressed not only in morpho
logical, but also in electrophysiological and transport properties. The ionic 
channels are mostly located with the apical (outside) membrane domain, 
whilst pumps are in the baso-lateral one (inside), cf. also Layton and Wein-
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stein (335]. This is of importance morphomechanically because this property 
provides a certain amount of turgor pressure in the subepithelial cavities and 
hence epithelial stretching. The epithelial cells are bound together by junc
tions to form an integrated net, that gives the cell sheet mechanical strength 
and makes it impermeable to passive diffusion of small molecules. The junc
tions are important in mechanically holding the epithelial sheet together 
to form a protective layer and thus shield the body from injury and infec
tion. One of the most remarkable properties of embryonic epithelial sheets is 
that the cell rearrangement may occur without compromising the mechani
cal integrity and chemical barrier function. Extracellular structures also play 
a strengthening role. There are many kinds of epithelia. The stratified scaly 
tissue found in the skin and linings of the esophagus and vagina is composed 
of thin layers of flat scale-like cells that form rapidly above the blood capil
laries and are pushed toward the tissue surface, where they die and flake off. 
Epithelial cells also produce hair, finger-nails, and toe-nails and, in animals, 
can give rise to feathers and hooves. 

Muscle cells consume body fuel (e.g. sugars and fats) to create a force 
by contracting and thus do mechanical work, see Jemiolo and Telega (276], 
Skubiszak [528] and the lecture in the present volume, also book ed. by 
Herzog (232]. They are the body's motors or engines. There are three main 
types of muscle tissues: striated, smooth, and cardiac. Striated muscles attach 
to bone, usually via tendons. Skeletal muscle forms a lever arm to do work. 
This group of muscles is also called skeletal or voluntary muscles and consists 
of large multinucleated cells. Smooth, or involuntary muscle, is found in the 
internal organs and around larger blood vessels and consists of sheets of cells. 
Smooth muscles are present in the digestive tract, bladder, arteries, and veins 
and are activated by the autonomic nervous system. Cardiac muscles are also 
striated. They perform the pumping action of the heart. Skeletal and cardiac 
muscles are discussed more completely in Sections 2.2. 

Nerve cells, or neurons, are specialized to transfer information from one 
part of the body to another, cf. Bochenek and Reicher (48]. The brain and 
spinal cord are tissues composed of neuronal networks. Each neuron con
sists of a cell body or soma with branching processes called dendrites and 
one much larger fibre called the axon. The dendrites connect one neuron to 
another and the axon transmits impulses. A synapse is a specialized neu
ronal junction where neurons connect with each other or with muscle cells. 
Electrical and chemical signals are passed from neuron to neuron or from 
neuron to muscle trough the synapse. In Section 10.10 we briefly discuss the 
constitutive modelling of brain tissue. 
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2.2. Structure of selected soft tissues and organs 

2.2.1. Heart. The mammalian heart consists of four pumping chambers, 
the right and left atria and the right and left ventricles, cf. Figs. 1 and 2. 
The atria collect the blood that returns to the heart: the right atrium (RA) 
receives oxygen-poor blood from the body via the inferior and superior vena 
cava, whereas the left atrium (LA) receives oxygen rich blood from the lungs 
via the pulmonary veins. The atria and ventricles communicate through the 
atrioventricular valves, the tricuspid in the right heart and the mitral in the 
left heart. These valves are connected via collagenous fibres called chordinae 
tendinae, to the papillary muscles that extend from the anterior and pos
terior aspects of the ventricular cavities. These ventricles pump blood from 
the heart: the right ventricle (RV) pumps blood through the pulmonary valve 
and pulmonary arteries to the lungs, and the left ventricle (LV) pumps blood 
through the aortic valve and aorta to the remainder of the body. In addition 
to the distinct papillary muscles, the interior surface of the heart is character
ized by many trabeculae, or muscular ridges. The cardiac wall is perfused via 
the coronary arteries, which originate at the left and right coronary ostia lo
cated in the sinuses of Valsava immediately distal to the aortic valve leaflets. 
The three primary vessels are the left anterior descending (LAD) artery, left 
circumflex artery (CIRC), and right coronary artery (RCA). In general, the 
left coronaries supply the left atrium and the anterior and lateral portions of 
LV; the right coronary artery supplies the right atrium and right ventricular 
free wall. The posterior and inferior portions of the ventricles may receive 
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FIGURE 1. Schema of the four chambers of the heart: the right atrium (RA), left 
atrium (LA), right ventricle (RV), left ventricle (LV). These chambers connect to 
the vasculature via vena cava, pulmonary veins, pulmonary arteries, and aorta 
respectively. Flow from the ventricles is maintained unidirectional by one-way 
valves, see text. 
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blood from either the left or right coronary systems; this is highly variable 
from individual to individual and is termed left versus right dominance. The 
interventricular septum, which separates the left and the right ventricles, 
is typically supplied by branches off the LAD. The veins in the heart are 
divided into two systems: a large superficial system, the largest vessels of 
which parallel the main coronary arteries and drain most of the coronary 
blood into the right atrium; and a smaller, deeper system (e.g. thebesian 
veins) drains blood directly into any of the four chambers. The heart wall is 
perfused primarily during diastole. 

The reader is referred to [307, 395] for more details on the coronary cir
culation. 

The wall of the heart consists of three distinct layers, see Fig. 3. An inner 
wall is called endocardium, a middle is called the myocardium, and an outer 
layer is called the epicardium. The endocardium lines the inside of each of the 
cardiac chambers. It is a thin serous membrane (on the order of 100 J.Lm thick) 
consisting primarily of 2D (two-dimensional) plexus of collagen and elastin 
as well as a simple layer of endothelial cells that serves as a direct interface 
between the blood and the heart wall. The middle layer, or myocardium, is 
the parenchymal tissue that endows the heart with its ability to pump blood. 
The myocardium consists primarily of myocytes that are arranged into locally 
parallel muscle fibres, which in turn are embedded in an extracellular matrix 
consisting largely of types I and III collagen. The orientation of the muscle 
fibres changes with position in the wall. The outermost layer, or epicardium, 

Subepic~:~rdium 
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FIGURE 3. Schema of the three primary layers of the ventricular wall: the endo
cardium (inner layer), myocardium (middle layer) and epicardium (outer layer). 
Whereas the inner and outer layers are thin collagenous membranes, the middle 
layer consists of locally parallel fibres that are organized into sheets via an abun
dant extracellular matrix consisting largely of types I and III collagen, adapted 
from Humphrey [255J. 
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is also a thin (on the order of 100 fLm) serous layer, consisting largely of 
a 2D plexus of collagen and some elastic fibres. The heart is surrounded 
by yet another serous membrane, the pericardium (or parietal pericardium). 
This membrane is thicker than the endocardium and epicardium, but it also 
consists primarily of a 2D plexus of collagen with some elastic fibres. The 
pericardium is attached to the diaphragm inferiorly and the hilum superiorly, 
and it creates a small potential space about the heart that is filled with 
a 'lubricating' pericardia! fluid (about 25 ml in humans). It is thought that 
the pericardium serves as a type of cradle that limits gross motions of the 
heart, which is merely suspended in the chest by its connection to the lungs 
and major blood vessels. These are the major anatomical structures most 
commonly studied in the field of cardiac mechanics. 

The ventricular walls are the most important structures with regard to 
the pumping action of the heart. From the perspective of mechanics, the 
ventricles are thick-walled 3D pressure vessels whose thickness and curvature 
vary regionally and temporally. In the normal heart, the ventricular walls are 
thickest at the equator and the base of the left ventricle and thinnest at the 
left ventricular apex and right ventricular free wall. The principal dimensions 
of the left ventricle vary with species, age, phase of the cardiac cycle, and 
disease, cf. Table 1. 

TABLE 1. Representative dimensions of the LV (minor axis); r - radius, after 
Humphrey [255]. 

Species Comments Inner r. Outer r . Thickness to 
(mm) (mm) inner radius 

Dog (21 kg) 0 mm Hg diastole 16 26 0.62 
2-12mm Hg 19 28 0.47 
24- 40mm Hg 22 30 0.36 
1-9 mm Hg systole 14 26 0.86 

Young rats 0 mm Hg diastole 1.4 3.5 1.50 
Mature rats 0 mm Hg diastole 3.2 5.8 0.81 

Human Normal 24 32 0.34 
Human Volume overload 32 42 0.33 

2.2.2. Arterial wall. The microstructure of the arterial wall varies with 
location along the vascular tree, age, species, local adaptations, and disease. 
Arteries can be categorized according to two general types: elastic arteries, 
which include the aorta, main pulmonary artery, common carotids, common 
iliacs, and muscular arteries, which include the coronaries, cerebrals, femorals 
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and renals. Elastic arteries tend to be larger-diameter vessels located closer 
to the heart 1 whereas muscular arteries are smaller-diameter vessels located 
closer to the arterioles. Transitional arteries 1 such as the external carotid, 
exhibit some characteristics of the elastic and muscular types. 

Regardless of the type, all arteries consist of three layers: the tunica zn
tima, tunica media1 and tunica adventita1 cf. Figs. 4 and 5. 

FIGURE 4. Schematic cross sections of a typical elastic artery showing its three 
primary layers - the intima, media and adventitia - and their primary con
stituents, after Rhodin [485]. 
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FIGURE 5. Schematic cross sections of a typical muscular artery, after 
Rhodin [485]. 
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The intima is similar to most elastic and muscular arteries, typically con
sisting of a monolayer of endothelial cells and an underlying thin ( rv 80 nm) 
basal lamina. Exceptions include the aorta and coronary arteries in which the 
intima may contain a subendothelial layer of connective tissue and axially 
oriented smooth muscle cells. Endothelial cells are usually flat and elongated 
in the direction of blood flow, often about 0.2 to 0.51-Lm thick, 10 to 15 J.Lm 
wide and 25 to 50 J.Lm long. We observe that exceptions occur near bifurca
tions wherein the blood flow is complex and the cells are often polygonal in 
shape. Endothelial cells are interconnected by both tight occluding junctions, 
which regulate the transport of substances across the endothelium, and in
plane gap junctions, which allow cell-to-cell communication via the transport 
of ions and metabolites. Endothelial cells may communicate directly with un
derlying smooth muscle cells via short, blunt processes that extend through 
the basal lamina into the media. The basal lamina (sometimes referred to 
as a basement membrane) consists largely of net-like type IV collagen, the 
adhesion molecules laminin and fibronectin, and some proteoglycans; it pro
vides some structural support to the arterial wall, but acts primarily as an 
adherent meshwork on which the endothelial cells can grow. Laminin is one 
of the first extracellular matrix proteins synthesized in the embryo; it has 
numerous functional domains that bind to type IV collagen, heparan sulfate, 
and laminin receptor on cells [8]. 

The internal elastic lamina separates the intima and media, but is of
ten considered to be part of the latter, cf. Figs. 4 and 5. A little thicker in 
muscular arteries this lamina is essentially a fenestrated 'sheet' of elastin 
that allows the transport of H20, nutrients, and electrolytes across the wall 
as well as direct transmural cell-to-cell communication. The media contains 
smooth muscle cells that are embedded in an extracellular plexus of elastin 
and collagen (primarily types I, II and V) as well as an aqueous ground 
substance matrix containing proteoglycans. Vascular smooth muscle cells are 
spindle-shaped (see below for more details on smooth muscles). 

In elastic arteries, the medial smooth muscle is organized into 5- to 15-
Mm-thick concentric 'layers' that are separated by thin (3 J.Lm) fenestrated 
sheets of elastin, cf. Fig. 4. These elastin sheets are similar to the internal 
elastic lamina, with the fenestra allowing radial transport of metabolites 
across the wall, direct transmural cell-to-cell communication, and radially 
oriented connective tissue to tie the wall together threedimensionally. The 
outermost sheet of elastin is called the external elastic lamina; it separates 
the media and adventitia but is often considered to belong to the former. 
There may be as many as 40 to 70 concentric layers of smooth muscle in 
a thick elastic artery such as the human aorta. According to Clark and Glagov 
[87, 88] the alternating layers of smooth muscle and elastic laminae in elastic 

http://rcin.org.pl



MODELLING OF SOFT TISSUES BEHAVIOUR 

~~~~---. 
~~~;;;; ;,--~71(2 

c 

FIGURE 6. Schema of the 'musculo-elastic fascicle' as the basic structural and 
functional unit of the media in an elastic artery. E - elastin; Ce - smooth muscle 
cells; F - collagen fiber bundles that exist between the elastin sheets; after Clark 
and Glagov [88]. 

201 

arteries (specifically, in abdominal and thoracic aorta) represent a discrete 
structural and functional unit, called the musculo-elastic fascicle; cf. Fig. 6 
(note the collagen fibres between the facing elastic lamina). The thickness 
of these units is nearly independent of radial location in the wall, but their 
number increases with increased diameter of the vessel (measured at the mean 
blood pressure). For instance, a 1. 2 mm diameter mouse aorta has 5 musculo
elastic units, whereas a 23 mm diameter pig aorta has 72 units. According to 
Wolinsky and Glagov (1967), the thickness of aorta increases rv 0.05 mm for 
every 1 mm increase in diameter, cf. also Humphrey [255]. These authors also 
showed that whereas the total wall tension is significantly higher in the larger 
diameter vessels (e. g. 203 N I m in the pig versus 7.82 N I m in the mouse), the 
mean tension per lamellar unit is nearly independent of aortic diameter (e.g., 
about 2 ± 0.4Nim). Here, tension Twas calculated using Laplace's relation 
for a cylinder, that is T = Piri where ~ is luminal pressure and ri the 
current inner radius. We observe that the Laplace law is sometimes still used 
as a rough estimate of stresses in some soft tissues (e.g. wall stresses of the 
left ventricle, cf. Moriarty, 1980), see also [255, 307]. 

The elastic laminae become straight axially at the in vivo length and 
straight circumferentially at pressures 2:: 60 mm Hg; this pressure-dependent 
straightening occurs uniformly across the wall, which is likely related to the 
existence of the residual stresses in the arterial wall, see [570]. 

In muscular arteries, the smooth muscle appears as a single thick layer 
that is bounded by a thick internal and less marked external elastic lamina, 
cf. Fig. 6. Exceptions are the cerebral arteries which do not have an external 
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lamina and indeed have few elastic fibres in the media. Nonetheless, the 
smooth muscle in muscular arteries is embedded in a loose connective tissue 
matrix and arranged as a sequence of concentric layers of cells; the number 
of layers can reach 25 to 35 in larger vessels. The connective tissue augments 
the structural integrity of the wall, including its ability to generate force, and 
acts as a scaffolding on which the cells can adhere to and move on. 

The adventitia, or outermost layer of the wall, consists primarily of a dense 
network of type I collagen fibres with admixed elastin, nerves, fibroblasts, and 
the vasa vasorum. The adventitial collagen fibres tend to have an axial orien
tation in most arteries, and they are undulated slightly in the basal state. 
Although the adventitia comprises only in "' 10% and 50% of the arterial 
wall in elastic and muscular arteries, respectively (see Figs. 4 and 5), it is 
thought to limit acute overdistension in all vessels. In other words, the col
lagenous adventitia may serve primarily as a protective sheath, similar to 
epicardium of the heart. The fibroblasts are responsible for regulating the 
connective tissue, particularly the type I collagen. The vasa vasorum is an 
intramural network of arterioles, capillaries, and venules that serve the outer 
portion of the wall in arteries that are too thick for sufficient transport of 
02, C02, nutrients, and metabolites from the intimal surface. It is generally 
accepted that a vasa vasorum is needed if the number of concentric elastic 
lamellae exceeds 29 in an elastic artery. 

All in all, it is the distributions, orientations and interconnections of the 
intramural constituents that give rise to the mechanical properties of the 
arterial wall. 

2.2.3. Skeletal muscle. Fung [175] investigated three kinds of muscles: 
skeletal, heart and smooth. Skeletal muscle makes up a major part of the 
animal body. It is the prime mover of animal locomotion. It is controlled by 
voluntary nerves. It has the feature that if it is stimulated at a sufficiently 
high frequency, it can generate maximal tension, which remains constant in 
time. It is then said to be tetanized. The activity of the contracting mechanism 
is then thought to be maximal; for details the reader is referred to the lectures 
by Skubiszak in this volume, habilitation thesis [528] and to the relevant 
papers in [232]. 

Heart muscle is also striated like skeletal muscle, but in its normal func
tion is never tetanized. Heart muscle functions in single twitches and is very 
different from skeletal muscle. 

Smooth muscle, presented in more detail below, are not striated, and are 
not controlled by voluntary nerves. There are many kinds of smooth muscles, 
with widely different mechanical properties. 
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Let us pass to a concise presentation of the structure of skeletal muscle. 
Its organizational hierarchy is shown in Fig. 7. 

It is seen that the units of skeletal muscle are the muscle fibres, each of 
which is a single cell provided with many nuclei. These fibres are arranged 
in bundles or fasciculi of various sizes within the muscle. Connective tissue 
fills the spaces between the muscle fibres within a bundle. Each bundle is 

FIGURE 7. The organizational hierarchy of skeletal muscle, after Fung [175] 
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surrounded by a stronger connective tissue sheath; and the whole muscle is 
again surrounded by an even stronger sheath. 

A skeletal muscle fibre is elongated, having a diameter of 10-60 p,m, and 
a length usually a several millimeters to several centimeters; but sometimes 
the length can reach 30 em (in long muscles). The fibres may stretch one end 
of the muscle to another, but often extend only part of the length of the 
muscle, ending in tendinous or other connective tissue intersections. 

The flattened nuclei of muscle fibres lie immediately beneath the cell 
membrane. The cytoplasm is divided in longitudinal threads of myo.fibrils, 
each about 1 p,m in diameter. These myofibrils are striated when they are 
stained by dyes and when they are examined optically. For a description of the 
structure of a myofilament, showing the structure of the spatial arrangement 
of the actin and myosin the reader is referred to the paper by Skubiszak in 
this volume and Fig. 9.3:2 in the book by Fung [175]. 

An important problem, still not fully resolved concerns the modelling of 
muscle (not necessarily skeletal) at the sarcomere level, cf. the review pa
per by Huxley (264]. Two approaches can be distinguished; one is descriptive 
and geometrical like in Skubiszak [528], Redaelli et al. [477] and the relevant 
papers in [232]. In the second approach one exploits experimental data and 
elaborates mathematical models of muscle contraction, cf. [644] and the rele
vant papers cited in (232, 276]. Many papers still appear on the Hill model and 
its generalization. The model tries to describe the relations like muscle force
velocity and length-tension, cf. [175], Perreault et al. [445], Lin and Nichols 
(351]. Experimental evidence obtained by Kaya et al. [298] on three medial 
gastrocnemii from adult, out bred cats (3.0-4.5 kg) shows that muscle fascicle 
length is not a unique function of muscle force and muscle-tendon length. 
A suitable relationship between fascicle length and muscle force/length was 
derived from data of the deactivation phase of isometric contractions covering 
the approximate physiological range of muscle-tendon lengths. The relation
ship derived is much more complex than those typically found in Hill-type 
models of muscle function. Schachar et al. [505] performed a systematic study 
to quantify the effects of active muscle shortening and stretching on the iso
metric force-length properties of mammalian skeletal muscle. Shortening and 
stretching was carried out for magnitudes ranging from 3 to 9 mm, and for 
speeds ranging from 3 to 27 mm/s in cat soleus (N = 10). The purposes of the 
study performed by Lee et al. [338] were to determine the isometric, steady
state force behaviour following stretch-shortening and shortening-stretch cy
cles for systematically varying speeds and magnitudes of the first dynamic 
phase of the stretch-shortening or shortening-stretch cycles, and to determine 
the effects of repeated stretch-shortening or shortening-stretch cycles on the 
steady-state, isometric following the dynamic contractions. 

http://rcin.org.pl



MODELLING OF SOFT TISSUES BEHAVIOUR 205 

Force is transmitted from muscle to bone via several pathways: (i) via 
the tendons (i.e., myotendinous force transmission), (ii) via intermuscular 
connective tissue to adjacent muscles (i.e., intermuscular myofacial force 
transmission), (iii) via structures other than muscles (i.e., extramuscular 
myofacial force transmission). Maas et al. (362) showed that the fraction 
of force that is transmitted via these pathways is affected by the position 
of a muscle relative to adjacent muscles as well as relative to other sur
rounding tissues. Experiments were performed on male Wistar rats ( N = 6, 
body mass= 309.5 ± 21.6g.). The method of approach relied on manipu
lating the position of extensor digitorum longus muscle (EDL) relative to 
intact extramuscular connective tissue of the anterior crural compartment 
without changing its muscle-tendon complex length. It was also found that 
the distribution of length of sarcomeres arranged in series within EDL muscle 
fibres as the distribution of mean sarcomere length of muscle fibres changed 
as a function of muscle relative position. 

Delp et al. (125) provided the first measurement of optimal fascicle length 
and sarcomere length for three important trunk muscles: rectus abdominis, 
quadratus lumborum and erector spinae. 

The purpose the paper by Bhargava et al. (36) was twofold: first to develop 
an empirical model for muscle energy consumption, defined as the transfor
mation of chemical energy into the performance of mechanical work and the 
liberation of heat, that could be used in conjunction with a simple Hill-type 
model for muscle contraction; and second, to validate the behaviour of the 
model against available experimental data. 

2.2.4. Smooth muscles. As we already know, muscles in which striations 
cannot be seen are called smooth muscles. Smooth muscles of the blood ves
sels are called vascular smooth muscles. These of the intestines are intestine 
smooth muscles. Different organs have different smooth muscles. There are 
differences among these muscles anatomically, functionally, mechanically, and 
in their responses to drugs. But there are also common features. All muscles 
contain actin and myosin and all rely on ATP (adenosine triphospate) for 
energy. 

Changes in the cell membrane induce Na+ and K+ ion fluxes and action 
potentials. The Ca++ flux furnishes the excitation-concentration coupling. 
These properties are similar in all muscles. 

Smooth muscle cells are generally much smaller than skeletal and heart 
muscle. Table 2 gives some typical dimensions obtained by electron mi
croscopy. 
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TABLE 2. Size of smooth muscle cells, after Burnstock [64]. 

Tissue 

Intestine 
Taenia coli 
Nictitating membrane 
Vas deferens 
Vascular smooth muscles 

Small arteries 
Arterioles 

Animal 

Mouse 
Guinea pig 
Cat 
Guinea pig 

Mouse 
Rabbit 

Length (JLm) Diameter in 
nuclear region 
(JLm) 

400 
200 (relaxed) 2-4 

350-400 
450 

60 1.5-2.5 
30-40 5 

There are a variety of patterns of smooth muscle packing. For details and 
description of contractile machinery the reader is referred to Burnstock (64] 
and Fung (175, Chap. 11], cf. also Price (458]. 

2.2.5. Ligament, tendon aponeurosis. Tendons and ligaments are soft 
connective tissues composed of closely packed, parallel collagen fibre bundles 
oriented to provide for the motion and stability of the musculoskeletal system, 
see [591], [630] and the references therein. Ligaments connect bone to bone, 
whereas tendons connect bone to muscle. Muscle fibres are either attached 
directly to bone or to an elastic sheet called aponeurosis which extramuscu
larly merges into a tendon. Structural hierarchy in tendon is represented in 
Figs. 8 and 9. 

xray 
EM 

uoy 

• 10tr200 A 

[ lfidenct : 

EM SEMI 
SEM OM 
OM 

I 

500- 50oo I 50- 300 }I 

SIZE SCALE 

FIGURE 8. Hierarchical structure of tendon. (S)EM, (scanning) electron mi
croscopy; OM, optical microscopy, after [314] 

http://rcin.org.pl



MODELLING OF SOFT TISSUES BEHAVIOUR 207 

FIGURE 9. Structural hierarchy in tendon. (Top) Diagram illustrating the rela
tionship between collagen molecules, fibrils , fascicles and tendon units. Although 
the diagram does not show fibril subunits, collagen fibrils appear to be self
assembled from intermediates that may be integrated within the fibril. (Bottom) 
Scanning electron micrograph of rat tail tendon showing fascicles units (asterisk) 
that make up the tendon, after Silver et al,- (522J. 

Description of lumbar spine and muscles attached to it include also the 
erector spinae aponeurosis cf. Adams et al. [4, pp.36-38]. This is a broad, 
fiat tendon that covers the lumbar region posteriorly. Its fibers consist exclu
sively of the candal tendons of the muscle bellies of longissimus thoracis pars 
thoracis and iliocostalis lumborum pars thoracis, that lie in the thoracic re
gion. The tendons simply cover underlying muscles, and offer no attachment 
to them. Thus this more insightful description is somewhat different from 
the traditional one where one claims that the erector spinae aponeurosis is 
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a large flat tendon arising from the lumbar and sacral spinous processes, the 
sacrum and ilium, that give rise to the erector spinae muscle that assumes 
a variety of insertions into the lumbar and thoracic vertebrae, cf. Adams et 
al. [4, p.37]. 

The aponeurosis is seen in Figs. 10 and 11. 
The myotendinous junction and the bony attachment are complex and 

vary considerably. Tendons generally have large parallel fibres that insert uni
formly into bone. Ligaments have smaller-diameter fibres that can be either 
parallel, as in the collateral ligaments of the knee, or branching and inter
woven, as in the knee cruciate ligaments. Under microscopic examination, 
ground substance and fibroblasts are observed in the interfibrillar spaces. 
Ultrastructural methods further demonstrate detailed hierarchies of fibrillar 

Proc. coracoideus--- - -,, 

M. suprsspinatus- --- - -.-.--... 

Tendo m. pectoralis minoris - -

M. subscapular/s-

M. teres minor---ltl!t<W~-... . 

Foramen axil/are lat. - -
(quadrangu/ars) 

M. coracobrachialis- -

M. biceps brachli' (caput breve}-
M. teres major -

M. biceps brachii (caput longum)- -
M. triceps brachii (caput /ongum)--

M. triceps brachii (caput mild.)--

Septum intermusculare br11chii mild. - -

M. brachia/is - -

Aponeurosis m. bicipitis brachii -- -

Tendo m. bicipitis br11chii- -

M. brllchiorlldilflis -

M. extensor carpi flldialis longus 

', 
Foramen tJXillare 
med. (triangulare} 

M. latissimus dorsi 

-Epicondy/us mild. 

- -M. pronator terss 

- - M . flexor c11rpi radialis 

- - - M. palm11ris fongus 

FIGURE 10. Anterior view of right shoulder muscles after removal of the deltoid, 
after [46j 
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FIGURE 11. Palmar side of left hand. Palmar aponeurosis constitutes a prolonga
tion of the distal edge of retinaculum flexors of wrist. Tendon of long palmaris is 
attached to the aponeurosis and to distal edge of retinaculum flexors; 1 - aponeu
rosis palmaris covering thenar, 2 - middle part of aponeurosis palmaris, 3 - medial 
part of aponeurosis palmaris, 4 -fasciculi longitudinales of aponeurosis palmaris, 
5 - ligamentum natatorium, 6 - arteriae digitales and nervi digitales palmares 
proprii, after (378J. 

arrangement down to microfibril size in tendons, cf. Figs. 8 and 9. A similar 
arrangement is thought to exist for ligaments. Although it is agreed that 
ligaments consist of closely packed collagen fibre bundles that are arranged 
in a more or less parallel fashion along the longitudinal axis of the ligament, 
concepts concerning the fibrilla and fibre arrangements of ligamentous tissue 
differ among investigators, cf. relevant references cited in Woo et al. [630]. 

There are two types of tendon- and ligament- bone insertions: direct and 
indirect. In the more direct type of insertion, the tendon or ligament crosses 
the mineralization front and progresses from fibril through fibrocartilage 
(usually less than 0.6 mm) to mineralized fibrocartilage (less than 0.4 mm) 
and finally to bone. In the second, less common type, the tendon or ligament 
inserts into bone through the periosteum, with short fibres that are obliquely 
anchored to the bone [630]. 

Tendons and ligaments consist of interdependent aggregations of colla
gen, elastin, proteoglycans (PGs), glycolipids, water and cells. Roughly 70% 
to 80% of the dry weight of normal tendon or ligament is composed of type 
I collagen, also found in the skin and bone, cf. Section 3 of this paper, where 
collagen types are presented. This collagen is thought to remain relatively 
inert metabolically, with a half-life of 300 to 500 days. Certain components 
of the collagen molecule may turn over faster than others and may thus be 
of greater functional importance in adaptations to environmental, traumatic 
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or pathologic processes. Collagen also has the ability to form covalent in
tramolecular (aldol) and intermolecular (Schiff base) cross-links, which are 
the keys to its tensile strength characteristics and resistance to chemical or 
enzymatic breakdown. 

The role of PGs in tendon development is discussed by Silver et al. [522]. 
Probably less known is the issue of tendon mineralization. More precisely, 
the major leg tendons of the domestic turkey, Meleagris gallopavo, including 
the Achilles or gastrocnemius tendon, begin to naturally calcify when the 
birds reach about 12 weeks, cf the relevant references in Silver et al. [522]. 
This appears to be an adaptation in response to external forces , but the 
relationship between skeletal changes and such forces is not understood. The 
gastrocnemius is relatively thick tendon at the rear of the turkey leg which 
passes through a cartilaginous sheath at the tarsometarsal joint and inserts 
into the muscle at the hip of the bird, cf. Silver et al. [522]. After passing 
through the sheath, the tendon divides into two portions with a decrease 
in total cross sectional area occurring relative to the original cross section. 
Mechanically this division results in increased loads borne by the sections 
after the bifurcation. Initiation of calcification occurs at or near the point of 
bifurcation and then calcification proceeds along the bifurcated sections. 

Morphological observations indicate that initiation of calcification occurs 
on the surface of collagen fibrils close to or at the centre of the tendon in 
15 week old animal. This is associated with changes in the collagen fibril 
structure. Studies on calcification of turkey tendons suggest that during the 
early stages, the hydroxyapatite crystals are about 35.0 nm in length (parallel 
to the collagen molecule) and 4.0-5.0 nm in width, cf. the relevant reference 
in Silver et al. [522]. In the calcifying turkey tendon the mineral in the hole 
region is crystalline, but between molecules is amorphous. Electron microgra
phy of the mineral shows that the crystals are plate-shaped and are arranged 
in parallel arrays across the collagen fibrils and that the collagen fibrils are 
elongated in cross section. 

In areas of the tendon away from the site of mineralization, tendon cells 
are spindle-shaped and have cellular processes that extend into the extra
cellular matrix and eventually connect with processes of neighbouring cells. 
Collagen fibrils range in these areas from 75 to 500 nm in diameter. 

2.2.6. Articular cartilage and meniscus. Three broad classes of carti
laginous tissues are present in the body: hyaline cartilage, elastic cartilage 
and fibrocartilage, cf. Mow and Ratcliffe [410]. These are distinguished by 
their biochemical composition, molecular microstructure and biomechanical 
properties and function. Hyaline cartilage is glassy smooth, glistening and 
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bluish-white in appearance (although older tissues tend to loose this ap
pearance). The most common hyaline cartilage, and consequently the most 
studied is articular cartilage. This tissue covers the articulating surfaces of 
long bones and sesamoid bones within synovial joints. Another example of 
hyaline cartilage is the growth plate, which controls, for example, the growth 
of bones during skeletal maturation. Other tissues include the larynx, the 
support structures of the tracheal tube, rib and costal cartilage, and the 
nasal septum. Examples of elastic cartilage are the epiglottis, the external 
auditory canal, and the eustachian tube. These tissues are generally yellow
ish and opaque in appearance and are more flexible than hyaline cartilage. 
Two fibrocartilages are the anulus fibrosus of the intervertebral disk, which 
provides flexible junctions between the vertebral body in the spine and the 
meniscus of the knee. 

Hyaline cartilages contain mainly Type II collagen and therefore are dis
tinguishable from fibrocartilages, such as meniscal cartilage. The latter con
tains mainly Type I collagen and a relatively low content of the proteoglycan 
aggrecan, cf. Mow and Ratcliffe [410), Poole et al. [454]. 

Articular cartilage in adults is a comparatively acellular tissue, with cell 
volume averaging only approximately 2% of total cartilage volume in human 
adults, [454] . The remainder is occupied by an extensive extracellular matrix 
that is synthesized by these cells that are chondrocytes. With increasing age, 
there is a progressive decrease in cell content and in matrix synthesis, the 
latter reaching its lowest point when the individual is 20 to 30 years. Cell 
density is at its lowest in the deep zone, cf. the relevant references in Mow 
and Ratcliffe [410], Poole et al. [454]. 

The organization of articular cartilage reflects its functional role. At its 
free surface, which is bathed by synovial fluid the cells and extracellular ma
trix are arranged differently to the rest of the tissue. More precisely, the 
chondrocytes are here flattened and aligned parallel to the surface. Only at 
the articular surface do these specialized chondrocytes synthesize a molecule 
called superficial zone protein. This now is known to be the same molecule 
as that called megakaryocyte stimulating factor or lubricin. It also is synte
sized by synovial cells. It is thought that lubricin plays an important role in 
providing almost frictionless articulation provided by the articular cartilage 
(obviously in healthy joints). 

The superficial chondrocytes are surrounded by a very polarized close 
knit organization of thin collagen fibrils, that generally run parallel to each 
other and to the articular surface, cf. Fig. 12 

The matrix organization is dominated by the fibrillar network. The con
tent of aggrecan is at its lowest here. The superficial zone provides the highest 
tensile properties found in articular cartilage, endowing it with the ability 
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zone L_ 

Superficial cell 
protein (also 
known as lubricin} 

Decorin and biglycan 

Pericellular 
region (decorin, 
Type VI collagen) 

. Territorial region 
(more intact 
aggrecan) 

lnterterritorial 
region (degraded 
aggrecan) 

Tide mark 

Type X collagen 

Hypertrophic 
chondrocyte 

Subchondral 
bone 

FIGURE 12. Diagrammatic representation of the general structure of human ar
ticular cartilage from an adult to show zones, regions and relationships with 
subchondral bone. The insets show the relative diameters and organizations of 
collagen microfibril in different zones. Some special features of molecular content 
or properties are also indicated, after Poole et. al. (454J. 

to accommodate shear, tensile, and compressive forces encountered during 
articulation. The fibril-associated small lecine rich decorin and proteogly
cans biglycan are most concentrated in the superficial zone, cf. the relevant 
references in ( 454]. 

Below the superficial zone is the midzone where the cell density is lower, 
cf. Fig. 12. Here the cells are more rounded and extracellular matrix is rich 
in the proteoglycan aggrecan. The collagen fibrils are of larger diameter and 
arranged more randomly. Situated between this zone and a layer of calcified 
cartilage is the deep zone (Fig. 12). Cell density is at its lowest, but aggrecan 
content and fibril diameter are maximal. The partly calcified layer (Fig. 12) 
provides a buffer between those of uncalcified cartilage and the subchondral 
bone. The chondrocytes in this calcified zone usually express the hypertrophic 
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phenotype. They reach a stage of differentiation that is also achieved in 
the physis and in fracture repair in endochondral bone formation. These 
hypertrophic cells are unique in that they synthesize Type X collagen and can 
calcify the extracellular matrix. This interface provides excellent structural 
integration with the subchondral bone. 

In addition to the described zonation, the matrix surrounding the chon
drocytes varies in its organization. All chondrocytes are surrounded by a nar
row ( approximatelly 2 J.Lm wide) pericellular region in which few collagen 
fibrils are detected, cf. Fig. 12. A territorial region surrounds this pericel
lular region which is present throughout the cartilage. In the deep zone, 
there is a clearly identifiable third region of structure, distinguishable by 
the ultrastructure of aggregates of the proteoglycan. This region is called 
the interterritorial region. It is the part of the matrix most remote from the 
chondrocytes. 

Similarly to other connective tissues with extracellular matrices, the en
doskeleton of hyaline cartilages is composed of collagen fibrils that form an 
extensive network the territorial and interterritorial matrix. This fibrils vary 
in diameter, from approximately 20 nm in the superficial zone to 70- 120 nm 
in the deep zone. Type II collagen forms the bulk (approximately 90%) of 
the fibrils cf. Fig. 13. For more details on collagen network and proteoglycan 
aggrecan in the articular cartilage the reader is referred to Mow and Ratcliffe 

FIGURE 13. Diagrammatic representation of the macrofibrillar collagen network 
and aggrecan superaggregate with hyaluronic acid; after Poole et al. (454J. 

http://rcin.org.pl



214 J .J. TELEGA AND M. STANCZYK 

[410], Poole et al. [454] and relevant references therein. From the biomecha
nical point of view it is noteworthy that aggrecan provides the compressive 
stiffness of cartilage. This is achieved by hydration of the large number of 
chondroitin sulfate and keratan sulfate chains that occupy the core protein 
in the keratan sulfate and chondroitin sulfate rich regions between G2 and 
G3 domains, cf. Poole et al. [454]. 

Let us pass to the meniscus. Its fibrous structure also has a layered ap
pearance, but it differs from that of articular cartilage. The menisci are semi
lunar in shape and are situated between the femoral condyles and tibial 
plateau of the knee, cf. Mow and Ratcliffe [410]. The articulating surface of 
the meniscus is composed of fine fibrils in a random mesh-like woven matrix, 
though split lines are also present. 

Approximately 100 J-Lm from the surface layers are large rope-like colla
gen fibre bundles that are principally arranged circumferentially around the 
semilunar meniscus. Smaller radial fibres appear to reinforce the structure of 
the meniscus by tying the large circumferential fibre bundles together. Such 
a fibrillar organization predominates throughout the peripheral two-thirds of 
the tissue, while the inner region appears to contain more randomly arranged 
smaller collagen fibres and proteoglycans, resembling hyaline cartilage, cf. the 
relevant references cited in [410]. 

2.2. 7. Intervertebral discs. The intervertebral discs are designed to se
parate consecutive vertebrae, thereby producing a potential space between 
them into which the vertebral bodies can dip and execute bending move
ments, cf. Adams et al. [4]. Each lumbar intervertebral disc is about 10 mm 
in height. The essential component of the intervertebral disc is anulus fibro
sus. This consists of some 10-20 sheets of collagen, called lamellae, tightly 
packed together in a circumferential fashion around the periphery disc, cf. 
Fig. 14. 

While packed tightly together, these lamellae are stiff and can sustain 
considerable compression loads. Being collagenous, the anulus fibrosus is suf
ficiently pliable that it can deform and thereby enable bending movements 
between vertebral bodies. However, herein lies the liability of the anulus fi
brosus. If it buckles it loses its stiffness, and is less able to sustain compression 
loads. To prevent this, the anulus fibrosus requires the second component
the nucleus pulposus. 

The nucleus pulposus is a hydrated gel located in the centre of each disc 
(Fig. 14). Cooperatively, the NP and AF maintain the stiffness of the disc 
against compression loading, but both tissues are sufficiently compliant that 
they allow some degree of movement between vertebral bodies. 
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coronal section transverse section 

FIGURE 14. The basic structure of a lumbar intervertebral disc. The disc con
sists of a nucleus pulposus (NP) surrounded by an anulus fibrosus (AF), both 
sandwiched between two cartilaginous vertebral end plates (VEP), after Adams 
et al. [4J. 
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The third component of the intervertebral disc are the superior and the 
inferior endplates, cf. Fig. 14. These are plates of cartilage that cover the 
superior and inferior aspects of the disc, and bind the disc to their respective 
vertebral bodies. 

The anulus fibrosus consists of Type I and Type II collagen. The concen
tration of Type I collagen is greater towards the periphery of anulus, while 
that of Type II collagen is reciprocally greater towards the centre of the disc. 
This distribution of Type I collagen matches the greater tensile role of the 
outer anulus fibrosus. Within each lamella of the AF, the collagen fibres are 
arranged in parallel. They pass obliquely from one vertebral body to the 
next, at an angle of about 65° to the sagittal plane. However, as a rule, the 
fibres in each successive lamellae are oriented in an opposite sense, with one 
layer inclined to the right, and so on, cf. Fig. 15. 

FIGURE 15. The architecture of the anulus fibrosus. Collagen fibres are arranged 
in 10-20 concentric, circumferential lamellae, but their orientation with respect 
the vertical (B) is approximately the same, and measures about 65°, after Adams 
et al. [4J. 
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The nucleus pulposus consists largely of proteoglycans. They have the 
valuable property of being able to imbibe and retain large amounts of water. 
If the nucleus pulposus loses its proteoglycans, it can no longer hold its water, 
and the nucleus can no longer brace the anulus fibrosus. 

2.2.8. Eye. Figure 16 presents a diagram of the anatomy of the eye whilst 
Fig. 17 -idealized structure of the human cornea, cf. Bryant and McDonnell 
[61], and Downs et al. (142] and the relevant references therein. 

(a) Sagittal Section 

S<le<o 

l.atrin.l Crlbrou . 
(d4111tgroy) 

(b) ONH Sagittal Section (detail) (C)ONH TranlNerse Section (detail) 

FIGURE 16. (a) Diagram of the anatomy of the eye, showing the location of 
the scleral canal and the optic nerve head (ONH); (b) histologic sagittal sec
tion through the scleral canal and ONH showing the peripapillary sclera, lam
ina crib rosa and retinal ganglion cell axons, and (c) histologic transverse section 
through the scleral canal and ONH showing the connective tissue structure of the 
scleral canal, lamina cribrosa and central retinal vessels, after Downs et al. [142]. 
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t t t t t t t Endothelium 

lOP Aqueous 

FIGURE 17. Idealized structure of the human cornea. The cornea is a semi
spherical shell loaded by the intraocular pressure (IOP; top left). The corneal 
stroma consists of parallel layers (lamellae) of collagen fibres (bottom left). The 
epithelium and endothelium are cellular layers bounding the stroma. Each lamella 
(right) consists of parallel collagen fibres embedded in a matrix of polyanionic pro
teoglycans and surrounded by water and ions, after Bryant and McDonnell [61]. 
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The sclera is the principal load-bearing tissue of the eye and consists 
primarily of collagen. The primary function of the sclera is to resist intraocu
lar pressure (lOP), provide attachment sites for the ocular musculature and 
support the retina in the spheroid shape for focused vision. The thickness 
and predominant collagen fibril orientation of this tissue are dependent on 
location in globe. However, whether the fibril orientation has a large effect on 
scleral material properties remains controversial, cf. the relevant references 
in Downs et al. [142]. 

The scleral shell is pierced by the scleral canal, an elliptical hole (1-2.5 mm 
in diameter) in the posterior portion of the globe, through which the retinal 
ganglion cell axons pass on their path to form orbital optic nerve (Fig. 16). 
The scleral canal is spanned by a series of thin, fenestrated connective tissue 
sheets known as lamina cribosa (Fig. 16 b, c). The latter provides structural 
and nutritional support to the retinal ganglion cell axons as they pass through 
the scleral canal. The tissue within the scleral canal are collectively known 
as papilla or optic nerve head (ONH). 

lOP-related stress in the tissues of the ONH and sclera is considerable 
even at normal levels of intraocular pressure (10-20 mm Hg), and the de
formation resulting from those stresses may be affected by factors such as 
scleral canal geometry, lamina cribrosa tissue density and geometry, extra
cellular matrix composition, and other factors that vary significantly among 
individuals, cf. the relevant references in [142]. 

The corneal stroma in its normal state has a strong tendency to imbibe 
fluid. The stroma is composed of lamellae of parallel fibres embedded in 
a matrix of polyanionic proteoglycans ( cf. Fig. 1 7), which give rise to the 
fixed charge density of the tissue, like in the articular cartilage, cf. the relevant 
references in Bryant and McDonnell [61]. 

2.2.9. Skin. One of the major functions of the skin is to prevent the exces
sive loss of water from the body. Other functions are to protect the body by 
preventing the penetration of undesirable substances or radiation, and cush
ioning it against mechanical shocks. Skin is also of importance in maintaining 
the heat balance of the body and in the immunologic response to foreign ma
terials. Other functions are the synthesis of vitamin D, interconversion of 
steroids and the excretion of ingested toxins. 

Water loss through the skin consists of two processes: sweating and insen
sible perspiration. Water loss due to sweating is an active process aimed at 
loosing excessive heat. At rest it occurs only at relatively high ambient tem
perature (28-30°C, cf. Elsner et al. [158]). Insensible perspiration is a passive 
process caused by the difference in water content between the body and the 
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environment. Skin forms a very effective barrier against perspirational water 
loss, which is often called transepidermal water loss (TEWL). The effective
ness of the barrier is indicated by the fact that the ratio of water loss from 
the body with skin and the water loss from the body without skin, which 
can be equalled to a free water surface is less than 0.04. 

The skin has a stratified structure consisting of two main layers: an ex
terior epithelial covering called the epidermis (ca. 75-150 11m), and beneath 
this, a connective tissue layer, the dermis (ca. 1-4 mm). These thicknesses 
may vary considerably over the surface of the body. Dermis and epidermis 
are separated by the basement membrane. A schematic cross-section of the 
skin is given in Fig. 18. 

stratum 
spinosum 

stratum 
genninativum 

dermis 
1-4 [mm} 

FIGURE 18. A schematic cross-section of the skin, after Guyton [212J. 

The epidermis is a differentiated, stratified, keratinising epithelium largely 
composed of keratinocytes which move progressively from attachment to the 
basement membrane towards the skin surface (turn-over time ca. 50 days, cf. 
Elsner et al. [158] and the relevant references cited in van Kemenade [593]) 
forming several well-defined layers: stratum germinativum, stratum spinosum, 
stratum granulosum and stratum corneum. The deepest layer of the epider
mis is the stratum germinativum in which cell division occurs. The cells are 
cuboidal in shape. Nuclei, cytoplasm and cytoskeletal tonofilament bundles 
are present in the cells. The stratum spinosum lies immediately above the 
stratum germinativum. The keratinocytes become cuboidal and there are 
numerous desmosomal connections between adjacent keratinocytes. Desmo
somes are laminated structures with intercellular and intracellular compo
nents. Cytoskeletal tonofilaments attach close to the desmosomes, provid
ing stability across cells and cell layers. In the upper layers of the stratum 
spinosum, so-called lamellar bodies arise. These lamellar bodies are lipid syn-
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thesizing organelles in the keratinocyte. The stratum spinosum is succeeded 
by the stratum granulosum. In this layer the lamellar bodies migrate towards 
the periphery of the cell and eventually discharge their lipid components into 
the intercellular space. The outermost layer is stratum corneum. The cells 
(now called corneocytes) are flattened and have lost their nuclei. The thick
ness of the stratum corneum varies regionally, becoming maximal on the palm 
and sole. Over most of the body surface the thickness of the stratum corneum 
varies between 8-15 J.Lm. There are 15 to 20 layers of corneocytes. Between the 
fiat corneocytes there are lipid bilayers originating from the lamellar bodies. 
This means that the stratum corneum consists of (protein rich) corneocytes 
embedded in a lipid rich matrix. This structural organization is often called 
the brick and mortar model. Dry stratum corneum (without any water) con
sists of approximately 75-85% proteins (mostly keratins), 5-15% lipids and 
5-10% substances of low molecular weight, cf. Elsner et al. (158] and the 
relevant references cited in van Kemenade (593]. 

The stratum corneum has the ability to swell to several times its normal 
thickness. Generally, increasing environmental relative humidity causes an 
increase in stratum corneum hydration. The water content of the stratum 
corneum (mass of water per total mass) is important for the properties and 
external appearance, such as pliability and smoothness. Normally it is about 
10-15% in the outer layers increasing to 65% at the bottom of the stratum 
corneum. The nature of water in the stratum corneum is different at different 
water contents. At a water content below 10% the water present is tightly 
bound, presumably to the polar sites of the proteins. At water contents be
tween 10 and 40% there is also less tightly bound water present (hydrogen 
bonded). Above 50%, the water is present as bulk (free) water. 

The dermis is a layer of connective tissue lying underneath the epidermis. 
It contains blood vessels, lymph vessels nerves and the skin appendages such 
as hairs, sebacous glands, and sweat glands. The thickness of the dermis varies 
between 1 mm (scalp) and 4mm (back). The dermis consists of two regions, 
above a loose superficial layer, called a papilary dermis (10% of the total 
dermis), and beneath a dense layer, called the reticular dermis ( 90% of the 
total dermis). At the junction between the papillary and reticular dermis, 
there exists a subpapillary (also called superficial) plexus of blood vessels. 
The deep plexus of blood vessels lies at the bottom of the reticular dermis. 
The dermis is composed of connective tissue which contains a supporting 
matrix or ground substance. This ground substance is also bound to water. 
Two kinds of protein are also found: collagen with great tensile strength (ca. 
75% dry weight), and elastin which has considerable elasticity (ca. 4% dry 
weight). Below this dermis is a layer containing predominantly fat cells, called 
the subcutaneous tissue or hypodermis. 
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2.2.10. Lungs. The main function of the lungs is (rapid) gas exchange. 
This is accomplished by a well-coordinated interaction of the lungs with the 
central nervous system, the diaphragm and chest wall musculature and the 
circulatory system, see Fung [176) and Godwin [193). Total lung mass is 
about 300-400 g. Upper and lower lobes are anterior, while the lower lobes 
are posterior, cf. Fig. 19. Development of each lobe results in division into 
19 bronchopulmonary segments which are relatively constant and often have 
pathophysiologic correlates, i.e. secondary tuberculosis is seen in the apical 
segments. 

Right oblique 

FIGURE 19. Gross structure of the lungs, after http: I /hsc. uwe. ac. uk/ 
radiography/RAnatomy/resp/gross_structure.htm 

To oxygenate the blood and to remove C02 nature chooses to do this by 
diffusion and chemical reaction, and for this purpose blood is spread out into 
very thin layers or sheets so that the blood-gas interfacial area becomes very 
large. In an adult human lung with a pulmonary capillary blood volume on 
the order of 150 ml, the pulmonary capillary blood-gas exchange area is of 
the order of 70m2 , so that the average computed thickness of the sheets of 
blood in the pulmonary capillaries is only about 4Jlm. The thin membrane 
that separates the blood from the air is less than 111 thick; it consists of 
a layer of endothelial cells, an interstitium, and a layer of epithelial cells. Each 
sheet of blood, bounded by two membranes, forms an interalveoral septum. 
Several billion septa form a space structure, which may be compared with 
a honeycomb or a bowl of soap bubbles, cf. Fung [176). The smallest unit 
of space bounded by interalveolar septa is called the alveolus. In an adult 
human there are about 300 million alveoli. Each alveolus is polyhedral. It is 
bounded by interalveolar walls, with one or more sides missing in order to 
ventilate to the atmosphere. 
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Only about 10% of the lung is occupied by solid tissue, whereas the 
remainder is filled with air and blood. Supporting structures of the lung must 
be delicate to allow gas exchange, yet strong enough to maintain structural 
integrity, that is sustain alveolar structure. 

From the trachea distally, the respiratory tree divides into paired branches 
of unequal length and diameter and is, therefore, described as having an 
arborizing branching pattern of irregular dichotomy, cf. Figs. 20, 21. 
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FIGURE 20. Relationship between the heart and lung in humans. Note that the 
pulmonary arteries lie close to the bronchi, whereas the pulmonary veins stand 
alone. Only the first few generations of the large pulmonary blood vessels and 
bronchi are shown in the figure, after Fung [176]. 

There are approximately 23 airway divisions to the level of the alveoli. 
The division include main bronchi, lobar bronchi, segmental bronchi (to de
signated bronchopulmonary segments), and so on to the smallest bronchioles 
which do not have alveoli and are lined completely by bronchial epithelium, 
the terminale bronchioles. 

Respiratory bronchiole is the first bronchiole along which alveoli appear. 
There are 2-5 'generations' of respiratory bronchioles. Since these bronchioles 
are lined by cuboidal epithelium and have no muscular walls, they function 
primarily as conducting tubes, and probably account for minimal gas ex
change. 

Alveolar ducts are completely lined by alveoli, have no muscle in their 
walls and are covered by attenuated squamous epithelium. 
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• Larynx - the voice box. Flaps of tissue vibrate to create sounds. 

• Trachea - a tube made rigid by rings of cartilage. This makes the trachea keep its 
shape to allow free movement of air into and out of the lungs. 

• Bronchus- there are two bronchi, branching from the trachea. One bronchus enters 
the left lung while the other enters the right lung. 

• Bronchioles- smaller branches of the bronchi. 

• Alveolus -there are around 70 million alveoli in each lung. These are tiny air sacs. 
It is here that oxygen enters the blood and carbon dioxide leaves it. 

• Pleural cavity - the space in the chest where the lungs fit. It is lubricated to 
prevent the lungs from sticking to the rib cage. 

• Intercostal muscles- muscle in-between each rib. When they contract they pull 
the rib cage upwards and outwards. This increases the volume of the chest. 

• Diaphragm - a dome shaped sheet of muscle under the lungs. When it contracts 
it pulls down. This increases the volume of the chest. 

FIGURE 21. Schematic lung structure, after vvw .longleypublications. co . uk 
/biology/KS3Biology/lungs.htm. 

Alveolar sacs represent the termini of alveolar ducts and are completely 
lined by alveoli. The alveolar sacs and alveoli are lined by attenuated squa
mous epithelium. The normal alveolus is angular. 

The acinus is the functional or terminal respiratory unit of the lung and 
includes all structures from the respiratory bronchiole to the alveolus ( alve
olar ducts, alveolar sacs, and alveoli). An acinus averages 0,75 mm in dia
meter. Each person has about 20 000 accini (and about 300 million alveoli). 
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The lobule is a less well-defined anatomic unit which includes 3-5 terminal 
bronchioles and their distal structures. 

The conducting airways are compliant tubes lined by respiratory mucosa 
and containing variable amounts of muscle and/ or cartilage in their wall. Air
ways are for conducting air and for clearance and filtering of foreign particles 
that are in the approximately 10 000 lit res of inspired air per day. Bronchi 
are distinguished from bronchioles primarily by the presence of cartilage in 
their walls. Bronchioles also lack submucosal glands. 

Pseudostratified ciliated columnar cells mucuous (goblet) cells are the 
two major components of the epithelium. The ciliated cells predominate in 
number. Both derive from basel cells. Circumferential layer of smooth muscles 
constitute the layer being deep to the mucosa (except in the trachea, where it 
is only the posterior, membranous wall), and becomes increasingly prominent 
as airway diameter and cartilage decrease. Circular smooth muscle is most 
prominent in the terminal bronchioles. 

Cartilage lies outside the submucosa and decreases in amount as the ca
liber of the airway decreases. It is present distally in the bronchi, and is not 
in the bronchioles. The trachea has a C-shaped ring of cartilage in the wall, 
anteriorly. The lobar and segmental bronchi have haphazard and discontin
uous plates of cartilage, circumferentially. Cartilage can be compressed by 
external pressure (e.g. a cough) 

Anatomically most of the alveolar wall is comprised of the capillary. At 
any given time the total lung capillary volume is about 75 ml, spread over an 
area of 80m2 which result in a very thin layer of blood. Gases are exchanged 
between this channel of blood and the alveolar space. The entire surface of 
the alveolus is normally covered by epithelial cells. The alveolar wall has 
2 basement membranes (BM), one associated with endothelial cells and one 
with epithelial cells. Where the wall becomes very thin these two (endothelial 
and epithelial) BM's fuse into a single BM. 

The alveolar interstitium contains other cells (fibroblasts and lymphoid 
cells). 

As we already know, Fig. 20 shows the relationship between the heart and 
lung. Blood flows from the right ventricle to the pulmonary artery, then to 
capillary blood vessels, the veins, and finally to the left atrium (LA). Fig
ure 22 shows an enlarged view of capillary blood vessels in the interalveolar 
septa. 

For a schematic diagram of a lobule the reader is referred to Fig. 6.2:3 
in the book by Fung [176]. This author claims that the topology of the 
network of the pulmonary capillary blood vessels is definitely not treelike; it 
is sheetlike. The dense network of the capillary blood vessels in an alveolar 
wall of the frog is shown in Fig. 23. 
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FIGURE 22. Scanning electron micrograph of cat lung illustrating how each in
teralveolar septum is shared by two alveoli. These septa are sheets of pulmonary 
capillary blood vessels. The wrinkly appearance of the septa is an artefact due 
to the cutting of the specimen and relieving of the stresses, thereby causing the 
contraction of elastin fibres, which cannot be fixed by commonly known fixing 
agents; after Fung [176]. 

FIGURE 23. Photograph of a network of capillary blood vessels in the frog, after 
Maloney and Castle [370]. 
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A similar picture of the cat lung is represented as Fig. 6.3:2 in the book 
by Fung [176] . 

Figure 24 visualizes the vascular space in the pulmonary alveolar sheet. 
The epithelium is lifted from the interstitium and pulled back. The elastin 
and collagen fibres in the interstitium are indicated, but not drawn in detail. 
The cross section of an individual capillary blood vessel may appear like 
a tube in certain directions, but overall the vascular space is represented as 
a sheet. From the point of view of fluid mechanics, the sheet representation is 
advantageous, since the streamlines will occupy the vascular space of a tube 
model, cf. Fig. 6.3:6 in the book by Fung [176]. 
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FIGURE 24 . Composite drawing of the pulmonary interalveolar wall of the dog 
showing the interalveolar microvascular sheet, composed of a vascular compart
ment (V) (the capillary bed) and the avascular (intercapillary) posts (A, B, C). 
The alveolar epithelium has been pulled back to show the connective tissue ma
trix of the wall. Collagen converges on the post from the surrounding capillary 
wall. In post B collagen fibre bundles pass around within the post in a curving 
arrangement, after Rosenquist et al. [490J. 

2.2.11. Kidney. According to Jamison [270], Jacob Henle's crowning achie
vement was the three-volume Handbook of Systematic Anantomy, published 
in 1866 [225]. Figure 25 from the Handbook (see also Fig. 1 in the paper by 
Jamison [270]) is the cross section of the human kidney hand-drawn by Henle. 
The kidney is divided into lobules. Each consists of a cortex and medulla. 
Kidneys of all mammals and birds contain one or more such lobules. The 
rat kidney has one lobule, the human kidney-fourteen and the whale more 
than a thousand, but the basic structure is the same. 

http://rcin.org.pl



226 J.J. TELEGA AND M. STANCZYK 

FIGURE 25. Saggittal section of a human kidney drawn by hand by Jacob Henle 
(1866). The legend beneath the figure is translated as follows: frontal section 
through the kidney, the renal pelvis and a number of renal calyces. A Branch of 
the renal artery. U ureter. C Renal calyx. 1 substance of the cortex. 1' Extension of 
the renal pyramid. 1" Actual substance of the cortex. 2 substance of the medulla. 
2' Actual substance of the medulla. 2" Boundary layer of the same. 3 Section of 
the boundary layer perpendicular to the axis of the tubules. 4 renal sinus fat . 
5 Branches of renal arteries. * Extension of pyramid running cross-wise, after 
Jamison [270]. 

Figure 26 depicts the two fundamental functional units of the kidney -
nephron and blood vessel. There are two types of nephrons, those with short 
loops of Henle and those with long loops. The long loop nephron differs from 
the short loop nephron in three ways. 

1. The glomerulus of the long loop nephron is confined to the region in 
the cortex next to the medulla. 

2. Its tubule folds into a hairpin turn, the loop of Henle, that penetrates 
into the inner medulla. The Henle's loop of the short loop nephron 
turns in the outer medulla. 

3. Its loop of Henle contains a thin ascending as well as thin descending 
segment. The short loop lacks a thin ascending segment. 

All nephrons empty into collecting ducts, that fuse two ducts into one 
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FIGURE 26. The two major units of the kidney. On the left, the two principal 
types of nephron are shown relative to their location in the renal cortex, outer 
medulla (Outer Zone) (subdivided into an Outer Stripe and an Inner Stripe) and 
inner medulla (Inner Zone). The short loop nephron (extreme left) whose loop of 
Henle turns at the junction of the outer medulla and inner medulla, has a descend
ing thin segment but no ascending thin segment. The glomerulus of the long loop 
nephron is located in the region adjacent to medulla, and has a much longer loop 
of Henle, with both a thin descending and thin ascending segment. The thick as
cending segment returns to a region adjacent to its own glomerulus to become the 
distal tubule. The distal tubules of both nephrons join the collecting duct system 
in the cortex, which is characterized by a series of fusions of two ducts into one, 
primarily in the inner medulla. On the right, the microcirculation of the kidney 
is superimposed on the nephrons and collecting duct. The arterial system is solid 
black, the venous system is open. The microcirculation consists of two capillary 
networks in series. The first capillary network, the glomerular capillaries, reunite 
in the efferent arteriole, which breaks up into the second capillary network, the 
peritubular capillaries, to supply blood to the cortex. The glomerular capillaries 
of the long loop nephrons reunite in the efferent arteriole, which breaks up into 
descending vasa recta to supply blood to the renal medulla. Ascending vasa recta 
return the blood to veins in the cortex, after Gottschalk (195J. 
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7 or 8 times. The collecting ducts provide the final conduit for the remaining 
glomerular filtrate (or urine) to empty into the renal pelvis. 

The book edited by Layton and Weinstein [335] presents current views 
on complex transport phenomena in the kidney. Surprisingly, nothing is said 
about kidney deformability as of a soft tissue. For the latter problem we refer 
the reader to a paper by Wachenbruch and Diller (1992) where a network 
thermodynamic model has been devised to describe the coupled movement 
of water and permeable additive within a kidney during perfusion under the 
combined action of diffusive, hydrodynamic, and mechanical processes. From 
our point of view kidney is a complex hierarchical porous biological material. 
Anyway, in contrast to say arteries and myocardium, mechanical modelling 
of kidney (the same pertains to liver) is scarce. 

2.2.12. Brain. A short survey of structure of soft tissues exhibiting non
linear behavior and mechanical loads should necessarily include brain. There 
are many reasons for biomechanical studies of the brain. Let us just mention 
head injury, a critical problem worldwide, with approximately 1.5 million 
cases (50 000 fatal) each year in the United States alone, see Manson et 
al. [402] . 

Figures 27-28 present the brain in a lucid manner. 
The human brain is a soft tissue yielding structure that is not as stiff as 

a gel or as plastic as a paste, cf. Akkas [5], Ommaya [438]. The soft tissue 
consists of gray matter, containing neuronal cell bodies, and white matter, 
containing interconnecting fibres between areas of gray matter, cf. Fig. 29. 

FIGURE 27. Photograph of the underside of the brain, looking up
wards. The eye balls and start of the spinal cord are clearly seen, see 
http://vvw.brain-tumour.net/reference/thebrain/photol.htm 
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FIGURE 28. Left: simple presentation of the brain, with no spinal tissue vis
ible. The lobes are reasonably distinguishable. Right: A 'slice' through the 
entire head showing clearly the location of the brain within the skull, see 
http://www.brain-tumour.net/reference/thebrain/photo1.htm 
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FIGURE 29. An illustration of some major features of the anatomy of the human 
brain. Top panel: the falx and tentorium membranes divide the brain into two 
cerebral hemispheres and the cerebellum; they are relatively stiff membranes, and 
they constrain the potential deformations of the soft tissue. The parenchyma is 
composed of white and gray matter; ventricles are cavities that are filled with CSF. 
Bottom panel : a simplified scheme of the connection between the subarachnoid 
space and ventricles; features have been exagerrated for illustrative purposes, after 
Kyriacou et al. (319]. 

http://rcin.org.pl



230 J .J. TELEGA AND M. STANCZYK 

The soft tissue is covered by the dura, arachnoid, and pia membranes with 
the space between the arachnoid and pia (subarachnoid space) filled with the 
cerebrospinal fluid (CSF), a clear, colourless fluid. The subarachnoidal space 
communicates with the four ventricles, which are cavities filled with CSF. 

3. Basic structural elements: collagen, actin, and elastin 

In a brief description of collagen types we largely follow Fung [175], 
Kucharz [314] and Mow and Ratcliffe (410]. Collagen is a protein present 
in the majority of species throughout the animal kingdom, including the ver
tebrates. It is the most abundant protein of human and other mammalian 
bodies. It is not a single protein, as thought until 1970s, and the family of 
collagen proteins has increased rapidly in recent two decades due to discove
ries of new, genetically distinct types. The biological role of collagens is not 
limited to supporting the scaffold, rather the function of nearly all systems 
and organs of the body is related to collageneous structures. On the other 
hand, the biological functions of collagens should not be considered in isola
tion since they are constituents of the connective tissue and remain in close 
mutual relationships with other components of the extracellular matrix. 

The term 'collagen' was introduced into histological works in the nine
teens century and was derived from the break works 'kolla' and 'genos', which 
mean 'glue' and 'formation'. The earliest observations were related to the 
ability of collagen to produce glue (gelatin) when tissues, usually hide, were 
extracted with boiling water. This first property of collagen known in an
tiquity (Bogue, 1922). In modern times, the first studies on collagen were 
carried out by chemists involved in leather tanning and gelatin production. 
The book by Kucharz (314] provides a historical outline of collagen research. 

3.1. Structure and types of collagens 

Collagens represent a number of closely related but chemically distinct 
macromolecules. All forms are made up of three left-handed polypeptide 
chains. These chains are coiled in a right-handed direction about a common 
axis to form the rope-like molecule. The major part of collagen molecule has 
triple-helical structure. The nonhelical domains are present at both ends of 
the chains, and in some types of collagen the helical part is interrupted by 
nonhelical domains. The presence of a sizeable part of the molecule with the 
triple-helical conformation is a basic feature for classification of the proteins 
as collagens. Those containing only a small portion of the molecule in the form 
of the triple-helical conformation are termed proteins containing a collagen 
sequence. 
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The polypeptide chains are termed a-chains. The chains with different 
primary structure are numbered with arabic numerals, e.g., a1, a2. They 
may be identical or different within the same molecule. The distinct colla
gens are called 'types' and are numbered with roman numerals. The same 
numerals are added to the chains in brackets, following the arabic number of 
the chain. For example, the composition of the most common type 1 colla
gen is [a1(J)]2[a2(J)], i.e., its molecule consists of two identical a1(J) chains 
and one chain a2(1) . It is important to remember that chains with the same 
arabic number of different types of collagen are not identical, i.e., the chain 
a1(J) has different primary structure than the chain a1(J I), etc. The term 
'collagen types' is sometimes substituted with the term 'collagen systems', 
cf. Kucharz [314] p.5. 

Collagen, as seen in the extracellular space, is synthesized from a precur
sor protein form. The polypeptide chains in nascend form are termed prepro
collagen chains and are abbreviated as prepro a with appropriate numerals. 
After cleavage of the signal peptide, the preprocollagen chains form procolla
gen chains. They are subject to a number of posttranslational modifications, 
and three procollagen chains assemble into the procollagen molecule. Con
version of procollagen to collagen is associated with removing the propeptide 
from all three chains on both ends. The final molecule, which is the basic 
unit for fibril and other collageneous structures, is called collagen. This is 
synonymous with the old term tropocollagen. 

The structure of the collagen molecule was discovered on the basis of 
X-ray diffraction studies followed by examination of synthetic polypeptides. 
The principal feature, which effects in the helix formation, is a high content of 
glycine and imino acid residues and the sequence of repeating residues Gly-X
Y, where X andY can be any amino acid, often proline and hydroxyproline. 
We recall that glycine is the most simple amino acid, not containing any side 
chains, see Turner et al. (586]. For more details on amino and imino acids the 
reader is refered to Hames et al. [217]. An individual chain has a left-handed 
helical structure which is not stable when the chains are separated. The 
presence of glycine at every third residue is an absolute requirement for the 
triple-helix formation because glycine is the only amino acid without a side 
chain. Three glycine residues alternately from three chains form a shallow 
helix up the centre of the superhelical structure. The side chains of residues 
of amino acids other than glycine are directed outwards. Three left-handed 
helical chains form a 'supercoil' with a pitch of approximately 8.6 nm. The 
distance between amino acids within each chain is 0.291 nm, and the relative 
twist is 10°. Thus the distance between each third glycine residue is 0.87 nm, 
see Fig. 30. 
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FIGURE 30. The collagen triple helix, after Kucharz [314] . 

The total amount of collagen is estimated at 25%-30% of the total body 
proteins; thus collagen is most abundant protein in the mammalian body. 
In adult mice collagen was found to make up 28.8% of the body weight at 
death. Measurements carried out in mice showed that about 40% of the total 
body collagen is in the skin, which forms only 17.6% of the body weight. 
In human skin, collagen constitutes about 75% of total nitrogen content. 
The musculoskeletal system of mice was found to contain 52%, and viscera 
accounted for only 3% of the total body collagen. The highest relative content 
of collagen (85%) has been found in tendons. The collagen content in various 
tissues is shown in Table 3. 

TABLE 3. Collagen content in tissues of rat and mouse, after Kucharz [314]. 

Tissue 
Liver 
Lungs 
Kidney 
Spleen 
Aorta 
Skin 
Bone 
Cartilage 
Tendon 

Collagen ( mg/ g dry weight) 
8-10 

90- 110 
20-30 
25-30 

200-260 
600- 720 
150-250 

310 
810-850 

The distribution of collagens of various types has only partially been 
explored. Details are given in the book by [314], whilst an overview is sum
marized in Table 4. 

We observe that Mow and Ratcliffe [410], mention that there exist still 
more collagen types, namely 18. 

http://rcin.org.pl



MODELLING OF SOFT TISSUES BEHAVIOUR 233 

TABLE 4. Chain composition and distribution of collagens, after Kucharz [314J. 

Coll. type 

!-trimer 
II 

III 

IV 
v 

VI 

VII 

VIII 

IX 
X 

XI 

XII 

XIII 

Chain composition 
[cd (I) hn2(I) 

[al(I)h 
(al(II)b 

[al(III)!J 

[al(IV)J2a2(IV) 
[al(V)hn2(V), [al(V)JJ, 
[a3(V)!J, al(V)a2(V)a3(V) 

al(VI)a2(VI)a3(VI), [al(VI)!J 

[al(VII)!J 

Unknown 

al(IX)a2(IX)a3(IX) 
[al(X)!J 

a 1 (XI)a2(XI)a3(XI) 

[al(XII)JJ 

Unknown 

3.2. Tendon and related structures 

Distribution 
Skin, tendon, bone, cornea, dentin, 
fibrocartilage, large vessels, intes
tine, uterus 
dentin, dermis, tendon 
Hyaline, cartilage, vitreous, nucleus 
pulposus, notochord 
Large vesels, uterine wall, dermis, 
intestine, heart valve, gingiva 
Basement membranes 
Cornea, placental membranes, 
bone, large vessels, hyaline, carti
lage, gingiva 
Descemet's membrane, skin, nu
cleus pulposus, heart muscle 
Skin, placenta, lung, cartilage, 
cornea 
Produced by endothelial cells, De
scemet 's membrane 
Cartilage 
Produced by hypertrophied chon
drocytes during the process of en
dochondral osscification 
Hyaline cartilage, intervertebral 
disc, vitreous humor 
Chick embryo tendon, bovine peri
odontal ligament 
Fetal skin, bone, intestinal mucosa 

The structure of tendon (and ligament) has already been presented in 
Section 2. Let us supplement this by addition of a brief description seen from 
a specific point of view. 

As we already know a tendon is an elongated, cylindrical structure that 
attaches striated muscle to bone and through which the tension of a muscle 
is transmitted to the skeleton. Tendons are the most common example of 
dense, regular connective tissue and consist almost entirely of parallel, closely 
packed bundles of fibres. The fibres are separated by a small amount of 
amorphous matrix. Externally, the tendon is surrounded by a sheath of dense 
connective tissue, the paratenon. Under this layer another sheath is present, 
the epitenon, which continues the endotenon, separating the fascicles as well 
as carrying the blood hierarchical structure, cf. Figs. 8 and 9. 
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The tendon consists of fascicles separated by endotenon. Each fascicle is 
build up of many fibrils, among them fibroblasts are located. Fibroblasts are 
collageneous structures with a subordinate hierarchy including subfibrils and 
microfibrils. The most elementary component of all is the molecule of colla
gen (tropocollagen). The structural hierarchies in collagen from the molecule 
through the fibril level are shown in Fig. 31 

Hulmes and Miller [249] performed reinterpretation of the X-ray data 
which leads to a model for a crystalline regions of the fibril, based on quasi
hexagonal molecular packing without microfibrillar substructure, and hence 
having the character of a molecular crystal, cf. Fig. 32. 

-Tropocollagen 
Triple Helix 
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Mic:rofibrib 
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Possible Periodic 
C onnec tion5 

FIGURE 31. Structural hierarchies in collagen from the molecule through the 
fibril level: tropocollagen (collagen), microfibril, lattice formed by microfibrils, 
and collagen fibril, after Kucharz [314]. 
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FIGURE 32. Possible structure in one region of a collagen fibril, shown in pro
jection down the fibril axis. Numbers refer to molecular segments (see upper 
left) in one 66.8 nm (D) thick transverse section. Thick shaded lines show mole
cular tilt and connectivity between upper (bold type) and lower (regular type) 
surfaces of the section. The molecular polarity and sign of the tilt ( rv 5°) are 
arbitrary. In this example the latteral shift of the unit cell origin in height D is 
~a= a/10, ~b = -3b/l0. The same unit cell dimensions could also arise by regu
lar combinations of two lD (and 40) staggers and one 20 (and 3D) stagger in the 
three principal directions, as well as by more irregular patterns of intermolecular 
n x D staggers, after Hulmes and Miller [249]. 

3.3. Mechanical properties of collagen 

235 

Of earlier results on mechanical properties of tendon fibres the paper by 
Yannas and Huang (1972) is worth of being mentioned. 

Tendon fibres, about 200 J-L diameter, were teased out of tails of 3-month 
old Sprague-Dawley rats [150]. These fibers are covered with a noncollagenous 
reticular membrane which was removed by immersion in 0.5 M NaH2P04 at 
23°C over a 2-hr period. Fibres which had been treated over a fraction of this 
period with NaH2P04 were examined with the scanning microscope in order 
to note various characteristics of membrane as well as confirm its removal. 
Several membrane-free fibres were subsequently treated at room temperature 
over varying period of time with 0.05 M acetic acid and were also examined 
with the microscope in order to discern intermediate steps in the dissolution 
process. 

Freshly teased fibres contain about 65% water by weight, but attain a wa
ter content of ca. 15 % when exposed to the laboratory atmosphere for about 
1/2 hr. Depending on factors such as the age of the animal, the solubility 
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of these fibres often exceeds 90% of speciment weight as long as the water 
content does not fall below about 1%. Highly dehydrated specimens were pre
pared by heating at 105°C at a pressure of 10-3 mm Hg for 48 hr; at the end 
of such a treatment, the water content drops below 1%, whilst the solubility 
of both gelatin and collagen specimens drops to zero, indicating that these 
specimens have been transformed into covalently linked three-dimensional 
networks. Nevertheless, the characteristic of the collagen triple helix remains 
unchanged after such a severe treatment, as shown by the wide-angle X-ray 
pattern of the fibres and by optical rotatory dispersion of nonbirefringent col
lagen films. Moreover, determination of amino acid composition before and 
after dehydration, under the conditions described above, shows no change in 
the levels of all amino acids. These observations led to the conclusion that 
the sharp improvement in resolution obtained by dehydration was appar
ently gained only at the expense of increasing the density of crosslinks in the 
specimens. 

Following adjustment of their water content to the desired value, tendon 
fibres were fractured in an Instron Tester, in which the stress-strain curves 
at constant extension rate were also obtained for several representative spec
imens. Fracture specimens were coated with an approximately 150 A thick 
layer of gold and examined with a Cambridge Stereoscan Electron Micro
scope, operating at accelerating voltage of 200 kV. The moisture content of 
dehydrated specimens was determined by titration with Fischer reagents. 

The stress-strain curves of wet and dehydrated tendon fibres are shown 
in Fig. 33. 
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FIGURE 33. Stress-strain curve of wet and dehydrated rat tail tendon fibres. 
Strain rate, 2% /min, temperature, 23°C. Fracture occurs beyond point D, after 
Yannas and Huang (1972). 

http://rcin.org.pl



MODELLING OF SOFT TISSUES BEHAVIOUR 237 

The stress-strain curve of the wet fibre is made up of three regions. In 
the region up to the point A the stress rises very slowly with extension and 
the deformation is immediately and completely recoverable. It corresponds 
to the uncrimping or straightening out of the waviness of the fibres. In the 
region A through B, the stress rises approximately linearly with strain and 
deformation incurred is partially recoverable, the amount of irrecoverable de
formation increases with strain. This region probably corresponds to a com
bination of slippage and extension of the straightened fibres. The occurrence 
of slippage in wet fibres is directly confirmed in the scanning electron pho
tomicrographs. Specimen failure occurs progressively beyond point C of the 
stress-strain curve. 

Mechanical behaviour of collagenous tissues subject to compressive loads 
is important for tissues like cartilage and skin. The lectures by Huyghe con
tained in this volume deal with various aspects of soft tissues behaviour, 
when treated as porous materials. For instance, Khoska and Pinder (1984) 
performed compression tests on specially prepared collagen discs prepared 
from bovine Achilles tendon. This earlier study involves linear Darcy's law. 
Unfortunately, such a filtration law does not take into account the depen
dence of filtration on deformation of collagenous matrix. 

Comminou and Yannas (1976) adopted the sine waveform to model the 
collagen fibres. The collagen fibre was regarded as a long sinusoidal beam 
(Reissner beam). The derived theoretical model was exploited by Manschot 
and Brakkee (1986) to obtain the relation between the collagen stiffness of 
the fibril EJ and the stiffness of the collagen of the skin Ec: 

Here N represents the total number of fibrils, A f denotes cross-section of the 
whole skin (stress a= F/A.) 

The experimental measurements performed by Manschot and Brakkee 
(1986) exhibited anisotropy in two directions: along and across the tibial axis 
(these authors tested human calf skin). We recall that the diameter of the 
fibrils varies within a range of 20 to 40 nm, depending on the animal species 
and the tissue. Bundles of fibrils form fibres , which have diameters in range 
from 0.2 to 12 J-Lm, cf. [175]. In a series of papers Sasaki and his coworkers 
studied mechanical properties of collagen from bovine Achilles tendon (BAT), 
cf. [502, 503, 504]. 

Sasaki et al. [504] investigated the relation between the structure of hy
drated collagen and observed the characteristic humidity-sensitive reflection, 
d, as a function of water content and temperature. The intensity of SAXS 
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( = small angle X-ray scattering) patterns from hydrated and dried collagen 
was analyzed in order to estimate roughly the size of the extrafibrillar space. 

Sasaki and Odajima [502, pp.655-658] estimated the Young modulus of 
collagen molecule, cf. Table 5. 

TABLE 5. Young modulus of collagen molecule, after Sasaki and Odajima (502J. 

Collagen State Young 
modulus [GPaJ 

Bovine Achilles tendon State solid in 0.15M NaCl solution 2.9+0.1 
Rat tail tendon< 1> Solid state in 0.15 M NaCl solution 9.0 
Rat tail tendon<2> Solid state in 0.15 M NaCl solution 5.1 
Lathyritic rat skin<3

> Acetate/NaCljglycerol solution 4.1 
Dermosparic calf skin<4

> 0.5 M acetic acid glycerol solution 5.1- 3.0 

(l) Harley et al. (1977), (2) Cusack and Miller (1979), (J) Nestler et al. (1983), <
4

> Hoffmann 

et al. (1984). 

WAXD (=wide-angle X-ray diffraction) measurements were performed. 
The WAXD pattern of collagen enables one to observe a reflection corre
sponding to the distance between neighbouring amino acids along the helical 
axis. This distance, d, can be a measure of molecular deformation along the 
macroscopic tensile force. We define the microscopic strain about d in tendon 
collagen as 

(3.1) 

where d0 is the d without a tensile force and is'"'-' 0.29 nm. From the obtained 
stress-strain curve for a collagen molecule, its Young's modulus was estimated 
and was compared with the modulus measured by other methods in the 
literature. 

In the subsequent paper Sasaki and Odajima [503, pp.1131-1136] in
vestigated the elongation mechanism of tendon collagen on the basis of the 
hierarchical structure of the tissue (about 20 months old bovine Achilles ten
don). Figure 34 depicts the force-strain curves for collagen molecule, a fibril 
structure, and a macroscopic tendon. 

Sasaki et al. (1999) continued the previous research on tendon collagen. 
Particularly, these authors investigated molecular rearrangement and its re
lation to viscoelestic properties. Earlier, Sasaki et al. (1993) found that the 
relaxation modulus of bone and collagen was found to be well described by 
a linear combination of Kohlrausch-Williams-Watts (KWW) function and 
a simple exponential decay (De bye) function: 

(3.2) 

where A1 + A2 = 1, 0 < (3 :::; 1 .. Eo is an initial value of the relaxation modulus 
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FIGURE 34. Comparison of applied force-strain curves of a collagen molecule (•), 
a collagen fibril ( o) and a tendon (D). The vertical axis is the force per unit cross
sectional area of the specimen, after Sasaki and Odajima [503, pp. 1131-1136]. 
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E(O); A1 and A2 are fractions of the KWW and the Debye-type relaxations, 
respectively; 71 and 72 are relaxation times of respective relaxations. {3 is 
a parameter describing the shape of the relaxation modulus at the immediate 
decay part. For a dry collagen, 71 is determined to about 1000 s (Sasaki et al., 
1993). Figure 35 shows the relaxation modulus for tendon collagen in saline 
solution measured by Azuma and Hasegawa (1971). The solid line represents 
Eq. (3.2) with {3 = 0.6, 71 = 11 s, 72 = 104 s, and A1 = 0.23 . 
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FIGURE 35. Normalized relaxation modulus, Er = E(t)/ E(O), for tendon collagen 
in saline solution. Data points were reproduced after Azuma and Hasegawa (1971). 
Solid line represents Eq. (3.2) where {3 = 0.6, r 1 = 11s, r 2 = 104s, and A1 = 0.23. 
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Roeder et al. (2002) reported polymerisation of purified type I collagen of 
different collagen concentrations and pH values to form 3-D matrices differ
ing both structurally and mechanically. Confocal reflection microscopy was 
used to establish and compare 3-D microstructural differences between the 
matrices in their native, hydrated state. This information was then correlated 
with features of the stress-strain relationship, including linear modulus, fail
ure stress and failure strain derived from tensile mechanical tests . 

The book edited by Elsner et al. [158) offers a lot of information on skin 
collagen properties, including pathological cases. 

3.4. Actin 

Actin molecules are present in all muscles, leukocytes, red blood cells, 
endothelial cells, and many other cells. The measurement of the strength 
of a single actin filament is based on the fact that a single actin filament 
("' 7 nm in diameter) can be clearly seen by video-fluorescence microscopy 
(Fung [175, p. 243]). Actin monomers are globular. They polymerise into fil
aments. Both ends of a single actin filament are caught using two kinds of 
microneedles connected to micromanipulators under a fluoerescence micro
scope. In the experiment performed by Kishino and Yanagida (1988) one of 
the needles, used for measuring was very flexible, and the other, used for 
pulling acting filaments , was stiff. Before the experiments, the needles were 
coated with monomeric myosin to increase their affinity with actin. The stiff 
needle was pulled until the filament broke. Force was calculated from the 
bending of the flexible needle. For filaments of length 4 to 32 f.-liD, the tensile 
force of the actin filament was found to be 108±5 (s.d., n=61) pN without 
breaking and almost independent of the filament length. This force is com
parable with the force exerted on a single thin element in muscle cells during 
isometric contraction. The tensile strength of the actin filament is at least 
2.2 x 106 N /m2, or 2.2 MPa. 

3.5. Elastin 

Elastin is the most "linearly" elastic biosolid material known. If a cylindri
cal specimen of elastin is prepared and subjected to uniaxial load in a tensile 
testing machine, a tension-elongation curve as shown in Fig. 36, is obtained, 
cf. Fung [175, p. 244] 

The abscissa is the tensile strain defined as the change of length divided 
by the initial (unloaded) length of the specimen. The ordinate is the stress 
defined as the load divided by the initial cross-sectional area of the specimen 
at zero stress. We observe that the loading curve is almost a straight line. 
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FIGURE 36. The stress-strain curve of elastin. The material is ligamentum nuchae 
of cattle, which contains a small amount of collagen that was denaturated by 
heating a 100°C for an hour. Such heating does not change the mechanical proper
ties of elastin. The specimen is cylindrical with rectangular cross section. Loading 
is uniaxial. The curve labelled "control" refers to native elastin. The curve labelled 
"10% formalin" refers to a specimen fixed in formalin solution for a week without 
initial strain, after Fung [175]. 

Loading and unloading lead to two different curves, but the difference is 
small. Such elastic characteristics remain valid at least up to A = 1.6. 

Elastin is a protein found in vertebrates. It is present as thin strands in 
the skin and in alveolar connective tissue. It forms quite a large proportion 
of the material in the walls of arteries and veins, particularly near the heart. 
It is a prominent component of the lung tissue. The ligamentum nuchae, 
which runs along the top of the neck of horses and cattle, is almost pure 
elastin. Samples for laboratory testing can be prepared from the ligamentum 
nuchae of ungulates (but cat, dog, and man have very small ligamentum 
nuchae). These ligaments also contain a small amount of collagen, which can 
be denaturated by heating to 66°C or above. Heating to this temperature 
and cooling again does not change the mechanical properties of elastin. 

The function of the ligamentum nuchae in the horse is clear: it holds up 
the heavy head and permits it movement with little energy cost. If the horse 
depended entirely on muscles to hold its head up, energy for maintaining 
tension in the muscle would be needed. 
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Elastin in the arteries and lung parenchyma provides elasticity to these 
tissues. In skin it keeps the tissue smooth. 

4. Biaxial and shear tests, selected miscellaneous recent ex
perimental tests 

In contrast to inorganic materials, biosolids are much more difficult from 
the experimental point of view. The aim of this section is mainly to provide 
some recent examples of biaxial and shear tests. Comments on other tests 
of various soft tissues will also be given. For earlier results on soft tissues 
testing the reader is referred to the books by Fung [175] and Humphrey 
[255]. For instance, the last author described: (i) a cyclic inflation of aorta 
at a fixed length, (ii) the first computer-controlled device designed specifi
cally for testing arteries via simultaneous inflation, extension and torsion. 
In sections which follow we shall also discuss other experimental setups and 
results. 

4.1. Measuring shear modulus of aorta 

One of frequently studied soft tissues are arterial walls since their bio
mechanical properties are crucial for understanding the alterations in the 
cardiovascular system due to age, arteriosclerosis, hypertension and dialysis, 
cf. Humphrey [255], Demiray and Vito (1991), Holzapfel and Ogden (2002). 
As we know from the Section 2.2.2, a vascular tissue is a highly complex 
material containing collagen, elastin and smooth muscle. For the literature 
related to experimental investigations of blood vessels the reader is referred 
to Humphrey [255] and to the relevant references cited by Vossoughi and 
Tozeren [601]. 

Vossoughi and Tozeren showed why the study of shear deformations is im
portant both for healthy and pathologic arteries. For instance, during bending 
and rotation of the head, the carotid artery experiences shear deformation. In 
pathologic conditions, arteries are even more sheared, if compared to healthy 
vessels. For example, atherosclerosis and calcification are typically, localized, 
therefore certain portions of the wall are hardened in contrast to the rest of 
the wall, which may be not atherosclerotic or have calcified lesions. Under 
pulsatile action, the healthy portion of the wall can naturally stretch con
siderably, while the diseased portions may not be able to stretch as much, 
and therefore shearing may occur at the boundary between the diseased and 
healthy portions of the wall. 

In clinical interventions, such as balloon angioplasty, implantation of 
stents, valves and arterial grafts and patches, significant wall shearing may 
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take place. In vessel transplantation, shear deformation is important. For in
stance, in using femoral vessel for a coronary bypass, the straight vessel must 
be bent to match the curvature of coronary vessel in which it is subjected to 
shear deformations. 

Vossoughi and Tozeren [601) introduced a procedure whereby rectangu
lar aortic and rubber specimens are subjected to shear. Using photoelasticity 
method on polyurethane rubber specimens, it was shown that the resulting 
stress distribution is uniform in central region of the specimen. By using 
a finite element procedure and the Mooney strain energy function, cf. Ciar
let [83), 

(4.1) 

where cr[psi) or [kPa) and c2[psi) or [kPa) are the material constants and h 
and h are the first and second strain invariants given by: 

h = AI + A~ + A~, 
12 = AIA~ + A~A~ + A~AI, 

(4.2) 

it is shown that the shear stress in the central region is proportional to the 
intensity of the applied force. Here Ai, i = 1, 2, 3, are the extension ratios 
along the principal direction, cf. Section 5 of these Notes. 

Specimens from bovine thoracic aorta were tested. Primarily, bovine tho
racic aorta was cleaned off from all the loose connective tissues. Two types 
of specimens were prepared, cf. Fig. 37. 

The animals were sacrificed for other research purposes and the aortas 
removed within half an hour postmortem. The tissue was immediately im
mersed in physiologic cold salt solution with composition (in nM) of: 116.5 
NaCl, 22.5 NaHC03, 1.2 NaH2P04, 2.4 Na2S04, 4.5 KCl, 1.3 MgS04, 2.5 
CaCl2, and 5.6 dextrose. All the tests were performed at room temperature 
(22-24°C). 

Specimens dimensions were: width 0.50-2 inches, height 1.25-2.25 inches, 
thickness 1.15 inches. Figure 38 schematically shows a rectangular specimen 
with guidelines and dots imprinted on the face of specimen. 

Figures 39 and 40 show the specimen attached to the clamps before and 
after the test. 

It was found that the relationship between shear stress and shear strain, 
for all the aortic specimens tested, were linear, cf. Figs. 41 and 42. An average 
value of shear modulus is 76 kPa. 

We observe that the relationship between the normal stress and normal 
strain is highly nonlinear, cf. Fig. 43. 

Dokos et al. [140) described a shear test device for soft biological tissue ca
pable of applying simple shear deformation simultaneously in two orthogonal 
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directions, while measuring the resulting forces generated in three directions. 
The system was designed to apply shear in more than one principal direc
tion so that the degree of anisotropy of the test specimen could be directly 
addressed. 

Weiss et al. [617) characterized the material response of the MCL (me
dial co lateral ligament) to simple shear loading. Scheme of the test device 
was included and experimental data were discussed. For material parame
ters estimation, the ligament was represented as a fibre-reinforced composite 
with transversely isotropic symmetry using a hyperelastic strain energy that 
uncoupled deviatoric behaviour, cf Weiss et al. [618). 

Kirpalani et al. [302) characterized the velocity and wall shear stress pat
terns in a model of human right coronary artery (RCA) under steady and un
steady conditions. Such studies are important for understanding atheroscle
rotic lesions which mostly develop in the proximal region of RCA. The per
formed tests showed that in the proximal region, flow separation was not 
produced and the axial shear stress along the inner wall was much lower 
than that on the outer wall. The large difference between outer and inner 
wall shear stresses appeared to be unique to the proximal region. 
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FIGURE 37. Schematic diagram showing preparation of rectangular specimens 
from a tubular aorta (a) . The () and Z-specimens cut from the aortic sheet are 
shown in (b), after Vossoughi and Tozeren I60lj. 
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FIGURE 38. Schematic diagram showing a rectangular specimen with four guide
lines and four dots imprinted on the face of the specimen, after Vossoughi and 
Tozeren (601]. 
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The book edited by Elsner et al. (158] summarizes, among others, various 
experimental methods of testing the skin. The methods described include: 
hardware and basic principles of the dermal torque meter, extensometers, 
the cu tometer (for the measurement of the viscoelastic properties of the skin 
in vivo), the gas-bearing electrodynamometer and linear skin rheometer, the 
Dermaftex A (to measure the stiffness of the skin in scleroderma), the Der
maLab skin elasticity measurer, the Dermagraph device for measuring skin 
distensibility and relaxation, the IDRA (Integrated Dynamic Rebound Ana
lyzer) ballistometer (this device employs a dynamic technique for assessing 
intrinsic viscoelastic properties of skin) - to mention but a few. 

Skin breakdown is a significant clinical problem in rehabilitation (pros
thetic use, wheelchair use). Thus it is appropriate to pursue methods for 
enhancement of skin large tolerance. Understanding normal skin adaptive 
changes at the microstructural level is an initial step in such an effort. Initial 
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FIGURE 39. Schematic diagram showing the rectangular specimen attached to 
the clamps, after Vossoughi and Tozeren [601]. 
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FIGURE 40. Schematic diagram showing the rectangular specimen after it is 
sheared, after Vossoughi and Tozeren (601]. 

qualitative assessment by Sanders and Goldstein [499] demonstrated larger 
mean fibril diameters, reduced mean fibril densities, decreased dermal and 
epidermal thickness, increased cell density for stressed compared with control 
samples. Pigs' skin was subjected to cyclic compressive and shear stresses. 
Pigs were selected because many characteristics of their thick, rigidly ad
herent and well-vascularizes skin are similar to human skin, cf. the relevant 
references cited in Sanders and Goldstein [499] . 
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FIGURE 41. Typical shear stress versus shear strain diagrams for aorta No 1. both 
for () and Z-specimens. Slopes of the least squared lines provided the effective shear 
modulus for the material of the aorta, after Vossoughi and Tozeren (601]. 
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FIGURE 42. An average shear stress versus shear strain curve for bovine aorta. 
The average curves represent 5 specimen in 0-direction and 13 in Z-direction, 
after Vossoughi and Tozeren [601]. 
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FIGURE 43. A typical normal stress versus normal strain curve for bovine aortic 
tissue exhibiting highly nonlinear behavior. In addition, such stress-strain curve 
for polyurethane rubber is also shown. Both curves are nonlinear but one concave 
and one convex, after Vossoughi and Tozeren [601]. 

The mechanics of microneedle insertion into the skin of human subjects 
was investigated by Davis et al. [118]. Many microneedle designs were pro
posed, yet not all are capable of inserting into the skin, cf. the relevant 
references in Davis et al. [118]. To provide quantitative predictions of mi
croneedle insertion, these authors experimentally measured and theoretically 
modelled the effect of microneedle geometry on the force required to insert 
microneedles into the skin (0.08-3.04 N) of human subjects and the force 
needles can withstand before fracturing (up to about 6 N). 
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4.2. Example of biaxial extension device 

Ortt et al. [440) describes the design and construction of a new device 
capable of both in-plane biaxial thermoelestic testing and measurement of 
the orthogonal components of the spatial thermal diffusivity tensor. Figure 44 
presents this biaxial extension device. 

Related to the last paper is the contribution by Jun et al. [292). These 
authors reported a new optico-thermo-mechanical system for: (i) simultane
ously measuring optical and mechanical properties, and (ii) examining the 

FIGURE 44. Biaxial extension device. Panel (a) is an oblique view of the device 
where (1) camera, (2) load carriage, (3) environmental chamber, (4) heater, (5) 
Kevlar threads, (6) load frame, (7) motors, (8) motor supports, and (9) limit 
switches; in plane directions defined as 1 and 2. Panel (b) is a schema of (1) the 
specimen with centrally placed tracking markers, (2) Kevlar threads, (3) T-bar, 
(4) coupling bar, (5) load cell and (6) flash-bulb and reflector, as seen from below, 
after Ortt et al. [440]. 
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effect of thermal denaturation on changes in the optical properties of a col
lagen tissue under various multiaxial mechanical loads 

The objective of the experimental study by Billiar and Sacks (41] was to 
specialize biaxial testing techniques for both the natural and glutaraldehyde
treated porcine aortic valve ( AV), and to apply those methods to generate 
sufficient planar mechanical property data for constitutive modelling. Fur
ther, a technique was developed to examine the inter-relationship between 
the local fibre architecture and the principal strain field quantitatively. This 
technique allowed the authors to test the hypothesis that the highly aligned 
AV fibre architecture, rather than the local stress concentration induced 
by tethering, dominated the local strain field. Indices of extensibility and 
anisotropy were defined for specimen comparison, and special characteris
tics of the mechanical behaviour of the aortica valve cusps were discussed. 
A detailed description of the biaxial testing device, including modifications 
to allow the test specimen to undergo in-plane shear, has been previously 
presented by Sacks and Chuong [495]. 

4.3. Selected miscellaneous tests 

Liao et al. (349] developed a modified porous media model with the consi
deration of both convection and diffusion by coupling lumen-side flow, shell
side flow, and transmembrane flow. Navier-Stokes equations were employed 
to simulate lumen-side flow, Darcy equations were employed to simulate shell
side flow, and Kedem-Katchalsky equations were used to compute transmem
brane flow. The developed model describes the process of hemodialysis where 
an artificial kidney (also called hemodialyzer) is usually cylindrical in shape 
with about 2-5 em in diameter and 15-30 em in length, containing between 
6000 and 12000 hollow fibres. The hollow fibres have an inner diameter of 
about 200 J-Lm and a wall thickness between 15 and 50 J-Lm. The hemodialyzer 
is used to remove waste product, such as excess plasma water, uremic solutes, 
and toxins from blood. Dialysate (fresh dialysis solution) flows outside hol
low fibres (shell-side flow), while blood goes inside hollow fibres (lumen
side flow). Because the pressure and solute concentration between blood and 
dialysate sides are different, the waste products can be removed from blood 
to dialysate side through the wall of hollow fibres made of synthetic porous 
membrane (such as cellulose triacetate, polysulfone, polyethersulfone, and 
polyarylethersulfone). These hollow fibres act as semipermeable membranes 
(semipermeable barrier) for the mass transfer of uremic solutes and excess 
plasma water from blood to dialysate solution. 

Experiments were performed to validate model predictions from numeri
cal simulations. Such a study is useful for further design of optimal artificial 
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kidney. Experimental setup, schematically presented by Liao et al. [349], per
mits to evaluate clearance (K) as an important measure of the performance 
of the artificial kidney. The physical meaning of K is the equivalent volume 
flow rate at which the toxic solutes are cleaned completely from the blood, 
which can be easily used to calculate the dialysis time for patients. K is 
calculated from the following equation: 

K = Qhin Chin - Qhout Chout . 

chin 

Here Qhin and Qhout are blood (lumen-side) flow rates in blood (lumen-side) 
inlet and outlet, respectively; Chin and Chout are solute concentrations in 
blood (lumen-side) inlet and outlet, respectively. 

Poh et al. [450] presented nonintrusive MRI (magnetic resonance imaging) 
experimental studies on the effect of flow baffles on the dialysate-side flow 
distribution of hollow-fibre hemodialysers. 

Rassier and Herzog [476] made an attempt to clarify the contradicting re
sults observed in shortening-stretch tests in single skeletal muscle fibres. The 
experiments were performed with 10 single muscle fibres (~2 mm length) dis
sected from lumbrical muscles of the frog Rana Pipiens. The results obtained 
suggest that stretch-induced force enhancement is partly caused by a passive 
element that is engaged at the length of initial fibre activation. 

Brain tissue, composed of white and gray matter, is a complex mate
rial. Gray matter of the cerebral hemispheres consists of a mixture of neu
ronal cell bodies, their unmyelinated processes and neurogilia. White matter, 
found in subcortical regions, consists of myelinated axonal fibres surrounded 
by supporting cells ( oligodendrocytes, astrocytes, ependyma and microglia) 
and blood vessels. Mechanical properties of brain tissue have been measured 
in vitro under compression, tension, shear, and oscillatory loading, cf. the 
relevant references in Gefen and Margulies [186]. Generally, brain tissue is 
nonlinear, viscoelastic material. Properties have been shown to vary over 10-
fold depending on the different testing methods, and parameters (e.g., loading 
rates, strain magnitudes), location, orientation and preparation of samples, 
interspecies differences, developmental age, and importantly, on postmortem 
conditions. The aim of the study performed by Gefen and Margulies was to 
determine, by means of high-precision indentation testing, ( 1) the mechanical 
behaviour of an in-vivo brain (with its pressurized vasculature) and compare 
it to that of an in situ brain, (2) the effect of preconditioning on in vivo 
and in situ brain tissue, (3) the effect of the mechanical boundary conditions 
imposed by the skull in situ on measured mechanical properties with respect 
to the in vitro (excised brain) condition and (4) the sensitivity of indenta
tion measurements to small changes in velocity of penetration. We recall that 
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indentation is a well-established method for mechanical characterization of 
many soft tissues such as brain, muscle, lung parenchyma and the plantar fat 
pad, cf. the relevant references in Gefen and Margulies (186]. The indentor 
used by the last authors is presented in Fig. 45 

Indentor unit con'lalningfli~ 
force and dls~•lac:4•m••\t 111~~"'1 
transducers 

signal conditioner 
(tranaduce(s output 
DC level setting) 

oadlloseope monitoring the 
force and dleplacement 
transducer's voltage t~ 

FIGURE 45. Scheme of the electromechanical indentor and linked instrumentation, 
after Gefen and Margulies [186]. 

The indentor comprised of a miniature linear stepper motor (with mini
mum displacement of 0.0023 mm), force transducer (with load capacity of 
150 G) and a linear variable displacement transducer. It was used to repeti
tively indent the exposed brain tissue. The indentor tip was machined to 
a hemisphere to reduce micro-tears in the delicate brain tissue at the sites of 
indentation. The indenter is pressed against the tissue and shear moduli are 
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calculated from the applied load and extent of tissue deflection. Properties 
were obtained in the pig. Short- and long-term shear moduli as well as relax
ation time courses G(t) of brain tissue were measured in 4-week-old piglets 
(N = 10) in vivo, in situ and in vitro. 

4.4. Ultrasound imaging and measurements 

For vascular imaging different technical modalities have been introduced 
successfully to clinical practice such as conventional angiography and digital 
subtraction angiography (DSA), respectively, contrast-enhanced computed 
tomographic ( CT) angiography and colour coded duplex Doppler ultrasonog
raphy (US) , cf. Arlart et al. [14), Jensen [285), Nowicki and Karlowicz [423), 
Nowicki and Litniewski [424). Ultrasound techniques have also been success
fully used to assess bone properties and in imaging of organs like heart, 
kidney, liver, etc. Let us provide some examples of applications of ultrasound 
in the study of arteries and cartilage. 

Cardiovascular disease is characterized by accumulation of lipids, colla
gen, muscle fibres, macrophages, calcium and necrotic tissue in the vascular 
wall, atherosclerosis reduces blood flow through stenosis or thrombotic oc
clusion. To predict the clinical outcome following intervention one needs to 
understand the physical properties of the vascular wall. Vascular mechanics 
improves our understanding of plaque development, progression and rupture, 
as well as optimizing the clinical assessment of vascular grafts and interven
tional procedures. For previous studies on basic vascular behaviour, including 
constitutive models the reader is referred to the relevant references cited in 
Humphrey [255), Holzapfel et al. [239), Tajaddini [557), Veress et al. [597) and 
the subsequent section of this paper. It seems that few studies have exami
ned the validity of in-vivo deductions from ex-vivo studies, due to difficulty of 
testing the same tissue in both settings, cf. Tajaddini et al. [557). Coronary 
arteries, the site of most acute problems, are difficult to study since they are 
small and relatively inaccessible, with numerous bifurcations. Their in-vivo 
study is further complicated by cardiac anatomy and motion. 

Advances in the use of ultrasound have made intravascular ultrasound 
(IVUS) a reliable tool for directly visualizing vascular walls and plaques, cf. 
Nowicki and Litniewski [424). IVUS provides precise in-vivo images of small 
vessels such as the coronaries, with minimal disturbance to the body. IVUS 
uses a catheter-mounted ultrasound transducer to acquire cross-sectional 
images of an artery with a spatial resolution of 8G-100 11-m radially and 150-
200 11-m circumferentially. Current IVUS catheters are as small as 0.9 mm and 
can interrogate most areas of the coronary tree, including coronary arteries 
in the range of 1.5-5 mm in diameter. IVUS provides detailed images of the 
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plaque and vessel wall, both in vitro and in vivo, thus providing a means 
to quantify lesions geometry. Tajaddini et al. [557) used IVUS in conjunc
tion with mechanical testing to examine vascular properties of intact porcine 
coronary artery ex-vivo and in-vivo in non-diseased and stenotic vessels from 
an injury model mimicking human post-interventional restenosis. Ex-vivo be
haviour of a human left anterior descending coronary artery (LAD) segment 
was also assessed for comparison. 

Veress et al. [597) developed and utilized a technique referred to as 'Warp
ing', for strain estimation from sequences of images, cf. the relevant references 
cited by these authors. The technique uses pointwise differences in image pixel 
intensities between template and target image datasets to generate a distri
buted body force that deforms a finite element (FE) model of the template 
so that it registers with the target image. The main objectives of the study 
performed were to test the efficacy of Warping for determination of strain dis
tribution in plaques from IVUS images by assessing its sensitivity to errors in 
material model selection, material parameter estimation and simulated noise 
in the image data. The strain energy function emlpoyed will be discussed in 
Section 5. 

The aim of the study due to Augst et al. [20) was to estimate the accuracy 
and reproducibility of CFD (computational fluid dynamics) predictions based 
on images acquired using 3D ultrasound. More precisely, a human carotid 
bifurcation phantom was scanned three times using 3D ultrasound. According 
to Augst et al. [20) wall shear stress delivered from CFD using this technique 
in a silicone phantom have acceptable reproducibility and agree reasonably 
well with predictions based on the true geometry. 

Consider now some recent results of application of ultrasound to cartilage. 
An ultrasound indentation system for the assessment of the biomechanical 

properties of soft tissues has been developed earlier, cf. the relevant references 
cited in Toyras et al. [584). The ultrasound indentation technique was utilized 
to characterize changes in the acoustic and mechanical properties of articular 
cartilage after enzymatic proteoglycan removal, cf. the reference by Youn et 
al. (1999) in Toyras et al. [584) . Changes in the indentation stiffness as well as 
in ultrasound velocity wave sensitively detected after enzymatic digestions, 
revealing the potential of this technique. Ultrasound measurements also ena
ble accurate determination of cartilage thickness. Cartilage thickness allows 
aspect-ratio (the ratio of indenter radius to cartilage thickness) correction of 
the indentation measurement. In the study performed by Toyras et al. [584), 
both indentation and ultrasound measurements of bovine humeral articular 
cartilage were conducted in situ to demonstrate how the effect of variable 
cartilage thickness on the measured indenter forces could be minimized. Ref
erence unconfined compression measurements were carried out with the same 
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tissue in vitro. By combining ultrasound and the instantaneous indentation 
with the hand-held arthroscopic instrument, the estimation of intrinsic tis
sue stiffness was improved and new diagnostically valuable information about 
cartilage thickness was obtained. 

An alternative approach to the determination of cartilage thickness was 
proposed by Suh et al. [549]. These authors developed an in situ calibration 
method for an ultrasound transducer, which allows an accurate measurement 
of the true ultrasound speed in articular cartilage in situ, from which the 
thickness of the tissue can be readily determined. With a simultaneous im
plementation of indentation testing protocol using the ultrasound transducer 
as an indenter, this method can also provide an accurate measurement of in
dentation stiffness of articular cartilage. Suh et al. [549) used 40 osteochondral 
plugs (1 cmx 1 cmx 1 em) obtained from the facets of the patellar groove and 
the femoral condyles of ten young fresh bovine knee joints. Twenty speci
mens were used to validate the accuracy of the in situ calibration method to 
measure the true ultrasound speed and the thickness of articular cartilage. 
The remaining 20 specimens were used to measure the indentation stiffness 
of normal and proteoglycan depleted OA-like cartilage (OA=osteoarthritis). 

When investigating cartilage mechanical behaviour, and especially when 
comparing to predictions of theoretical models, the direct measurement of 
internal physical profiles such as solid deformation or fluid velocity would be 
of great utility. Novel instrumentation developed towards this goal could also 
be useful for clinical diagnosis. Fortin et al. [168) proposed a new technique 
and showed that it is capable of imaging solid matrix displacement inter
nal to articular cartilage during the dynamics of loading. The method uses 
high frequency ultrasound (US) techniques and is inspired by recent work in 
elastography. In this technique an ultrasound transducer is pulsed during tis
sue deformation and a series of echoes, named A-scans, is acquired. A-scans 
are signals representing the pressure applied on the face of the transducer 
by the reflected echoes as a function of time and are related to the posi
tion of acoustic inhomogeneities, which in cartilage are at least partly re
lated to collagen fibrils, cf. the relevant references cited in Fortin et al. [168). 
Thus, by cross-correlating consecutive A-scans, one can follow the displace
ment of the solid matrix of the tissue to obtain time evolving solid displace
ment profiles. Fortin et al. [168) described the application of elastography 
to articular cartilage attached to bone and showed the time-dependence and 
depth-dependent heterogeneity of the internal solid radial displacement pro
files in cartilage/bone disk subjected to unconfined compression. Cartilage 
disks (n=3) were isolated from the humeral head of 1-2 years-old steers in 
a manner that retained a thin layer of subchondral bone. 
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4.5. Magnetic resonance imaging (MRI) 

As a noninvasive alternative to colour coded duplex Doppler US (ultra
sonography) magnetic resonance imaging (MRI) has been introduced into 
clinical routine more than ten years ago revealing continuous improvements 
up to now. By using suitable examination sequences both angiomorphologic 
and perivascular informations (having in mind angiography) can be obtained 
successfully with the MR technique promising a variety of advantages over 
US . Moreover, acquired functional quantitative MR based informations of 
blood flow allow a reliable evaluation of vascular pathologies. 

An impressive volume edited by Arlart et al. (14) provides a comprehen
sive overview of the current state of the development in vascular MR imaging 
and MR angiography in order to demonstrate the clinical usefulness of this 
technique, of interest also in biomechanical modelling. In different chapters 
anatomic and physiologic informations of the normal arterial and venous 
system are presented. A general description of different vascular diseases 
and pathophysiology, the basic principles of physics in MR, flow-related and 
contrast-enhanced imaging techniques are reviewed. Information on differ
ent MR contrast materials, display and postprocessing techniques, hardware 
conceptions and its recent developments, quantification of blood flow, and 
potential artifacts and limitations in MR angiography are given. A well es
tablished concept of providing the clinical overview of MR angiography in 
different vascular areas includes chapters about the intra and extracranial 
cerebral vasculature, the different arterial systems of the chest and the ab
domen, and the arteries of the extremities. In addition, the venous systems of 
the body are presented in two chapters. A large number of representative MR 
angiograms based on current acquisition techniques is provided to illustrate 
normal and pathologic vascular findings. 

The aim of the experimental investigation carried out by Moreno et 
al. (405) was to quantify the amount of well-known effect of elliptical deforma
tion present in the aortas of healthy subjects (2 male volunteers, aged 26 and 
27 years old) in order to determine whether this effect should be considered 
in future hemodynamic studies. Indeed, the magnitude of the cross-sectional 
elliptic deformation of the aorta has been observed and quantified. A discrete 
Fourier transform of the radius versus angle MRI data provided significant 
information concerning the amount of elliptical deformation present through
out the cardiac cycle. The magnitude of the elliptic deformation exceeded 
even 7.5 percent (at the beginning of systole). 

Nieminen et al. (421) tested the hypothesis that quantitative MRI parame
ters, as potential probes for revealing tissue composition and structure, could 
be used to asses the mechanical characterization of articular cartilage in vitro. 
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Biomechanical testing in the form of static and dynamic loading experiments 
in unconfined compression and the direct optical measurement of Poisson's 
ratio were used as reference techniques to reveal mechanical characteristics of 
cartilage samples from bovine humeral patellofemoral joints. Adjacent sam
ples were analyzed using high-resolution MRI at 9.4 T, and the results from 
reference and MRI measurements were correlated to reveal the accuracy of 
quantitative MRI for prediction of mechanical properties of articular carti
lage (the tissue Young's modulus, aggregate modulus, dynamic modulus and 
Poisson's ratio). 

Jenkyn et al. [284) introduced a novel MR technique for quantifying mus
cle tension called MR elastography (MRE). This method was applied to 
functionally antagonistic ankle muscles to examine two mechanisms of muscle 
tension production: voluntary isometric contraction and passive stretching. 

5. Elements of nonlinear elasticity 

In this Section we introduce indispensable notions from finite elasticity. 
Section 5.1 owes much to Ogden's books [427, 432] whilst Sections 5.2 and 
5.3 are based on the papers by Jemiolo and Telega [278, 279). 

The mathematical framework for describing the mechanical behaviour of 
biological soft tissues has much in common with that used in rubber elasticity, 
but there are significant differences in the structures of these materials and in 
the way that soft tissues and rubber respond under applied stresses. Figure 46 
compares, for example, the typical simple tension stress-stretch response of 
rubber (left-hand figure) with that of soft tissue. An important characteristic 
of soft tissues is the initial large extension achieved with relatively low levels 
of stress and the subsequent stiffening at higher levels of extension, this being 
associated with the recruitment of collagen fibres as they become uncrimped 
and reach their natural lengths, whereupon their significant stiffness comes 

(a) {b) 

FIGURE 46. Typical simple tension response of (a) rubber and (b) soft tissue. 
Nominal stress t 2:: 0 plotted against stretch ..\ 2:: 1. 
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into play and overrides that of the underlying matrix material. The distri
bution of collagen fibres leads to the pronounced anisotropy in soft tissues, 
which distinguishes them from the typical (isotropic) rubber. 

A more detailed picture of the response of soft tissue is illustrated in 
Fig. 47. This shows results from in vitro experiments on a human iliac artery 
which is subjected to extension and inflation. Figure 47 (a) shows a plot of 
the internal pressure against the circumferential stretch for a series of fixed 
values of the axial load. The curves show the typical stiffening referred to 
above. In Fig. 47(b) the pressure is plotted against the axial stretch, again for 
fixed values of the axial load. An interesting featur(''~here is that a transitional 

(a) 
35.0 

.... 
IU 30.0 ~ =. 
Q;.- 25.0 

e 
::J 20.0 VI 

~ 
15.0 Q. 

ii c 10.0 .. 
Gl ... 
c .... 5.0 

0.0 
0.6 0.7 

(b) 
Circumferential stretch i..e 

35.0 

'ii 30.0 I 
~ 
.:.: 
'-' 
a.- 25.0 

e 
::J 20.0 
VI 
VI 
Gl .. 15.0 Q. 

ii c 10.0 .. 
Gl ... 
c 5.0 .... 

0.0 
1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 

Axial stretch A. z 

FIGURE 47. Typical characteristics of the response of a human iliac artery under 
pressure and axial load . Dependence of the internal pressure Pi on (a) the circum
ferential stretch and (b) the axial stretch at values of the axial load up to 9.9 N 
held constant during the deformation process, after Schulze-Hauer et al. (2001). 
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value of the axial stretch (approximately 1.53) is identified, as the in vivo 
value of the axial stretch. This value is unaffected by changes in pressure 
and corresponds to an axial load of 0.99 N. For lower (higher) values of the 
stretch the pressure stretch curves have a positive (negative) gradient, and 
the transitional value may therefore be referred to as an inversion point. 

The data in Fig. 4 7 are from an external iliac artery of a 52 year old 
female without any cardiovascular risk factors. The artery was healthy in the 
sense that it was not stenotic. By contrast, data from the other specimens 
considered by Schulze-Bauer et al. (2001), from individuals ranging from 57 to 
87 years old (with cardiovascular risk factors), have qualitative characteristics 
similar to those shown in Fig. 47, but there are some numerical differences. 
In particular, the value of the axial stretch at the inversion point is typically 
between 1.07 and 1.25, significantly less than the value seen in Fig. 47. 

Generally, soft tissue material can be regarded as incompressible and ani
sotropic. The degree and type of anisotropy depends very much on the tissue 
considered and its topographic location. For example some tissues (such as 
tendon and ligament) are transversely isotropic and others (such as arteries) 
orthotropic. Moreover, their stress-strain response is highly nonlinear, with 
the typical rapid stiffening (locking) with pressure arising from the recruit
ment of collagen fibrils and giving rise to the markedly anisotropic behaviour, 
as is illustrated in Fig. 47. In some situations the mechanical response can be 
treated as purely elastic. For example, the passive behaviour of large proxi
mal (close to the heart) arteries such as the aorta, and the iliac arteries can 
be regarded as essentially elastic, while the response of distal arteries, on the 
other hand, is viscoelastic. These notes are concerned mostly with elasticity 
and its application to some basic problems and geometries relevant to the 
characterization of the elastic response of soft tissues. The theory applies 
to many different soft tissues, but, for purposes of illustration, we confine 
much of the discussion to the analysis of the elasticity of soft tissues, though 
viscous behaviour is also discussed. 

In Section 5.1 we summarize the basic equations and notation of nonlinear 
elasticity theory necessary for the continuum description of the mechanical 
properties of soft tissues. 

5.1. Basic notions 

Let X and x, respectively, denote the position vector of a material point in 
some reference configuration, denoted Br, and the (deformed) current con
figuration, denoted B, which may vary with time t. The motion (or time
dependent deformation} from Br to B is known when xis specified as a func-
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tion of X and t , and we write this in the form 

X= Grad x(X, t), (5.1) 

where x is the function describing the motion. For each t, x is invertible and 
satisfies appropriate regularity conditions. 

The deformation gradient tensor, denoted F, is given by 

F =Grad x (5.2) 

and has Cartesian components Fii = 8xd 8Xi , where Grad is the gradient 
operator in Br and Xi and Xj , are the components of x and X, respectively, 
i, j E {1, 2, 3}. Local invertibility of the deformation requires that F be non
singular, and the usual convention that 

J = det F > 0 (5.3) 

is adopted, wherein the notation J is defined. 
Let N denote the unit outward normal to the boundary 8Br of Br; simi

larly n stands for the unit outward normal to 88. 
We shall frequently use Nanson's formula: 

(5.4) 

The velocity v and acceleration a of a material particle are given, respec
tively, by 

ox 
v = at (X, t), 

a2x 
a= ot2 (X, t), 

these being the first and second material time derivatives of X· 
The (unique) polar decompositions 

F=RU=VR, 

(5.5) 

(5.6) 

then follow, R being a proper orthogonal tensor and U, V positive definite 
and symmetric tensors (the right and left stretch tensors, respectively). In 
spectral form U and V have the spectral decompositions 

3 3 

U = L AiU(i) Q9 u(i), V = L AiV(i) Q9 v(i), (5.7) 
i=l i=l 

respectively, where Ai > 0, i E {1, 2, 3}, are the principal stretches, u(i) are 
the (unit) eigenvectors of U, called the Lagrangian principal axes, v(i) the 
(unit) eigenvectors of V, called the Eulerian principal axes, and Q9 denotes 
the tensor product. 
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The left and right Cauchy- Green deformation tensors, denoted respec
tively by B and C, are defined by 

(5.8) 

and the principal invariants of B (equivalently of C) are defined by 

The tensor U is often introduced as the square root of C, cf. Ciarlet [83], 

U=VC. 

The Green strain tensor, defined by 

1 
E = 2(c- I), (5.10) 

where I is the identity tensor, will be required in the following sections. 
If the material is incompressible, which is usually taken to be the case 

both for rubber and for soft tissues, then the incompressibility constraint 

(5.11) 

must be satisfied. 

5.1.1. Stress and the equations of motion. The equation of motion 
may be expressed in the form 

DivP + Prb = Pra =: PrX,tt, (5.12) 

where P is the nominal stress tensor (the first Piola-Kirchhoff stress tensor), 
Pr is the mass density of the material in Br and ,t signifies the material time 
derivative. Body forces are given by Prb. Equation (5.12) is the Lagrangian 
version of the equation of motion, with (X, t) used as the independent va
riables. The global counterpart of the local balance equation (5.12) may be 
written 1 PrbdV + 1 PNdA = ! 1 Prvt!V, (5.13) 

Br 8Br Br 

where N is the unit outward normal to the boundary 8Br of Br, dA is the 
area element on 8Br and dV the volume element in Br. This serves to identify 
the traction vector PN per unit area of 8Br (also referred to as the load or 
stress vector). 
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The equation of motion (5.12) may, equivalently, be written in the Eulerian 
form. 

diver+ pb(x, t) = pa, (5.14) 

where the symmetric tensor u is the Cauchy stress tensor, div is the diver
gence operator with respect to x, and pis the material density in B, with (x, 
t) as the independent variables and treated, through the inverse of (5.1), as 
a function of x and t. 

The two densities are connected through 

Pr = pJ. (5.15) 

If the material is incompressible Pr = p. 
The nominal and Cauchy stress tensors are related by 

(5.16) 

The Biot stress tensor, denoted r, and the second Fiola-Kirchhoff stress 
tensor, denoted T, which are both symmetric, are also often used. They are 
defined by 

r = ~(SR + RT S), T = F-lp = JF-1uF-T, S = pT (5.17) 

and connected through 
1 

T = 2(TU + UT) . (5.18) 

5.1.2. Conjugate pairs of stress and strain tensors. Using Nanson's 
formula (5.4) the traction on an area element ndAt in the current configura
tion can be written as follows 

tdAt = undAt = JuF-TNdA = PNdA. (5.19) 

We observe that Ogden [431, 432) prefers to consequently use as the 
nominal stress tensor the tensor S = pT. 

The first Piola-Kirchoff stress tensor measures the force per unit reference 
area while u measures the force per unit deformed area. 

The symmetry of u gives 

(5.20) 

Remark 1. Note a difference in notation used in this book and the books 
by Ogden [431, 432). In our notation, ( divcr)i = 8aij/8xj, while Ogden 
prefers to write ( divcr)i = 8aji/8xj, etc. 
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The power of forces acting on Rt C B is converted into kinetic energy 
and P.n(Rt). 

In the reference configuration the integral for Pin becomes 

where 

j Jtr(o-D)dV, 

R 

D=~(L+Lr), L=gradv. 

(5.21) 

(5.22) 

The last integrand presents the rate of working of the stresses per unit 
reference volume, i.e., the stress power density. Using the symmetry of 0' 

together with (5.16), (5.22) we obtain 

Jtr(O'D) = Jtr(O'L) = tr(FPTL) = 

= tr(PTLF) = tr(PTF) = tr(SF), 
(5.23) 

since F = LF. Hence we conclude that the stress power is also given by 
tr( SF). We say that S and F constitute a pair of conjugate stress and de
formation tensors. 

Furthermore, by setting E = E(2) we write 

E(2) = ~(FTF- I)= E. 
2 

Hence by using (5.22) and (5.24) we get 

E(2) = ~(FTF + FTF) = FTDF. 
2 

The stress power is written as 

tr(PTF) = tr( SF) = tr( sF-T FTF) = 

= tr(SF-TE(2)) = tr(T(2)E(2)), 

where 

(5.24) 

(5.25) 

(5.26) 

(5.27) 

is the second (symmetric} Piola-Kirchho.ff stress tensor, i.e. T = TT. The 
first and second Piola-Kirchoff stress tensors are interrelated by 

P=FT. (5.28) 

The stress and strain pair (T, E) or (T(2), E(2)) is a pair of conjugate 
stress and strain tensors. 
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The Kirchhoff stress tensor, being the 'weighted' Cauchy stress J u, is 
denoted by 

1= Ju. (5.29) 

We already know that FTF = U2 , cf. (5.8)2. Hence we also have 

Using the symmetry of T(2) and of U we obtain 

Thus we may introduce the definition of the Biot stress tensor T(l) = 1, 

conjugate to the strain tensor 

E(l) =: U- I, (5.30) 

as 

(5.31) 

Indeed, E(l) = U and consequently the stress and strain pair (T(l), E(1)) 

constitute a pair of conjugate stress and strain tensors. 
By using the polar decomposition (5.6), the Biot stress tensor takes the 

form 

1 = T<1
) = ~(SR + Rr sr) = ~(PrR + RrP). (5.32) 

Summarizing, we have the connections 

Moreover, S = pT, T(2) = T, and P and T denote the first and second 
Piola-Kirchhoff stress tensor, respectively. The strain measure E(2) is usually 
denoted by E. 

More generally, the symmetric stress tensor T(m) conjugate to the strain 
tensor E(m) = (U{m) - 1)/m may be defined via the identity 

(5.34) 

The limit case m -+ 0 is much more complex. For m = 0 we have the 
logarithmic strain ln U. Below we discuss the stress conjugate to this strain. 
It is worth noting that the notion of pairs of conjugate stress and strain 
tensors is independent of any material constitutive law. 
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For a discussion of the stress tensors conjugate to ln U and ln V the 
reader is referred to Shillor et al. [516). The last two strain tensors are often 
used in the mechanical literature. For its properties the reader is referred 
to Dluzewski [138) and Dluzewski et al. [139), and to the references cited 
therein. For instance, the logarithmic strain tensor possesses simple additive 
decomposition into bulk strain and dilatation. 

The results on the stresses conjugate to ln U and ln V seem to be scat
tered throughout the relevant literature. Also, it has often been claimed that 
the logarithm of the left stretch, i.e. ln V, does not, in general, have a conju
gate stress. As an exception one gives isotropic elastic materials. In fact, the 
problem is more subtle and one can find the stress conjugate to ln V. 

The problem of finding the stress conjugate to the strain ln U was finally 
resolved by Hoger (1987). For earlier investigations the reader is referred to 
the relevant references in Hoger (1987) and Xiao et al. (1993), cf. also Shillor 
et al. [516). 

Remark 2. As we have already noted, the problem of finding the stress 
conjugate to ln Vis more subtle than the previous one. Earlier, some authors 
claimed that the Eulerian logarithmic strain ln V does not have a conjugate 
stress, in general. For a discussion the reader is referred to Lehmann et al. 
(1991, 1993). It was claimed, that a conjugate stress only exists (and that is 
the Cauchy stress u) if this stress tensor and V are coaxial as, for instance, in 
the case of isotropic materials. That is true if (non objective) material time 
derivative D / Dt is used. In fact, to obtain explicit expressions for different 
(Eulerian) stress tensors, say u conjugate to the logarithmic strain ln V one 
has to introduce objective time derivatives. They reduce to the Cauchy stress 
u in coaxial deformation processes and in the case of isotropy. 

5.1.3. Hyperelasticity. We consider an elastic material for which the ma
terial properties are characterized in terms of a strain-energy function (per 
unit volume), denoted W = W (F) and defined on the space of deformation 
gradients. This theory is known as hyperelasticity. For an inhomogeneous ma
terial, i.e. one whose properties vary from point to point, W depends on X 
in addition to F, but we often do not indicate this dependence explicitly in 
what follows. For an unconstrained hyperelastic material the nominal stress 
is given by 

aw 
p = H(F) = oF' (5.35) 

wherein the notation H is defined. The tensor function H is referred to as 
the response function of the material relative to the configuration Br with 
respect to the nominal stress tensor. In components, the derivative in (5.35) 
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is written Sij = aw I 8Fij' which provides the convention for ordering of the 
indices in the partial derivative with respect to F. 

For an incompressible material the counterpart of (5.35) is 

aw -r 
P = aF - pF , detF = 1, (5.36) 

where pis the Lagrange multiplier associated with the incompressibility con
straint and is referred to as the arbitrary hydrostatic pressure (determined by 
solving the boundary or boundary-initial value problem). The Cauchy stress 
tensor corresponding to (5.35), on use of (5.16), is then seen to be given by 

(5.37) 

wherein the response function G associated with u is defined. As for H, the 
form of G depends on the choice of reference configuration, and G is referred 
to as the response function of the material relative to Br associated with the 
Cauchy stress tensor. Unlike H, however, G is a symmetric, tensor-valued 
function. For incompressible materials (5.37) is replaced by 

aw 
u = -FT -pi detF = 1. 

8F ' 
(5.38) 

If the configuration Br is stress free then it is referred to as a natural 
configuration. Here, we take W and the stress to vanish in Br, so that, for 
an unconstrained material, 

W(I) = 0, aw (I)= (o) 
8F 

(5.39) 

with appropriate modifications in the case of an incompressible material. If 
the stress does not vanish in Br then this configuration is said to be residually 
stressed. In such a configuration the traction must vanish at all points of the 
boundary, so that, a fortiori, residual stress is inhomogeneous in character 
(i.e., it cannot be uniform). Residual stresses are important in the context 
of biological tissues and the restriction (5.39) will be removed later, where 
we consider the consequences of residual stress for the constitutive law and 
response of the material, cf. also Telega and Stanczyk [570]. 

5.1.4. Objectivity. The elastic stored energy is required to be independent 
of rigid motions of the form 

x* = Q(t)x + c(t), (5.40) 
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superimposed on the motion x = x(X, t). Here Q is a proper orthogonal 
(rotation) tensor, c is a translation vector. It follows that 

W(QF) = W(F), (5.41) 

for all rotations Q. A strain-energy function satisfying this requirement is 
said to be objective. This may also be expressed by referring to W as being 
indifferent to observer transformations. Use of the polar decomposition (5.6) 
and the choice Q = RT in (5.41) shows that 

W(F) = W(U). (5.42) 

Thus, W depends on F only through the stretch tensor U and may there
fore be defined on the class of positive definite symmetric tensors. Equiva
lently, through (5.8) and (5.10), W may be regarded as a function of the 
Green strain E. 

Expressions analogous to (5.35) and (5.36) can therefore be written down 
for the Biot and second Piola-Kirchhoff stresses. Thus, 

and 

aw 
r = au - pu-1, 

aw 
r= au' 

detU = 1, 

T= aw 
aE 

aw _1 
T = aE -pC ' 

(5.43) 

detC = 1, (5.44) 

for unconstrained and incompressible materials respectively, where C = I + 
2E. Note that when expressed as a function of U or E the strain energy 
automatically satisfies the objectivity requirement. 

5.1.5. Material symmetry. Mathematically, there is no restriction so far, 
other than (5.39) and (5.41) on the form that the function W may take. 
However, the predicted stress-strain behaviour based on the form of W must, 
on the one hand, be acceptable for the description of the elastic behaviour 
of real materials and, on the other hand, make mathematical sense. 

Further restrictions on the form of W arise if the material possesses sym
metries in the configuration Br. Material symmetry (relative to a given re
ference configuration) is identified by transformations of the reference con
figuration that do not affect the material response. Consider a change from 
the reference configuration Br (in which material points are identified by po
sition vectors X) to a new reference configuration B~ (with material points 
identified by X'), let F' denote the deformation gradient relative to B' r and 
let Grad X' be denoted by F. If the material response is unchanged then 

W(F'F) = W(F'), (5.45) 
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for all deformation gradients F'. This states that the strain-energy function is 
unaffected by a change of reference configuration with deformation gradient 
F. The collection ofF for which (5.45) holds forms a group, which is called the 
symmetry group of the material relative to Br. As we already know biological 
soft tissues are distinguished by the anisotropy of their structure. We will 
examine the appropriate type of anisotropy in Section 5.3, but initially we 
shall, for simplicity, focus on the development of the theory in the case of 
isotropy. 

5.1.6. Isotropy. To be specific we now consider isotropic elastic materials, 
for which the symmetry group is the proper orthogonal group. Then, we have 

W(FQ) = W(F), (5.46) 

for all rotations Q. Bearing in mind that the Q's appearing in (5.41) and 
(5.46) are independent the combination of these two equations yields 

W(QUQT) = W(U), (5.47) 

for all rotations Q, or, equivalently, W(QVQT) = W(V). Equation (5.47) 
states that W is an isotropic function of U. It follows from the spectral de
composition (5.7) that W depends on U only through the principal stretches 
AI, A2, A3. To avoid introducing additional notation we express this depen
dence as W(AI, A2, A3); by selecting appropriate values for Q in (5.47) we 
may deduce that W depends symmetrically on A1, A2, A3, i.e., 

(5.48) 

A consequence of isotropy is that the Biot stress -r is coaxial with U and, 
equivalently, the Cauchy stress a is coaxial with V. Hence, in parallel with 
(5.7), we have 

3 

-r = L TiU(i) @ u(i), 

i=l 

3 

u = L aiv(i) @ v<i), 

i=l 

(5.49) 

where Ti are the principal Biot stresses and ai are the principal Cauchy 
stresses. For an unconstrained material, 

(5.50) 

while for incompressible material these are replaced by 

(5.51) 
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Note that in (5.50) and (5.51) there is no summation over the repeated 
index i. 

For an isotropic material the symmetric dependence (5.48) of W on the 
principal stretches is equivalent to W being regarded as a function of the 
(symmetric) principal invariants h, h, fJ defined by (5.9). In terms of the 
invariants h, 12,13 the Cauchy stress tensor for an unconstrained isotropic 
elastic material may be written 

(5.52) 

where the coefficients no, n1, n2 are functions of h, 12, h given by 

t;28W _ -1;2 (8w 8W) _ -1;28W 
no = 213 8

h , n1 - 213 8
h + h 

812 
, n2 - -213 812 

, (5.53) 

with W now regarded as a function of h, 12, 13. For an incompressible ma
terial the corresponding expression is 

(5.54) 

where p is the arbitrary hydrostatic pressure, n1 and n2 are again given by 
(5.53) (but with fJ = 1), and W is now regarded as a function of h and 12 
alone. 

5.2. FUrther relationships for isotropic hyperelastic materials 

Prior to passing to transverse isotropy we shall discuss some general forms 
of isotropic constitutive relationships. 

5.2.1. On general form of the stored energy function. As usual, by 
C==FTF we denote the right Cauchy-Green strain tensor, cf. [33, 50, 83, 426]. 
The objectivity principle yields the stored energy function in the form cf. 
[83, 426] 

w = W(C). (5.55) 

Let us denote by T, u the second (symmetric) Piola-Kirchhoff and Cauchy 
stress tensors, respectively. We have 

T = ~ (8W(C) 8W(C)) 
2 8C+8cr' 

1 T 
u = JFTF . (5.56) 

The first ( unsymmetric) Piola-Kirchhoff stress tensor P is related to T by 
P = FT. For isotropic hyperelastic materials W satisfies 

'VQ = 0(3) W(C) = W(QCQT). (5.57) 
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Here 0(3) denotes the full orthogonal group in space dimension 3. 
We assume the existence of a stress and strain-free state (natural config

uration) such that 
W(I) = 0, T = T(I) = 0, (5.58) 

where I is the identity tensor. By now it has been well-established that in 
many soft tissues residual stresses and strains are present cf. [3, 123, 191) 

Consequently, assumption (5.58)2 for such tissues is, in a general case, 
a simplification. Fortunately, an isotropic body can support no residual stress, 
[235). Thus, for an ideal case of isotropic soft tissues, assumption (5.58) re
mains valid. 

Having in mind FEM it is convenient to choose the invariants of C com
patible with the multiplicative decomposition ofF in parts related to volu
metric and distorsional deformations as well as with the polar decomposition, 
the last being expressed by the well-known relation F=RU= VR. Then one 
can formulate in a uniform manner the constitutive relationships for com
pressible and incompressible materials. Accordingly, we write 

(5.59) 

Consequently, the stored energy function (5.55) satisfying (5.57) can be writ
ten as follows, cf. [273) 

w = W(C) = W(B) = W(1b 12, J), (5.60) 

where 

and 

- - - - --1 --1 
I 1 = trB = trC, I 2 = trB = trC , 

J = J detB = J detC = detF 

- -TC=F F. 

We observe that 

11 = J-2
/

3 h, 
1 2 2 

I2 = 2(I1 - trC ), 

h = trC = trB, l2 = J-4
/

3 I2, 

trC2 = trB2
. 

(5.61) 

(5.62) 

(5.63) 

We also recall that the invariants h, I2 and J 2 are the so called basic inva
riants, well-known in the theory of tensor functions representation, cf. [273). 

After standard calculations, from relationships (5.56) and (5.60) we get 
the general constitutive equation for isotropic hyperelastic materials in the 
Eulerian description 

aw 2 (aw- aw --1) - --1 
u = aJ I+ J aJ

1 
BD- aJ

2 
BD = ,Bol + ,81BD + ,B_lBD, (5.64) 
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--1 --1 1-
BD = B --121. 

3 
(5.65) 

The form (5.60)3 of the stored energy function enables one to classify hyper
elastic isotropic materials as follows: 

(i) incompressible materials (J- 1 = 0) where 

W = WD(J1, l2), (5.66) 

(ii) nearly incompressible materials described by 

(5.67) 

(iii) compressible materials described by the elastic potential (5.60)3. 

More precisely, the function W1 has the following form, cf. [83, 559] 

1 
Wf(J) = -h(detF). 

c 

The function h satisfies: 

(H 1) h : R+ ---+ R is convex, 

(H2) lim h( c5) = lim h( c5) = +oo and h( c5) = 0 if and only if c5 = 1. 
6-+0+ 6-++oo 

Ciarlet [83] provides an example of the function h: 

h( c5) = cc52 
- d log c5, c > 0, d > 0. 

Obviously, in the case of incompressible materials the stored energy func
tion (5.66) is not an elastic potential, since the hydrostatic part of the Cauchy 
stress tensor is not defined and the constitutive relationship is given by 

(5.68) 

where 
-(3 = 2 8~D 1 811 ' 

-(3 = _2 8~D. 
-

1 812 
(5.69) 

The above classification is convenient when FEM system ABAQUS [1] is 
used, as in our case. Obviously, in the case of incompressible materials the 
coupling between distorsional and volumetric stored energies is absent. 

Let us denote by Ai, Xi, (i = 1, 2, 3) the eigenvalues of U and U respec
tively, or of V and V. We have 

\. - J 113' · · . 1 2 3 At - At ! ?, = ! ! • (5.70) 
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In general, only two eigenvalues of 'Xi are independent. We may write 

(5.71) 

Consequently, we have, cf. Eq. (5.60), 

(5.72) 

The function W is symmetric in the variables 'X1, 'X2. For the notion of sym
metric function in the context of nonlinear hyperelasticity the reader is re
ferred to Ciarlet [83]. 

5.2.2. Stored energy functions for isotropic hyperelastic soft tissue. 
The aim of this section is to provide several specific stored energy functions 
as well as numerical examples. 

Let us consider the following stored energy function, being a generalisa
tion of Fung's proposal cf. [175] 

W(f~, [2, J) = ~ ( ea1/J(fi,f2,J) - 1) ' (5. 73) 

where and C and a are material coefficients while the invariants f1, f2 and J 
have been defined previously. Now the Cauchy stress tensor is expressed by 
(5.64) and 

(5.74) 

According to relation (5.58), we assume 

~(3,3, 1) = 0, T = T(I) = 0. (5. 75) 

In other words, in the undeformed configuration the hyperelastic solid is 
stress-free. The function appearing in Eq. (5. 73) has one of the following 
forms 

(a) ~ = ~(h, h), 
(b) ~ = ~I(h, h)+ ~2(J), 
(c) ~ = ~I(h, /2, J). 
It is reasonable to consider the following form of~: 

where the parameters a1, a2, ... are material coefficients. 
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In the present section we will discuss only the models (a) and (c) of 
soft tissues. For such models the material parameters are known. Also, an 
implementation in the finite element system ABAQUS will be discussed. 
In the case of incompressible materials the following particular form of the 
function (5.73), now denoted by W, is assumed: 

(5.77) 

where J.Lo denotes the shear modulus and is a positive material parameter. 
For compressible materials we consider the following stored energy func

tion (the bar over W is deleted): 

W(f1,f2, J) = ~0 [eaCl(fl-3)+C2(f1 -3)+C3 (J-1)
2 

_ 1], (5.78) 

where Co, Ci (i = 1, 2, 3) are positive material parameters, see (524, 525]. We 
observe that material parameters appearing in Eqs. (5.77), (5.78), and more 
generally in (5.76), can be determined by performing simple test (one- and 
two-dimensional) and next minimizing the approximation error (similarly to 
the case of other hyperelastic materials, cf. (431]). 

Also, function ( 5. 77) is a particular case of ( 5. 78). However, from the 
numerical and mechanical point of view it is convenient to treat both models 
as independent. For the sake of simplicity, models (5. 77) and (5. 78) will be 
denoted by IM and CM, respectively. 

In the case of the model IM the constitutive relationship is given by 

(5. 79) 

For three-dimensional and plane strain problems an application of FEM to 
incompressible materials requires hybrid finite elements (or a modification of 
models (a) and (b)). 

For the plane stress problem the situation is different, since then the 
incompressibility constraint can easily be handled. We observe that for in
compressible material in the state of plane stress, the stretch in the direction 
orthogonal to the plane is determined from the equation J = 1; hence 

(5.80) 

Here the tilde refers to two-dimensional quantities. It means that J denotes 
the determinant of plane deformation tensor. From Eq. (5. 79), for the plane 
stress state, we have 

(5.81) 
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Thus 
(5.82) 

- - -where I = trB = trC. 
The derivation of the constitutive relationship in the case of the stored 

energy function (5.78) is left to the reader as an easy exercise. 

Implementation of IM and CM models in the ABAQUS system 

The model IM requires programming, within the general structure of the 
interface UHYPER (see Jemiolo and Szwed [272]), of only the first and second 
order derivatives with respect to the invariant i1 of the function (5.77). On 
the other hand, CM model requires programming of the following derivatives 
of the function (5.78) 

a2w a2w _ 1 ¢ 
BJ2 = CoC3e¢ [1 + 2C3(J- 1)

2
], BI

1
Bh - 2CoC1C2e , 

82W 82W 
al

1
BJ = CoC1C3e¢(J -1), Bl

2
BJ = CoC2C3e¢(J -1), 

83W - 2 ¢ 83W - 2 ¢ 
al2BJ - CoC1 C3e (J- 1), al2BJ - CoC2 C3e (J- 1), (5.83) 

1 2 

83W 
BhBI

2
BJ = CoC1C2C3e¢(J- 1), 

aJw _ ¢ [ 2] BhBJ2 - CoC1C3e 1 + 2C3(J- 1) , 

a3w _ ¢ [ 2] 
8128

J 2 - CoC2C3e 1 + 2C3(J- 1) , 

aJw 
BJ3 = 2CoCSe¢ [3 + 2C3(J- 1)2] (J- 1), 

where 
- - 2 

¢ = C1(h- 3) + C2(J2- 3) + C3(J- 1) . (5.84) 

http://rcin.org.pl



274 J.J. TELEGA AND M. STANCZYK 

Numerical examples: IM model 

Our aim now is to provide illustrative example for the IM model. We 
observe that, in general, it is more difficult to obtain satisfactory numerical 
results for this model than for the CM model. As one can guess, the difficulty 
is linked with the incompressibility condition. 

Example 1. Simple shear (plane stress problem) 
Now we have 

FIGURE 48. Simple shear. 

For the notation the reader is referred to Fig. 48. Figure 49 represents 
a comparison of analytical and numerical results. The last has been obtained 
by using the interface UHYPER with the implemented IM model. Both the 
Poynting effect (nonvanishing normal stress) and Kelvin effect (nonvanishing 
trace of the stress tensor) are exhibited. The results presented in Fig. 49 are 

0'11 

;;. 
---&._...._.1-::--_.&.:r-~--:i- .• 

FIGURE 49. Simple shear Comparison of analytical and numerical results for 
simple shear (plane stress state); J-Lo = 1000; the coefficient"' for the curves 1, 2, 
3 is equal to: "'= 1, "'= 0, 5, "'= 0.01. 
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(a) (b) 

FIGURE 50. Shear: a) FEM mesh and the final configuration, b) level lines for 
the Cauchy stress a12 ; J-lo = 106 ,1 = 1. 

valid provided that the state of simple shear is realized. This can be achieved 
if simultaneously displacements and forces on the boundaries are controlled. 
Otherwise, the situation depicted in Fig. 50 may happen. For instance, in 
Fig. 50 a, only the displacements on the upper boundary are controlled. 

Example 2. Thick cylinder subject to internal pressure (plane stress) 
The internal and external radii of cylinder in Fig. 51a are equal to~ = 10 

and Ro = 20 (length units), respectively. The cylinder is subject to such an 
internal pressure that its boundary undergoes the displacement equal to 5 
length units. The results of calculation are depicted in Figs.51 b, c, 52. 

a) 

~~"'-~-'--f--'--'-tt! tt~· t+t+t~ 
LLJ_ ,_t_ _t 111 ii1 jj_i l~.L~l j 

h1JJJJJJ ll!l!llllililll !lillllllll 
FIGURE 51. Thick cylinder in plane stress state: a,b) FEM mesh and boundary 
condition, c) initial and final configurations. 
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R x 1(1' 
~~--m-~~~~ 2 • 

-* . - .. 
s.. .. 
- ~ ·- ... 
- II •II"" ... !. II R . ·- 'IIIII!--

FIGURE 52. Thick cylinder in plane stress state (10 or 20 finite elements); J-Lo = 
106

, 'Y = 1 . Cauchy's stresses a 11 and a 22 represent values averaged (centrally) 
over the finite elements. 

Numerical examples: CM model 

The results which follow have been performed for the following values of 
the coefficients: Co = 8133 Pa, C1 = 0.907, C2 = 0.002475, C3 = 20 These 
values are taken from paper by Simon et al. [525] and characterize a rabbit 
aorta. 

Example 3. Simple shear (plane strain or 3D problem) 
In this case, from Eqs. (5.74) and (5.78) we get 

an= Coe<'(C,+C,) [~e(2C1 + C2)] , 

a12 = Coee(c1+C2 )(Cl + C2)~, 

a22 = Coee'(c,+c,) [ -~e(cl + 2C2)] , 

a33 = Coe<'(C,+c,) [ -~e(cl- C2)] . 

The results of calculation are depicted in Fig. 53. Numerical calculations 
were performed by using the interface UHYPER with the model CM imple
mented according to (5.83), (5.84). 

Example 4. Consider now the slab with a central hole with the unit 
thickness. The length of the side of the square is 2 length units. The diameter 
of the hole is 0.2 length units. The slab is subject to tension in one direction, 
such that its length increases fivefolds. The vertical displacement on AB and 
CD is constrained. To get numerical results, the slab was divided into 512 
finite elements CPS4. The results presented in Fig. 54 were obtained after 15 
iterations. 
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FIGURE 53. Comparison of analytical and numerical results for simple shear 
(plane strain state or 3D problem). 

FIGURE 54. The initial and final configurations of square slab with a hole. 

5.3. Transverse isotropy 

277 

In the present section we shall discuss an important case of transverse 
isotropy where one direction is privileged (imagine skeletal muscle fibres). 

5.3.1. General relations. To describe the transverse isotropy we intro
duce a parametric tensor M = m®m. The tensor M is prescribed in the ini
tial (Lagrangian) configuration. The unit vector m (X) coincides with direc
tion of material fibres in the initial configuration; X denotes the Lagrangian 
variable of a material point. Let 

(5.85) 

where 0(3) stands for the full orthogonal group in the three-dimensional 
case, cf. Jemiolo and Telega [273]. The stored energy density function W 

http://rcin.org.pl



278 J .J. TELEGA AND M. STANCZYK 

satisfies 

W (E, M, r) = W (QEQT, M , r) = W (C, M, r) 

=W(QCQr,M,r), VQES. (5.86) 

Here the function r (X) describes the inhomogeneity of the material. From 
the point of view of tensor functions and constitutive equations the variable 
r is not essential. Therefore we shall only consider homogeneous materials. 

The theory of representation of transversely isotropic functions yields, cf. 
Jemiolo and Telega [273], 

W (E, M) = W (Ni) = W (C, M) = W (Ii); i = 1, ... , 5. (5.87) 

Here { Ni} and { Ji} denote the so-called basic invariants of the tensors E 
and C , respectively. The constitutive equations are 

The symmetric tensors of the second-order G~E) and G~C) are the so
called generators, cf. Jemiolo and Telega [273]. 

We assume the existence of a natural state where 

w (0, M) = w (I, M) = 0, T (0) = T (I) = 0. (5.90) 

The basic invariants of the function W (Ni) are well-known, cf. Jemiolo 
and Telega [273]. We write 

W (Ni) = W (trE, trE2
, trE3

, trEM, trE2M), i = 1, ... , 5. (5.91) 

The quadratic approximation of the last function leads to the trans
versely isotropic Saint-Venant Kirchhoff stored energy function. We denote 
this stored energy function by WsvK· We have 

W (Ni) = WsvK (Ni (E))+ 0 (11EII 3
), i = 1, 2, 4, 5. (5.92) 
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Similarly to the isotropic Saint-Venant Kirchhoff model [83], the function 
WsvK is assumed to be convex with respect to E, i.e., the following fourth
order tensor 

1 (B2WsvK (Ni (E)) B2WsvK (Ni (E)) B2WsvK (Ni (E)) 
4 BE ® BE + BET ® BE + BE® BET 

B2WsvK (Ni (E))) 
+ BET®BET ' i=l,2,4,5, (5.93) 

has to be positive definite. The stored energy function WsvK is given by 

- 2 2 2 WsvK (E)= WsvK (Ni (E)) = a1 (trE) + a2trE + a3 (trEM) 

+ a4trEtrEM + a5trE2M. (5.94) 

Isotropic Saint-Venant Kirchhoff stored energy function is recovered for 
a1 = >., a2 = 2J..L, a3 = a4 = a5 = 0. 

Substituting (5.94) into (5.88) we find the constitutive relationship for 
transversely isotropic Saint-Venant Kirchhoff material in the Lagrangian de
scription. The reader is advised to find the classical relationship T = eE = 

( CijklEkl) in arbitrary coordinates. We observe that, for incompressible, 
transversely isotropic Saint-Venant Kirchhoff materials only four material 
coefficients amongst a1, ... , a5 are independent. 

5.3.2. New constitutive relationships for transversely isotropic hy
perelastic materials. In this section we are going to present new models 
of transversely isotropic hyperelastic materials. 

The stored energy function W for compressible materials can equivalently 
be written as follows: 

W (1i) = W (tre, trCofe, det e, tr (Me), tr (MCofe)), (5.95) 

where 
Cofe = (dete)e-1. (5.96) 

Hence 

T = J11l + 2;32 (121- Cofe) e-1 + (;3313 + J35h) e-1 + J34M 

- t35h (Me-1 + e-1M). (5.97) 

The scalar functions t3i depend on 1i, i = 1, ... , 5. 
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In the Eulerian description we have 

(
h fs ) (31 1 -u = ](32 + Jf33 + ](35 I+ -yB- f32JB- +(34M 

- Jf35 (:M:n-1 + B-1M:), (5.98) 

where 

B = FFT, M = FMFT. (5.99) 

According to (5.99)2 the material fibres are rotated and stretched. 
We now propose two new stored energy functions for transversely isotropic 

materials: 

i+j+k+l;iO 

(5.100) 

W1(Ii) = L Bijkl (Jfi- 3) (1;j- 3) (J~k- 1) (1t1- 1) + r(I3). 

i+j+k+l;iO 

(5.101) 
Here the coefficients Aijkl and Bijkl are not the components of tensors but 

merely material parameters. The coefficients ai, bj, ck and dz are additional 
parameters which have to be determined by using experimental data and 
nonlinear optimization. The function r (/3) with r (1) = 0 is convex and 
tends to infinity for /3 tending to zero and infinity. 

Having in mind applications and finite element algorithms (see the rele
vant references in Jemiolo and Telega [277]), it is convenient to choose trans
versely isotropic invariants of C for incompressible materials in a manner 
enabling to formulate the constitutive relationships in a uniform manner. 
Recalling that F = RU = VR and performing the multiplicative decompo
sition ofF on volumetric and distorsional parts we write 

F = J 113F' = J 113RfJ = J 1I3VR, detF = detU = detV = 1. (5.102) 

The stored energy function is postulated as follows 

W (11, J) = W (trC, trCofC, tr (MC), tr (MCofC), J), 
j = 1, ... ,4, 

(5.103) 
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where 

11 = trB = trC = J-jh, h = trC = trB, B = FFT, 

- - 1 - 1 4 1 ( 2 2) h = trB- = trc- = J-3h, h = trCofC = 2 11 - trC , 

13 = tr (MC) = J-jtr (MC) = J-jtrM, trC2 = trB2 , (5.104) 

14 = tr (MCofC) = J-~tr (MCofC) = J-~tr (CorM:), 

M=FMFT. 

The invariants I 1 , h and J 2 are the so-called basic invariants used for 
isotropic materials. 

After standard calculations one can derive the corresponding constitutive 
relationships in the Lagrangian and Eulerian descriptions. Details are left to 
the reader. 

We now propose two stored energy functions for incompressible and nearly 
incompressible transversely isotropic, hyperelastic materials. 

i+j+k+l~O 

+ r (J), (5.105) 

w1 (1j, J) = L Bijkl (1fi- 3) (1~i- 3) (1'Ik- 1) (1g~- 1) 
i+j+k+l~O 

+ f' (J). (5.106) 

For incompressible materials f' (J) = ~ (J- 1), where ~ denotes the La
grange multiplier associated with the condition J = 1. 

For incompressible and nearly incompressible transversely isotropic ma
terials like soft tissues one can use the following stored energy function, 

N 

WNrF (1i) = L ai (e¢i(Ii)- 1) + f' (J), ai > o. 
j=1 

(5.107) 

In the case of incompressible materials and vanishing invariants 13 and 14, 
the relation (5.107) reduces to known models of incompressible soft tissues, 
cf. Section 5.2 of these Notes. 
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5.3.3. Generalization of isotropic Ogden's model to transversely 
isotropic hyperelastic materials. Our approach permits to extend the 
well-known Ogden's model (83, 426] to transversely isotropic materials. We 
propose the following stored energy function: 

K L 

WoG (C, M) = L ak (trC0
k- 3) + L bz (trCofc.Bl- 3) 

k=l l=l 

M N 

+ L Cm [(det C)Xm- 1] + L dn (trMC8
m- 1) 

m=l n=l 

p Q 

+ L ep (trMCofCCp- 1) + L ]q [ (trMC¢q) (trMC'Pq)- 1] 
p=l q=l 

s 
+ L g8 [(trMCofCis) (trMCofC77s)- 1). (5.108) 

s=l 

Ogden's stored energy function for the isotropic hyperelastic materials is 
recovered provided that dn = 0, ep = 0, ]q = 0, g8 = 0, n = 1, ... , N; 
p = 1, ... , P; q = 1, ... , Q; s = 1, ... , S, see (83, 428, 431). We observe that 
the stored energy function (5.108) is not, in general, polyconvex in Ball's 
sense. The notion of polyconvexity for isotropic, transversely isotropic and 
orthotropic materials will be introduced in Section 5.4. 

One can easily demonstrate, similarly to the case of isotropy, that the 
strain energy (5.94) describing transversely isotropic materials, is not poly
convex. Moreover, this function is also not rank-one convex, cf. (83] for the 
case of isotropy. We observe that the convexity of the function (5.94) with 
respect toE renders the passage to the classical Hooke's law consequent. The 
elastic moduli ai, i = 1, ... , 5, are the same as in the linear theory. 

For incompressible isotropic Ogden's materials we have trCofC.B1=trC-.81 • 

Consequently, for such materials the stored energy function is simplified. 
The reader is advised to derive general form of constitutive relationships 

in the Lagrangian and Eulerian descriptions, provided that the stored energy 
function is given by (5.108) 

Let us provide an example of the stored energy function applicable to 
modelling incompressible and nearly incompressible transversely isotropic 
materials: 
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K L . 

Woe (C,J;M) = Lak (trC0
k -3) + Lbl (trCofC,eL_3) 

k=l l=l 
N p 

+ L dn (trMC
8

n -1) + L ep (trMCofCep -1) 
n=l p=l 

Q 

+ L /q [ (trMC¢q) (trMC'Pq) - 1 J 
q=l 

s 
+ L9s [(trMCofC's) (trMCofC17s)- 1] + r (J). (5.109) 

s=l 

5.3.4. Comments on insufficiency of some models of soft tissues. 
Tong and Fung (1976) proposed the following stored energy function for soft 
tissues: 

W (E) = a (E) + ao/3 (E) e1P(E), (5.110) 

where 
1 1 

a(E) = 2E·A·E, f3(E) = 2E·B·E, 

1 
1/J(E) = tr (AE) + 2E · C · E + .... 

(5.111) 

Here A, B and C are fourth-order tensors which are determined by mate
rial parameters obtained from appropriate experiments. The function (5.110) 
is not, in general, polyconvex, and has too many material parameters with 
similar mechanical interpretation. Also, it can be shown that this model 
exhibits drawbacks similar to the hyperelastic model of Saint-Venant Kirch
hoff; these have been discussed by Ciarlet (83). To yield reasonable results, 
the function 1/J (E) should involve tensors of order higher than four. The pa
per by Tong and Fung (1976) has nevertheless played a role in revealing 
the possibility of modelling nonlinear behaviour of soft tissues by means of 
exponential functions. 

Our previous considerations suggest that a reasonable stored energy func
tion for transversely isotropic hyperelastic soft tissues can be assumed in the 
following form 

N 

W (Ii) = L ai ( e1Pi(Ii) - 1), ai > 0. 
j=l 

(5.112) 

We observe that if the functions 1/Ji are postulated as being independent of 
material parameters, then ai can be determined by using linear optimization 
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methods. Also, the function (5.112) is polyconvex provided that each function 
'l/;j is polyconvex. 

Let us pass to the models proposed in Lin and Yin (1998) and May
Newman and Yin [375]. In the first of these papers the stored energy function 
is given by 

(5.113) 

where 

(5.114) 

Here Ci, i = 1, ... , 4, are material coefficients and C1 > 0. The constitutive 
equation in Eulerian description is expressed as follows: 

(5.115) 

where p denotes the Lagrange multiplier (pressure) and 

Obviously the material is incompressible. The quadratic approximation 
of (5.113) yields 

W = C1C2(trE)2 + C1C3trEtrEM + C1C4(trEM)2 + 0 (11EII 3). (5.116) 

Function (5.116) does not contain a sufficient number of material parameters 
to predict mechanical properties of incompressible, transversely isotropic ma
terial in the range of relatively small deformations, in the case of 3D problems. 
From the representation theory of so-called plane (two-dimensional) tensor 
function follows that function (5.116) is an irreducible quadratic function 
of 2D tensor E, cf. [273]. On the basis of material parameters given in Liu 
and Yin (1998) for rabbit myocardium Jemiolo and Telega (2001) found, 
among others, the level sets depicted in Figs. 55, 56, and the stored energy 
function for one-dimensional deformations presented in Fig. 57. To construct 
these figures these authors exploited the data given in Lin and Yin (1998) 
and gathered in Table 6. The scatter of the reported values is significant. 
Figure 57 shows that for relatively small values of stretches the stored ener
gy function, constructed in Liu and Yin (1998), may even assume negative 
values. We conclude that the constitutive modelling proposed in Liu and Yin 
(1998) is not sufficiently accurate. 
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J..t (m) 

FIGURE 55. Comparison of level sets for the stored energy function (5.113), 
(5.114) (dotted curves) with its quadratic approximation (5.116) (continuous 
curves) in the case of averaged values for 7 samples studied in Lin and Yin (1998). 
The curves correspond to two-dimensional tests in the principal axes of anisotropy, 
after Jemiolo and Telega (2001). 

285 

FIGURE 56. Level sets for three samples and the stored energy function (5.113), 
(5.114); AI, >.2 are principal stretches (two-dimensional tests) and the samples 
orientation coincides with the unit vector m describing the orientation of fibres: 
a) sample 1, b) sample 2, c) sample 3. The dotted lines correspond to 'averaged' 
material parameters, after Jemiolo and Telega (2001). 
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w 
1.5 

1 

A. (m) 
0. 1.3 1.4 

FIGURE 57. The stored energy function (5.113) with '1/J given by (5.114) and dotted 
line as previously for one-dimensional deformation. For the sample 3 the function 
W assumes negative values in a certain range of compression (inadmissible form 
of W), after Jemiolo and Telega (2001). 

TABLE 6. Material parameters of the stored energy function (5.113) with '1/J 

specified by (5.114) according to Liu and Yin (1998) (rabbit myocardium). The 
material parameters appearing in (5.116) are also given, after Jemiolo and Telega 
(2001). 

No. c1 c2 c3 c4 c1c2 c1c3 c1c4 
1. 1.01 3.05 -2.24 1.92 3.0805 -2.2624 1.212 
2. 2.42 12.13 0.63 1.05 29.3546 1.5246 2.541 
3. 9.86 4.62 2.37 0.09 45.5532 23 .3682 0.8875 
4. 2.92 3.21 -2.60 2.01 9.3732 -7.592 5.8692 
5. 2.62 2.40 -0.89 2.01 6.288 -2.3318 5.502 
6. 1.67 1.70 1.90 0.38 2.839 3.173 0.6346 
7. 6.85 2.88 -0.76 0.38 19.728 -5.206 2.603 

8. (averaged) 1.05 9.13 2.32 0.08 9.5865 2.436 0.084 

Similar conclusion applies to the model studied in (375], where 

(5.117) 

and 

The hyperelastic potential (5.117) was used to model the valve tissue of 
pig, which provides a good substitute for similar human tissue. The material 
parameters, taken from [375], are gathered in Table 7. Now the material 
functions involved in constitutive relationship (5.115) have the following form 

{3 8W 2,...., C ~(I 3) /34 = 88WI4 = 2CioC2e~ (I- 1)3. (5.119) 1 = Bh = vo 1 e 1 - , 
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TABLE 7. Material parameters of the stored energy function (5.117), (5.118)! for 
the valve tissue of pig, according to May-Newman and Yin [375]. The material 
parameters appearing in (5.116) are also given, after Jemiolo and Telega (2001). 

No. Co [kPa] c1 c2 CoC1 [kPa] CoC2 [kPa] 
1 2 3 4 5 6 
1. 1.010 2.59 1376.9 2.61590 1514.59 
2. 0.079 1.25 1320.6 0.09875 104.3274 
3. 0.181 7.01 626.5 1.26881 113.3965 
4. 0.214 4.90 1602.9 1.04860 343.0206 
5. 0.105 5.23 1991.6 0.54915 209.118 
6. 0.203 1.76 833.0 0.35728 169.099 
7. 0.053 6.31 1943.2 0.33443 102.9896 
8. 2.171 2.19 1408.8 4.75449 3058.5048 

9. (averaged) 0.399 4.325 1446.5 1.725675 577.1535 

287 

We observe that even for relatively large deformations the stored energy 
function (5.117) with {; specified by (5.118)1 can be approximated by the 
following polynomial in I 1 and I 

W = CoC1 (trE)2 + CoC2 ( J(trEM)- 1- 1) 4 • (5.120) 

Here the independent material parameters CoC1 and CoC2 can be determined 
by using linear optimization methods. For the model (5.117) and (5.118)1 
the quadratic approximation with respect to the measure E is useless since 
it yields an isotropic stored energy function with the first term appearing in 
(5.120). Figure 58 depicts typical relations between stresses and deformations 
in one-dimensional test. 

In the paper [618] the following stored energy function has been imple
mented in FEM 

(5.121) 

where c1' c2 and c3 are material coefficients whilst the invariants li, i = 
1, 2, 3, are defined by (5.104). This model constitutes a simple generalization 
of the well-known Mooney-Rivlin potential [83, 431] the latter being valid 
for incompressible isotropic materials. Since the formula (5.121) does not 
incorporate the invariant 14 and there is no coupling between the invariants 11 

and 13, therefore the model (5.121) cannot properly describe incompressible 
transversely anisotropic materials in the range of small deformations. It seems 
that the stored energy function (5.121) should be confined to plane problems. 
Weiss et al. [618] devised their model to describe the mechanical behaviour 
of tendon and cartilage. We observe that from the point of FEM the paper 
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a) b) :j a [kPa] 
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FIGURE 58. Cauchy stress-elongation relationships for the one-dimensional ex
tension; the stored energy function is given by (5.117), (5.119). The material 
parameters are taken from Table 7: continuous line in (a) - (d) after row 9, (b) -
sample 3 (dotted line), (c) and (d)- sample 2 (dotted line). The sample orienta
tion coincides with m 

[618) constitutes a first attempt of numerical implementation of the model 
describing transversely isotropic, hyperelastic and incompressible materials. 

5.4. Orthotropy 

In the case of orthotropy we have three privileged directions, say mi, 
i = 1, 2, 3. Let us assume that {mi} constitute an orthonormal privileged 
frame. The orthonormal vectors mi may depend upon the location (fibres 
are not necessarily straight). Consider the three tensors 

(5.122) 

We say that Mi, i = 1, 2, 3, are the structural tensors for orthotropy, cf. 
Boehler [49), Jemiolo and Telega [273) and Zheng (650). 

Let A be a symmetric, second-order tensor, the so-called agency. For 
instance A may represent the right Cauchy-Green strain tensor C or the 
Green strain tensor E. 

Since 
(5.123) 

therefore the general scalar orthotropic function is a function of the following 
invariants: 

(5.124) 
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We observe that the first three invariants are the same as in the case of 
isotropy. 

An equivalent manner of the formulation of orthotropic scalar and tensor 
functions consists in using so-called fabric tensors, cf. Cowin (97], Jemiolo 
and Telega [274, 275, 280], Shillor et al. [516]. 

Having at our disposal the strain energy function of the invariants (5.124) 
one can easily derive the relevant constitutive equations both in the case of 
compressible and incompressible materials. It suffices to use the general rules 
outlined in Section 5. 

An alternative approach to the formulation of constitutive equations for 
transversely isotropic materials and orthotropic biotissues was proposed by 
Crisione et al. [105, 106]. In essence, in the first paper a novel set of 5 strain 
invariants for transversely isotropic materials has been proposed through 
analysis of physical attributes of deformation. The strain attributes are to 
be distinguished from strain invariants. Central to the proposed approach 
is the identification of six rotation invariant scalars a1-6 that define the 
strain in materials that have one family of parallel fibres arranged in laminae 
(like in myocardium) , cf. Criscione et al. [106]. In the last paper orthotropic 
behaviour (two families of fibres), has also been considered. Advantages of 
this alternative approach, by no means algebraically simple, remain to be 
proved. Moreover it seems that the criticism presented in Appendix A of 
the paper [106], and pertaining to orthotropy, is not justified. These authors 
overlook the fact that relations between invariants and tensor components 
are nonlinear and, in general there is no one-to-one correspondence between 
these two sets of quantities. 

Remark 3. Consider the situation in which there are two distinct pre
ferred directions in the reference configuration. Let m 1 and m2 denote the 
associated unit vectors, not necessarily orthogonal. The strain energy then 
depends on the following invariants, cf. Boehler (49], Jemiolo and Telega [273] 

trC, trC2, trC3
, m1 · Cm~, m1 · C 2m1, 

m2 · Cm2, m2 · C 2m2, m1 · Cm2. (5.125) 

We observe that the energy also depends explicitly on the angle between 
the directions, as determined by the product m 1 · m 2 (independent of the 
deformation) . The term m1 · C 2m2 is absent since it can be shown that it 
depends on the other invariants and on m1 · m2. The invariant m 1 · Cm2 is 
not changed with respect to the reversal of m1 or m2 separately but it can 
be made so by multiplying by m1 · m2 

The reader is advised to derive the general form of constitutive relation
ships for compressible and incompressible materials, cf. Ogden [431, 432]. 
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5.5. Polyconvexity of stored energy function: isotropy and 
anisotropy 

It seems that mathematical properties of stored energy function used in 
the modelling of soft tissues have not been discussed. 'Good' energy function 
should exhibit certain mathematical properties, being in fact a generalisation 
of convexity. Convexity is typical for materials undergoing small deforma
tions. In contrast, it is well known that the stored energy function W(X, F) 
characterizing finitely deformed materials cannot be convex, cf. Ball (1977) , 
Ciarlet [83]. For other notions like quasiconvexity and rank-one convexity, 
more general than polyconvexity the reader is referred to Dacorogna [110] 
and Ponte Castaneda et al. [453]. 

Let us briefly discuss the polyconvexity introduced by Ball ( 1977). For 
generalizations and more detailed treatment the reader is referred to Ciarlet 
[83] and Dacorogna [110]. 

A stored energy function w : n X M~ -4 lR is polyconvex if for each 
X E 0, there exists a convex function 

g(X, ·, ·, ·) : M3 x M3 x (0, +oo) -4 lR 

such that 
W(X, F)= g(X, F, CofF, det F), (5.126) 

for each F E M~ . Here M3 is the set of all real square matrices of order 
3, M~ = {A E Ml det A > 0}, Cof A denotes the cofactor matrix of A 
(Cof A = ( det A)A -T if A is invertible). Sometimes instead of CofF its 
transpose, the adjugate matrix adj F is used. We recall that lR = JR1 stands 
for the set of real numbers and n denotes the closure of a domain occupied 
by a body, like say tissue or organ. 

Remark 4. Since the convex set M3 x M3 x (0, +oo) is open in M3 x M3 x 
JR, the convex function g(X, ·, ·, ·) : M 3 x M 3 x (0, +oo) -4 lR is continuous, 
Ekeland and Temam [155]. On the other hand, the function 

g: (X,F,H,8) E M3 X M3 X lR -4 {g(X,F,H,8) if 8 > 0, 
+oo if 8:::; 0, 

with values in the set lR U { +oo}, is convex but it need not be continuous for 
8 = 0, unless the function g is that, cf. Ciarlet [83, p.175] 

(Fk,Hk) -4 (F,H) in M
3 

} (X F H ~) 
8k -4 o+ =} 9 l k, k, Uk -4 +oo 

as k -4 oo. Note, however, that this property implies, but is not necessarily 
implied by, the property W(X, F) -4 +oo as det F -4 o+. o 
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An important example of polyconvex stored energy function is provided 
by 

M N 

W(F) = L aitrC'"Yi/2 + L bjtr(CofC)8j/2 + h(det F), (5.127) 
i=l j=l 

where C = FTF, ai > 0, li > 1, bj > 0, 6j ~ 1, and h : (0, +oo) -+ R 
is a convex function satisfying h( 6) -+ +oo as c5 -+ o+ and subjected to 
suitable growth conditions as c5 -+ +oo. Such stored energy function was 
proposed by Ogden in 1972, cf. Ball (1977), Ciarlet [83], Ogden [431, 432]. 
Obviously, the function W may depend on X (for inhomogeneous materials 
like biotissues). The exponential (or logarithmic) stored energy functions, 
often used in constitutive modelling of soft tissues, may be approximated by 
function of type (5.127). 

The reader interested in existence theorems for various boundary value 
problems of isotropic finite elasticity in the case of polyconvex stored energy 
functions is referred to Ball (1977) and Ciarlet [83], cf. also Dacorogna [110]. 

Remark 5. Isotropic Saint-Venant Kirchhoff stored energy function. 
An isotropic material is a Saint-Venant Kirchhoff material if its response 
function for the second (symmetric) Piola-Kirchhoff stress has the following 
form 

T = A(trE)I + 2J.£E, (5.128) 

where A and J.l are Lame constants, cf. Ciarlet [83]. Though relation (5.128) 
is linear, yet E( u) is nonlinear. We recall that 

In fact, Saint-Venant Kirchhoff material belongs to the simplest among the 
nonlinear models, and is quite popular in computations. 

It can easily be shown that the inverse relation is of the form 

A 1 
E = 2J.£(3A + 21-") (trT)I + 21-" T. (5.129) 

As usual, I = ( c5ij). 
The stored energy function for the Saint-Venant Kirchhoff material takes 

the form 
A 

W(E) = '2(trE)2 + J.£trE2
. (5.130) 

It can be shown that the function 

W(F) = W(E) (5.131) 
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is neither polyconvex, nor quasiconvex, nor rank-one convex, cf. Ciarlet [83] . 
This surprising result means that the stored energy function W falls out of 
the region of functions with now well-understood mathematical behaviour. 

It is evident ( cf. Section 5.3) that near a stress-free state the constitutive 
equation of an isotropic nonlinear material should necessarily be of the form 

T = A(trE)I + 2J-L(E) + o(E), 

obtained by a quadratic approximation, cf. Ciarlet [83]. 
In Section 7, studying passive and active stresses, the function of type 

(5.130) will intervene in the experimental stored energy function. 

Transverse isotropy 

The transversely isotropic strain energy W(X, F) = W(X, C; M) is poly
convex provided that for each X E !1, there exists a convex function: 

g(X, ·, ·, ·, ·, ·) : M3 x M3 x M3 x M3 x (0, +oo)--+ lR 

such that 
W(X, F)= g(X, F, CofF, MF, MCofF, det F), (5.132) 

for all F E Mt = {F E Mtl det F > 0}. Obviously MF denotes the pro
jection ofF by the structural tensor M, and similarly for MCofF. Hence it 
suffices to define the function g appearing in (5.132) on M3 x M3 x MM3 x 
xMM3 x (0, +oo). Obviously, the operation Cof has to be performed prior 
to projection by Min the fourth term of the Cartesian product. 

Example 5. 

(i) Compressible transversely isotropic Mooney-Rivlin material: 

W(X, F)= W(X, C; M) = ai1FII 2 + biiCofFII 2 + ciiMFW~ 
+ diiMCofFII,e + h(det F), (5.133) 

where a > 0, b > 0, c > 0, d > 0 may depend on X E !1, and a ~ 2, 
(3 ~ 2, whilst the convex function h possesses the properties specified 
earlier; IIFII 2 = trFTF = trC. 

(ii) Compressible transversely isotropic Ogden material: 

Woa(X, F) = W1 (X, C)+ W2(X, C; M), 

where W1 (X, C) (isotropic part) is given by 

M N 

W1(X, F)= L aitrC'Yi/2 + L bjtr(CofC)15i12 + h(det F) (5.134) 
i=l j=l 
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with ai > 0, 'Yi 2:: 1, bj > 0, 8j 2:: 1. Obviously the material coeffi
cients and the function h may depend on X E 0. A simple example of 
transversely isotropic part W2(X, F) = W2(X, C; M) is provided by 

W2(X, F) = ciiMFIIa + diiMCofFII,a 

with c > 0, d > 0, a 2:: 2, {3 2:: 2. 

Polyconvex orthotropic strain energy function 

The stored energy function 

W(X, F)= W(X, C; M1, M2), 

(5.135) 

is polyconvex provided that for each X E f2, there exists a convex function 

g(X, ·, ·, ·, ·, ·, ·, ·) : M3 x M3 x M3 x M3 x M3 x M3 x (0, +oo) ~ lR 

such that 

W(X, F)= g(X, F, CofF, M1F, M1 CofF, M2F, M2CofF, det F), (5.136) 

for all FE M~. 
Comments provided earlier for polyconvex transversely isotropic stored 

energy function can easily be extended to orthotropy by simply taking M 0 F 
and M 0 CofF (a= 1, 2) instead of MF and MCofF. 

Example 6. 

(i) Compressible orthotropic Mooney-Rivlin material: 

W(X, F)= W(X, C; M1, M2) = ai!FII 2 + biiCofFII2 

+ c1IIM1FIIa1 + d1IIM1CofFII,a1 

+ c2IIM2FIIa2 + d2IIM2CofFII,82 + h(det F), (5.137) 

with a > 0, b > 0, C1 > 0, C2 > 0, d1 > 0, C2, Q1 2:: 2, Q2 2:: 2, {31 2:: 2, 
f32 2:: 2, and h as previously. 

(ii) Compressible orthotropic Ogden material: 

Woc(X, F)= W1(X, C)+ W2(X, C; Ma)· 

The isotropic part is given by (5.134). A simple example of the or
thotropic part is provided by 

W2(X, F)= W2(X, C; Ma) = a1IIM1FII 01 + b1IIM1CofFII,a1 

+ a2IIM2FIIa2 + b2IIM2CofFII,a2 (5.138) 

with a0 > 0, ba > 0, n1 2:: 2, n2 2:: 2, {31 2:: 2, {32 2:: 2. 
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Remark 6. For incompressible materials (both isotropic and anisotro
pic) one has to delete the function h and take into account the incompress
ibility condition det F = 1; for instance by introducing Lagrange multiplier. 

6. Effective properties of soft tissues 

As we already know, soft tissues exhibit complete hierarchical structure. 
From the theoretical point of view, one could probably derive macroscopic 
equations by using the so-called reiterated homogenisation cf. Braides and 
Defranceschi [52], Telega and Bielski [568] and references cited therein. Each 
level is then characterised by a small parameter. Obviously, lower level is 
characterised by a smaller parameter. Consider, for simplicity, two scales 
characterised by c:1(c:) = c and c2(c) = c:2, c > 0. Then we have 

lim c2/ £1 = 0. 
e-+0 

(6.1) 

The principle of type ( 6.1) called 'the separation of scales', can readily be 
extended to tissues with multilevel architecture. It suffices to imagine the 
microstructure of skeletal muscle or cartilage. For both these tissues scales 
range from nanometers to centimeters. Practically, however, we still cannot 
derive, usually nonlinear, equations describing macroscopic behaviour of soft 
tissues starting from the lowest level. Therefore simplifications are needed. 

In this section we intend to outline application of micromechanical mo
delling to soft tissues. It seems that most popular is the approach typical 
for mixture theory, cf. also the lectures by Huyghe in this volume. From the 
point of view of mathematical homogenisation (Braides and Defranceschi 
[52], Cioranescu and Donato [84], Telega [567]), the mixture theory has its 
disadvantages. For instance, within the framework of this theory it is not 
easy to cope with fluctuations and derivation of macroscopic constitutive 
equations. Homogenisation methods lead naturally to macroscopic relation
ships, though still one has to solve the so-called basic cell problem. Except 
one-dimensional cases, the last problem can only be solved approximately. 
Very popular are also the methods allowing to find bounds, cf. the relevant 
papers contained in [453]. 

6.1. Orientational averaging to constitutive modelling of fibrous 
connective tissues 

In 1983 Lanir [327] proposed a method which is nothing else as 'orien
tational averaging'. For a systematic presentation of that method and its 
applications to elastic and inelastic composites the reader is referred to the 
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book by Lagzdil}.s et al. [322]. In the present section we shall briefly discuss 
the approach devised by Lanir [327] and available biomechanical applica
tions. Lanir [327] defines fibrous tissues as materials consisting of several 
networks of different types of fibres embedded in a fluid matrix. The matrix 
is bound to the fibres. The stress vector and the stress tensor are defined as 
their mean values; yet in Lanir's paper [327] this notion remains somewhat 
intuitive (from the point of view of the probability theory). Alternatively the 
stress vector can be defined as the total load that must be applied on a unit 
area to counteract the sum of tractions of all the tissue components crossing 
it. This stress vector is associated with appropriate stress tensor components 
in a general coordinate system (~i), i = 1, 2, 3. 

Structure is defined in term of the fibre orientation in the tissue space. To 
each type of fibre K a density distribution function RK(m) is associated (in 
general a random quantity), where m is a unit vector tangent to the fibre. 
Thus RK(m) · ~n is the volumetric fraction of fibres of type K which are 
oriented in the direction m and occupy a spatial angle ~n. 

Lanir [327] considered first the case of homogeneous tissue with straight 
fibres subjected to homogeneous strain. An extension to cases of nonhomoge
neous tissues, undulated fibres and nonhomogeneous strains is then straight
forward. 

General assumptions are as follows: 

(i) Each fibre is thin and perfectly flexible. It has no compressive strength 
and if contracted will buckle under zero load. 

(ii) The effect of the matrix flow during deformation is that of hydrostatic 
pressure. The flow stops at the point when the forces binding the matrix 
counteract the effect of the pressure. 

(iii) Each fibre is subjected to uniaxial strain which is the tensorial trans
formation of the overall strain in the direction of the fibre (affine trans
formation). 

Kinematics of tissue considered is formulated in a general coordinate sys
tem (~i), i = 1, 2, 3. Then we have, cf. Green and Adkins [199]. 

(6.2) 

The metric tensors in the undeformed and deformed configurations are given 
by 

Gii = (8Xn/8~i) (8Xn/8~i), 

9ij = (8xn/8~i) (8xn/8~i), 

(6.3) 

(6.4) 

respectively. Then J = (g /G) 112 , where g and G are the determinants of (9ij) 
and ( Gij) respectively. The covariant strain tensor 'Yij which is associated 
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with the squared difference of distance between each two close points in the 
body due to deformation is defined by 

Iii = (9ii - Gij) /2. (6.5) 

We observe that the notation (9ij) and ( Gij) is the reverse to the one used 
by Green and Adkins [199) and Lanir [327). Our notation is usually used in 
solid mechanics. 

If the strain is referred to rectangular coordinates then ( Gij) = ( 8ij) and 

Iii= Eij· 
Let us denote the strain energy function of the fibres per unit of uncle-

formed volume by W(!ij)· The contravariant stress components in general 
coordinates (~i) = (~i) are given by 

ij J-18W/8 ij 
T G-A = Tij + pg ' (6.6) 

where p is the hydrostatic pressure associated with the matrix. Green and 
Adkins [199), and consequently Lanir, use ( rii) for the stress tensor appearing 
in (6.6) and measured per unit area of the deformed body. We have previ
ously used (rij) for the Kirchhoff stress tensor, cf. formula (5.29); hence the 
distinction. 

In (6.6) we should precisely write (8W/8!ij + 8W/8!ji) /2 instead of 
8W/8!ij· 

To better grasp the stress tensor rg_A, let us denote, after Green and 
Adkins [199) (sii) a symmetric stress tensor measured per unit area of the 
undeformed body. It can be shown that 

ij _ 1 ( 8W 8W) _ J ij 
S - - -- + -- - TG A' 

2 alii O!ji -
(6.7) 

for a compressible body and, and 

stJ = - -- + -- + PlJ' 
. . 1 (ow aw) .. 

2 O!ii alii 
(6.8) 

for an incompressible body. 
The tensor ( sii) is the (symmetric) second Piola-Kirchhoff stress tensor 

expressed in curvilinear coordinates (~i); thus in Cartesian coordinates Sij = 

Tij· 

Lanir [327) considered first the homogeneous elastic case. Then the fibres 
are elastic and the matrix hydrostatic pressure is a unique function of the 
strain. To simplify the presentation, let us assume that the fibres are straight. 
An extension to more realistic case of undulating (wavy) fibres is not difficult, 
cf. Lanir [327). 
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W appearing in ( 6.6) is the sum of the strain energies in the fibres. Each 
type of fibre K has an associated uniaxial strain energy function wK. Without 
loss of generality we can express WK in terms of the stretch ratio A. The load 
per unit undeformed cross-sectional area in the fibre is given by 

(6.9) 

and vanishes (see assumption (i)) if A ~ 1. The total energy of all the fibres 
of type Kin an unstrained volume unit is 

WK = L <PKRK(m)wK(A)~n, (no summation over K), (6.10) 
m 

where <P K is the volumetric fraction (out of the total volume) of fibres of 
type K in the unstrained state. The summation is performed over the whole 
range of fibre orientations. 

The total strain energy in the fibres W in a unit unstrained volume is 
thus given by 

W = L <PKRK(m)wK(A)~n. ( 6.11) 
K,m 

To specify the constitutive relationship (6.6), let (~D denote a special 
coordinate system for a straight fibre in the undeformed body, such that ~i 
coincides with the direction of the fibre. Then, there are (locally) unique 
relations such that 

~i = ~i(~j), j = 1, 2, 3 

and 

~~ = ~~(~j)· 

The strain along the fibre is calculated as follows 

(6.12) 

From (6.6), (6.11) and (6.12) we get 

T~-A = J- 1 L <PKRK(m)(1/A)!K(A)[Bl'i 1 /8Eij]~n + pgii, (6.13) 
K,m 

where (Eij) is the strain in the tissue (assumption (iii)). The stretch ratio A 
of the fibre is 
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Let us recall that the squared change of distance between each two 'close' 
points in the body due to the deformation is given by 

2 2 i . 
ds - ds0 = 2riid~ de. 

In the case of a 'large' number of fibres per unit volume (or unit area 
in the case of, for instance, membranes) the summation can be replaced by 
integration, cf. LagzdiQs et al. [322). In fact then the summation over m is 
the integration over a unit sphere (or its part). 

For extension of the outlined averaging method to tissues with undulating 
fibres, viscoelastic case and nonhomogeneously structured tissue the reader 
is referred to the same paper by Lanir [327), where specific cases were also 
discussed (for instance membranes). 

Similar averaging method was also used to the derivation of constitutive 
equation for the lung tissue; cf. Lanir [326). The lung tissue is idealized as 
a cluster of a very large number of irregular hollow polyhedrons (alveoli) 
with membranous walls, cf. Section 2.2.10. Each of the polyhedrons is open 
in part of its surface and connected via this opening to the outer atmosphere. 
The strain energy function of the membrane has two components: one is 
associated with the tissue itself, whilst the other reflects the effect of the 
interfacial tension. For details of the developments and elastic and viscoelastic 
constitutive equations the reader is referred to Lanir [326). 

The same author [328, 329) considered soft tissues as osmotically active 
binary systems of solid fibres in a fluid-like matrix, cf. also the lectures by 
Huyghe in this volume and the references therein. The strain energy function 
of the entire network of fibres was expressed as a function of the strain tensor 
E , obtained by integration over two angles (spherical coordinates; recall that 
lml = 1 in the reference configuration) . At equilibrium the total Cauchy 
stress tensor is written as follows 

u(E, c) = u 1(E) - w( c)I, (6.14) 

where u J(E) is the stress due to the bulk-averaged effect of the axial stresses 
in the tissue fibres (the solid stress), and \l1 (c) is an osmotic pressure depend
ing on the proteoglycan concentration c. In fact such an approach is typical 
to mixture theory. 

We recall that from the mechanical point of view, soft tissues consist 
of networks of fibres (the solid), of large macromolecules of proteoglycans 
and of a fluid. The proteoglycans contain negatively charged groups in their 
structure cf. Mow and Ratcliffe [410), Telega and Wojnar [576). These neg
ative charges are neutralized electrostatically by excessive concentration of 
cations in the tissue fluid. By virtue of their size, the proteoglycan mole
cules are effectively immobilized by the fibres structure. Hence, the tissue 
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acts as a polyelectrolyte which gives rise to a swelling potential represented 
by the 'osmotic pressure'. Swelling is accompanied by stretching of the tissue 
fibres and a concomitant increase of the fluid hydrostatic pressure required 
for mechanical balance. The reader is referred to the comprehensive paper 
by Telega and Wojnar [576] on various aspects of charged tissue behaviour. 

Consequences of known restrictions on the behaviour of swelling tissues 
were examined by Lanir in the case of isotropy [328] and anisotropy [329]. In 
the last case the 'Generalized Coleman Noll' (GCN) inequality and strong el
lipticity (S-E) condition were exploited. In fact, as we have already mentioned 
earlier, further research on mathematical structure of constitutive equations 
used in biomechanical modelling is needed. 

Remark 7. Less general approach was developed by Ault and Hoff
man [21]. These authors exploited formulae for macroscopically transversely 
isotropic material, well-known in composite mechanics, cf. Nemat-Nasser and 
Hori [418]. The model is confined to linear elastic behaviour of (isotropic) ma
trix and fibres. Perfect bonding is assumed to exist between the fibres and the 
matrix. Such an assumption can be weakened (Lipton and Vernescu, [353]), 
thus allowing for slip between the fibres and the matrix. The theoretical 
model was next applied by Ault and Hoffman [22] to two types of connec
tive tissue: rat tail tendon and the posterior knee joint capsule of the cat. It 
seems that composite models like that advanced by Ault and Hoffman have 
confined range of applicability since nonlinearities exhibited by mechanical 
behaviour of tissues described have not been taken into account, see also the 
next subsection 

Remark 8. Let us provide comments on possible applicability of recently 
proposed non-affine micro-sphere model of rubber elasticity elaborated by 
Miehe et al. [387], to connective tissues. In this model the free energy of the 
single chain in a cross-linked network is governed by two micro-kinematic 
variables: the stretch and the tube contraction. 

Now we proceed to introducing those microvariables. In the statistical 
treatment of a single polymer chain, in our case it would be a fibre of con
nective tissue, its geometrical structure is idealized to be composed of N 
segments of equal length l, the so-called Kuhn segment length. The contour 
length L of the chain is L = Nl. In the classical statistical treatments of 
a single polymer chain, the single chain is unconstrained and has an entirely 
random orientation in space as visualised in Fig. 59a, which a priori ignores 
a dependency on the motion of neighbouring chains, cf. the references cited 
in Miehe et al. [387]. We recall that in the case of connective tissues fibres 
exhibit certain order. 
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(a) (b) 

FIGURE 59. Geometry of a simple polymer chain. (a) Free single chain consistilg 
of N segments with lengths l, end-to-end distance r and contour length L = 1\l. 
(b) Chain topology constrained by a straight tube of diameter d, after Miehe ~t 
al. [387) . 

The key phenomenological kinematic variable of the single chain s the 
current end-to-end distance r depicted in Fig. 59a. For an unconstrained free 
chain this distance assumes the random-walk-type root-mean-square value 
ro = VNz. Alternative dimensionless kinematic variables to measure the 
deformation of the chain are the stretch A or the relative stretch Ar defined 
as 

r A 
and Ar =- = --

L VN (6 .15) 

respectively, with A E [0, ffi) and Ar E [0, 1). The maximum values of 
these measures are obtained when the end-to-end distance r approaches the 
contour length L. 

Classical treatments of polymers consider a free free motion of a single 
chain in the cross-linked network. These theories do not take into account 
the constraints between different molecules which form the network. Con
cept from molecular statistics that takes these effects into account are the 
so-called constraint junction and constrained segment theories. A recent de
velopment associated with the latter group is the so-called tube model of 
rubber elasticity, cf. the relevant references in Miehe et al. [387). The tube 
model characterizes the cross-links and entanglement topology of a polymer 
network by a set of worm-like network chain paths. The basic physical ar
gument for the tube approach is the large degree of coil interpenetrations 
of network chains. These interpenetrations can be viewed as obstacles that 
impose constraint on the free motion of the chain. An important (and sim
ple) assumption introduced by Miehe et al. [387), consists of confining the 
polymer chain to a tube of constant diameter d as visualized in Fig. 59b, with 
both ends fixed at the centre of the end cross sections. This simplified geom
etry constrains the number of allowed conformations of the chain to the free 
space inside of the tube. Then it is assumed that the network constraint to 
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the simple chain under consideration can be described by the dimensionless 
kinematic variable: 

(6.16) 

with v E ( 0, oo), denoted as the tube area contraction. Here, do is the initial 
diameter of the tube, which can be considered as a material parameter of 
the undeformed network. For references related to estimates of do in terms 
of the length l and the number of segments per unit volume the reader is 
referred to Miehe et al. [387). Obviously, here we mean estimates in the case 
of polymers. It seems that in the case of soft fibres, such estimates will depend 
on the type of tissue (cartilage, ligament, tendon, artery, heart, etc.). Thus, 
in the presented model, the allowed conformations of the single chain are 
determined by the two micro-kinematic variables A and v, just introduced. 

The second feature of the model due to Miehe et al. [387) is a new non
affine micro-to-macro transition that defines the three-dimensional overall 
response of the polymer network based on an averaging procedure of micro
state variables defined on the micro-sphere of space orientations. This micro
to-macro transition links the two micro-kinematic variables A and v in a non
affine format to line-stretch >. and area-stretch D of the (isotropic) macro
continuum. We observe that the entropy and free energy of a single chain in 
a straight micro-tube are determined by using classical notions of statistical 
mechanics. 

Let us provide now a critical comment linked with micro-to-macro tran
sition. Though Miehe et al. [387) claim that they perform 'a characteristic 
homogenization procedure', yet this is not true. Their procedure of finding 
the overall quantities is just a specific averaging procedure. Here we would like 
to mention that there is an essential difference in performing homogenization 
of convex and nonconex problems, cf. Braides and Defranceschi [52), Tel ega 
[567) and references therein. More precisely one has to distinguish between 
deterministic and stochastic homogenization. For convex deterministic peri
odic problems ( microperiodic distribution of microinhomogeneities like fibres 
or cells) the effective properties can be derived by solving a so-called basic 
cell problem. In all other cases (convex-stochastic, deterministic-nonconvex, 
stochastic-nonconvex) rigorous derivation of effective properties requires solv
ing counterpart of the basic cell problem, now involving the whole space IR3 

(or the two-dimensional space IR2 in the case of the plane problems). Prac
tically samples of the materials can only be finite. Hence the idea of RVE 
(representative volume element) . Then the effective properties depend on 
the dimensions of the RVE. Unfortunately, Miehe et al. (387] did not men
tion that, in fact, they deal with nonconvex stored energy functions (finitely 
deformed rubber materials). Consequently, one cannot resort to the paper by 
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Ponte Castaneda and Suquet [452] which deals with nonlinear homogeniza
tion problems, but not with nonconvex ones. 

An open problem, which naturally arises, is how to extend the model pro
posed by Miehe et al. [387] to modelling of tissues? As we know, biological 
tissues (both bones and soft tissues) contain various chains. The assump
tion of straight confining tube may not be directly applicable (for instance 
consider myofilaments). In reality, as we know, biological tissues are macro
scopically anisotropic. It means that already at the microscopic level the 
energy of a single fibre would have to depend on the direction, similarly to 
the approach proposed by Lanir [327] . 

In the case of macroscopically orthotropic tissues three families of fibres 
are determined by three (possibly location dependent) independent unit vec
tors, tangent to the fibres: m 1, m2, and m3. 

Also it is important to take into account limited extensibility of fibres 
(rubber-like materials may undergo much higher stretch than fibrous con
nective tissues), cf. Section 6.2.1. 

As a step towards realization of formulation of orthotropic constitutive 
equations in terms of molecular chain model one can mention the papers due 
to Bischoff et al. [44, 45] . 

6.2. Some specific cases of fibres alignment 

In this section three specific microstructural models are presented. 

6.2.1. Modification of Voigt's model. In micromechanics, the so called 
Voigt and Reuss models are well known. These are the simplest models of 
obtaining lower and upper bounds for effective properties of composites, cf. 
Allaire [9], Jikov et al. [287], Lewinski and Telega [345], Nemat-Nasser and 
Hori [418]. The bounds obtained in this way are most narrow. 

Wren and Carter [631] modified the Voigt model elaborated for polycrys
talline composites in a manner applicable to soft skeletal connective tissues. 
More precisely, tissue is described as a two-phase composite consisting of fi
bres dispersed in a matrix materials representing the ground substance (gly
cosaminoglycan matrix, etc.). A fibre volume fraction is denoted by Vt whilst 
a matrix valume fraction Vm = 1-Vt. The matrix is assumed to be isotropic 
while the fibres contribute tensile stiffness and strength in the direction in 
which they are aligned. For simplicity tissue homogeneity is assumed. In de
scribing the model, we assumed that we have a tissue specimen to which we 
apply known strain in the axial direction Ea. 

In fact, such a specimen is nothing else than RVE (representative volume 
element). We refer to the direction of strain application as the axial direction 
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and, when referencing a particular fibre, we refer to the direction of fibre 
alignment as the fibre direction. The elaborated model predicts the relation 
aa = aa(Ea) associated with the applied strains Ea. Time-dependent effects 
are not incorporated. 

The question now is in what consists the modification of the Voigt model. 
According to this model, the axial strain induced in a polycrystalline com
posite by an axial applied strain Ea is: 

(6.17) 

where a!= EJEa and am= EmEa are the stresses induced in the two phases. 
For soft skeletal connective tissues, the relationships a 1 = EJEa and am = 
EmEa no longer suffice. Wren and Carter [631] proposed new relations for 
am and a 1 applicable to soft skeletal connective tissues. Those new relations 
are to be used in Eq. (6.17) in place of the stresses for polycrystalline solids. 
Wren and Carter [631] proposed the following simple relationship for the 
axial matrix stress: 

if E < Efail 
a m' 

(6.18) 

Here Em denotes the matrix elastic modulus and E~il is the matrix failure 
stress. The modelling of mechanical behaviour of fibres is a little bit more 
complex. One has to consider three cases: single fibre aligned with loading, 
fibre rotation fully unconstrained and fibre rotation fully constrained. Any
way, a single fibre i fails at the stretch ratio _x~ail = Lf / L 0 (in the case of 
fibre aligned with loading), where L0 denotes the length of the fibre when 
maximally crimped and Lf is its length when it fails. 

The derived macroscopic formula a a= aa(Ea) was applied to rabbit patel
lar tendon, tissue from the deep region of bovine menisci and specimens from 
the zone surface of bovine humeral articular cartilage. The results obtained 
compare favourably with experimental data. Toe region of the stress-strain 
curve is also visible. 

6.2.2. Microstructural model for description of low load behaviour 
of fibrous connective tissue. In this and in the next subsection we shall 
present two different approaches to modelling uniaxial extension of fibrous 
connective tissues like tendon and ligament. For such tissues an important 
problem consists in defining the reference length. Reference length is the ba
sis for biomechanical description, yet is not selected in a consistent manner 
throughout the literature, cf. Hurschler et al. [263]. Reference length of a ten
don or ligament is often determined empirically by increasing elongation until 
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a measurable load is detected. More precisely, a small arbitrarily selected pre
load is assigned, or an inflection is observed in the load-deformation curve, 
cf. the relevant references in Hurschler et al. (263]. 

Tendon and ligament specimens, however are compliant at the onset of 
load bearing such that small changes in load result in relatively large varia
tions in reference length. In addition, relatively large preloads are sometimes 
applied that mask much of the toe-in region of the load-deformation response. 
Consequently, different choices of preload can introduce bias into biomecha
nical measures such as stretch, strain, strain to failure, or tangent modulus. 

Another important problem is to identify the transition from the stress
stiffening 'toe-region' to the more 'linear region' commonly observed in the 
stress-strain diagrams of fibre recruiting soft tissues. The definitions of such 
a point is essential in the study of low load behaviour in normal and patho
logic connective tissues. 

Hurchler et al. (263] proposed solution to these two problems. More pre
cisely, these authors introduced the location parameter ( 1) as a preload inde
pendent parameter to establish a reference length in biomechanical evalua
tions of fibrous connective tissues, such as ligaments and tendons. Moreover, 
they established a method for quantifying the toe-to-linear region transition
point in strain-stiffening soft fibrous tissues. 

Hurchler et al. [263] applied the probabilistic microstructural model de
veloped earlier by Hurchler et al. (262]. Let us pass to a brief presentation 
of the model. The unloaded tissue is assumed to be dominantly composed 
of crimped collagen fibres that need to be extended to various lengths be
fore they begin to bear a tensile load. Fibres are assumed to be oriented 
predominantly along the longitudinal axis of the ligament or tendon. The 
straightening stretch ratio (SSR), defined as the tissue stretch at which an 
individual fibre begins to bear load, is defined as As = l5 /lo (fibre length 
divided by tissue reference length). The load borne by the fibre is assumed 
to behave according to a constitutive relationship based on collagen fibril 
microstructure. The stress in the tissue is determined by the overall tissue 
stretch (stretch ratio= At = l/lo =deformed tissue length divided by tissue 
reference length) and the deformation state, and hence load bearing contri
bution of the fibre population. Thus, the longitudinal normal tissue stress at 

can be computed by integrating the contribution of all fibres over all possible 
SSR(As): 

At 

at(>.t) = j Pw(>.,)a33(>.tf>.,)d>.., At> "f· (6.19) 

"'( 

Here Pw is the Weibull probability density function (PDF) as a function 
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SSR, a33 is the longitudinal normal stress in a fibre, and 'Y is the location 
parameter of the Weibull distribution and defines the onset of fibre loading. 
Hence at(At) = 0 when At :S "f, since none of the fibres are loaded below 
the threshold 'Y· We observe that 'Y can be less or greater than one, depend
ing on whether the tissue is initially in a preloaded or 'slack' configuration, 
respectively. The form of the Weibull PDF used in Eq. (6.19) is 

Pw(As) = £52 ' s " 
{

.B(As-/)13-I exp [- (>-.,i))] if A > --v 

0, if As :S 'Y· 
(6.20) 

Here 'Y is the location parameter as stated above, and j3 and 8 are the 
shape and scale parameters, respectively. The shape, scale, and location pa
rameters are such that j3 > 0, 8 > 0, and 'Y > 0 since stretch ratio is defined 
to be greater than zero. Shape and scale parameters are related to the shape 
of the 'toe-region' whilst the location parameter is related to the stretch at 
which fibres begin to bear load. The Weibull PDF parameters (/3, 8, and 'Y) for 
a given set of stress-stretch data are determined by a nonlinear least-squares 
minimization cf. Hurschler et al. (262). 

According to Hurschler et al. (262, 263) the Weibull PDF (611) was chosen 
to represent fibre straightening in fibrous connective tissues like tendons and 
ligaments since in a slack configuration, no fibres have yet straightened to 
bear loads. We observe that the Weibull PDF is an asymmetric one-tailed 
function and has a zero probability of occurrence below a certain value. We 
recall that the Gaussian PDF, described by only two parameters (the mean 
and the standard deviation), does not have this property. 

Figure 60 illustrates influence of the microstructure of fibrous connective 
tissue on the mechanical load-deformation and stress-stretch behaviour of 
the tissues. 

6.2.3. One-dimensional, quasi-linear viscoelastic model of tendon 
accounting for the effects of preconditioning. As we already know, 
the nonlinear stress-strain relationship of tendons starts with a 'toe' region 
at lower strain range, and the curve becomes linear at higher strain levels. We 
also know that the nonlinearity is attributed to gradual straightening of the 
original wavy collagen fibres. It is also important to include time-dependent 
aspects. Those have two components: viscoelasticity and preconditioning, cf. 
Fung (175). They differ in-vitro in their recovery characteristics; while reco
very from viscoelastic effects is complete and has time constants in the range 
of seconds to minutes, recovery from preconditioning in-vitro may be only 
partial and has time constants of the order of several hours, cf. the relevant 
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FIGURE 60. Model fits to data from: (A) Viidik [599] in which changes in collagen 
fibre crimp were examined with polarized light during tissue strain (measured grip 
to grip), and (B) Hanson et al. [216] in which changes in collagen fibre crimp were 
examined with optical coherence tomography during tissue strain (measured grip 
to grip) . In both cases the original units of the studies were maintained with the 
exception of strain being converted to stretch ratio. In the case of the Viidik data 
the model agrees very well, in the case of Hanson et al. [216] data the model 
slightly underpredicts the stretch at which complete fibre straightening occurs, 
after Hurschler et al. [263] . 
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references in Sverdlik and Lanir, [553]. The most apparent effect of precondi
tioning is a shift of the stress-strain curve to the right, cf. Fig. 61. Sverdlik and 
Lanir [553] performed a combined experimental and theoretical investigation 
of tendon accounting for its waviness, viscoelasticity and preconditioning. 

2.5 

2 

"l 
:t 
-1 

~ 
0.5 

8% 

-0.
5o 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 

Strain 

FIGURE 61. The stress-strain curve for the first and last stretches of each set. 
Symbols: the reference strain esmin for set 2 (#),set 3 (*), and set 4 (+). In 
set 5, esmin cannot usually be determined reliably due to high noise/signal ratio 
resulting from the very low force signals at these sets, after Sverdlik and Lanir 
[553J. 

The mathematical model is an extended one-dimensional version of the 
3D (three-dimensional) structural formulation of Lanir [327], presented by 
us in Section 6.1. 

Let us briefly describe this 1D model. The single fibre is assumed to be 
quasi-linear viscoelastic under tension. The second Piola-Kirchhoff stress of 
the single fibre is then, cf. Fung [175] 

t e 

TJ(ef, t) = TJG(t) + J G(t- r) ~:; de~;r) dr, 
0 

(6.21) 

where G(t) is the reduced relaxation function, ef is the true strain in the 
fibre, Tj is the 'immediate' elastic response of the fibre, which is assumed in 
a simple nonlinear bimodal form (linear+nonlinear): 

(6.22) 

Here A, B, and N are material parameters. The reduced viscoelastic relaxa-
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tion function G(t) is assumed to be hi-exponential: 

G(t) = ko + k1 exp( -tjrl) + k2 exp( -t/r2), (6.23) 

with ko + k1 + k2 = 1; ko, k1, k2 > 0. The relaxation times r1, T2 and the 
constants ki (i = 0, 1, 2) are material parameters. 

The true strain e 1 (in fibre) for every level of the tendon strain e depends 
on its waviness as follows (for obvious reasons we do not useE for 1D strain). 
The true stretch ratio in the fibre is given 

A 1 = !:_ = !:_ Lo = ~ 
Ls Lo Ls As' 

(6.24) 

where A = L/ Lo is the stretch ratio of tendon, and As = Ls/ Lo is the 
straightening stretch ratio of the fibre; L and Ls are the current and the 
straightening lengths of the fibre. Using the strain definition e = (A2 - 1)/2, 
the fibre strain ef = (AJ- 1)/2, is expressed by 

e - es 
ef = 1 + 2es' (6.25) 

where es = (A; -1)/2 is the straightening strain of the fibre. This straighten
ing strain changes with time during preconditioning due to fibre elongation, 
the latter being a function of time and of the magnitude of true strain in the 
fibre. Two mechanisms of elongation are incorporated in the model: one is 
a first-rate reaction model for the increase of es as 

(6.26) 

with the initial condition es(O) = eso· The parameter P1 is a rate constant 
and P2 is a threshold below which no viscous lengthening occurs. The second 
mechanism is of a 'plastic' nature, where the increase of es depends on e 1 as 
in 

{ 

det(t) if ef > P.3 > O·, 
des dt ' 

dt = 0, otherwise. 

det(t) > O 
dt ' 

(6.27) 

Here P3 is a threshold below which no 'plastic' lengthening occurs. 
The initial waviness e8o of the fibres is assumed to be distributed between 

the fibres of the tendon as a beta density probability distribution. 

D( ) - r(a + /3) ( eso )a-1 (1 eso )f3-1 
eso - r( a )r(j3) esomax - esomax esomax 

1 
(6.28) 

http://rcin.org.pl



MODELLING OF SOFT TISSUES BEHAVIOUR 309 

with a, {3 > 0; 0 < e8o < esomax· Here the subscript '0' refers to the initial 
state; a, {3 are parameters which determine the shape of the beta function, 
esomax denotes the highest level of e8o, and r is the gamma function. The 
rationale for using beta rather than normal distribution function is that the 
former is nonzero only within a finite region ([0, esomax] in the present model), 
while the latter extends to infinity (physically unacceptable). Moreover, the 
beta distribution allows for asymmetry. 

The overall response of the tendon is equal the sum of contributions of 
all its fibres. Thus, the second Fiola-Kirchhoff stress of the tendon is given 
by 

e e 

T(e, t) = j D(e,)Ttlef(e,, t)]de, = j D(e,o)Tt[eJ(e,, t)]de,o, (6.29) 

0 0 

where the second equality results from the continuity condition D(e8o)de8o = 
D(e8 )de8 • From Eqs. (6.21)-(6.23) and (6.29) we finally get the tendon stress 
in the form 

in the last equation the effects of fibre lengthening during preconditioning are 
introduced via the time dependence of the strain in the fibre e f, according 
to (6.25)-(6.27). 

The proposed model is highly nonlinear and contains 13 parameters. One, 
esomax, is determined directly from the stress-strain curve at the first stretch 
for each specimen; the parameters A, B are determined from the data and 
the other parameters. The remaining ten parameters (N, ex, {3, k1, k2, TlJ T2, 
Pt, P2 , P4 ) can be estimated to fit the data best, in the least squares sense. 

The theoretical model just presented was confronted with experimental 
data obtained for sheep tendons. More precisely twenty three below-knee 
forelimb sections of 3-4 year old female sheep weighting 60-80 kg were used 
by Sverdlik and Lanir [553) to obtain thirty five digital extensor tendons with 
typical lengths of about 120 mm. The test protocol consisted of sets of stress 
relaxation loadings, each with first increasing maximal strain levels ( 4,6,8 
percentil sequence) and then decreasing strains (7,6 percent) at consecutive 
sets. The results obtained by Sverdlik and Lanir [553) indicate that the re
sponse of the tendon to stretch is modified by the stretch itself in a way that 
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depends on the level of strain , on the strain history and on the duration of 
the stretch, cf. Fig. 61. 

The agreement of the model predictions with the measured stress-strain 
response (Fig. 62) is good, except for some deviation at the lowest strain level 
(set 1,4 percent strain). 
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FIGURE 62 . Comparison between simulation and experimental data of the stress
strain curves in the first stretch in each loading set. Gray line - experimental 
data, dark line- model prediction, after Sverdlik and Lanir [553]. 

Remark 9. An earlier structural model of parallel-fibred connective tis
sues such as tendons and ligaments was proposed by Kwan and Woo [318]. 
In essence, the stress-strain relationship of a single collagen fibril is assumed 
to be bilinear, with 1) an initial low modulus region, followed by 2) a high 
modulus region. For a tissue composed of multiple collagen fibrils, the fib
rils may have variable initial lengths in their relaxed state and, thus, have 
crimps that can be removed at different strain levels. As each group of fibrils 
becomes taut at its respective strain level, there will be a gradual increase in 
tissue modulus. When all the fibrils become taut, the tissue modulus reaches 
a maximum value. Ultimately, as the loading continues, the fibrils begin to 
fail successively. Hence, we conclude that the model due to K wan and Woo 
[318] is piecewise linear and contains many independent constants describing 
approximation of real nonlinear curve. 
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Remark 10. Unlike articular cartilage, the cornea has received relatively 
little attention from proponents of multiphase theories for soft tissue biome
chanics. This may be because the cornea's principal function, unlike artic
ular cartilage, is not mechanical but optical. The cornea does not regularly 
experience large deformations or loads, and its viscoelastic response is of sec
ondary importance. However, these theories may be crucial to understanding: 
(1) the cornea's response to surgery, and (2) the physiology of corneal swell
ing. The latter topic was studied by Bryant and McDonnell [61]. The corneal 
stroma in its normal state has a strong tendency to imbibe fluid. The stroma 
is composed of lamellae of parallel collagen fibres embedded in a matrix of 
polyanionic proteoglycans, which gives rise to the fixed charge density of 
the tissue. At normal hydration, the stroma is roughly 80 percent water by 
weight, with most of the fluid contained in the spongy matrix of proteogly
cans. Corneal swelling is typically explained in one of the three ways: by 
the behaviour of the corneal endothelium (e.g. the pump-leak hypothesis); in 
terms of the osmotic pressure of the corneal stroma (i.e. the Donnan view); 
or by the reference to experimental demonstration of cornea's swelling be
haviour (e.g. swelling pressure and inhibition experiments), cf. the relevant 
references in Bryant and McDannel [61]. 

The swelling pressure is defined as the pressure applied in confined com
pression to a sample of stromal tissue immersed in a saline bath. This pres
sure decreases exponentially with corneal hydration. The inhibition pressure 
is measured in-vivo by inserting a small cannula, filled with 0.15 M saline 
and connected to a closed reservoir containing a pressure transducer into the 
stroma, cf. Fig. 3 in Bryant and McDonnell [61]. The inhibition pressure is 
recorded as the suction pressure in the cannula. 

In the intact cornea, the water-absorbing tendency of the stroma is coun
terbalanced by the endothelial 'fluid pump' which is actually one or more 
active ion transport processes residing in the posterior cellular layer (en
dothelium), including Na+ -K+ ATPase, cf. the relevant references in Bryant 
and McDonnell [61]. It is known that a swollen cornea will deturgesce in 
proportion to the fluid exudation from the endothelium and that this fluid 
exudation is linked to the metabolic processes in the endothelium. Most con
ceptual models of the endothelial metabolic pump mechanism describe a net 
flow of ions from the stroma to the aqueous, although a complete picture of 
how active ion transport effects corneal deturgescence has been lacking. 

One of the most prevalent explanations is the pump-leak hypothesis, which 
proposes a balance between the pressure-driven and osmotic fluid flows across 
the endothelium. The lOP (interocular fluid pressure) is postulated to be 
higher than the hydrostatic fluid pressure in the stroma, cf. the relevant 
references in Bryant and McDonnell [61]. 
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The last authors developed a biomechanical model of the cornea that can 
explain the different views of corneal swelling. These authors use the triphasic 
theory proposed in 1991 by Lai et al. (see Mow and Ratcliffe (410]), supple
mented by boundary conditions representing the steady-state fluid and ion 
flow across the corneal endothelium. The equations were solved in cylindrical 
coordinates for the problem of confined compression and in spherical coor
dinates to represent the intact cornea. Moreover, expressions were derived 
for the inhibition and swelling pressures, and it was shown how the model 
addresses both the Dunnan and pump-leak hypothesis. The material of the 
stroma was modelled as a linear, transversely isotropic solid, in which the 
axis of material symmetry is normal to the corneal surface. 

6.3. Cartilage and other soft tissues as multiphase materials 

6.3.1. General comments. Both bone and soft biological tissues are mul
tiphase porous materials. In this section we shall provide some comments on 
modelling of cartilage and present available results on micro-macro transi
tion. 

In essence, there are three views used to describe the biomechanics of 
soft tissues, using continuum models that include mobile tissue fluid, cf. also 
the lectures by Huyghe in this volume. These models include the response 
of soft tissues by either considering the material to be a porous elastic (or 
viscoelastic) solid that is saturated by a pore fluid which flows relative to the 
deforming solid or, equivalently considering the material to be a continuum 
mixture of a deformable solid phase and a fluid phase, cf. De Boer [119], 
Coussy [96], Cowin and Huyghe (100], Rajagopal and Tao [473], Simon [523], 
and references therein. When applied to biomechanical studies, the poroelas
tic and biphasic mixture models are equivalent. For a discussion the reader 
is referred to the review article by Simon (523). 

The third approach to soft tissue modelling, viewed as porous multiphase 
material, consists in using various micro-macro averaging techniques. 

It seems that the prevailing part of a huge number of studies pertaining to 
soft hydrated tissues covers annulus fibrosus, articular cartilage and menis
cus. These tissues were investigated both from the mechanical and electro
chemical point of view, cf. Adams et al. [4], Ateshian et al. [18), Charlebois 
et al. [69), Chen et al. [72), Dimicco and Sah [135], Freeman [172), Frijns 
et al. [170), Gu et al. [203], Huyghe and Janssen [267), Iatridis and Gwynn 
[268), Lai et al. [323), Loboa et al. [358), Levenston et al. [484), Mow and Rat
cliffe (410), Mow et al. [409), Stoltz [547), Telega and Wojnar (576), Urban 
et al. (587], van Meerweld et al. [595), Wang et al. (607), and the references 
therein and in Cowin and Huyghe (100). The studies performed exhibit non-
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linear and anisotropic behaviour of articular cartilage. This tissue is modelled 
as a biphasic, triphasic, even quadriphasic mixture. Gu et al. [203] modelled 
mechano-electrochemical behaviours of charged hydrated soft tissues con
taining multi-electrolytes as a mixture composed of n + 2 constituents (1 
charged solid, 1 non charged solvent phase, and n ion species). For results 
pertaining to influence of mechanical loads (fluid flow, hydrostatic pressure, 
shear stress) on behaviour of chondrocytes the reader is referred to Edlich et 
al. [152] and Stoltz [547]. 

The procedure of the formulation of the mixture model of material con
sists of three essential steps: 1) the formulation of balance equations, 2) 
imposing mechanical and thermodynamical constraints (if needed- like in
compressibility, entropy inequality, etc.), 3) the choice of the constitutive 
relationship. For a general case, the reader is referred to the last section of 
our paper. 

In the case of non-isothermal models, the problem of the definition of 
the macroscopic temperature(s) arises. For instance, it is discussed whether 
a biphasic material has one or two temperatures. The micro-macro transi
tion solves this problem rather easily. Indeed, the micro-macro transition (like 
homogenization methods) requires the knowledge of geometry (deterministic 
or random) and constitutive equations of components. By performing ho
mogenization (averaging) macroscopic equations are obtained, say Biot-type 
equations, cf. Telega and Wojnar (2005) and the relevant papers in Auriault 
et al. [23] . 

Studying biomechanical literature one perceives that the classical Darcy 
law of filtration is used in dynamical problems similarly to the case of steady
state flows. In reality, in dynamic flows through porous media the Darcy law 
is nonlocal in time, cf. the relevant references in Auriault et al. (23]. For 
instance, if the flow is harmonic, the permeability tensor depends on the 
frequency w. 

In charged-hydrated biological tissues streaming potential plays a crucial 
role, see many references cited previously. Their mathematical modelling is 
usually based on the (direct current) Helmholtz-Smoluchowski equation (Rep
pert and Morgan [481], Reppert et al. [482] 

~v = c:( ~P, 
TJfi 

(6.31) 

where c: is the permittivity of the fluid, TJ is the viscosity of the fluid, ( is 
the zeta potential, and a is the conductivity of the fluid. Ll. V, Ll.P are the 
voltage and pressure measured across the sample, respectively. 

This equation was extended by Packard [441] to frequency-dependent 
streaming potentials in capillaries. Next, Pride [459] proposed a generalized 
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theory for frequency-dependent streaming potentials in porous media. Com
parison of both models was performed by Reppert and Morgan (481] and 
Reppert et al. (482). It seems that the frequencies of physiological load of, 
say, articular cartilage are too low, even during fast running, to justify the 
need of using the frequency-dependent model of Pride. 

Remark 11. There are two viscoelastic models that are widely used to 
describe soft tissue viscoelastic behaviour: the quasi-linear viscoelastic (QLV) 
model (630) and the biphasic mixture model due to Mow et al. [409), cf. also 
the relevant references in Mow and Ratcliffe [410). We observe that the models 
described in Section 6.2 only partially belong to such a classification. 

The QLV model stems from the basic assumption that the nonlinear 
stress-strain response is decoupled from the linear relaxation function, and 
stress is defined as the convolution of these two functions. The biphasic model 
considers the tissue as a mixture of two phases: a solid matrix and an in
terstitial fluid. In its essence, this model quantifies viscoelasticity as due to 
fluid flow and frictional losses due to the relative motion between solid and 
fluid phases. 

Yin and Elliott [643) applied the transversely isotropic biphasic mixture 
model previously developed by Cohen et al. [90) - a model of cartilage in 
unconfined compression loading - to tendon in uniaxial, unconfined tensile 
loading. To cope with the nonlinear behaviour, incremental analysis was per
formed. Yet, the toe region was not quite adequately described and precon
ditioning was not investigated. 

Remark 12. van Kemenade [593] and van Kemenade et al. [594] used 
the triphasic mixture model for skin (solid+fluid+ionic component) to study 
the transepidermal water loss. In essence the approach consists of a skin and 
an air model coupled by equating corresponding chemical potentials of water 
at the surface of the skin to vapour chemical potentials just above the skin 
surface. 

6.3.2. Effective properties of cartilage. Influence of chondrocytes. 
Though the amount of papers dealing with modelling of cartilage behaviour 
is really huge (see comments in the last section of our paper), yet no really 
general model of cartilage, accounting for its complex microstructure, seems 
to be available. 

We pass now to the presentation of typical partial results. 
Soulhat et al. (537) developed a simple fibre-reinforced composite poroelas

tic model of cartilage to explore its applicability in unconfined compression 
via comparison with experimental data accounting for transient and drained 
behaviour. This composite model is an extension of the isotropic homoge-
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neous biphasic model. As a first approach it was assumed that the fibrils 
(collagen) are distributed homogeneously in the r, (}, z directions. The matrix 
is biphasic and isotropic (proteoglycans and water). The fibrils in the network 
behave linearly under tension with no resistance to compression (piecewise 
linear behaviour). The model does not take into account depth-dependent 
orientation of fibrils. 

Broom [55] proposed two- and three- dimensional honeycomb arrange
ments of fibrils in articular cartilage. The 2D mesh is presented in Fig. 63. 
Specific feature of this mesh is that it is depth-dependent. 
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A B c 
FIGURE 63. Two-dimensional honeycomb mesh analogue of the interconnecting 
geometry of radial elements modelling the arrangements of fibrils in the matrix 
of articular cartilage. Note the rapid strain-locking in the radial direction (A and 
B) versus considerable extension permitted in the transverse direction (A and C), 
after Broom (55]. 

Galka et al. [181] exploited the above regular geometrical model and de
rived effective (homogenized) elastic moduli. The basic cell, and consequently 
also these moduli, change with depth. The general formulae for these moduli 
(2D case) are in the comprehensive paper by Telega et al. [573]. 

Bursae et al. [65] modelled the cartilage collagen lattice as a simple pres
surized two-dimensional cable network. The model was designed to show that 
tissue equilibrium behaviour in confined compression could be described by 
considering only the contribution of the tensed collagen network and Don
nan osmotic pressure. Two different structural geometries were considered: 
a hexagonal network and a triangular network. The author claims that: 'In 
the absence of experimental data, tensile behaviour of individual fibres was 
assumed to be equivalent to the tensile stress-strain characteristic of a pig 
tendon'. From Section 6.2 of our paper we know that such an assumption 
cannot lead to reliable results. 

Telega and Wojnar [575] proposed a general linear model of stationary 
flows of two-ionic electrolytes through porous piezoelectric media. Elaborat-
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ing the model, the authors thought of possible application to bone tissue, 
cf. also Telega and Wojnar [576) and the relevant references therein. It is 
worth noting that the filtration now described by the so-called Wiedemann
Darcy law, is driven not only by mechanical forces (the gravity forces and 
pressure gradient) but also by the gradient of electric potential and gradient 
of the density of ions. To apply the model to soft tissues, one has to drop 
the piezo effect and include nonlinear behaviour of the matrix (fibrils). By 
exploiting known filtration laws for, say, cartilage one can try to construct 
a nonlinear Wiedemann-Darcy law. We observe that for nonstationary flows 
the Wiedemann-Darcy law becomes nonlocal in time, cf. the paper by Galka 
et al. in Auriault et al. [23). 

Influence of chondrocytes on cartilage and vice versa 

In the 19th century, it was generally believed that articular cartilage was 
inert and without structure, cf. the relevant references in Guilak et al. [208). 
However, by the turn of the century, many investigators had hypothesized 
that not only articular cartilage had form and structure but that changes in 
the normal physical environment of the joint could alter the composition and 
morphology of the tissue. By the mid-1900s, it was suggested that specific 
relationship existed between the structural characteristics and functional his
tory of articular cartilage, and with increased knowledge of the composition 
and structure of cartilage, investigators began to hypothesize how the prop
erties may be affected by alterations in the mechanical environment in vivo. 
Further, it was suggested that physiological loading was necessary for the 
proper maintenance of the joint and the deviations from the normal load
ing patterns could be a source of significant joint degeneration, cf. Guilak et 
al. [208) and the relevant references therein. 

Let us now pass to a concise presentation of studies aiming at explain
ing the deformation behaviour of chondrocytes in cartilage and influence 
of chondrocytes on macroscopic properties of cartilage. The chondrocyte 
perceives its mechanical environment through biological, mechanical, and 
physicochemical interactions with cartilage extracellular matrix. In addition 
to zonal variations in composition and structure, this matrix consists of se
veral distinct regions based on proximity to the chondrocyte. These regions 
have been termed the pericellular, territorial, and interterritorial matrices, 
cf. the relevant references in Guilak [207). The bulk of the tissue is made 
up of the interterritorial matrix, which consists primarily of water dissolved 
with small electrolytes, like K+, Na+, Cl-, Ca2+. The pericellular matrix of 
chondrocytes consists of a distinct tissue region that contains large amounts 
of Type VI collagen and a high concentration of proteoglycans. In addition to 
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defining the physicochemical environment of the chondrocyte, the pericellu
lar matrix interacts physically with the chondrocyte through the cell-surface 
receptors (e.g. integrins, annexin V) which bind to matrix proteins such as 
fibronectin, hyaluronic acid, and various collagens in the pericellular region. 
The chondrocyte together with this pericellular region and a surrounding 
capsule have been termed chondron, cf. the relevant references in Guilak et 
al. [207] . According to the last author, the functional significance of this dis
tinct structural unit is as yet unknown. In our opinion, such a structure of 
cartilage ensures that it is a sort of a biological functionally graded material 
(in the language of modern micro mechanics). 

Guilak [207] synthesized a number of studies that have characterized the 
mechanical environment of the chondrocyte by quantifying the mechanical 
properties and deformation behaviour of chondrocytes and by theoretically 
modelling the cell within the pericellular and extracellular matrices. These 
studies combined theoretical methods (constitutive modelling, finite element 
analysis), as well as biomechanical and microscopic experiments. From more 
practical point of view, the aim of these investigations was to elucidate the 
sequence of biomechanical and biochemical events through which mechani
cal stress influences chondrocyte activity in both health and disease. For 
instance, to theoretically model chondrocyte-matrix interactions, the linear 
biphasic theory proposed earlier for studying cartilage in a penalty finite ele
ment formulation was used to quantify the transient stress-strain and fluid 
flow environment of the chondrocyte during compression. This model repre
sented the various components of cartilage ( chondrocytes and the pericellular 
and extracellular matrices) as biphasic media whose viscoelastic behaviour is 
governed predominantly by interactions between solid and fluid phases. An 
important feature is the two order of magnitude difference in the geometric 
scales between the level of the tissue explant and the level of the individual 
cell. By dividing the analysis into two separate problems, a multiple scaling 
algorithm was used to calculate the strain-stress environment in the neigh
bourhood of the cell, see Fig. 64. 

Since the linear model was assumed, therefore stresses and strains in 
the chondrocytes were underestimated. The important issue, still left aside, 
is that in seriously diseased diathroidal joints (rheumatoid arthritis, os
teoarthrosis) cartilage undergoes destruction; it finally can become com
pletely destroyed. Thus, more realistic investigations of diseased cartilage 
should take into account damage processes of cartilage, including its thin
ning. 

Effective moduli of cartilage viewed as a material composed of extracel
lular matrix and small cells (inclusions) were investigated by Wu et al. [633] 
and Wu and Herzog [634]. Prior to passing to a discussion of those results we 
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FIGURE 64. A biphasic multi-scale finite element method was used to model the 
mechanical environment of a single cell within the cartilage extracellular matrix. 
The 'macro-scale' response of a cartilage explant in a state of unconfined com
pression was first modelled. From this solution, a linear interpolation of the time 
history of the kinematic boundary conditions within a microscopic region were 
then applied to a 'micro-scale' finite element mesh of a 100 J.LmX 100 J.Lm region of 
cartilage that incorporated a chondrocyte (10 J.Lm diameter) and its pericellular 
matrix (2.5 J.Lm thick) embedded within and attached to the extracellular matrix. 
A 20 J.LmX20 J.Lm region of the micro-scale mesh is shown here, after Guilak [207]. 

recall that the elastic modulus of chondrocyte is smaller by three orders of 
magnitude while the permeability of chondrocytes is greater by five orders of 
magnitude, than those of the extracellular matrix, cf. Guilak [207] and the 
relevant references in Wu et al. [633] and Wu and Herzog [634]. 

Wu et al. [633] consider both matrix and chondorcytes as isotropic, linear 
biphasic materials: 

us,i = -<I>s,ipl + u~,i, u~,i = Ai ( tre )I + 2J.Le, 

uf,i = -<I>f,ipl, (6.32) 

ut,i = us,i + uf,i = -pi + u~,i, i = c, m, 

where I = ( 8ij); u 8
, uf and ut represent the stresses in the solid phase, in 

the interstitial fluid, and in the total tissue; ,\ and J.l are the Lame constants; 
p, e are fluid pressure and small strain tensor; <I>s,i and <I>f,i ( <I>s,i + <I>s,i = 1) 
are the solid and fluid volume fractions, respectively; moreover c = cell, m = 
matrix. 

Effective elastic moduli were obtained in two cases: (i) the concentration 
of cells is small (dilute solution), i.e. the interaction between cells is negligible, 
(ii) the concentration of cells is large. We recall that in real cartilage, cell 
volume concentration may reach values as large as 10%. 

The formulae for the effective shear modulus of the cartilage J.l and the 
effective bulk modulus K (macroscopic isotropy) were obtained by a direct 
application of formulae well-known in the composite mechanics, cf. the rele
vant references in Wu et al. [633]. The effective permeability was also devised 
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under the assumption of steady state flow. The authors claim that in tran
sient deformations, it depends also on ev, the rate of volumetric strain in the 
solid phase. Unfortunately, within the linear approach such a dependence is 
not possible. In fact, in the dynamic case the permeability (tensor for macro
scopic anisotropy) is nonlocal in time. Deformation-dependent permeability 
is possible provided that the mechanical response of the matrix is nonlinear. 
Unfortunately, no result of this type seems to be available. Obviously, we 
mean here an approach based on micro-macro modelling. 

A more developed effective mechanical model of cartilage was proposed 
by Wu and Herzog [634]. The macroscopic model is still linear, but this time 
transversely isotropic. Articular cartilage was assumed to be a four-phasic 
composite comprised of a proteoglycan matrix (elastic) and inclusions (ver
tically and horizontally distributed collagen fibres, spheroidal chondrocytes). 
The effective transversely isotropic elastic moduli were obtained by a speci
fication of general formulae due to Qiu and Weng (1999). Such an approach 
can be used for a nondilute solution of inclusions and is applicable to cartilage 
layers with large volumetric concentrations of collagen fibres and chondro
cytes, cf. Fig. 65 

(a) 

;------ -------. 
l'l•: .,. •t- •l 
I J •• I ............. 
: t - - • - , • ...,...--,.-
: ,. ~. . : , ______ .. __________ ,., 

(b) 

FIGURE 65. Cartilage modelled as a composite with aligned, spheroidal inclusions, 
after Wu and Herzog [634J. 

Remark 13. Barocas and Tranquillo [28] proposed an anisotropic, non
linear biphasic viscoleastic model that describes the mechanical interaction 
between cells and the extracellular matrix (ECM), in particular accounting 
for the biomechanical feedback loop wherein cells deform the surrounding 
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network of ECM fibres, inducing network alignment in cases of inhomoge
neous deformation, which in turn induces cell alignment (contact guidance). 
This results in cell traction and migration preferentially in the direction of 
cell alignment, affecting how the cells further deform the network. The theory 
leads to a set of coupled integro-partial differential equations. In the biphasic 
model due to Barocas and Tranquillo [28], a collagen network phase contains 
also the cells and an interstitial solution phase contains mainly water. The 
cells exert traction on the surrounding network, which is balanced by the net
work viscoelasticity and interstitial flow. A finite element solution method 
was applied by Barocas and Tranquillo [29] to a specific isotropic model, yet 
still nonlinear. 

6.4. Gas transport in the lungs. Alveolar duct model 

The aim of this section is twofold; first we present recent developments in 
pulmonary gas diffusion with special emphasis on volume averaging method. 
Second, nonlinear mechanical models of lung alveolar duct are discussed. 

6.4.1. Volume averaging and gas diffusion in the lungs. The struc
ture of the lung has been presented in Section 2.2.10. A challenging problem 
is the study of the gas transport within the alveolar region. Following pre
cisely the internal alveoli structure and the erythrocytes (RBC - red blood 
cells) within the lung is a task beyond existing mathematical tools. Hence 
the need for micro-macro approach. 

Koulich et al. [312] derived the macroscopic diffusion equation by applying 
the method of volume averaging. For a detailed presentation of this method 
the reader is referred to the book by Whitaker [622]. It is worth noticing 
that, until now, the method has only been applied to transport problems (no 
deformability of matrix or skeleton). 

The derivation of the model due to Koulich is simple and runs as fol
lows. We consider a representative elementary volume element (Fig. 66c). 
The alveolar region has earlier been presented in Fig. 22. Here, in Fig. 66A 
we see a similar structure of the lung (dog). The main constituents of the 
porous region are (Fig. 66B): the alveolus region (a), the alveolus membrane 
(m), the interstitial fluid region (f), the capillary membrane (c), the plasma 
region (p), the red blood cell membrane ( r), and the red blood cell interior 
(h). It is usual to lump regions (m), (c), and (p) into one single representa
tive region, denominated here by the tissue region ( t), mainly because these 
constituents have comparable molecular gas diffusivities, cf. Hsia et al. [245]. 
The gas diffusion transport is driven by the gas concentration along the outer 
boundary of the alveolar region and the gas concentration within each RBC 
interior (inner boundary). 
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FIGURE 66. (A) scanning electron micrograph of the lung alveaolar region, (B) 
microscopic level, with all individual constituents, (C) intermediate level, as a rep
resentative elementary volume (REV), after Koulich et al. [312). 

The microscopic equation modelling the isothermal diffusion of an ideal 
gas within each alveolar constituent is written as follows: 

M 8P d'. 
RTat =- IVJ, (6.33) 

where M is the molecular mass of the gas, R is the universal gas constant, 
T is the absolute temperature of the gas, P is the partial pressure of the 
gas, and j is the flux of solute (gas). We observe that from the ideal gas law, 
P = c( RT / M), where c is the representative gas concentration. 

Assuming a Fickean-type diffusion we have 

. DM "P 
J=-RTv' (6.34) 

where D is the gas molecular diffusivity ( D accounts also for the solubility 
of the gas in a nongaseous medium, e.g. within the tissue region; in this case 
D becomes the so-called Krogh diffusion coefficient which is the product of 
both the Fick diffusion coefficient and the solubility coefficient). From (6.33) 
and (6.34) we get 

8P = D!:iP, 
at 

where !:1 denotes the laplacian (!:1 = \72). 

(6.35) 
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For a three-constituent model of the alveolar region (alveolus (a), tissue 
(t), and RBC membrane (r)), one can write the diffusion equation and ap
propriate boundary, interface and initial conditions. For instance, for the 
alveolus (a)-region we write 

8Pa 
8t = Daf1Pa, (6.36) 

where Pa and Da are the partial pressure and the molecular diffusivity of the 
gas within the alveolus region. The notation Dt, Dr, Pt, and Pr is obvious. 

Denoting by V the REV, and by Vi the domain in V occupied by con
stituent 'i' ('i' can be (a)-region, (t)-region, or the RBC membrane (r)
region), we introduce an intrinsic average of the partial pressure I{ as follows: 

(P); = I~ I J P;dV, 

Vi 

(6.37) 

where I Vii =the volume of \li. We now write I{ = (Pi)+ Pi, where Pi denotes 
the fluctuation of Pi from the averaged-volume (Pi)· Using now the procedure 
of volume averaging and solving the so-called closure problem, cf. Whitaker 
[622] we finally obtain 

o(P) = Defff1(P), 
8t 

where Deff is the effective diffusivity coefficient of the lung given by 

1 
Deff = M (IVaiDa + IVtiDt + VriDrl) 

1 
+ M [(Da- Dt)da + (Dt- Dr)dt]. 

Here di are scalar coefficients appearing in the closure equation: 

j n;1P;dA = d;'\l(P), 

Aii 

(6.38) 

(6.39) 

(6.40) 

(no summation over i). Aij are interfaces and llij normal unit vectors; for 
instance Aat denotes the alveolus-tissue interface, with the normal unit vector 

llat· 
We observe that the literature on the estimation of Deff in the context of 

composite and micromechanics is vast, cf. Cherkaev and Kohn [80], Jikov et 
al. [287), Milton [396], Tokarzewski and Telega [582], Torquato (583], Whit
taker (622] and the relevant references therein. Unfortunately, the problem of 
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the determination of Deff for porous materials becomes more complex since 
Eq. (6.39) requires the knowledge of regions (and their boundaries) occupied 
by each constituent within the alveolar domain. To overcome this difficulty, 
the effective diffusivity Deff is calculated indirectly by using the lung diffusing 
capacity D L. 

The lung diffusing capacity obtained in laboratory results from unsteady 
processes, such as the diffusion during the single-breath technique (Comroe 
et al. [91]). This technique consists of having a gas mixture with a low concen
tration of CO inhaled, held for a certain period of time (usually ten seconds) 
and then exhaled. During this single-breath process CO diffuses from the gas 
region of the alveolus to the RBC's. The process is unsteady because the 
potential gradient (i.e. the CO concentration within the gas region) driving 
the diffusion varies (decays) in time. 

The lung diffusing capacity D L of the alveolar region can be obtained 
from the single-breath technique results using the Krogh equation (Comroe 
et al. [91]): 

(6.41) 

where (P) is the result of volume-averaging (P) over the entire REV-domain, 
and (P)o = (P)(O) (i.e. fort = 0). The reference pressure Pref is chosen as 
the total pressure of dry gases (Pref = 9.51 x 104 Pa=713 mm Hg), and VA 
is the alveolar volume equal to the inspired volume plus the residual lung 
volume (a representative, normal, value is VA = 4.93 x 10-3 m3). 

From Eq. (6.41) we readily obtain 

(6.42) 

During clinical single-breath tests, Eq. (6.42) is used for determining the 
lung diffusing capacity by measuring the gas partial-pressure in the inhaled 
mixture (P)o, the total test time t and the gas partial-pressure in the ex
haled mixture (P)(t). The relationship between DL and Deff was discussed 
in Koulich et al. (312]. The order-of-magnitude estimates of these coefficients 
are: Pref rv 105 Pa, DL rv 10-9 m3/sPa, Deff rv 10-7 m2/s. RBC distribution 
within the alveolar domain was also investigated. For instance, Fig. 67 depicts 
the time evolution of the diffusion process for the case of centre-cluster distri
bution. The RBC's are clustered inside the centred cube shown in the top-left 
frame, where the partial pressure is always zero ( (P) = 0.0 Torr). Each frame, 
corresponding to a certain time during the single-breath test, shows the iso
surface corresponding to (P) = 0.1 Torr (this value is ten percent of the 
initial partial pressure value) . We observe how the isosurface (P) = 0.1 Torr 
(1 Torr=133.3 Pa) moves away from the RBC cluster (at the centre of the 
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FIGURE 67. Time-evolution of isoconcentration surface (P) = 0.1 Torr, for the 
case of RBC's clustered in the centre of the domain (REV). As the CO is progres
sively consumed by the RBC's in the cluster, the isoconcentration surface expands 
toward the boundaries of the domain where the gas concentration is higher, after 
Kulish et al. (2002). 

domain where the partial pressure is initially higher (i.e. (P) = l.OTorr). 
This evolution indicates the directional depletion of CO within the domain, 
from low (centre) to high (boundaries) partial pressure (or concentration) 
regions. 

Remark 14. Whiteley et al. [623] proposed a mathematical model of pul
monary gas transport that takes account of dissolved oxygen, oxygen bound 
to haemoglobin, dissolved carbon dioxide bound to reduced haemoglobin, hy
drogen ions and bicarbonate ions. An individual red blood cell together with 
the surrounding plasma and membrane is shown in Fig. 68. The governing 
equations comprise the alveolar membrane, red blood cell, and plasma (plus 
boundary and initial conditions). Only transport equations were investigated 
(no deformability). 
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FIGURE 68. Model of red blood cell and the surrounding constituents, after 
Whiteley et al. [623J . 

6.4.2. Tissue-gas interaction in lung. The mechanical behaviour of ma
mmalian lung tissue (parenchyma) is nonlinear. From Section 2.2.10 we know 
that its geometric structure is very complex. Models of parenchymal elastic
ity have been widely used to investigate micromechanical propertiesof the 
mammalian lung. The models can be classified as those consisting purely of 
alveoli and those consisting of an alveolar duct unit: a ductal airspace sur
rounded by alveoli with alveolar mouths open to the duct lumen, see the 
relevant references in Denny and Schroter [130]. According to the last au
thors, a weakness in purely alveolar models is that they simplify parenchymal 
structure by neglecting the presence of a duct lumen surrounded by alveo
lar mouths through which the alveoli are ventilated. The assumption that 
parenchyma is comprised solely of septa covered with a liquid lining ignores 
important interactive coupling effects between the connective tissue in the 
alveolar mouths and the tissue plus surface tension in the septa. Hence the 
need for more elaborate mathematical models. A brief outline of earlier inves
tigations was sketched by Denny and Schroter [130]. The authors themselves 
proposed a new micromechanical alveolar duct model (Denny and Schroter 
[128, 130]. The model is volume filling, it contains a duct lumen surrounded 
by alveolar mouths through which the surrounding alveoli are ventilated, it 
allows the septal tissue to make a contribution to the recoil pressure, and it 
yields a pressure-volume (P-V) behaviour that qualitatively compares well 
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with experimental data. Now we proceed to the presentation of the model 
developed by Denny and Schroter [128, 130]. 

Alveolar duct geometry 

The alveolar duct unit is modelled as an assemblage of 36 truncated oc
tahedra. The four central polyhedra have all their faces open to form a lon
gitudinal duct lumen surrounded by 32 alveolar polyhedra, each with either 
a square, or hexagonal, or both a square and a hexagonal face open to the 
duct, cf. Fig. 69. Such an idealization renders the alveolar duct a complex 
cellular material. 

(a) (b) 

FIGURE 69. (a) An assembly of truncated octahedra modelling an alveolar duct 
surrounded by alveoli; (b) front facing polyhedra are removed to reveal the inter
nal structure of the longitudinal duct airspace, after Denny and Schroter [130J . 

The network of elastin and collagen connective tissue fibre bundles is 
represented by pin-jointed line elements lying around the alveolar mouths, 
along the septal junctions, and across the alveolar walls, cf. Fig. 70. 

The volume of each polyhedron and the length densities of its line ele
ments are uniquely defined by L 8 , the length of each edge or septal border 
segment. The cross-sectional areas of elastin and collagen associated with 
the line elements, jointly with their respective length densities, determine 
the volume densities and distribution of the connective tissue. We observe 
that the model does not include the septal border features formed by the 
junction of two septal walls. According to Denny and Schroter [130] such 
a simplification still yields acceptable results . 
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FIGURE 70. Geometry of a single truncated octahedron showing the idealized 
arrangement of the fibre bundles along the septal faces, after Denny and Schroter 
[130]. 

327 

Alveolar duct dimensions and connective tissue fibre bundle cross-sectional 
areas 

At maximum inflation, L 8 is taken to be 82 J.Lm, implying a maximum 
alveolar caliper diameter of 200 J.Lm. The connective tissue cross-sectional 
areas are given in Table 8. 

TABLE 8. Amounts and distributions of connective tissue line elements in the 
alveolar duct model, after Denny and Schroter [130). 

Length Density 
Collagen Fibres 

cross sectional area (J.Lm3
) 

distribution (%) 
Elastin Fibres 

cross sectional area (J.Lm3
) 

distribution (%) 

Fibre Bundle Element Type 
Alveolar Mouth (AM) Alveolar Septa (AS) 

19.64 
17.6 

14.03 
22.0 

8.77 
82.4 

4.74 
78.0 

At maximum inflation, the volumetric strain of the alveolar duct unit, 
defined as (Vmax- Vo)/Vo, is set to be 5, where Vmax and Vo refer to the maxi
mum volume and volume at 0 em H20, respectively. Assuming that the fibre 
volumes remain constant and that the alveolar dimensions vary as V 113 , the 
alveolar mouth elastin and collagen fibre bundle diameters can be estimated 
to be 4.2 J.Lm and 5 J.Lm, respectively, at 0 em H20 inflation pressure. 
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FIGURE 71. Assumed mechanical characteristics of the load-bearing components 
contained in the model: (a) the stress-strain relationships for the network of elastin 
and collagen fibre bundles; (b) the area-dependent relationship used to model the 
surface tension of the air-liquid interface, after Denny and Schroter [130J . 

Connective tissue stress-strain relationships 

Though morphological investigations show that the collagen and elastin 
fibre bundles are often to some extent interwoven ( cf. the relevant references 
in Denny and Schroter [130]), yet separate stress-strain laws can be chosen to 
reflect the functional independence of the elastin and collagen fibre networks. 
The Young modulus of elastin fibres is 7.1 x 105 Nm-2. It is known that 
elastin provides the stability to the alveolar septal configurations over wide 
ranges of lung volume, anchoring them in space. The high stiffness and low 
distensibility of the collagen fibres have the role of preventing lung rupture 
at maximal lung volumes. Individual collagen fibres fracture at strains as 
low as only 2 percent and have the considerably higher Young's modulus of 
1 x 109 Nm-2 , cf. the relevant references in Denny and Schroter [130]. 

The stress-strain relationships are shown in Fig. 71(a). The line elements 
modelling the collagen fibre bundles exhibit a highly nonlinear behaviour: 

(6.43) 

where T is the stress, .X = (L - Lo)/ Lo, L and Lo are the current fibre 
bundle length and its length at 0 em H20. The constants are given by: c1 = 
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-22.5 x 105 Nm-2 , c2 = 1.26, c3 = -17.8 x 105 Nm-2 . We observe that in 
Fig. 71(a), the maximum strain of 0.817 is equivalent to a maximum duct 
volumetric strain of 5. 

Surface tension of the liquid-gas interface 

The surface tension of the liquid-gas interface plays an important role 
in causing the difference between the inflation and deflation paths, cf. the 
relevant references cited in Denny and Schroter [130]. The surface tension 
relationship for the inflation path is modelled by 

')'=')'max [1- a, exp ( -a2 ~)], (6.44) 

whilst the deflation path is described by the following equation 

')' = "fm;n [1 +b, exp (b2 ~)] . (6.45) 

Here 1 is the current value of surface tension, !max = 28.0 dyn/cm is its 
maximum value, !min = 1.5 dyn/ em is its minimum value, S is the current 
surface area, and So is the initial surface area. The constants are given by 
a1 = 140.46, a2 = 5.0, b1 = 0.024 and b2 = 2.0. The relationships (6.44) and 
(6.45) are depicted in Fig. 70(b). 

We observe that such a description of inflation and deflation is not com
plete since there is no criterion from passing from the inflation to deflation 
paths, cf. Kowalczyk and Kleiber [313]. The situation formally resembles 
pseudoelastic behaviour discussed in Section 8 of our Notes. 

Using the introduced model, Denny and Schroter [130] presented there
sults of numerical calculations obtained by using a nonlinear large displace
ment formulation of the finite element method. 

Remark 15. 

(i) An alternative approach to modelling tissue-gas interaction in the lungs 
was earlier proposed by Kowalczyk and Kleiber [313]. These authors 
considered lung parenchyma as a two-phase medium, composed of fluid 
and solid phases. The fluid phase is a gas treated as an incompressible 
fluid or, in some cases, as a barotropic fluid. Filtration is described 
by the Darcy-type law where the permeability depends in a nonlinear 
manner on the porosity and J(s), where J(s) denotes the determinant 
of the gradient of deformation of the solid phase. The latter is made of 
nonlinear hyperelastic material. The approach employed by Kowalczyk 
and Kleiber [313] falls within the framework of nonlinear poroelasticity, 
cf. Coussy [96]. 
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The reader is advised to compare the results due to Denny and Schroter 
[130] and Kowalczyk and Kleiber [313] . 

· (ii) Basing on the results available in the literature, Romero et al. [483) pro
posed a model of the lung as a material composed of two phases, a con
tinuous phase (matrix) that acts uninterruptedly and a second phase 
composed of fibre elements that are recruited progressively into the 
mechanical process. A nine-parameter model was elaborated, adopting 
standard linear viscoelastic elements both for the linear matrix and for 
each of the fibres. In essence, a given element is incorporated in the 
mechanical response of the lung once a threshold value is reached (re
cruitment). We have already met such a modelling used for ligaments 
and tendons. Now the lung model is nonlinear, in fact piecewise linear, 
and viscoelastic. The predictions of the model were compared with the 
experimental data obtained by studying only one 270 g male Wistar rat 
lung. For details the reader is referred to Romero et al. [483). 

(iii) De Buhan et al. [63] proposed an approach to micro-macro modelling of 
fluid saturated hyperelastic porous materials. In essence, these authors 
extend to such materials the approach used earlier by Hill [234] and 
Ogden [425] for the determination of the overall response of microin
homogeneous elastic solids undergoing finite strains. The framework 
proposed can only be an approximate one since the overall response is 
obtained by averaging over a representative elementary volume (REV) 
with boundary conditions typical for the self-consistent method. The 
paper by de Buhan et al. [63] is not complete since the filtration equa
tion, which should be a nonlinear Darcy-type law, was not derived . Also 
the notation used is sometimes surprising and sometimes confusing. For 
instance A denotes the Green-Lagrange strain tensor (thus A = E); 
dflt denotes an elementary volume element at timet. 

7. Description of active stresses in contractile soft tissues 

In contractile soft tissues (skeletal, heart, and smooth muscles) the total 
stress is the sum of passive and active stresses. 

7.1. Heart muscle 

We will present two approaches. The first is due to Tanaka et al. [560]. 
These authors developed a transversely isotropic 3D model of ventricular 
walls, taking into account the excitation-contraction coupling. The pheno
menon of excitation-contraction may be summarized as follows: 
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( i) The generation of tension or contraction of the cardiac muscle is con
trolled by the concentration of Ca2+ in the cell. 

(ii) There are threshold and saturated values in the response for the con
centration of Ca2+. 

(iii) In the process mentioned, the subsequent stage is caused by the pre
ceding one, and time is needed for the reaction in each stage. In other 
words, a time delay is induced in each stage. Consequently, it may be 
supposed that the concentration of Ca2+ influences the rate, or higher 
time derivatives of the tension or contraction. 

The mechanical behaviour of ventricular walls was simplified as follows: 

1. Ventricular walls are incompressible. 

2. Mechanical properties in the plane perpendicular to the muscle fiber 
are isotropic, i.e., ventricular walls are transversely isotropic. 

3. Mechanical properties of ventricular walls are passive in the directions 
perpendicular to the muscle fibre. Thus the active properties are ob
served only in the muscle fibre direction. 

4. Viscoelastic properties of ventricular walls can be neglected. 

5. The stress acting on the ventricular walls is expressed as the sum of pas
sive stress TP and active stress Ta; that is the second Fiola-Kirchhoff 
stress tensor T is given by 

The passive stress TP can be expressed by, 

TP = 8(prW). 
8E 

The strain energy density function Pr W is assumed in the form 

(7.1) 

PrW(E) = aexp w(E) + p[det(2E +I)- 1). (7.2) 

We recall that Pr denotes the mass density in the undeformed configura
tion. 

According to the previous assumption (3), the active stress Ta can be 
expressed by 

(7.3) 

where M = m ® m is the structural tensor and Ta is the activated stress 
caused by the activation. The maximum value of Ta depends on the length of 
the cardiac muscle because the maximum number of cross-bridges between 
myosin and actin filaments, which determines the maximum value of the 
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tension, differs with the length of the muscle. The magnitude of tension is 
also governed by the activity that expresses the ratio of bonding of troponin 
with Ca2+ , that is, the ratio of active filaments. The activity and the strain 
of muscle fibres are denoted by a and Em, respectively. It can be shown that 

Em=Em·m. (7.4) 

Suppose that the cardiac muscle is soaked in Ca2+ solution of a constant 
concentration for a sufficiently long time under the condition of constant 
length. Consequently, the active stress Ta will tend to the asymptotic value 
Tas. It may be assumed that 

(7.5) 

Here F(Em) and A(a) are the normalized functions expressing the depen
dence of Em and a on Tas, respectively, and T~~ is a constant representing 
the maximum value of active stress. 

The current value of active stress is a solution of the following simple 
evolution equation 

(7.6) 

where b is a material constant specifying the rate of change. The last equa
tion describes physically observed delay existing between the generation of 
contractions and tension, which is not induced immediately after the change 
of action potential or the rise of the concentration of Ca2+. 

More general relation: 

can also be envisaged. 
The functions F, A are assumed to be specified by 

F(Em) = \ (1 + Fo) exp {- [ Em!).~~mo] 
2

}- Fo), (7.7) 

A( a) = (1- exp[-m(a- aths)]), (7.8) 

respectively. Here Emo is the value of Em at the maximum tension, !:lEm is 
the half of the range of Eh generating the tension, and Fo is the material 
coefficient. The symbol (·) denotes the Macauley bracket. Moreover, m is 
the material constant and aths is the value corresponding to the threshold 
of Ca2+ that can generate the tension. The function F(Em) was determined 
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on the basis of the relationship between the sarcomere length and tension. 
A( a) was formulated with reference to the relationship between the tension 
and concentration of Ca 2+ at the saturated state, cf. the relevant references 
in Tanaka et al. [560). 

The evolution equation 

a= c(/3- a), (7.9) 

yields satisfactory predictions for the experimental data. Here /3 denotes the 
concentration of Ca2+, and c is the material coefficient. The last equation 
is viewed as describing the diffusion of Ca2+ and the bonding process of 
troponin. 

The concentration /3 was assumed in the following form 

/3 = /3otk exp( -lt), (7.10) 

where /3o, k and l are material constants. 
The calculations were performed by assuming that \ll (E) is given by the 

transversely isotropic Saint-Venant Kirchhoff model. It seems that the cal
culations performed by Tanaka et al. [560] are reduced to isotropic model: 

(7.11) 

The material constants were identified as follows (uniaxial case): .A= 34.0, 
J-L = 5.0, a = 0.2 kPa, ri::ax = 107.9 kPa, Emo = 0.322, LlEm = 0.205, 
Fo = 0.032, m = 0.161/(mM), aths = 0.56mM, /3o = 0.0326mM/(ms)k, 
k = 1.0, l = 0.004 (ms)-1 , b = 0.007 (ms)-1, c = 0.018 (ms)-1 . Typical 
results for A(a) = 1 are presented in Fig. 72. 

Consider now another approach, this time formulated in terms of Cauchy's 
stress tensor. We largely follow Huphrey [255]. Unlike skeletal muscle in 
which maximal active force generation occurs at a sarcomere length that 
optimizes myofilament overlap ( rv 2.1 J-Lm), the isometric tension developed 
by isolated cardiac muscle continues to rise with increased sarcomere length 
in the physiologic range (1.6-2.4 J-Lm). The increase with ventricular volume 
of end-systolic pressure and stroke work is reflected in isolated muscle as 
a monotonic increase in the peak isometric tension with sarcomere length, 
cf. Fig. 73 

We observe that the active tension shown in this figure is the total ten
sion minus the resting tension, which, unlike in the skeletal muscle, becomes 
significant at sarcomere lengths over 2.3 J-Lm. 

The relationship between cytosolic calcium concentration [Ca2+] and mus
cle tension has been studied in skinned muscle. 
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Myofilaments are activated in a graded manner by increasing the mi
cromolar concentrations of calcium, which binds to troponin C according 
to Michaelis-Menton kinetics (Ruegg [493], Humphrey [255]). Half-maximal 
tension in cardiac muscle is developed at calcium concentrations of 10-5 M 
(the median effective concentration ( EC5o)) depending on factors such as 
species and temperature ( cf. Bers [35]). Then the relative isometric (one
dimensional) stress ao/ a max may be modelled as follows , cf. Tozeren [585], 

(7.12) 

where the Hill coefficient n = 2 and C5o is the value of [Ca2+] at which ao 
equals one-half of a max, the maximum stress generated at an unloaded length 
(i.e. fibre stretch ,\ = 1 and sarcomere length L = 1.9 J.Lm). Furthermore, 
based on experimental data from rat cardiac muscle, the C5o in micromolars 
is (Guccione et al. [206]): 

C 
4.35 

50= ' J e4.75(L-L58) _ 1 
(7.13) 

where L is the sarcomere length in microns. 
General conclusion is that the active stress can be modelled as follows, 

cf. Hunter et al. [ 261], 

(7.14) 

- :: r· .... ·-~ ~l ~ \ ".t../v ~ 
: \ /" i 
• 40~:· ~ 
.. = ~· 

t., 2 0 ~ .J Passive stress 

~/ 
0~~~~~~~~~~ 

0 0.1 0.2 0.3 0.4 

Em= Eu 

FIGURE 72. Passive stress versus cardiac muscle fibre strain relationship (solid 
line, calculated result; solid circles, experimental data) and relationship of maxi
mum of the isometric tension versus cardiac muscle fibre strain (solid line, cal
culated result; open circles, experimental data) of the papillary muscles of a cat; 
after Tanaka et al. (560]. Experimental data were taken from the literature. 
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FIGURE 73 . Active tension versus time at various sarcomere lengths and tension 
versus length at two concentrations of calcium, after McCulloch [376] . 
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where f3 is a material parameter (/3 = 1.45 is evidence for length dependent 
binding of Ca2+) and O'max::::::: 100 kPa. 

Closer inspection of the literature reveals that many formulations of car
diac muscle response are available. In essence, most employ the assumption 
that cardiac active stress is generated only in the direction of the muscle 
fibre. It means that the total Cauchy stress assumes the following general 
form, cf. (7.14), 

u =uP+ ua =-pi+ F~~ FT +a( A, [Ca2+])m ® m, (7.15) 

where m denotes the current muscle direction, i.e. m = Fm. We observe 
that the presence of -pi ignores changes in volume due to perfusion. 

7.2. Active stresses in arteries (smooth muscle contractility) 

A seminal paper by Rachev and Hayashi [469] started investigation per
taining to modelling active mechanical behaviour of arterial wall developed 
by the contraction of stimulated vascular smooth muscle cells. The active 
response results in a change of wall diameter and thickness, and obviously 
affects the stress and strain distribution in the wall. Arteries were assumed 
to be thick-walled orthotropic tubes made of nonlinear and incompressible 
elastic material. Influence of residual strains was also discussed. To model 
passive behaviour logarithmic strain energy function was employed. As we 
have already mentioned, a comprehensive presentation of residual strains and 
stresses will be given in our forthcoming paper [570]. 

Here we prefer to present a simpler model due to Rachev [467]. In this pa
per the author considers an artery as a circular membrane made of nonlinear 
elastic and incompressible orthotropic material. Exploiting some experimen
tal data that in some cases an artery remodels without changing signifi
cantly its structure and composition, mechanical properties are considered 
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to be constant during the remodelling process, cf. the relevant references 
in Rachev [467]. Since the arterial wall is assumed to be an elastic mem
brane, the circumferential and axial stresses are considered to be uniformly 
distributed across the wall thickness, while the radial stress is assumed zero 
everywhere. Then the artery is in the zero-stress state. Consequently the 
assumptions made by Rachev [467] exclude the existence of residual strains 
and stresses in the arterial wall of the unloaded arterial segment. Hence we 
conclude that the state of no load when the smooth muscle is fully relaxed 
is accepted as a reference state. Under applied loads the artery undergoes an 
axisymmetric finite deformation. The mean stretch ratio in the longitudinal 
and circumferential directions are given by 

r 
Ae= R' (7.16) 

where R and r are the mid-wall radii of the artery in the reference and 
deformed configuration, respectively. The nonvanishing components of the 
Green strain tensor are specified by 

1 2 
Eo= -(Ae- 1). 

2 
(7.17) 

The passive axial and circumferential Cauchy stresses are specified by 

(7.18) 

where W ( Ez, Eo) is the strain energy function. For calculations, an anisotro
pic ( orthotropic) function was assumed: 

where a, ai, bi (i = 1, 2, 3) are material coefficients. 
The active circumferential Cauchy stress is assumed in the form 

(7.20) 

where c = [Ca2+] is the calcium ion concentration, which exceeds the thresh
old concentration capable of initiating the active response (the contractile 
activity of smooth muscle cells occurs when the intercellular concentration 
of Ca2+ exceeds a threshold concentration of 10-7 M); ¢ is the ratio of area 
occupied by the smooth muscle cells to the total area, both having a normal 
in the circumferential direction; F( A(}) is a function that accounts for the 
length-active tension relationship. For fixed values of c and ¢ the function 
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F(Ae) is proportional to the circumferential Lagrangian stress (defined per 
unjt undeformed area). The stretch ratio Ae in Eq. (7.20) accounts for the 

fact that the actual active Cauchy stress a~a) is defined per unit of deformed 
area. 

Equation (7.20) has to be completed with an evolution equation for c. For 
a specific form of such an equation the reader is referred to Rachev (467]. This 
author provided also examples of remodelling for the case of both increased 
and decreased flow. 

Remark 16. Humphrey and Rajagopal (257] proposed a rather complex 
model applicable to growth and remodelling of large arteries. Critical discus
sion is deferred to our paper (570]. Here we provide only a general equation 
for the total Cauchy stress tensor u = u(P) + u(a), being a sum of the passive 
part u(P) and active part u(a): 

1 w aw r [ (Am - Ao) 
2

] u =-pi+ 2ae F aEF + ao(c)Ao 1- Am_ Ao eo® eo, (7.21) 

where w(E) is assumed to be quadratic in terms of the (physical) compo
nents of the Green strain (cylindrical orthotropy, nine material coefficients), 
a is also a material coefficient and Am and Ao are circumferential stretches at 
which the contraction of the vascular smooth muscle is maximum or zero, re
spectively; ao depends on the intracellular calcium and quantifies the degree 
of smooth muscle contraction. We recall that c = [Ca2+], cf. the previous 
section and eo is the unit vector in the circumferential direction of the de
formed artery. A specific expression for ao was discussed by Humphrey and 
Rajagopal [257]. 

Equation (7.21) was also used by Humphrey and Wilson (260] in a study 
of potential importance of the mechanics in the early stages of hypertension, 
before structural or functional changes occur. Particularly implications to the 
transmural distribution of stress due to an immediate vasoactive response to 
a step-increase in blood pressure was investigated. It was shown computatio
nally that a vasodilation would exacerbate hypertension-introduced increases 
in wall stress whereas a vasoconstriction can reduce both the magnitude and 
the transmural gradient of the stress. Consequently Humphrey and Wilson 
(260] suggest that vasoconstriction may be one of the first means by an artery 
to restore its wall stress (or strain) to normal values. The growth-regulatory 
effects of the associated vasoactive molecules may then help to set into motion 
the altered gene expression, that ultimately results in the thickened wall and 
endothelial dysfunction. 

For more details on muscle activation the reader is referred to the book 
by Mizrahi [399] and the relevant papers in Herzog [232]. 
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Values of the activation function of the smooth muscle a0 ([Ca2+]) m 
Eq. (7.21) typically range from 0 to 100 kPa. 

7.3. Skeletal muscle 

It seems that studies on modelling macroscopic response of skeletal mus
cles where total stress is a sum of passive and active parts are scarce in the 
available literature. Here we shall only present the ideas exploited by Meier 
and Blickham (2000). Unfortunately the paper lacks many important details, 
and consequently only main ideas can be discussed. 

The passive stress is described by polynomial in strain invariants, isotropic 
stored energy function. The active stress in the muscle fibre direction is de
scribed as the product of the isometric stress, an activation function ft, ave
locity function fv, and a length function fz. The fibre direction of each element 
is defined by two input angles. The model offers a possibility of examination 
of the influence of muscle geometry and fibre recruitment. For instance, one 
can study inertia effects of muscle. 

8. Pseudoelastic behaviour of soft tissues 

Pseudo-elastic behaviour, known also as the Mullins effect, of polymeric 
materials is a well-known phenomenon, cf. (429, 430]. Collagenous tissues 
exhibit similar property, due to the presence of collagen fibres. In the present 
section we exploit this approachto modelling the pseudoelastic effect of soft 
tissues both for isotropic and anisotropic tissues. We largely follow the papers 
by Jemiolo and Telega [278, 282]. 

8.1. Some examples of pseudoelastic behaviour of soft tissues 

If the tissue is loaded at a finite strain rate and then, its length is held 
constant it exhibits the phenomenon of stress relaxation, cf. Fung [175). An 
example is shown in Fig. 7 4, for an anterior cruciate ligament, cf. also Sec
tion 6. 

Another feature is worth noting. If a tissue is taken from an animal, put 
in a testing machine, tested for a load-elongation curve by a cycle of loading 
and unloading at a constant rate of elongation, left alone at the unstressed 
condition for a resting period of 10 min. or so until it has recovered its relaxed 
length, and then tested the second time, following the same procedure, the 
load-elongation curve will be found to be shifted, cf. Fig. 75. If the test is 
repeated indefinitely, the difference between successive cycles is decreased, 
and eventually disappears. Then the specimen is said to be preconditioned. 
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(A) Deformation ( 1: ) (8) 

FIGURE 74. The load-elongation and relaxation curves of an anterior cruciate 
ligament specimen. In (A), the specimen was loaded to about one-third of its 
failure load and then unloaded at the same constant speed. In (B) the specimen 
was stretched at constant speed until the load reached Fo; then the stretching 
was stopped and the length was held constant. The load then relaxed, after Fung 
[175]. 
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FIGURE 75. Preconditioning of an anterior cruciate ligament. The load-elongation 
and relaxation curves of the first three cycles are shown, after Fung [175]. 
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Assuming that tissue is preconditioned, Fung [175] claims to have re
duced the quasi-linear viscoelastic constitutive equation of a living tissue to 
a pseudo-elastic constitutive equation. Then, for the loading branch and the 
unloading branch separately, the stress-strain relationship is unique. Accord
ing to Fung [175], since stress and strain are uniquely related in each branch 
of a specific cyclic process, we can treat the material as one elastic material 
in loading and another elastic material in unloading. In our opinion such an 
approach is misleading. In fact, we have always one material, and its cyclic 
behaviour is similar to the so-called Mullins effect in rubber-like materials, 
cf. Ogden and Roxburgh [429]. 

In the papers by Jemiolo and Telega [278] and Jemiolo et al. [282) a first 
step forward was done to avoid inconstistencies of Fung's approach. 

Influence of prior temperature on pseudo-elastic behaviour of collage
neous tissue was examined by Chen and Humphrey [75), cf. also Chen et 
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al. [71]. Heat-induced denaturation of collagen is an irreversible rate-process 
wherein the native helical structure is transformed into a more random coiled 
structure, cf. Chen and Humphrey (75] and the relevant references therein. 
The elasticity of soft tissues results primarily from changes in configurational 
entropy, not internal energy. Thus denaturation induces marked changes in 
the mechanical behaviour Chen and Humphrey [75] attempted to quantify 
these heat-induced changes in terms of the extend of prior thermal damage. 
For instance, the chemical outcome of heat-treated aneurysms, arteriovenous 
maltformations, artherosclerotic plaques, and corneas depends primarily on 
the post-heating structural integrity (e.g. properties) of the tissue. 

Denaturation also results in an irreversible shrinkage of collagen, which 
is thereby a convenient measure of thermal damage. Chen et al. [71] per
formed measurements of heat-induced axial shrinkage~ in chordae tendinae 
that was induced by various thermomechanicalloads (i.e. isothermal heating 
at temperatures T E [65, 90)°C, and constant uniaxial first Fiola-Kirchhoff 
stresses S E [0, 0.65) MPa during heating). A single sigmoidal correlation be
tween ~ and a nondimensional measure of heating time Th = ln ( T / T2) for 
all 17 different thermomechanical loads where T is the heating time and T2 

a temperature and load dependent characteristic time. Chen and Humphrey 
[75] deduced that this suggests a time-temperature-load equivalency. These 
authors also found a time-dependent recovery of~( Tr) towards an equilibrium 
value ~e, where Tr is recovery time, when the tissue was returned to 37°C 
and S = 0 MPa following heating. 

These findings led Chen and Humphrey [75] to conclusion that the stress
strain behaviour at 37°C, of collageneous tissue depends on the extent of prior 
thermal damage, not the specific thermomechanical history that induced the 
damage. This hypothesis was tested by the these authors for the case wherein 
the recovery achieves a near equilibrium. Cyclic uniaxial tests at 37°C on 
chordae tendinae before and well after 13 different thermomechanical heating 
protocols were performed. Changes in extensibility hysteresis and stiffness 
revealed that the effects due to prior heating can be parametrised by a single 
measure of thermal damage. 

Details of the experimental device and methods for subjecting chordae 
tendinae to thermomechanical loads are to be found in Chen et al. [71]. 

The overall protocol consisted of (a) registering the original reference 
configuration, (b) collecting 10 cycles of load-controlled (i.e. S from 0 to 
1 MPa) uniaxial data of To = 37°C and 0.01-0.05 Hz, (c) allowing the spe
cimen to "creep" for 20 min. at 37°C under a prescribed constant stress 
of S E [0, 0.65) MPa, (d) subjecting the specimen to isothermal heating 
at a T E [65, 90)°C for T E [160 - 3600) s in the presence of an isotonic 
S E [0, 0.65) MPa, cf. Table 9. 
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TABLE 9. Thermomechanical histories that defined the 13 study groups: heating 
time (s) as a function of the isothermal temperature (in °C) and isotropic first 
Piola-Kirchhoff stress during heating (in MPa). Note that the recovery times were 
20 min. for the free-shrinkage tests (i.e. S = 0 MPa) and 60 min. for all others, 
after Chen and Humphrey [75J. 

OMPa 0.1 MPa 0.3 MPa 0.5 MPa 0.65 MPa 
65 oc 160 1800 
70 oc 300 3600 
75 oc 300 600 900 
80 oc 420 600 900 
85 oc 180 240 
90 oc 180 
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Figure 76 visualizes this complex protocol via the configurations that the 
specimen assumes, where Bo denotes the original stress-free configuration, 
and Bs, Br, Brr and Be represents sequences of configurations during creep, 
heating, recovery, and cyclic mechanical loading, respectively. Deformation 
gradients are denoted by F with a subscript, and shrinkage by ~· The 1-D 

F 

Fo(s) tbne-clepeadeat 
cnep 

F, ('t) beat·locluced 
,brillkaae 

F,(t) tlme-dtpadeat 
RCOYCI")' 

F,lc) 

FIGURE 76. Scheme of the configurations assumed by a specimen during testing: 
s is creep time, r heating time, Tr recovery time, and c the sequence of equilib
rium states under cyclic loading at 37°C. F 0 (s) denotes the deformation gradient 
associated with the moving from Bo to B11, etc. Reversibility and irreversibility 
are denoted by double- and single-headed arrows, after Chen and Humphrey [75J. 

http://rcin.org.pl



342 J.J. TELEGA AND M. STANCZYK 

axial shrinkage ~l is based on the equilibrated Brr configuration relative to 
Bo. The first Piola Kirchhoff stress P during cyclic loading is the one applied 
in Be divided by the equilibrated cross-sectional are in Brr, The axial stretch 
A is defined as the current length in Be divided by that in Brr whilst the axial 
stretch A - as the current length in Be divided by that in Bo. In the absence 
of creep and heating, Fo(s) =I, F8 (T) =I, and F8 (Tr) =I, whereby-\= A 
and P are defined relative to Bo as usually done in soft tissue pseudoelasticity. 

Chen and Humphrey [75) employed the following pseudoelastic constitu
tive relationship due to Fung et al. (1993): 

P = b [ea(.X-l)- 1- a(-\- 1)] + c(-\- 1), 

where a, b and c are material parameters. Some of the results are depicted 
in Figs. 76-79. 

2~--~--~-------

~:'---~-·tt_·~ 
0.7 0.8 0.9 1 1.1 

AXIAL STRETCH 

FIGURE 77. Stress-stretch response (P versus A) to 10 cycles of load-controlled 
uniaxial testing at 37°C both before and after the specimen incurred thermal 
shrinkage. A was measured with respect to f3o, and the equilibrium shrinkage 
~e = 30.7% after heating, after Chen and Humphrey [75]. 

2~----~--~--------~ 

1.2 1.4 1.6 1.8 
AXIAL STRETCH 

FIGURE 78. Stress-stretch response (P versus A) for groups of specimens (n=5-8 
each) that were subjected to one of eight different thermal damage protocols: five 
protocols yielded ~e = 38 ± 2% whereas three yielded ~e = 46 ± 2%, after Chen 
and Humphrey [75]. 
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FIGURE 79. Mean stress-stretch response (P versus A) from the tenth cycle of 
uniaxial testing for pre-heated controls (dashed line) and groups of specimens 
that were subjected to one or five thermo-mechanical protocols (T, r, P, t) that 
yielded ~e = 13.8, 30.7, 41.1, 45.4 or 51.2%, after Chen and Humphrey (75]. 

8.2. A pseudo-hyperelastic model of isotropic soft tissues 

Living soft tissues cannot have a strain-energy function in the thermo
dynamic sense. However, in cyclic loading and unloading the stress-strain 
relationship after preconditioning does not vary much with the strain rate, 
cf. Fung [175). If the strain-rate effect is ignored altogether; then the loading 
curve and the unloading curve (they are unequal) can be separately treated as 
a uniquely defined stress-strain relationship, which is associated with a strain
energy function. Each of these curves is a pseudo-elasticity curve. Pseudoe
lastic behaviour was assessed in various soft tissues (ligaments and tendons, 
arteries and veins, skin). 

In biomechanicalliterature the pseudoelastic curves are described by two 
sets of material constants, one for the loading and one for the unloading 
branches of hysteresis loop, cf. Fung (175), Tanaka et al. [560) and the ref
erences therein. Tanaka et al. [560) claim that the notion of pseudoelasti
city is applicable only for constant stress range or a constant strain range 
of hysteresis loop. In our opinion such a statement is unjustified. The ap
proach to modelling the pseudoelastic behaviour of soft tissues has one serious 
drawback: so far no criterion has been proposed to describe the 'switching' 
loading-unloading. To remedy this lack of consistency we propose to exploit 
the modelling due to Ogden and Roxburgh [429). These authors elaborated 
a pseudoelastic model having in mind applications to polymeric materials. 
However, the model is only applicable to the description of loading-unloading, 
and not to cyclic behaviour accounting for preconditioning. 

8.2.1. Basic assumptions and constitutive relationships of pseudo
hyperelasticity. Similarly to the paper by Ogden and Roxburgh (429) we 
assume the existence of elastic pseudo-potential 

p = p (F,ry). (8.1) 
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Here F denotes the deformation gradient with J = detF > 0, and TJ E (0, 1] 
is an additional parameter. This parameter may be called, after the damage 
mechanics, the 'degradation parameter'. The parameter TJ is related to the de
scription of energy dissipation. During deformation, the parameter TJ should 
enable a continuous passage from active to passive processes. In active proce
sses the material exhibits elastic properties with the energy density P ( F, TJ) 

where TJ = const. The potential (8.1) satisfies to the following conditions 

p = aP(F,ry) 
8F ' 

p (F, 1) = W (F) , (8.2) 

where P denotes the first, unsymmetric, Piola-Kirchhoff stress tensor. The 
function W (F) is similar to the stored energy function of hyperelastic ma
terial (without degradation of its elastic properties). The conditions (8.2) 
ensure the fulfilment of mechanical balance and permit to interpret the pas
sive process as a behaviour of an elastic material with the elastic energy 
different from that of the active process. The parameter TJ is then an im
plicit, continuous function of F. An alternative form of the so-called model 
of degradation of elastic properties of materials within the framework of con
tinuum damage approach was developed in De Souza Neto [538) cf. also the 
references therein. Function (8.1), satisfying the conditions (8.2), is called 
the pseudo-hyperelastic potential. We assume that 

p (F, TJ) = ryW (F)+ <I> (TJ). (8.3) 

According to the assumption of existence of the natural state and using (8.2) 
we get 

W (R) = 0, <I> (1) = 0, S (R,ry) = 0. (8.4) 

In (8.4) R stems from the polar decomposition F = RU = VR. Equations 
(8.2)1,2 and (8.3) yield 

P _ aw (F) 
- TJ 8F ' (8.5) 

The relation (8.5)2 defines implicitly the parameter TJ as a function of F. 
Since (8.5) implies 

(8.6) 

therefore we assume that the unloading is associated with the decreasing of 
TJ, or in other words with the softening of the material. The function <I> (TJ) 
is assumed to be a concave function; then from Eq. (8.5)2 we conclude that 
TJ is a uniquely defined function dependent on W (F). In the first, primary, 
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loading cycle we assume that 1] = 1 whilst the unloading occurs for a certain 
value F m· Then Eq. (8.5)2 gives 

(8.7) 

The last relation means that 1] depends also on the value of energy Wm . For 
a complete unloading (F = R) we assume that 1] achieves a minimum value 
TJm· The pseudo-potential (8.3) assumes the residual value 

f:> (R, TJm) = ~ (TJm) · (8.8) 

The residual or irreversible value of the energy is interpreted as the energy 
necessary to provoke the degradation of material. According to the second 
law of thermodynamics we assume that 

(8.9) 

Here the dot denotes the derivative with respect to any time-like parameter. 
Equation (8.5) and (8. 7) imply that it is convenient to postulate a func

tional dependence for ~ (TJ) with respect to 1], as a function of 1] and Wm. 
Let 

(8.10) 

where c1 and c2 are positive constants, and Erf-1(·) stands for the inverse of 
the error function Erf(·). From Eqs. (8.10) and (8.5)2 we conclude that 

I) = 1+ :
2 
Erf [:

1 
( W (F) - W m)] . (8.11) 

The constants c1 and c2 were determined by performing tests. 

8.2.2. An example of pseudo-hyperelastic model of isotropic soft 
tissues. Consider the simplest isotropic model of soft tissues. We assume 
that the tissue is incompressible, i.e. , 

J -1 = 0. (8.12) 

Consequently, the pseudo-potential (8.3) has to incorporate the constraint 
(8.12) with the Lagrange multiplier p, being the hydrostatic pressure or the 
spherical part of the Cauchy stress u. In the case of incompressible mate
rials the stored energy function W (F) is a function of only two independent 
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invariants of isochoric deformations. The tensor F is decomposed into the 
isochoric and volumetric part as follows 

F = J 113F' = J 113RfJ = J 113vR, det F = det fJ = det V = 1. (8.13) 

Since P = FT in the deformed configuration we have 

1 T 
u = JFTF . (8.14) 

Here the conditions (8.5)1 and (8.12) have been taken into account. Further, 
we introduce 

- --T 
B=FF, (8.15) 

where C denotes the Green strain tensor. Obviously, the quantities with bar 
refer to isochoric deformations, and FT stands for the transpose of F. For 
incompressible isotropic materials the stored function has the form, 

(8.16) 

where 
!1 = trB = trC, 

- --1 --1 h = trB = trC . (8.17) 

From (8.5), (8.15) and (8.16) we obtain the following constitutive relationship 
of the pseudo-hyperelasticity in the reference configuration 

(8.18) 

where 

(8.19) 

We observe that Eqs. (8.18) and (8.19) can be applied to arbitrary stored 
energy functions describing isotropic soft tissues. Such functions have been 
discussed in Section 5 of our paper. To illustrate a simple pseudo-hyperelastic 
model of soft tissues we take the following elastic stored energy function: 

(8.20) 

where J-Lo denotes the initial shear modulus and r is a positive parameter. 
From Eqs. (8.18) and (8.20) we then get: 

(8.21) 
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8.2.3. Example: analysis of homogeneous deformations for a pseudo
hyperelastic model of loading and unloading processes. The analysis 
of homogeneous deformations for loading and unloading processes is funda
mental for experimental verification of the proposed model of soft tissues 
behaviour. We are going to provide examples by using the relation (8.20) 
and (8.21). For more elaborate models of isotropic soft tissues the analysis 
is similar to the one which follows. In the case of incompressible materials it 
suffices to investigate plane problems (the plane strain state and the plane 
stress state). For homogeneous deformations it is convenient to consider the 
function (8.20) as a function of eigenvalues of the tensor of isochoric stretch. 
By Ai, .Xi (i = 1, 2, 3) we denote the eigenvalues of U and U, respectively (or 
of V and V). We have 

\ . - J 113 \ . . . 1 2 3 
At - At l ?, = l l • (8.22) 

In the general case only two eigenvalues .Xi are independent: 

(8.23) 

Consequently, we have 

(8.24) 

The function W is a symmetric function. 
We observe that both the uniaxial tension test and biaxial tension test 

are plane stress tests (a3 = 0). Then Eq. (8.12) yields 

(8.25) 

where J = det F and F denotes the plane deformation gradient. For the 
plane stress state, from (8.21) and a3 = 0, we get 

(8.26) 

Moreover, the constitutive relationship takes the form 

(8.27) 

where i = trB = trC. We observe that Eq. (8.27) can also be used for 
membranes and shells. 

From Eqs. (8.10), (8.11), (8.14), (8.20), and (8.21) one gets the relations 
between nominal stresses and stretches in basic experimental tests. 
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Figure 80a depicts predictions of the model in the uniaxial tension test 
in the case of active process. Figure 80b presents the nominal stress versus 
stretch relation for uniaxial and biaxial tension and simple shear. The density 
of the elastic energy (8.20) is, in loading processes, sufficiently regular as 
can be concluded from the level lines in Fig. 81. The relevant diagrams for 
loading and unloading processes are presented in Fig. 82, where 1 = 5 and 
for the unloading lines c1 = 1.5, c2 = 1.2. Figure 83a presents the diagram 
of the function (8.11) where Eq. (8.20) is taken into account for Am = 1.4 
for the uniaxial test, see also Fig. 82a. As we already know, this function 
monotonically decreases from 1 to the value 7Jm corresponding to complete 
unloading of the sample after its preliminary elongation. 

a 

-5~ 
-7.5 

b 

I 
I 
I 
I 

s 
15 flo 

-5 

-10 

-15 

i. 

FIGURE 80. Nominal stress versus stretch for primary loading tests: a) uniaxial 
tension test, influence of 1; 1 = 5(curve 1), 1 = 4(curve 2), 1 = 3 (curve 3), 1 = 2 
(curve 4); b) comparison of uniaxial tension test (curve 1) with uniform biaxial 
tension (curve 2) and shear (curve 3) for 1 = 5, after Jemiolo and Telega [278]. 

FIGURE 81. Subsequent lines of the elastic energy density (8.20) for 1 = 5. The 
diagrams are normalized by the shear modulus, after Jemiolo and Telega [278]. 
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4 
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1.1 1.2 1.3 - 1.4 
A. 

FIGURE 82. Loading and unloading diagrams: a) uniaxial tension tests, (curve 
1) - the loading line, (curve 2) - the unloading line for the stretch 1.4, (curve 
3) -the unloading line for the stretch 1.35, b) uniaxial tension test (loop 1) and 
biaxial uniform tension test (loop 2), after Jemiolo and Telega [278]. 
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FIGURE 83. Diagrams of: a) damage parameter, b) pseudo.hyperelastic potential, 
the density of elastic energy in the first cycle of uniaxial tension, and function <P, 
versus stretch 

8.3. Pseudo-hyperelastic anisotropic models of soft tissues 

The model presented in the previous section was extended to anisotropic 
soft tissues by Jemiolo et al. (283]. 

8.3.1. Transverse isotropy. As we already know, soft tissues are usually 
anisotropic. Figure 84 shows a clear difference in stress-extension relations 
for left ventricular midwall specimen in the fibre and cross-fibre direction. 

As previously, we assume the existence of elastic pseudo-potential: 

P = P(c, M, 77). (8.28) 

As usual, by F we denote the deformation gradient and C = FTF is the 
right Cauchy-Green strain tensor. To describe the anisotropy we introduce 
a parametric tensor M, cf. Section 5. The tensor M is prescribed in the initial 
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FIGURE 84. Stress-extension relations for left ventricular midwall specimen dur
ing 1st, 9th and lOth cycles of equibiaxial loading. Cycle period 30 sec. and 
specimen thickness 1.83 mm. The solid lines indicate the order of loading in the 
cross-fibre directions, after Smail and Hunter [530]. 

(Lagrangian) configuration. We assume that J = det F > 0 , and TJ E (0, 1) 
as an additional parameter. During loading tissue exhibits elastic properties 
with the energy density P( C, M, TJ) where TJ = const. The potential (8.28) 
satisfies the following conditions 

T _ aP(C, M, TJ) 8P(C, M, TJ) 
- ac + acr' 

(8.29) 

P(C, M, 1) = W(C, M), 

where T denotes the second, symmetric, Piola-Kirchhoff stress tensor. The 
function W ( C, M) is similar to the stored energy function of anisotropic hy
perelastic material (without degradation of its elastic properties). Conditions 
(8.29) ensure the fulfilment of balance of mechanical energy and permit to 
interpret the unloading process as a behaviour of an elastic material with the 
elastic energy different from that of the loading process. The parameter is 
then an implicit, continuous function of C and M. Function (8.28), satisfying 
the conditions (8.29), is called the pseudo-hyperelastic potential. We assume 
that 

P(C, M, TJ) = TJW(C, M) + <P(TJ). (8.30) 

According to the assumption of existence of the natural state and using (8.29) 

http://rcin.org.pl



MODELLING OF SOFT TISSUES BEHAVIOUR 351 

we get 
W(I, M) = 0, <1>(1) = 0, T(I, M, TJ) = 0. (8.31) 

Equations (8.29)1,2 and (8.30) yield 

T = [8W(C, M) 8W(C, M)] 
17 ac + acr ' 

- d<I>(ry) = W(C, M). 
dry 

(8.32) 

Relation (8.32)2 defines implicitly the parameter 17 as a function of C and M. 
We assume that the unloading is associated with the decreasing of TJ, or in 
other words, with the softening of material. The function <I>(ry) is assumed to 
be a concave function; then from Eq. (8.32)2 we conclude that 17 is a uniquely 
defined function dependent on W(C, M). In the first, primary loading cycle 
we assume that 17 = 1 whilst the unloading occurs for a certain value Cm. 
Then Eq. (8.32)2 gives 

d<I>(1) ~ 
-~ = W(Cm,M) = Wm. (8.33) 

The last relation means that 17 depends also on the value of the energy Wm. 
For a complete unloading (C = I) we assume that 17 achieves a minimum 
value 17m· The pseudo-potential (8.30) assumes then the residual value 

P(C, M, 77) = <l>(TJm)· (8.34) 

The residual or irreversible value of the energy is interpreted as the energy 
necessary to provoke the degradation of material. According to the second 
law of thermodynamics we assume that 

(8.35) 

Equations (8.32) and (8.34) imply that it is convenient to postulate a func
tional dependence for <I>(ry) with respect to TJ, as a function of 17 and Wm. 
Let, cf. formula (8.10) 

(8.36) 

where c1 and c2 are positive constants. From Eqs. (8.36) and (8.32)2 we con
clude that 

1 [ 1 ~ l 17 = 1 + -Erf -(W(C, M)- Wm) . 
C2 Cl 

(8.37) 

The constants c1 and c2 were determined by performing tests. 
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Remark 17. Formulas (8.26)-(8.37) do not formally change if M de
notes a set of structural tensors. Then we easily recover formulas for pseudo
hyperelastic behaviour of orthotropic soft tissues. The case of two-dimensional 
stress state is discussed below. 

Example 7. Consider now a two-dimensional response, for instance of 
a biological membrane. Then the stored energy function has the form, cf. 
Jemiolo and Telega [274] 

(8.38) 

where 
i1 = trc, i2 = trCM, J = det F. (8.39) 

Here tilde denotes two-dimensional entities. We recall that the scalar in
variants appearing in (8.38) constitute a functional basis for the orthotropic 
scalar-valued function, cf. Table 4.10 in Jemiolo and Telega [274]. In the 2D 
case M 1 + M 2 = i. Hence M2 = i- M 1, and it suffices to consider M. 

To illustrate a simple pseudoelastic model of orthotropic soft tissue we 
propose the following elastic stored energy function: 

(8.40) 

where a is a positive parameter and r is a convex function. It is reasonable 
to consider the following forms of ¢ and r: 

- - - - - - -2 
¢(h,I2) = b1(h- 2) + b2(I2 -1) + b3(hl2- 2) + b4(! -1) + ... (8.41) 

(8.42) 

where the parameters bi and di are material constants, and 

(8.43) 

Once the explicit form of ¢ and r is known, we can describe the loading and 
unloading behaviour. 

8.3.2. Orthotropy. 

Constitutive relationships for hyperelastic orthotropic materials in the 
case of plane stress state and their interpretations 

Deleting tilda over 2D entities, according to the general representation of 
2D orthotropic scalar function, the stored energy function can be written as 
follows, cf. Jemiolo and Telega [273] . 

w (E, M1, M2) = w(Ni) = W (C, M1, M2) = W (Ji), i = 1, 2, 3. (8.44) 

http://rcin.org.pl



MODELLING OF SOFT TISSUES BEHAVIOUR 353 

Here Ni are the so-called orthotropic invariants of the Lagrange strain mea
sure E = ( C - I) /2 whilst Ji denote the invariants of the right Cauchy-Green 
tensor C = FTF = U 2. The sets of invariants { Ni} and { Ji} represent 
irreducible functional bases. The parametric tensors M1 and M2 appear
ing in (8.44) are defined as follows: M1 = m1 ® m1, M2 = m2 ® m2. 
The unit vectors m1 and m2 are orthogonal and coincide with the singled 
out directions of material in the reference configuration. The vectors may 
depend on position in the body considered. We recall that the sets So: = 
{ Q E 0(2) IMo: = QMo:QT }, a = 1, 2, determine the symmetry groups of 
parametric tensors, where 0 (2) stands for the full2D orthogonal group. Con
sequently, the material considered possesses a local symmetry s = sl n 82' 
and thus is orthotropic. Obviously it may also be nonhomogeneous. 

The constitutive relationships determining the second (symmetric) Fiola
Kirchhoff stress tensor are given by 

The symmetric tensors G~E) and G~C) are called generators of the constitu
tive relationships defined by (8.45)1 and (8.45)2 respectively. 

According to the assumption of existence of natural state we additionally 
have: 

w (0, M1, M2) = W (I, M1, M2) = 0, 

T (0, M1, M2) = T (I, M1, M2) = 0. 
(8.46) 

We also assume that the stored energy function (8.44) is at least of class C2. 
For { Ni} and { Ji} we take polynomial bases and write 

w (Ni) = w (tr (EM1), tr (EM2), trE2), 

W (Ji) = W (tr (CMI), tr (CM2), detC). 
(8.47) 

We recall that in the 2D case, M1 +M2 =I; hence we get trEM1 +trEM1 = 
trE. 

The choice of invariants in (8.47) is by no means accidental. The inva
riants Ni are convex functions of E, thus allowing us to construct a convex 
stored energy function for orthotropic Saint-Venant-Kirchhoff (SVK) mate
rial. Furthermore, the invariants J1 and J2 are convex function of C whilst 
J3 = ( det F)2 is a convex function of det F. 
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Taking into account (8.45) in (8.47) we get 

T = el1M1 + el2M2 + 2el3E = 2 (t31M1 + tJ2M2 + f33J3C- 1) . (8.48) 

We recall that CofC = J3C-1; in the 2D case we have J3c-1 = (trC) I- C. 
From (8.46) it follows that 

w(O,O,O) = W(1, 1,1) = 0, 

eli ( 0' 0' 0) = 0' i = 1' 2' 
tJ1 (1, 1, 1) + tJ2 (1, 1, 1) + 2tJ3 (1, 1, 1) = 0, 

tJ1 (1,1,1) = tJ2(1,1,1). 

(8.49) 

From the point of view of the theory of representation of anisotropic tensor 
functions, the constitutive relationships (8.48)1 and (8.48)2 are equivalent. 
We observe that E = ( C - I) /2 is an isotropic tensor function in respect of 
C and the relations between the invariants of the tensors E and C are as 
follows: 

1 1 
N1 = 2 ( J1 - 1) , N2 = 2 ( J2 - 1) , 

N3 = ~ [(J1 + J2)
2

- 2J3- 2 (J1 + J2) + 2]. 
(8.50) 

The invariants Ni given by (8.50) are convex functions of C. 
The constitutive relationships appearing in the equilibrium equation re

ferred to the Lagrange description, and determining the first ( unsymmet
ric) Piela-Kirchhoff stress tensor can be obtained from (8.48) and from the 
relation: P = FT. On the other hand, the constitutive relationships ap
pearing in the Eulerian description, determining the (symmetric) Cauchy 
stress tensor u, are obtained from the relation: u = SFT / J. We recall that 
J = /J3 = vdet C = vdet B, where B = FFT = V 2 = RCRT denotes the 
left Cauchy-Green strain tensor. Taking into account the above relations in 
(8.48) we get 

1 [ - - ] u = J el1M1 + el2M2 + 2 (N1 + N2) el3B = 

= ] (t31M1 + tJ2M2) + 2t33JI, 

(8.51) 

where 
(8.52) 

The functions eli, tJi (i=1,2,3) are scalar functions of the basic invariants. 
From (8.52) and the polar decomposition theorem of F it follows that 

material fibers coinciding with the singled out directions of material undergo 
rotation and stretching. 
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We assume that each of the stored energy functions (8.44) can be, in the 
range of relatively small strains measured byE, approximated by 

(8.53) 

From (8.53) and (8.47)1 we conclude that the stored energy function of the 
orthotropic SVK material has the following form: 

(8.54) 

where ak (k = 1, ... , 4) are elastic constants. From (8.54) we get 

(8.55) 

where Cis the stiffness tensor with the usual symmetry properties. For mate
rials without kinematic constraints, it is assumed that C is positive definite. 
It can be shown that the elastic constants appearing in (8.54) are given by 

(8.56) 

(8.57) 

Here we have introduced the standard notation for the Young, Poisson and 
shear moduli. The positive definiteness of the tensor (8.55) (the convexity of 
function (8.54) with respect to E) imply that 

An orthotropic model of pseudo-hyperelasticity for plane stress problems 

We propose the following generalization ( GSVK) of the stored energy 
function for of SVK material (8.54): 
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where ak (k = 1, ... , 4) are defined by (8.56) and as is positive constant. 
Obviously, model (8.58) has to be tested experimentally. From Eq. (8.58) 
it follows that agreement of the model GSVK with experimental data will 
be similar to that resulting from the model SVK for relatively small defor
mations. On the other hand, proposing the model GSVK we eliminate the 
fundamental, unrealistic predictions of the model SVK for significant ho
mogeneous deformations in the case of compression, cf. Fig. 85. For biaxial 
tension-compression tests with control of strains the level curves of the stored 
energy function (8.58) are boundaries of convex sets, cf. Fig. 86. 

5. 

-10 

, 
I 
IGSVK 
I 

I 
I 

I 
I 

I 

1.15 

FIGURE 85. Comparison of orthotropic SVK and GSVK hyperelastic models. 
Loading diagrams (E1 = E, E2 = lOE, G = 0.8E, v12 = 0.2, as = E) : uniax
ial, ..\2 = 1, (continuous curves) and biaxial, ..\1 = ..\2, (dotted curves) tension
compression tests, after (281]. 

FIGURE 86. Comparison of level sets for the stored energy functions of GSVK 
and EGSVK hyperelastic models (E1 = E, E2 = 10E, G = 0.8E, v12 = 0.2, 
as= E, a= 2). The curves correspond to two-dimensional tests, after (281]. 
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Similarly to Fung's model [176], one can propose the following generali
sation of (8.58) (EGSVK): 

W ( Ji) = ~ ( e \ll ( Ji) - 1) , (8.59) 

where the function w(Ji) coincides with W(Ji) defined by (8.58), and a is 
a positive constant. The level sets of functions (8.59) and comparison with 
(8.58) is depicted in Fig. 86 

Substituting (8.59) into the relevant relations derived in Section 8.3.1 and 
taking into account Remark 3 we get constitutive relationships of the pseudo
hyperelastic model. Those relations are indispensable, among others, to the 
interpretation of basic tests. In Fig. 87 we show typical curves characterizing 
the nominal stress-stretch relation, obtained for loading and unloading with 
controlled displacements. The data are the same as in Fig. 86, which deter
mine function (8.59). The additional parameters appearing in the formula 
for 'T/ (8.11) are taken from paper [278]. 
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FIGURE 87. EGSVK pseudo-hyperelastic model. Loading and unloading dia
grams: a) uniaxial tension tests in fibre direction; (continuous curves)- the load
ing line; (dotted curves) - the unloading line, b) uniaxial tension test in cross-fibre 
direction, after [281]. 

Remark 18. It seems that the assumption of natural state can be weak
ened and one can take into account residual stresses Tr (X). It suffices to 
replace the pseudo-potential P (C, M, ry) by P (C, M, Tr, ry). Now we have 

and 
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For more details on residual stresses the reader is referred to the comprehen
sive paper [570]. 

Remark 19. Humphrey [253] compared three anisotropic constitutive 
relations used in the literature to describe pseudoelastic response of common 
carotid arteries. Two of these relations are of exponential type, and one is 
logarithmic. In our opinion the comparisons performed by Humphrey are not 
conclusive since no criterion of switching from loading to unloading curves 
has been proposed. 

Remark 20. Recently, Chagnon et al. [68] demonstrated that Continu
um Damage Mechanics can be used as an efficient tool to model the Mullins 
effect in rubbers. It seems possible to extend this model to the description 
of pseudoelastic behaviour of soft tissues. 

9. Thermal modelling of soft tissues 

In this section most important issues of modelling of heat transfer in tis
sues are reviewed. In Section 9.1 most important heat loads, that a tissue 
can be subjected to, are briefly described. In Section 9.2 the mechanisms 
of thermal damage at elevated temperatures are discussed along with the 
modelling techniques available in the literature. Section 9.3 contains the in
formation concerning the vascular system, that is pertinent to heat transfer 
modelling. The available models of heat transfer in soft tissues are described 
in Section 9.4. The Section 9.5 follows with the discussion of the phenomena 
of metabolic heating. In Section 9.6 we briefly consider the question whether 
the hyperbolic bioheat transfer equation is more suitable for the description 
of experimental results than, the usually assumed, parabolic one. Finally, 
the Section 9.7 is concerned with a mixture model (within the geometri
cally nonlinear theory) of heat-induced changes in hydration and mechanical 
properties of soft tissues. 

9.1. Heat loads 

During the lifetime the human body is exposed to wide array of heat 
loads. These can be roughly classified in two groups: these occurring in every
day life (e.g. exposure to sunlight, cold wind, immersion in water etc.) and 
these, which are the result of medical treatments. Regardless of the source, 
the heat is transferred via one or more of the basic mechanisms: conduction, 
convection (natural or forced) and radiation. The mathematical description 
of possible surface and volumetric heat loads, along with appropriate formu
lation is given in Table 10. 
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TABLE 10. Mathematical description of heat loads 

name 

boundary convection 

perfect thermal contact 

imperfect thermal contact 

boundary radiation 

volumetric heating 

formulation 

~~ lan = r(Too- T) 

Tlan = Tc 

~~ lan = ~(Tc- T) 

aTI ="'(T4-T4) an an I s 

Qv = Qv(X, t} 

359 

Here we used the following notation: T - temperature [K], a - convection 
coefficient [W /(m2K)], ). -thermal conductivity [W /(mK)], T00 -ambient 
(environmental) temperature [K], Tc- temperature of contacting body [K], 
f3 - thermal contact conductivity [W /(m2K)], r - coefficient taking into 
account the geometry of radiating surfaces [1/(mK3

)] and qv -volumetric 
heat generation rate [W jm3J. 

The response of the material (i.e. tissue) determines various factors such 
as thermal comfort, cold-water survival, effectiveness of the cryotherapeutic 
or hyperthermal treatment etc. In Table 11 the basic kinds of heat loads to 
soft tissues are summarized. 

TABLE 11. Examples of heat loads applied to soft tissues and areas of their 
importance. 

name 

cold water immersion 

metabolism 

cryosurgery 

cryotherapy 

hyperthermic treatment 

type 

boundary convection 

volumetric heating 

thermal contact (probe) 

boundary convection (cold 
gases), thermal contact (ice 
packs) 
thermal contact (probe), 
boundary radiation (laser), 
volumetric heating (mi
crowave) 

importance 

survival during accidents at 
sea, heat loss rate 

thermoregulation 

estimation of the frozen 
region 

therapeutic 
design 

procedure 

calculation of the irre
versibly damaged region, 
procedure design 
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9.2. Thermal damage 

When the temperature of living tissue becomes lower or higher than nor
mal thermal damage may occur. The lowering or elevation of temperature 
may occur as a result of application of the heat loads, cf. Table 11. The situa
tion, where the temperature is significantly below normal value but still well 
above freezing, is described as 'hypothermia'; ifthe temperature rises above 
normal- one says that the hyperthermic event occurs. The situation, where 
normal temperature is maintained is sometimes denoted 'normothermic'. 

The lowering of the temperature usually has no local negative effect as 
long as it is well above freezing point. It can be however important in the 
scale of the entire organism. In the case of cold water immersion, no local 
tissue damage may occur (no frostbite) and still, subject may die because 
of excessive energy loss, cf. (145]. The heat-conduction properties of tissues 
become more important than their tolerance to low temperatures. 

Here the emphasis will be put on the thermal damage in hyperthermic 
regime since it applies to most of the practical problems encountered in the 
field of soft tissue heat transfer, such as cancer therapy (application of lasers, 
microwaves, hot saline baloons etc.), burn injury, electrical trauma etc. 

One of the first investigations into nature of the thermal injury during 
hyperthermia were provided by Henriquez [227, 613], after the second world 
war. 

The thermal treatment of cells leads to numerous degenerative events; the 
sequence of events leading to the cellular death is still not well established. 
Various internal structures of the cell were implicated to be targets of the 
thermal treatment but none have been proven conclusively to be responsible 
for cellular death. 

The widely-accepted model of thermal damage in soft tissues is the first
order rate process (Arrhenius model), cf. [6, 38, 226, 228, 447]. 

The measure of injury n is introduced and its rate is postulated to satisfy 
the equation: 

dO ( Ea) dt = Aexp - BT ' (9.1) 

where B is the universal gas constant and A, Ea are the frequency constant 
and activation energy respectively; t denotes time. The constants A, Ea are 
model parameters usually obtained experimentally. One can assume that 
n = 1 marks the threshold of irreversible thermal injury that can be detected 
experimentally. Once this threshold is attained in a given mode of heating 
after the time t A the measured thermal history of the system is used to derive 
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the values of model parameters in accordance with the equation: 

tA 

1 =A J exp (- B~(t)) dt. 
0 

For an isothermal regime the time tA is simply the reciprocal of the damage 
rate defined in Eq.(9.1). 

Another way of normalization is to define n in terms of concentrations of 
the original (native) tissue Co(t) and the damaged tissue Cd(t), cf. [76] 

( 
Co(O) ) 

n(t) = ln 1- Cd(t) ' (9.2) 

where Co(t) + Cd(t) = 1 holds for every t. 
There is a wide variety of experimental methods used to identify the time 

tA at which irreversible cellular damage occurs. They rely on different physio
logical effects and therefore the damage mechanisms to which they respond 
are different. Some methods involve using fluorescent dye markers like propid
ium iodide, trypan blue or neutral red, which diffuse through heat-damaged 
cellular membranes. These methods measure essentially cellular membrane 
damage level which not necessarily are equal to the overall damage measure 
n. Another approach consists of assessing the colony-forming ability (dono
genies) of the heat-damaged cells after treatment, cf. [38] for details. While 
this seems to give a good indication of cell viability, the method needs consi
derable time for post treatment incubation. In investigations of the viability 
of the collagenous tissues the heat-induced shrinkage is usually regarded to 
be a good, measurable indicator of collagen denaturation, cf. [76, 77, 78, 632]. 

TABLE 12. First-order rate process model of thermal injury parameters (see 
Eq.(9.1)), after [38, 228, 447). 

tissue 
skin 
prostate tumor ( clonogenics measurements) 
prostate tumor (propidium iodide uptake mea
surements) 
prostate tumor (calcein leakage measurements) 
arterial tissue 
erythrocyte membrane 
hemoglobin 
whole blood 

628,5 
526,4 
244,8 

81,33 
430 
212 
455 
448 

3,1 X 1098 

1, 04 X 1084 

2, 99 X 1037 

5, 069 X 1010 

5, 6 X 1063 

1031 

7,6 X 1066 

7,6 X 1066 

As can be inferred from Table 12 the values of model parameters obtained 
by using different methods vary in a wide range, cf. also [38] or [447] for com
parison. This can give a clue as to what damage mechanisms are responsible 
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for the detected effects. This insight can be gained from the consideration of 
the activation energy Ea. 

In general, the activation energy of any physical/ chemical process is the 
critical minimum energy that must be possessed by the constituents involved 
for the process to take place. Therefore the rate of the process will be pro
portional to the fraction of these constituents which do possess the energy at 
least equal to the value of the activation energy. This fraction f is deduced 
from the Maxwell-Boltzman energy distribution law [228] 

(9.3) 

Since the constant Ea as used in Eq.(9.1) can be viewed as the mean acti
vation energy of the physical and chemical processes leading to heat-induced 
cellular damage (according to certain experimental criterion) the measured 
value of this constant, in comparison with the values of activation energy of 
various well-known processes provides foundation for speculations about the 
mechanisms of cellular injury [38, 228]. Henriquez [228] divided the potential 
damage mechanisms into three categories: 

1. Thermal alterations in proteins. Proteins contribute to the maintenance 
of cell life in various ways and undoubtedly even minor heat-induced 
alterations to these molecules can lead to irreversible damage. Stu
dies on the subject indicate that alterations to proteins occurring in 
the temperature range 0-100°C at measurable rates are not unusual. 
The activation energy of these processes are often well in excess of 
200 kJ /mole and can be strongly dependent on pH (heat denaturation 
of egg albumin: Ea = 553 kJ /mole at pH=5; heat inactivation of inver
tase Ea = 461 kJ /mole at pH=4 and Ea = 218 kJ /mole at pH=5, 7; of 
haemoglobin Ea = 318kJ/mole at pH=5), see [38, 228]. 

2. Other possible alterations in metabolic processes. This class of effects 
includes the temperature influence on kinetics of metabolic processes 
that don't involve proteins. These are changes in the rates of diffusion, 
formation and degradation of chemical reactants, etc. The activation 
energy of these processes is usually on the order of 40 - 80 kJ /mole. 
These effects are usually regarded of minor importance to cellular ther
mal injury as compared to previous group. 

3. Nonprotein induced alterations in the physical characteristics of cells. 
The physical phenomena characteristic of protoplasm but not primarily 
affected by the thermal alterations of proteins, e.g. diffusion of metabo
lites through an unaltered cell wall. 
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The model presented by Eq.(9.1) gives a definite connection between 
time-temperature history and damage accumulation. It can facilitate design 
of the hyperthermic treatment procedures allowing, in principle, accurate da
mage prediction provided the temperature field is known, the model constants 
are chosen appropriately and the temperature range is suitable. However, it 
has several shortcomings. For instance, it does not take into account the his
tory of thermal insult- larger and smaller thermal loads produce the same 
result, irrespective of their relative order, cf. [226] . 

Another issue brought up by experimental investigations is that pH vari
ations may play a similar sensitizing role for some kind of cells, cf. [226] and 
references therein. It is probable that preheating as well as acid pH may 
cripple the cell's capacity to accumulate and/or repair sublethal heat da
mage which is in turn different for different kinds of cells and may depend 
on mechanical loading cf. [76, 78]. Surprisingly, the influence of the latter is 
usually neglected. While in vitro tests in thermal baths and on isolated cells 
yield data usually specific to unloaded specimens, in the clinical in vivo ex
periments the tissue is often loaded in unknown and uncontrollable manner. 
The investigations of heat-induced shrinkage of collagenous tissue indicate 
that the increase in the mechanical loading during heating delays the denat
uration, cf. [78, 117]. Introducing the characteristic time of damage process 
t2 one may write 

t2 = exp (a + {3 P + ; ) , 
where a, {3 and m are experimental constants. Scaling the time variable of 
experimental results obtained in different temperature-load regimes with t2 
proved to be an effective way to reduce them to a single master-curve, cf. 
[76, 78, 117, 632]. 

Another possible disadvantage of n as a measure of thermal damage, 
as defined by Eq.(9.1) is that most experimental data suggests that thermal 
damage tends toward an asymptotic value at large t (under isothermal condi
tions) or constant T (constant heating rates). The model presented, however, 
does not display such a behaviour. The following model can be suggested to 
overcome this difficulty, cf. [76] and references therein, 

w = wo(1- f) +wdf, 

where f = 1-e-n and wo, wd denote the considered physical property at the 
original and damaged state respectively. However, some physical properties 
(e.g. shrinkage) do not follow this law and display piecewise linear behaviour, 
cf. [76]. 

For practical applications it is convenient to compare thermal treatment 
to tissue against the normalized treatment. Sapareto and Dewey [500] pro-
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posed such a 'common denominator' -a thermal dose generated at 43°C. 
They introduced equivalent time of the treatment at 43°C equal to 

(9.4) 

where T is the temperature, measured here in oc and R - the constant 
identified to be 0.5 for T > 43°C and 0.25 for T ~ 43°C. 

The measure (9.4) applies to isothermal treatments but can be without 
difficulty extended to non-isothermal ones. 

In Fig. 88 the percentage of surviving cells of various kinds is given as 
a function of equivalent minutes at 43°C. It is noticeable that, when the 
temperature is lower, the experimental curves are deviating from the general 
pattern. It can be attributed to the development of the thermotolerance. 

10 .. 
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FIGURE 88. Surviving fraction of Chinese hamster ovary cells at various temper
atures plotted as a function of equivalent minutes at 43°C. The data for lowest 
temperatures deviate from a single line, as shown by the dashed lines, due to 
development of thermotolerance, after (500J. 

9.3. Vasculature 

Once the thermal loads applied to the tissue system are known, one can 
obtain the temperature field. To do this an appropriate thermal model needs 
to be devised for this system. From the point of view of heat transfer soft 
tissue is a complex physical entity because it is inhomogeneous, anisotro
pic, multiphasic and - above all -incorporates a massively sophisticated 
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vascular tree. Blood flowing through this tree has temperature that is of
ten different from the temperature of surrounding tissue and carries thermal 
energy which is then transferred to the tissue, blood vessels and interstitial 
fluids. 

So, theoretically, to correctly calculate the temperature distribution in 
the soft tissue one has to obtain information on the detailed structure of the 
vascular tree and mass and energy flows in each blood vessel. This seems 
to be an impossible task since the vessels diameters range from over a cen
timeter (vena cava) down to several microns (capillaries) and the individual 
description of heat transfer with each vessel is not possible, even with the 
use of contemporary computers, cf. [58]. 

Fortunately, the importance of all the vessels in the process of heat trans
fer is not equal. Chen and Holmes in [7 4] introduced the thermal equilibration 
length of the vessel, namely the length over which the temperature difference 
between blood and surrounding tissue is reduced by the factor e. In Table 13 
the basic data pertaining to various types of vessels are presented. 

TABLE 13. Properties of different kinds of blood vessels; Vv - vascular volume, 
Ta v g - average radius, lav g - average length, Xeq - thermal equilibration length, 
after [74). 

vessel % V v Tavg (J.Lm) lav g (mm) Xeq (mm) 
aorta 3,30 5000 380 190000 

large artery 6,59 1500 200 4000 
arterial branch 5,49 500 90 300 

terminal art . branch 0,55 300 8 80 
arteriole 2,75 10 2 0,005 
capillary 6,59 4 1,2 0,0002 

venula 12,09 15 1,6 0,002 
terminal vein 3,30 750 10 100 

venous branch 29,67 1200 90 300 
large vein 24,18 3000 200 5000 
vena cava 5,49 6250 380 190000 

As can be inferred from the Table 13 the temperature of blood in larger 
vessels is virtually independent of the tissue temperature (very large equili
bration lengths) while the smallest vessels are practically at the local tissue 
temperature (their thermal equilibration lengths are much smaller than their 
actual lengths) . This means that , while the larger vessels provide a kind of 
'linear heat sources' embedded within the tissue, the smallest ones give rise 
to the blood convection through tissue. 

In Fig. 89 the blood temperature, as it circulates through various scales 
of vessels is presented, after [74]. 
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FIGURE 89. Temperature of the blood as it circulates through the vascular system, 
after [74]. 

Important property of human vascular system is that almost all blood 
vessels, except capillaries, exist in artery-vein pairs. Vessels in the pair lie 
close to each other and can thus exchange heat in counter-current regime. 
This effect allows for better energy conservation in cold environments because 
not all energy carried by the artery reaches superficial layers of skin since part 
of it is returned to the countercurrent vein. 

The vascularization of each internal organ has specific structure. The 
spatial location and orientation of the largest vessels is known and such in
formation is available in textbooks on human anatomy, e.g. [47]. The internal 
organs are most often maintained at the body core temperature so perhaps 
the most interesting, from the point of view of heat exchange, is the architec
ture of the subcutaneous circulation. The investigations of the subcutaneous 
vascularization of the rabbit thigh tissue were performed by Weinbaum et 
al. [614]. These authors concluded that the major arteries and veins sup
plying the animal's limb are 500-1000 J.Lm in diameter and lie deeper than 
at 6 mm. The primary vessels supplying the peripherial tissue are at first 
200-300 J.Lm in diameter. Next, as one proceeds in the direction of the skin, 
the vessels undergo five or more branching generations terminating in trans
verse vessels 30-50 J.Lm in diameter, that supply the capillaries. These vessels, 
termed by Weinbaum et al. [614] the 'terminal vessels' form a roughly perio
dic array of arterioles and venules, roughly perpendicular to the skin surface. 
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They supply the capillary beds that feed the muscle fibres and are situated 
along them, i.e. roughly parallel to the skin. The spacing of the terminal 
vessels in the rabbit thigh was found to be about 0.5-1 mm. The density of 
the capillaries varies with the type of muscle 'served'. 

As the vascular castings of the Weinbaum and his coworkers showed, 
from the point of view of the vascularization, the cutaneous layer (the skin) is 
essentially independent of the immediately underlying layer. The deeper part 
of the skin, called the cutaneous plexus contains large, countercurrent vessel 
pairs lying parallel to the skin surface. They are supplied by the few large 
'riser' vessels that originate from the deeper portions of the limb, traverse 
the skeletal muscle layers and connect to the skin circulation. This feature of 
the subcutaneous circulation is important because it implies that the entire 
circulation in the outermost regions is controlled by the vasoconstriction 
and vasodilation of the riser vessels, cf. [614]. In Fig. 90 this architecture is 
schematically depicted. 

Surface ......__ ___________________ ------------------

Skin 
(0-2mm) 

Intermediate layer 

-- t~-~-'"!:1~!- -- -----

Deep tissue layer 
(>4mm) 

FIGURE 90. Architecture of the subcutaneous circulation; The information was 
obtained experimentally by means of vascular castings of the vessels in rabbit 
thigh, after (74J. 

9.4. Bio-heat transfer models 

The first model that will be presented here is the Pennes equation, cf. 
[444]. It was proposed by Pennes in 1948 and has enjoyed long-lasting popu
larity. Basically the ground for proposing this model were measurements of 
the blood temperature in resting human forearm in normothermic conditions. 
These led Pennes to hypothesize that the soft tissue temperature obeys the 
equation (called now the Pennes equation): 

8Tt 2 
PtCt at = At \1 Tt + WblCbl (Tt - Ta) + qv, (9.5) 

http://rcin.org.pl



368 J.J. TELEGA AND M. STANCZYK 

where p and c are the mass density [kg/m3] and specific heat [J / (kgK)], re
spectively; Wbl is blood perfusion rate [m3 blood/(s kg tissue)]. The subscript 
'bl' labels the blood and Ta denotes arterial supply blood temperature that 
is assumed to be constant. The subscript t denotes tissue. The heat genera
tion term Qv encompasses the thermal effects of metabolism and, if necessary, 
other volumetric heat loads (e.g., microwave irradiation). The tissue tempe
rature Tt in Pennes's model is typically defined by, cf. [25, 74], 

Tt(x) = ~ j T(x)dV, 

v 
(9.6) 

where the scale of the averaging volume V is assumed to be much larger than 
the size of thermally significant vessels and much smaller than the size of the 
tissue region itself. Baish [25) suggests that such a scale does not exist. 

Pennes model is widely used for prediction of thermal response of soft 
tissues during hyperthermia, cf. [102, 269, 368, 369, 486, 488]. Copious refer
ences on the analytical solutions and sensitivity analysis of Pennes equation, 
can be found in [116, 126, 148, 151, 247, 356] . 

Thermal parameters occurring in the Pennes equation, such as thermal 
conductivity, blood perfusion, metabolic rate, specific heat, etc. reported in 
the literature ar~ characterized by a considerable scatter, cf. the references 
in [356]. Therefore Liu [356] performed 1-D uncertainty analysis treating the 
temperature as a function of five parameters: the thermal conductivity of 
tissue, blood perfusion rate, volumetric metabolic heating, scattering coeffi
cient and the heating power flux at the skin surface. Implications for clini
cal hyperthermia were also suggested. It seems that in assessing the role of 
those parameters the sensitivity analysis would be more appropriate, see e.g. 
[116, 367, 368]. 

The Pennes equation belongs to the class of the so-called continuum 
models. These describe the average tissue temperature distribution using 
the global parameters such as the perfusion rate. Therefore, by their very 
nature, they cannot predict the local variation of the temperature due to 
large (thermally-significant), blood vessels traversing the tissue. 

Equation (9.5) is basically the usual Fourier-Kirchhoff equation of heat 
conduction for the isotropic material (A is a scalar, in most formulations 
independent of temperature) equipped with the linear heat-sink term WblCbl x 
(Tt - Ta) describing the fact that the energy input to tissue from the blood 
flow is proportional to the difference between the arterial supply temperature 
Ta and local tissue temperature Tt. 

The originally proposed form of the heat-sink term was WbLCbl (Tv- Ta) 
where Tv is venous return temperature. The equation thus represents a sim-
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plified case where the blood arrives in the tissue at the arterial temperature, 
despite the obvious heat-exchange on the way, perfuses it and departs at the 
venous return temperature. Pennes then hypothesized further that Tv ~ Tt, 
which yields Eq.(9.5). 

While the glance at the Fig. 89 convinces that the latter assumption is 
indeed plausible, the statement that the blood retains its arterial supply 
temperature until it reaches the capillaries is questionable. It basically means 
that there is no heat exchange with blood in the larger vessels and the thermal 
equilibration occurs in the capillaries only and is complete (Tv = Tt)· 

Wulff [635] pointed out that these requirements are physically impossible. 
He raised four important points: 

1. The Pennes model assumes that no heat exchange with blood takes 
place until the level of capillaries. There is no transport mechanism that 
could accomplish this. In reality, the local arterial temperature depends 
on the temperature gradient in tissue resulting from environmental 
conditions as shown in [58]. 

2. The blood perfusion term is isotropic and thus fails to account for the 
possible directed character of the blood flow. 

3. The blood perfusion term has been obtained via the global energy bal
ance for the blood and is applied to describe the local energy balance 
for tissue. 

4. The first-order differentiability condition of numerous physical entities 
in the equation (e.g. heat flux, physical properties and heat generation), 
is not necessarily met in heterogeneous tissue structure. 

While the last two have a rather formal character and are inherent to 
continuum models (the last objection not applying to variational formula
tions), the first and the second highlight possibly vitally important features 
of the real tissue that were neglected in the Pennes model. 

Wulff proposed the solution to the second problem proposing a differ
ent model [635]. He treated the tissue as a porous medium, perfused with 
the blood. The blood remains thermally equilibrated with the tissue and its 
movement is described by means of the Darcy velocity U. The heat flux can 
be now decomposed into conductive and convective terms: 

(9.7) 

where hbl is the specific blood enthalpy. The first term on the r.h.s. of Eq. (9. 7) 
is the usual Fourier conductive flux. The second accounts for the directed 
convection of blood. When one assumes that blood is always at the local 
tissue temperature one gets hbl = CbzTt. This yields the equation: 
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(9.8) 

The assumptions made by Wulff are effectively the other extreme view 
on the problem of effectiveness of blood-tissue heat exchange mechanisms. 
Namely, Eq. (9.8) implies that these mechanisms are perfect everywhere 
throughout the vascular tree while the Pennes model assumes they are 100% 
ineffective until the level of capillaries where they suddenly become perfect. 
Given the data in Fig. 89 one may speculate that the intermediate case ac
tually occurs. 

Creeze and Lagendijk [103] also pointed out that the blood flow is not 
always unidirectional, vessels are often combined to form counter-current 
pairs and their orientation is frequently isotropic. 

Another class of models are the so-called 'effective conductivity models' 
which are based on the assumption that the influence of the blood flow on 
the heat transport mechanisms in the tissue can be contained in the effective 
conductivity of the latter. In other words, one considers a temperature field 
in a replacement solid material, where only conduction (and no blood flow) is 
present. The conductivity of this replacement material is carefully selected so 
the temperature fields in the original and replacement material are approxi
mately identical. The conductivity of the replacement material is termed the 
'effective conductivity'. Such an approach resembles the micro-macro mod
elling, cf. Section 7 of our paper. In [103, 104] the authors compared the 
effective conductivity model against the Pennes equation experimentally. 

In 1985 Weinbaum and Jiji provided theoretical arguments for the ef
fective conductivity models [612]. Their approach resulted from extensive 
studies on the anatomy of the vascularization and from earlier, somewhat 
more complicated models [74, 286, 614) . Introduction of this model inspired 
many work in the field and triggered the publication of many papers [24, 70, 
489, 535, 536, 589, 615, 653, 654, 655, 656]. We pass to the presentation of 
the model. 

The fundamental assumptions of the Weinbaum-Jiji effective conducti
vity model are as follows [612]: 

• local average blood temperature can be approximated by local tissue 
temperature, 

• the primary heat transfer mechanism is the incomplete countercurrent 
exchange in thermally significant vessels (greater than 40J.Lm in diame
ter), which means that the heat loss from the artery is nearly but not 
quite equal to the heat gained by the vein, 

• the blood flows in vessels of the artery-vein pair are identical, 
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• axial conduction is negligible, 

• the vessels in the pair have identical diameters. 

FIGURE 91. The control volume. By s we denote the direction tangent to the 
vessel, v is the local perfusion velocity and u is the average blood velocity in the 
vessel. 

371 

In Fig. 91 the control volume 0 is depicted. Its boundary r consists of 
two subsets: r n - the part intersected by the vessels and the rest r t. The 
energy conservation equation takes the form: 

= J qvdV- J Pb!Cb!Tblv · ndi't- J PblcblTblu · ndr n, (9.9) 

n ~ ~ 

where ¢ is the volumetric fraction of the vessels in the volume of interest. 
In the next step, Weinbaum and Jiji assumed that the blood uniform 

perfusion through the tissue gives no net effect: 

J Pb1Cb!n1v • ndA = 0 

rt 

and that the blood temperature Tbl in the term ¢PblCbz8Jf' can be replaced by 
the tissue temperature Tt when the effective thermal capacity is introduced 
by pc = ¢PblCbl + (1- ¢)PtCt. 
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The net heat exchange by the countercurrent vessels can be presented in 
the form: 

j Pblcblnlu · ndA = j ( Q. - Qa) dO., 

rn n 

where 

and n is the number density of the vessel pairs, Ta and Tv is the arterial and 
venous temperature respectively. All the integrals in Eq.(9.9) are therefore 
reduced to volume integrals and since the volume n is arbitrary, the energy 
balance (9.9) yields: 

8Tt (d 2 d 2 ) pc 8t = V' ·At V'Tt + 7rPblCbl ds (na uTv)- ds (na uTa) + Qv, (9.10) 

where a is the diameter of the single vessel, u is the blood velocity in the 
vessel and s is the local coordinate of the vessel pair. 

The equation for the axial variation of the temperature in the vessels is 
assumed in the form: 

where g denotes bleed-off rate i.e. the rate of mass flow of the blood from 
the unit length of vessel into the surrounding tissue and Qa, Qv denote the 
heat loss by conduction from the unit length of artery and vein respectively. 
Equation (9.10) can be thus rewritten and we get: 

- 8Tt 
pc {}t = V' ·At V'Tt + Qv + n [(qa- Qv) + 21raPblCbzg(Ta- Tv)]. (9.11) 

Since 

( ) 2 (dTa dTv) Qa- Qv = -1ra UPblCbl ds - ds , 

the energy balance yields 
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Next, Weinbaum and Jiji, [612] introduced the assumption that Tt ~ ~(Ta + 
Tv) and Qa+Qv ::: 2qa. These assumptions were in fact the most often criticized 
ones. We can also write 

and 
Qv ::: Qa ::: ak(Ta -Tv), 

where a is a shape coefficient defined by 

1f 

a= h-1~· 
cos 2r(S) 

Here l is the distance between the axes of the countercurrent vessels at the 
point determined by the coordinate s along the axis of the vessels. 

We also have 

Consequently the energy equation takes on the form: 

_ 8Tt V .A VT, n1r
2
a .A~lPe ( d (aPe dTt) 2gPe dTt) 

pc 8t = · t t + Qv + 4-A ds ~ d:i" - -;;;; ds ' 

where Pe is the Peclet number: 

If we denote the local direction cosines of the vessel pair by lj we have 

{)(} - l · {)(} 
OS- J OXj. 

Thus we finally get the Weinbaum-Jiji bioheat equation: 

8Tt 
pc 8t = V · (Aef!VTt) + Qv-

- 1r2a.A~lPe (__?___( p l·) 2ngPe) l· 8Tt 
4 \ 8 na e t + J 8 ' 

Ata Xi U Xj 

where the effective conductivity is given by: 

(9.12) 

(9.13) 
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As usual, ( 8ij) denotes the Kronecker delta. 
According to Weinbaum and Jiji, application of the mass conservation 

equation: 
d 
ds (na2u) = -2nag 

leads to the final, compact form of the Eq.(9.12) 

pc EJT = ~ (A 7ff aT) + qv - 1r2nr2 A~l Pe2zi azi aT . 
ar axi 'LJ axj 4a At axi axj 

(9.14) 

This equation is the ordinary Fourier-Kirchhoff equation for heat conduc
tion in anisotropic media with the effective conductivity and an additional 
term on the r.h.s. This term accounts for the possible variation of vessel ra
dius along its length and for the directed capillary perfusion between artery 
and vein. It is small and vanishes entirely when the vessels are straight (i.e., 
li does not change in space). 

From Eq.(9.13) the formula for the effective scalar conductivity in one
dimensional case can be obtained. 

, _, ( 1 n1r
2
a

2 (AbL) 2
r 2) 

"'eff - "'t + 4a At e . (9.15) 

As estimations by Weinbaum and Jiji [612] indicate, for tissue with vessels 
that have radius of more than 100 J-Lm, the enhancement in conductivity is 
noticeable and for larger vessels the effective conductivity is several times 
larger than the tissue intrinsic property. 

Assumptions, specified earlier, leading to the development of the Wein
baum-Jiji bioheat equation, mainly that average arterio-venous temperature 
is equal to the tissue temperature, have been criticized in [58] and [628]. 
Results of computations on elaborate vascular model by Brinck and Werner 
contradict this assumption, cf. [58]. 

The existence and importance of countercurrent heat exchange at the 
certain vessel scale range has been confirmed by numerous experiments both 
in normothermic and hyperthermic (vasodilated state), cf. [535, 536, 653, 
654]. 

The effective conductivity models do not depend explicitly on arterial 
temperature. Increase of the blood flow rate results therefore in enhancement 
in effective conductivity of the tissue, regardless of whether warm blood per
fuses cold tissue or cold blood perfuses warm tissue. The consequence is that 
perfusing cooler tissue with warm blood will result in decrease in tempera
ture owing to enhanced conduction to the surface - the effect opposite to 
the one predicted by Pennes equation (9.5). Wissler [628] argues that this 
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discrepancy is in favour of the latter and proposes supplementing the Pennes 
equation with additional 'efficiency factor' to account for the incomplete 
countercurrent heat exchange in a simple way. Similar concept was proposed 
by Brinck and Werner [57] who validated such model against the predictions 
of a complex vascular model of human extremity. 

Weinbaum and Jiji [615] suggested that a hybrid model should be used, 
consisting of Pennes model and the effective conductivity approach. They 
propose that thermal equilibration parameter (thermal equilibration distance 
normalized by the length of the representative vessel): 

1rrPe 
e = 2aL (9.16) 

should be used to distinguish whether the Pennes model (e > 0, 3) or the 
Weinbaum-Jiji bioheat equation ( e :::; 0, 3) applies. Similar suggestions were 
made by Charny et al. [70], who compared the normothermic and hyperther
mic response of the Weinbaum-Jiji Aeff model, the Pennes model and more 
sophisticated three-equation model. The main conclusion of their study was 
that the Pennes model provides a relatively good prediction capabilities and 
should be therefore incorporated in the proposed hybrid model by means 
of the criterion (9.16). This means that under normothermic conditions the 
Eq.(9.5) should be used in regions of tissue containing first generations of sup
ply vessels (larger than 500 J.Lm in diameter). As the study by Charny et al. 
[70] have shown, neglecting the countercurrent heat exchange in these regions 
does not lead to any serious discrepancies. The Weinbaum-Jiji model is more 
suitable in regions of tissue containing smaller vessels. A hybrid axisymmetric 
model of human limb, containing layers governed by Pennes equation (9.5) 
and layers governed by Weinbaum-Jiji simplified bioheat equation (9.14) was 
investigated in [541]. 

Limitations of applicability of Weinbaum-Jiji bioheat equation were also 
shown by Valvano et al. [589] by means of analysis and thermistor measure
ment of temperature field in canine cortex. 

The validity of effective conductivity approach was tested by Baish who 
viewed the tissue with embedded countercurrent vessels as a composite mate
rial consisting of low-conductivity tissue matrix and high conductivity fibers 
representing paired countercurrent vessels [24). He obtained the formula for 
the fiber conductivity: 

(9.17) 

where 2l is the distance between axes of the countercurrent vessels. 

http://rcin.org.pl



376 J.J. TELEGA AND M. STANCZYK 

Because of the quadratic dependence on the blood flow rate, the con
ductivity computed using Eq.(9.17) varies in the very wide range. For ex
ample, for vessels with the radius of 300 J.Lm the respective fiber conducti
vity exceeds 3000 W /mK and for vessel radius of 500 J.Lm this conductivity is 
320000W /(mK). No real material has such a high conductivity. This result 
is explained by the fact that convection really taking place within the veins 
is much more efficient heat transfer mechanism than the conduction. The 
tissue has an intrinsic conductivity on the order of 0.2-G.6 W / (mK). If we 
consider the array of parallel countercurrent vessel pairs embedded in tissue, 
lying along the z-axis and impose an external temperature gradient parallel 
to the axes of vessels, the total heat flux can be expressed as, cf. [24], 

where (Qa + Qv) is the heat exchange with the tissue by a single vessel pair. 
So the effective conductivity approach is admissible only if ( Qa + Qv) is pro
portional to the tissue temperature gradient dTt/dz . Heat exchange by blood 
vessel pair is , however, proportional to the gradient of mean blood tempera
ture Tm. Therefore, assumption by Weinbaum and Jiji dT/dz = dTm/dz is 
necessary in the derivation of effective conductivity model, cf. [24]. 

The Pennes, Wulff and Weinbaum-Jiji models can be combined to obtain 
a hybrid model. Chen and Holmes [7 4], for the bio-heat equation propose the 
following formulation: 

PtCt a;:.t = \7 · (Aeff\7Tt) + WbzCbz(T;- Tt)- PblCblV · \7Tt + qv, (9.18) 

where wbl and r; are the perfusion rate and arterial temperature respectively, 
modified to avoid double-counting of the contribution of large vessels (these 
contributions are separately calculated). 

Crezee et al. [104] considered a mixed heat sink-effective conductivity 
approach, formulated in the following way: 

OTt 2 PtCt 
07 

= Aeff\7 Tt + fwblCbz(Ta- Tt) + qv, (9.19) 

where f is a model parameter depending on the local vascularity structure. 
It can be shown that for closed vessel network 0 ~ f ~ 1, cf. [104]. The role 
off is similar to the 'efficiency function' as introduced in [57, 628]. 

Roemer and Dutton [489] argued that the Pennes perfusion term and 
the effective conductivity are nonphysiological values that are related to true 
capillary perfusion in a problem-dependent manner. These authors provided 
detailed derivation of the universal tissue convective energy balance equation. 
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Many times, in the present notes, the term 'vascular model' has been used. 
It therefore needs some clarification. Unlike the continuum models, which 
describe the thermal response of the tissue with the use of the continuous 
effective properties (the perfusion rate, thermal conductivity, Darcy velocity 
etc.) the vascular models describe the energy exchange on a vessel-by-vessel 
basis. During the calculations one keeps track of the flow and temperature 
in each blood vessel (or vessel pair) as well as of the tissue temperature. 
It is the complexity of the vascular tree that makes the task so formidable. 
The limitations of the contemporary computers enable one to calculate the 
transient temperature fields only in small samples of tissue [58). Apart from 
that, to perform useful calculations, one needs enormous quantity of data 
regarding the actual placement of blood vessels throughout the vascular tree, 
their sizes and the flow. In return, the vascular models can attain the goal 
which no continuum model can reach - they can predict the local effects of 
large, thermally-significant blood vessels [79). 

9.5. Metabolic heating 

All the formulations of the heat transfer in the living tissue (with the 
possible exception of those related to bone tissue) have to take into account 
the heat generated within the volume of the material. They manifest them
selves through the source term Qv present in the energy balance equation, 
see Eq. (9.5), (9.8), and (9.14). The heat generation within the living tis
sue results from the metabolic activity and depends on the type of tissue as 
well as on the conditions. In his investigation of tumor tissue Jain suggests 
that metabolic heat generation rate is a function of oxygen supply, which is 
in turn dependent on the local blood perfusion rate, [269). He proposes the 
quantitative relation, which unfortunately contains an error (it yields values 
of order of 1 GW jm3 which are too high). In Table 14 the typical values of 
the metabolic heat generation rate are provided, after [518]. 

TABLE 14. Heat generation rates in different kinds of tissues, after [518] 

type of tissue 
Muscle 631.9 

Fat 5.0 
Skin 247.4 

The sensitivity analysis of the Pennes equation performed by Liu re
veals that the temperature field is quite insensitive to the variations of the 
metabolic heat generation term, [356). The metabolic heat generation is 
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therefore frequently omitted in the analysis of the local temperature field. It 
can be of importance when dealing with the problems of whole-body energy 
balance and thermal comfort or in the extreme cases such as cold-water sur
vival cf. (145]. 

The problem of metabolic energy generation in muscle was recently stud
ied by Bhargava et al., (37]. These authors developed a simple phenomeno
logical model for predicting muscle heat generation which will be now briefly 
described. 

The heat generation rate in muscle q is divided in the following manner: 

(9.20) 

where Qa is the activation heat rate, Qm is maintenance rate, q8 is shortening 
heat rate and Qb is the basal metabolic heat rate. The activation heat rate 
corresponds to tension-independent heat, liberated upon the stimulation of 
the muscle and is thought to be due to the movement of the Ca ++ ions. 
It is further split into two terms related to the fast and slow muscle fibers 
respectively: 

Qa = m¢(t) L fiAiui(t), (9.21) 
i=slow, fast 

where ¢( t) is the prescribed decay function, m is the total mass of the muscle, 
fi is the mass fraction of muscle fibers of type i, Ai are prescribed constants 
and Ui ( t) are the excitation levels of the respective muscle fibers. 

The maintenance heat rate Qm is the stationary heat rate produced during 
isometric tetanus due to cycling of actin-myosin bridges. Analogously to the 
activation rate, Qm is also split in two components: 

Qm = mL(lm) L fiMiui(t), (9.22) 
i=slow, fast 

where L(lm) is the prescribed function of muscle length and Mi are prescribed 
constants. 

The shortening heat rate q8 corresponds to the heat generated during 
contraction beyond that which occurs during isometric contraction at the 
same force. It is proportional to the velocity of shortening. 

Qs = -avcE, (9.23) 

where veE is the velocity of the contraction of the muscle contractile element 
(positive velocity for lengthening or eccentric contraction). The coefficient a 
is dependent on the isometric force of the muscle as well as on the current 
muscle force. 
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The basal metabolic rate is assumed to be proportional to muscle mass. 
For more details on the assumed form of the model functions and para

meters the reader is referred to (37]. The calculations performed therein allow 
one to estimate the distribution of the heat into the various mechanisms of 
heating and predict the heat generation in particular muscles during various 
activities. The largest shortcoming, as the authors of the paper [37] seem to 
admit, is the fact that the decomposition (9.20) is somewhat arbitrary and 
it is not known what processes are responsible for heat production and if 
these processes are independent. Moreover the model requires a number of 
parameters to be known and their estimation seems to be a rather difficult 
task. 

9.6. Comment on hyperbolic conduction in tissues 

In all presented considerations of thermal modelling of soft tissue the 
classical Fourier-Kirchhoff heat conduction equation was used. The Pennes 
(9.5) or Weinbaum-Jiji model (9.14) are extensions of this equation. All these 
equations share the assumption that the Fourier law holds, namely that the 
instantaneous heat flux vector is proportional to the instantaneous negative 
gradient of temperature: 

q(x, t) = -A V'T(x, t). (9.24) 

The consequence of this assumption is the fact that the thermal distur
bances travel at infinite speed through the medium, i.e. perturbation of the 
temperature in one point of the solid body causes instantaneous change in 
temperature at arbitrarily distant points of the body. This is obviously non
physical prediction. 

Another approach is to assume that finite time r elapses between estab
lishment of the heat flux and the appearance of the corresponding tempera
ture gradient. 

q(x, t + r) =-A V'T(x, t). (9.25) 

The l.h.s. of Eq. (9.25) can be expanded in the Taylor series with respect to 
t and, for small r, omission of all terms but the first two yields the Cattaneo
Vernotte equation: 

q(x, t) + r = -A V'T(x, t). (9.26) 

Substitution of this constitutive equation for heat flux into the energy 
balance equation yields the hyperbolic equation of conduction: 

(or a2r) 
pc 7ft+ r &t2 = \1 ·(A V'T). (9.27) 
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In case of Eq. (9 .27) the speed of propagation of thermal wave is not 
infinite but is (in the case of isotropic body where .X = AI) v = J A/ (per). 
In the material described by Eq. (9.26) the heat flux depends not only on the 
present value of temperature gradient but also on its past history, see (294) . 

Theory of hyperbolic heat conduction is not widely used in technical 
applications, because the relaxation time T for most materials is very small 
(of the order of 10-12-10-8) and the corresponding speed of thermal wave 
(second sound) is very high so the non-Fourier effects are negligible. They 
need to be taken account of only in cases of violent heat treatment processes 
when the rate of heat flux is very high. There is evidence, however, that these 
effect may be present in highly heterogeneous materials due to very high (of 
the order of several seconds) effective relaxation time, (294). 

Mitta et al. [400) conducted a series of experiments to compare the ap
plicability of the parabolic and hyperbolic heat transfer models for meat. 
These experiments sought to determine the finite thermal wave propaga
tion speed and demonstrate thermal wave superposition. They consisted of 
instantaneous (step) thermal loading scenarios. Thermal wave propagation 
speed was assessed on the basis of time elapsed between thermal loading and 
the registration of the significant (i.e. larger than the measurement uncer
tainty) temperature deviation within the material. The corresponding relax
ation times were found to be 15-17 sec. with uncertainty of 13.6%. For short 
times, the measured time histories of the sample temperature were in good 
agreement with the prediction of the hyperbolic model. For long times, the 
predictions of both models coincided and were in good agreement with the 
experiment. 

Liu [355) attempted to justify theoretically the hyperbolic heat conduc
tion model. The thermal wave model for bioheat transfer (termed TWMBT 
by Liu [355]) was developed, and then compared with the known Pennes 
model in a variety of scenarios. Similarly as in (400), the hyperbolic model 
agrees with a parabolic one for long times during step loading. This is not 
the case, however, for periodic thermal loading (e.g. boundary temperature 
varying sinusoidally with time). The predictions of the hyperbolic model ex
hibit a noticeable phase shift when compared to temperatures calculated in 
accordance with parabolic one, [355). 

The hyperbolic model of heat conduction in tissue was also adopted by 
Deng and Liu for considerations of freezing of skin tissue [127). Among the 
conclusions presented in [127) perhaps the most important is that the thermal 
stresses developed during freezing can be significantly larger in the case of 
the hyperbolic model of heat conduction. 

Finally it should be noted that hyperbolic model of heat transfer in bio
mechanics is by no means a widely accepted one, cf. [256). 
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9. 7. Mixture theory applicable to modelling of heat-induced chan
ges in hydration and mechanical properties of soft tissues 

In the previous section various heat transport problems in soft tissues have 
been presented. The aim of this Section is to investigate the diffusion problem, 
specifically the diffusion of water through a thermally damaged biological soft 
tissue that undergoes finite deformations. To this end we follow the paper by 
Tao et al. [563], based on the mixture theory. The model proposed aims at the 
description of heat-induced alterations in soft tissue. For instance the effect 
on collagen can be 'reversible' or 'irreversible'. It is known that moderate 
heating can result in a local unfolding within the protein that is reversed 
upon the restoration of normal temperatures. More intensive heating results 
in a time-dependent irreversible transformation of the native triple helical 
structure into a more random (coiled) structure, cf. the relevant references in 
Tao et al. [563]. It is believed that the latter transformation occurs primarily 
via the breaking of long sequences of hydrogen bonds that stabilise the triple 
helix. Heat-induced breakage of reducible cross-links may also play a role. 
Regardless of the precise mechanisms, on a gross scale denaturation results 
in an irreversible shrinkage of the tissue, which Tao et al. [563] assume as 
a conventional measure of thermal damage. According to these authors this 
shrinkage may result due to exposure of hydrophobic regions of the molecule 
that are initially within the centre of the helical structure. Denaturation also 
results in a gross change in the hydration of the collagen, which is thought 
to be due first to the liberation of water and then a subsequent increased 
absorption of water via water bridges. 

9.7.1. Basic equations. The body considered consists of mobile water, 
loosely bonded with the tissue, and a porous solid having tightly bonded wa
ter molecules. The tissue may be further partitioned into two sub-components: 
one associated with that part wherein the hydrogen bonds are broken due 
to thermal damage and another that is the intact native part. It is expected 
that the damaged and the native components intermingle (over the repre
sentative volume elements), with inter-conversion occurring from damaging 
and healing. It is assumed that the solid components undergo at a point the 
same motion in an average sense. 

Before passing to the presentation of the model developed by Tao et 
al. [563] on a classical example of periodic homogenization of transport equa
tion (diffusion equation) we will show that the mixture theory approach is 
only an approximate one from the point of view of homogenisation, cf. Cio
ranescu and Donato [84]. 
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Example 8. (relation between homogenization and mixture theory) 
Let 0 c JR.N be a bounded domain with sufficiently smooth boundary. 

Let c > 0 be a small parameter characterizing the microstructure of material 
body 0 is made of. Here 0 denotes the closure of 0. 

Consider the problem, see Cioranescu and Donato [84], 

{ 

-div(a(x)\7c) = g inn, 

Uc: = 0 on 80. 

Here g is a given function and the matrix ac: is the cY-periodic matrix defined 
by 

a;j(x) = aij(x/c), i, j = 1, ... , N. 

We assume that afj = aji and 

for almost every y E Y. 
The small parameter c > 0 is a ratio of characteristic microscopic dimen

sion and a characteristic macroscopic one. By Y we denote the so-called basic 
or reference cells defined by 

Y = (0, h) X • .. X (0, lN ), 

where h, ... , ln are given positive numbers. The functions aij (y) are not 
necessarily continuous, thus layered materials are not precluded. We observe 
that y = x/ c and N = 3 for three-dimensional problems. 

Homogenization means passing with c, in appropriate sense, to 0 (smear
ing out heterogeneities). It can be shown that the homogenized coefficients 
at (constants) are given by, cf. Cioranescu and Donato [84], 

(9.28) 

where 

(g)= 1~1 J g(y)dy. 
y 

The so-called local functions Xi(y), y E Y are solutions to the following 
problem: 

(9.29) 
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for each v E H~er(Y) such that (v) = 0. The space H~r(Y) is defined by 

H~er(Y) = { v E H 1(Y)I v takes equal values on the opposite faces of Y}, 

whilst H 1 (Y) is the classical Sobolev space: 

1 { 2 av 2 . } H (Y) = v E L (Y) I OUi E L (Y)' ~ = 1' ... N . 

We recall that L2 (Y) denotes the space of square integrable functions. 
From Eq. (9.28) we conclude that in order to find the homogenized (macro

scopic) ceofficients at, we have to solve the local problem (9.29), by no means 
an easy one. Similar situation, yet still more complex, arises in the case of 
homogenisation of nonlinear problems. The local functions Xi, and conse
quently fluctuations, play thus an important role. Deleting the term with Xi 
in Eq. (9.29) we get the so-called 'mixture law' and effective coefficients in 
the form, cf. Cioranescu and Donato [84), 

(9.30) 

Obviously, aij =f. at and the difference may be significant. In fact, a;j present 
the so-called Voigt bounds. 

To find at by using the theory of volume averaging one would have to 
solve the so-called closure problem, involving fluctuations, cf. Whittaker [622). 
As far as we know, the closure problem has been solved only for a class of 
transport problems, see the book by Whittaker, just cited. It is thus not sur
prising that within the mixture theory, where the closure problem (a coun
terpart of local problem) is rarely discussed, the macroscopic constitutive 
relationships are postulated, and not derived by a micro-macro approach. 
Consequently, the problem of, say, temperature of mixture is still disputable. 
For instance, in the literature one finds models with different constituent 
temperatures (Klisch, [304) and the references therein), and models with the 
same temperatures of constituents, cf. Tao et al. [563), and the references 
therein. 

We pass to the presentation of the approach used by Tao et al. [563). 
The model we intend to present is rather complex. As a first step the reader 
is advised to study a simpler paper by Hron et al. (2002), where a mixture 
model for nonlinearly elastic solids that is infused with a fluid was proposed. 
Then the Helmholtz potential can be expressed as a function of C = FTF 
and the fluid volume fraction. Within the framework of mixture theory, a set 
of thermodynamic quantities can be assigned to each component: quantities 
associated with the mobile water and tissue will be denoted by superscripts 
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f and t, respectively, and quantities associated with the damaged and native 
constituents will be denoted, respectively, by the superscripts d and n. The 
equations describing the balance of mass, linear momentum, and energy for 
each component n are given by: 

apo: 
at + div(po:Yo:) = mo:, n = J, n, d, 

L mo: = 0, mf = 0, 
n,d 

! (po:Yo:) + div(po:Yo: Q9 Yo:) = divuo: + po:, n = f, t, 

l = pn + po:, 

(9.31) 

(9.32) 

(9.33) 

(9.34) 

(9.35) 

L (po: ·Yo: +so:) = 0. (9.37) 
t,J 

Here po:, yo:, uo:, Eo: and qo: denote, respectively, the mass density, velocity, 
Cauchy stress tensor, internal energy density, and heat flux associated with 
the nth component; mo:, po: and so: are, respectively, the mass density con
version rate, the internal momentum supply, and the energy supply to the 
nth constituent resulting from the interactions between the components. 

To the above framework we append a thermodynamic notion that is 
widely used in non-equilibrium thermodynamics. The entropy 'f/o: for con
stituent n can be introduced, for instance, under the hypothesis of local 
equilibrium, and then a balance equation can be proposed that has an analo
gous structure to Eqs. (9.31), (9.32), and (9.36), cf. Groot and Mazur [202], 

! (po:TJo:) + div(po:rJo:Yo:) = divJo: + ao:, n = J, t. (9.38) 

Here Jo: and ao: denote, respectively the entropy flux and the internal entropy 
production rate per unit volume. The separation of the r.h.s. of (9.38) into 
two parts leads to a natural representation due to the restrictions imposed 
by the second law of thermodynamics for isolated systems. 

We observe that introduction of sufficiently regular fields po:, yo:, Jo:, TJo:, 
uo:, etc. is based on the assumption that each constituent can be modelled 
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as a continuum and on the hypothesis of local equilibrium. In other words, 
these fields are averaged over some characteristic volume V or area, large 
compared with the characteristic dimension l. 

Tao et al. [563) derived a restriction on ao: by applying (9.38) to an 
isolated mixture U with isolated V ~ U 

J udv = ! J :L po.rt" dv ~ 0, 
u u J,t 

a= :Lao:. 
J,t 

(9.39) 

Due to smallness of l and assuming that the form of a is independent of 
whether the mixture in motion is isolated or not, we get 

a="" ao: > 0 L -' 
J,t 

for the motion of the mixture in general. 

(9.40) 

Consider now some issues related to the solid constituent. According to 
our assumptions the two subcomponents of the tissue have individual mass 
densities but undergo the same motions, i.e., 

Then Eqs. (9.31) and (9.32h imply 

8pt 
8t + div(ptvt) = 0. 

We recall that 
J t t 

P =Po, J = detF, 

(9.41) 

(9.42) 

(9.43) 

where Pb denotes the effective mass density of the tissue component in the 
original reference configuration "'o of the tissue, and F is the deformation 
gradient of the solid with respect to "'O· This "'o might be identified with the 
state of the tissue in which pd = 0 or pd is negligible compared with pn and 
it is almost stress free. As the thermal damage takes place, pd increases, and 
the response of the material is no longer purely elastic. The subcomponent 
of damaged constituent will have a different reference configuration "'d from 
which its response is elastic. Tao et al. [563) introduced a reference configura
tion "' that is intermediate between "'o and "'d and may evolve due to thermal 
damage. The deformation gradient F can be decomposed into a part F K that 
is associated with an elastic response and another that is associated with the 
evolution of natural configurations. If the configuration "' is determined by 
G then we have 

FK, = FG-1. (9.44) 
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9.7.2. Specific case. To apply the above framework to study the diffusion 
of water through thermally damaged tissue, we set 

1 
v =- Lpava, 

p J,t 

q= Lqo, (9.45) 
J,t 

Equation (9.45)7 defines the mass fraction of the damaged solid. Assume 
that both components - mobile water and tissue - have the same absolute 
temperature T whilst the entropy and the internal energy of the mixture 
are completely determined by the primary fields pf, c.p, T, F ~' G and the 
reference configuration K,: 

rJ = f](pf, c.p, T, F ~' G; !),), t: = f.(pf, c.p, T, F ~' G; /),). (9.46) 

Hence we infer that the entropy rJ and the internal energy f are modelled 
similar to an elastic process with deformation F ~ with respect to /), for fixed 
pf and c.p . The dissipative response due to the viscosity of water is accounted 
for through the internal momentum supply pi. 

Classically, we introduce the Helmholz potentials: 

(9.47) 

Then we have 
'1/J = t:- Try= ,f;(pf, c.p, T, F ~' G; /),). (9.48) 

Choosing classical relations: 

(9.49) 

and 
a-J; 

7]=--
f)T 

(9.50) 

and introducing a Lagrange multipler p associated with the volume additivity 
constraint, i.e., 

(9.51) 
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after some calulations we get 

(9.52) 

Here pfR and ptR( = Pb/(1- r.p6)) are the physical mass densities of the water 
and tissue in Ko, respectively, and r.p6 is the volume fraction of mobile water 
in Ko. It was also assumed that the tissue and the mobile water are intrinsi
cally mechanically incompressible (though thermally compressible). Inequal
ity (9.52) was derived under an additional assumption that pfR and ptR can 
be treated as constant. We observe that the range of temperature changes 
over the processes modelled justifies such an assumption. Then Eqs. (9.41), 
(9.43) and (9.51) yield 

grad (L) · (vt- vf) + tr (LLt + pf Lf) = 0. 
~R ~R pfu 

Tao et al. [563] proposed the following set of constitutive relationships: 

t _ fR 8'1/J p 8'1/J 
( 

A) t A 
T -- p- p p 8pf ptR I+ pF K aFr' (9.53) 

pf 
Tf = -p-1 

pfR ' 
(9.54) 

( pi) A a~ 
pf = p grad pfR - pf grad'lj; + pf &TgradT + b(vt- vf), (9.55) 

T2_)q + p"E''u) =A grad (f), 
f,t 

(9.56) 
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(
a t ) r r a~ -r a~ 
at+ v . grad G = (3(F K aFIG - aG). (9.57) 

Here 1 2:: 0, (3 2:: 0, while b and A denote, respectively, the drag tensor 
and heat conductivity tensor, both (symmetric) positive definite second-order 
tensors. These tensors are, in general, anisotropic. From the physical point 
of view, b characterizes the momentum exchange (due to viscosity), between 
the viscous water, which moves relative to the solid phases, and the tissue. 
We note, that it is important to retain this term even though the diffusion 
is slow since the 'channels' for the diffusion are very small and the contact 
area per unit volume between the water and tissue is very large. Equation 
(9.55) may be viewed as a nonlinear combined version of Darcy's and Fick's 
laws. Indeed, for isothermal slow diffusion, which occurs during the 'recovery' 
process post-heating [71], from Eqs. (9.33), (9.51), and (9.55) with a= f, we 
easily obtain: 

(9.58) 

The last relation shows that there are two parts affecting the isothermal slow 
diffusion of water; the first part is associated with the gradient of the pressure 
p, similar to the commonly used Darcy's Law, whilst the second part (similar 
to Fick's law) is associated the gradient of W, which accounts for variations 
in the effective mass density pf (concentration) and the deformation F. 

Under the assumptions on (3, /,band A, and taking into account the con
stitutive relationships (9.50)-(9.57) we conclude that the entropy inequality 
(9.52) is satisfied. 

The form of ~ has further to be restricted by the principle of material 
frame indifference ( o b j ecti vi ty), cf. Section 5 .1. 4. Then we get 

(9.59) 

where CK = u~ = F~F K. Since CK = u~' the Helmholtz potential can also 
be treated as a function of (pf, c.p, T, CK, G; ~). 

We observe that Tao et al. [563) do not exploit the principle of frame 
indifference but less restrictive Galilean invariance. This invariance requires 
that the form of ~ be invariant under the coordinate transformation: 

x* = Qx + ct + a, 

where Q and c are constant with QT Q = QQT = I. Recently, (Synka and 
Kainz [554]), the concept of objectivity was extended to the intermediary 
Eulerian-Lagrangian reference frame (E-L). The (E-L) concept is sometimes 
useful in the numerical procedures. Though the authors do not mention it, it 
seems that this notion is worth of being exploited in the study of solid-fluid 
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interactions, say of blood with arteries. Additional restrictions on -J; can be 
obtained if the symmetry of K is taken into account (e.g. transverse isotropy, 
orthotropy, etc.). 

9.7.3. Interfacial conditions. Consider an interfaceS in a mixture. On 
each side of S, denoted by the superscripts + and - respectively, there may 
be mobile water (denoted by the superscript f). The two tissue components 
may differ from each other or one component may be absent. It is assumed 
that there are no physical properties attached to the interface except those 
derivable from the components on both sides of S. 

Tao et al. [563] studied three classes of interface conditions: 

Class 1. An interface with tissues on both sides. 

Class 2. The interface, where on the side (-) the mixture is present 
and the side ( +) is occupied by the water. 

Class 3. On the side (-) of the interface the mixture is present and on 
the side ( +) there is water and the static rigid porous solid through 
which the water follows. 

For details on interface conditions and two illustrative examples pertaining 
to: 

(i) slow isothermal diffusion of water through a thin orthotropic membrane 
without thermal damage, 

(ii) radial diffusion in a membrane-covered cylindrical tissue, 

the reader is referred to Tao et al. (563]. 

Remark 21. The general setting for the description of heat-induced al
terations in hydration and mechanical properties in soft tissues was certainly 
inspired by the previous one-dimension case, cf. Chen and Humphrey [75], 
Chen et al. [71]. Its usefulness has yet been exploited. Even in specific cases 
a combined theoretical, experimental and numerical analysis is needed. 

Remark 22. As is well-known, rubber-like materials and many soft tis
sues exhibit a significant stiffening or hardening in their stress-strain curves 
at large strains. To describe this phenomenon, limiting chain extensibility 
models have been proposed. These are models with a maximum achievable 
length of the polymeric molecular chains composing the material and are 
described, for instance by strain energies of the form 

W(h,It), 

where h = trC = AI+ A§+ A5, and the constant Ii is the limiting value 
of h, reflecting limiting chain extensibility. The function W is such that the 
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stress components are unbounded as h ---t Ii and so one must impose the 
restriction 

h < Ii. 
We observe that such a material is a material with locking, cf. Ciarlet [83]. 
For applications of limiting chain extensibility models to the description of 
soft tissue the reader is referred to Horgan and Saccomandi (241, 242]. 

Horgan and Saccomandi (242] elaborated a general approach that allows 
an extension of the limiting chain extensibility model concept to nonlinear 
thermoelasticity. 

10. Final Comments and Remarks 

Hyperelastic behaviour of soft tissues undergoing finite deformations is 
described by stored energy functions falling, grosso modo, within one of the 
following classes: 

(i) polynomial-type functions, 

(ii) exponential functions, 

(iii) logarithmic functions. 
Combinations thereof and other functional forms are also used. The loga
rithmic strain energy function was proposed by Takamizawa and Hayashi in 
1986, cf. the relevant references in Jemiolo and Telega (277] and Humphrey 
(253]. The logarithmic strain energy function proposed by Takamizawa and 
Hayashi for modelling arterial wall has the following form: 

w = -cln(1- w), (10.1) 

where 

(10.2) 

Here Eoo and Ezz are the normal components of the Green strain tensor in 
the circumferential and axial directions, respectively. The constants c, a1, a2 

and a3 characterize the mechanical properties of the material of arterial wall. 
Pseudoelastic behaviour still requires a reliable modelling accounting for 

switching from loading to unloading and vice-versa. The exponential model 
due to Fung [175] is generally believed to describe pseudoelastic behaviour 
of soft tissue but is by no means capable of modelling such a behaviour. In 
fact, the situation resembles modelling elasto-plastic behaviour of materials 
under cyclic loadings. 

In the sequel we shall review mainly recent developments pertaining to 
soft tissues, including also cell biomechanics and cellular engineering. The 
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review is by no means comprehensive, yet covers a broad spectrum of issues 
on modelling and experimental investigations. 

10.1. Biomembranes, Cell Biomechanics 

As a good introduction to biomechanical issues of biological membranes, 
the book by Evans and Skalak (160] is advised. These authors, treat biomem
branes as thin membranes undergoing finite deformations. The molecular 
structure of biomembranes is essentially anisotropic. Therefore, membrane is 
treated as a two-dimensional continuum, comprised of several layers. Conse
quently, the properties of the membrane are defined similarly to a 2D compos
ite material. Constitutive equations were obtained within the framework of 
thermodynamics. These include elastic behaviour of biomembranes account
ing also for surface elasticity (surface compressibility and surface shear), and 
chemically induced changes of curvature. Irreversible processes in biomem
branes were also investigated (viscoelasticity, creep, viscoplasticity). 

According to Humphrey (251], membranes are defined differently in me
dicine, biophysics and biomechanics. In medicine, a membrane is defined as 
a thin layer of tissue that covers a surface, lines a cavity, or divides a space. 
The lectures by Hendrich and Mozrzymas in this volume deal with mem
branes in the sense of biophysics (a thin barrier involved in diffusive trans
port), cf. also the papers included in the book edited by Layton and Weinstein 
(335], Hernandez (231]. 

Passive transport of nonelectrolytic solutions in biological and artificial 
solutions in biological and artificial membranes includes several phenom
ena, most notably osmosis, filtration, diffusion and convection. Kargol (295] 
proposed a somewhat restricted definition of osmosis: the solvent diffusion 
through a semi-permeable membrane, i.e. one that forms an ideal barrier to 
the solute molecules. The model proposed was criticized by Monticelli (403], 
since it wrongly contains only two phenomenological parameters (the filtra
tion coefficient Lp and the reflection coefficient a), as opposed to the three 
parameter description (Lp, a and the solute permeability w) in the standard 
Kedem-Katchalsky transport equation derived by means of thermodynam
ics of irreversible processes, cf. Layton and Weinstein (335] and the relevant 
papers in Kargol (295]. 

Understanding of heart diseases, especially ventricular fibrillation, re
quires understanding the electrical behaviour of cardiac membrane, cf. the 
references in Mitchell and Schaeffer (398]. The last authors presented a simpli
fied model with only two currents that, at least qualitatively should reproduce 
restitution behaviour. 

As we already know, the human body contains many different membranes 
like aneurysms which form in the vasculature, cell membranes, the mesen-
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tery, the meninges which develop the brain and spinal cord, the pericardia 
which surround the heart, the pleura which cover the lungs, skin, the uri
nary bladder etc. Humphrey [251] reviewed general concepts and methods 
from nonlinear mechanics that are applicable to these membranes. Some of 
these ideas are illustrated via specific results. The presentation covers consti
tutive modelling, experimental methods and methods for solving initial and 
boundary value problems. 

10.1.1. Cell mechanics. Cell mechanics (and cellular engineering) may 
be defined as the application of principles and methods of engineering and 
life sciences toward fundamental understanding of structure-function rela
tionships in normal and pathological cells and the development of biological 
substitutes to restore cellular functions, cf. Mow et al. [408]. To study cellular 
deformations and the material properties, investigators have used micropipet 
manipulation, laser tweezers, flow chambers, and rheometers. 

The volume edited by Mow et al. [408] compiles a representative set of 
studies in seven different areas of cell mechanics and cellular engineering. 
Part I deals with the constitutive modelling and mechanical properties of 
circulating cells, Part II presents papers on flow-induced effects on cell mor
phology and function, with special emphasis on endothelial cell response. 
Part III examines the mechanics and biology of cell-substrate interactions, 
which addresses specific questions on the process of cell adhesion. Part IV 
describes cell-matrix interaction and adhesion molecules. Part V focuses on 
the molecular and biophysical mechanisms of mechanical signal transduction 
in cells. Part VI utilizes articular cartilage as a paradigm for the physical 
regulation of tissue metabolic activity and examines how various mechanical 
factors may affect cellular response. Finally, the papers in Part VII encompass 
the mechanics of cell motility and morphogenesis, and examine the mecha
nisms of force generation and mechanochemical coupling in cells. For recent 
results on cell biomechanics the reader is referred to Bao [27], Chiu et al. [81], 
Craelius [101], Dao et al. [112], Flieger and Grebe [167], Hansen et al. [215], 
Humphrey [254], Lehoux and Tedgui [341], Lacolley [321], Lim et al. [350], 
Mathur et al. [372], Mestel et al. [383], Motlagh et al. [411], Ohta et al. [435], 
Ramtami [475], Shyy et al. [519], Stephanou et al. [545], Sugihara-Seki and 
Skalak [548], Sun et al. [552], and Zhu et al. [651]. 

Seshaiyer and Humphrey [512] discussed the shortcomings of the inverse 
finite element method used in many areas of experimental mechanics. In 
particular, the shortcomings become visible in cases wherein the material 
is heterogeneous. Therefore, the authors suggest to apply the inverse finite 
element method over separate subdomains. To illustrate the subdomain ap-
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proach, Seshaiyer and Humphrey [513] presented numerical simulation for 
pressurized hyperelastic membranes, including biological soft tissues. 

David and Humphrey [115] performed a theoretical study of the stress and 
strain fields in anisotropic biomembranes due to the surgical or traumatic in
troduction of a circular hole. Earlier investigations were confined to isotropic 
membranes, cf. the relevant references in David and Humphrey [115). Such 
results may provide insight into the analysis of early mechanotransduction 
mechanisms related to needle sticks, skin biopsies, percutaneous catheteriza
tion, laparoscopic surgery, cataract surgery, and similar surgical procedures. 

Vaughn et al. [596] designed and evaluated a new theoretically motivated 
device for measuring finite strain-dependent diffusion in biomembranes and 
illustrated the utility of the device via pilot measurements (excised sheets 
of visceral pericardium- i.e. epicardium- from the antero-lateral surface of 
the left ventricle of 6 fresh bovine hearts). Specimens were trimmed to about 
20 x 20 mm2 in planar area, and were rv 100- 150 J.Lm in thickness. 

An alternative approach to constitutive modelling of biomembranes was 
proposed by Criscione et al. [107]. These authors treat a membrane as a lam
inar material, but with only one la1ninar. The stress tensor is decomposed 
into a hyperelastic part plus a hypoelastic-stress-residual. In the second part 
of their paper Criscione et al. [108] illustrated experimental advantages of 
this novel constitutive model via analysis of biaxial test data obtained from 
chemically treated bovine pericardium. 

10.2. Viscoelasticity of soft tissues 

Woo et al. [630] reviewed structure and modelling of tissues such as lig
aments and tendons, including viscoelastic (nonlinear) response to loading. 
Puso and Weiss [462] developed a theoretical and computational framework 
for modelling viscoelastic soft tissues that accomodated transverse anisotropy, 
cf. also Weiss et al. [617], Provenzano et al. [461]. This aim was achieved using 
FEM and discrete spectrum approximation to the theory of quasi-linear vis
coelasticity. Assuming that the motion starts at t = 0 and the stress and 
strain are zero prior to this time, the second Fiola-Kirchhoff stress T(t) is 
written in the form 

t 

J dTe 
T(t) = G(t- s) ds ds. (10.3) 

0 

Here G(t) is a relaxation function (in general, the scalar-valued relaxation 
can be replaced by a fourth order tensor to produce direction-dependent 
relaxation phenomena). Discretization in time of (10.3) can be performed 
using a specific form of G(t) and an iterative (Newton) method. Moreover, 
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the stress Te has a familiar form: 

e 1(8W 8W) 
T =2 ac+acr' 

where, as usual, C = FTF, and 

Here h = trC, /2 = 1/2((trC)2 - trC2) and 

.Xm=Fm, 

(10.4) 

(10.5) 

(10.6) 

where .X denotes the fibre stretch and m is a unit vector field in the uncle
formed configuration used to describe the local fibre direction. Obviously a is 
the fiber direction (a unit vector field) after deformation. 

We observe that three hyperelastic strain energy functions of type (10.5) 
were also used by Quapp and Weiss [464] in their study of behaviour of 
MCL (medial collateral ligament). These authors performed also uniaxial 
tests allowing to determine the longitudinal and transverse tensile properties 
of the human MCL (ten human cadaveric MCL; age= 62 ± 18 years, 9 male, 
1 female). 

Sarver et al. [501] proposed an incremental procedure to the quasi-linear 
viscoelastic model due to [175]. Only one-dimensional case was considered. 

An alternative approach was proposed by Holzapfel and Gasser [238]. 
These authors developed a viscoelastic model for anisotropic materials con
ceived as fibre-reinforced composites subjected to finite strains. A constitu
tive modelling exploiting internal variables describing the thermodynamical 
state of the material and a time integration scheme adequate for computer 
implementation into finite element model were developed. 

For quite recent results, the reader is referred to Quaglini et al. [463], 
who exploit the discrete time framework from the very beginning, and to 
Haslach [219], who proposed thermodynamically consistent model of non
linear viscoelastic soft tissues. According to the author, the models can be 
extended to the temperature-dependent behaviour of biological tissue, such 
as the change in temperature during uniaxial loading. 

Funk et al. [178] produced data for modelling the behaviour of eight 
major ankle ligaments at a wide variety of strains and strain rates. The 
ligaments included in their study included the anterior talofibular (ATaF), 
anterior tibiofibular (ATiF), anterior tibiotalar (ATT), calcaneofibular (CF), 
posterior talofibular (PTaF), posterior tibiofibular (PTiF), posterior tibiota
lar (PTT), and tibiocalcaneal (TiC) ligaments, cf. Fig. 92 
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MEDIAL VIEW LATERAL VIEW 

FIGURE 92. Locations of the eight major ankle ligaments examined by Funk et 
al. (178J. 
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Failure data was also reported, as well as a method to model ligaments 
in an unpreconditioned state. All ankle ligaments were found to be nonlinear 
viscoelastic. Nonlinear constitutive relationships are recommended for every 
application, and viscoelastic constitutive models are recommended for ap
plications involving strain rates between 1/s and 0.0001/s. The quasi-linear 
model was found to be valid to up to 15 percent strain. 

Carew et al. [66] applied Fung's (1991) quasi-linear viscoelastic model to 
the study of internal shear in porcine aortic heart valve leaflets. 

Pioletti and Rakotomanana [449] proposed the following constitutive equa
tion modelling nonlinear viscoelastic behaviour of soft tissues: 

T = Te(C(t)) + Tv(C(t); C(t)) + :ls~li{G(t- s); C(t)}. (10.7) 

Here Te is derivable from a hyperelastic strain energy function, G(t- s) = 
C ( t - s) - C ( t), Tv denotes the second Piola-Kirchhoff viscous stress tensor 
and C is the strain rate tensor. The second term on the r.h.s. of (10. 7) 
represents the short time memory while the third term represents the delayed 
contribution, i.e. the long time memory. Under additional, commonly used, 
mathematical assumptions, the third term of (10.7) takes the form 

00 

.7,~0{G(t- s}; C(t)} = j E(G(t- s}, s; C(t}}ds. 
{j 

The constitutive equation proposed was used for the description proposed 
was used for the description of response of tendons. Experimental tests were 
performed on specimens from fresh frozen Caucasian knees ( 4 males, mean 
age ±SE: 73.4±2.2 years). The fibres were aligned along the loading direc
tion. The elastic potential was assumed to be isotropic, of exponential type. 
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unfortunately, such a law does not describe properly the fibrous structure of 
tendons (and ligaments). Also, preconditioning which plays an essential role 
in the modelling of behaviour of tendons was not discussed, cf. Section 6.2.3 
of these Notes. 

Fu et al. [173] investigated changes of soft tissue under expansion. These 
authors expanded skin, muscles, nerves and blood vessels and determined the 
biorheological and biomechanical features of nerves and blood vessels under 
expansion (thirteen adult dogs were used). The stress relaxation features, 
the continuous spectrum of relaxation time, and the stress-strain relation
ship of expanded and control specimens were measured. Huang et al. [248] 
performed a similar study on the effects of limb lengthening on the biorhe
ological features of nerves and blood vessels to understand the mechanism 
involved in callus elongation. 

Del Prete et al. [124] investigated both transient (creep response) and 
dynamic (complex compliance) measures of viscoelasticity of skin of trans
genic and mutant mice. Similarities and differences between the three groups 
studied were established. For instance, the loss of compliance of each group 
differed significantly from the others. 

Koop and Lewis [308] investigated the accuracy of two recently proposed 
methods of fracture testing of viscoelastic tissues such as ligaments and ten
dons. 

10.3. Cardiovascular system, arteries angioplasty 

The literature on biomechanical aspects of cardiovascular system and its 
various elements is copious. By now classical textbooks by Fung [175, 176] 
have become standard and cover both experimental data and elements of ma
thematical modelling. Recently published impressive volume by Humphrey 
[255] covers a comprehensive introduction to continuum mechanics with finite 
elements and systematic presentation of vascular and cardiac biomechanics. 
The book edited by Glass et al. [191] is still a rich source on the mechanics of 
the heart wall, electrical activities of the cardiac cells, wave propagation in 
myocardium, ventricular fibrillation and defibrillation, arrythmia and related 
problems. The books edited by Hayashi and Ishikawa [221], and Yamaguch 
[637] cover various computational aspects of biomechanics, cf. also Maurel 
et al. [374]. For recent development in cardiac biomechanics the reader is 
referred to Lee et al. [339], Stevens et al. [546], Luo et al. [360], Remme 
et al. [480], Weind et al. [616], Choy et al. [82], Waters [605], Conway et 
al. [92], Gaudette et al. [185], Kirn and Stare [303], J0rgensen et al. [290], 
Niederer et al. [420], Marchon et al. [371], Mouret et al. [407], Nash and 
Hunter [416], Usyk et al. [588], Taber and Perucchio [556], Casey and Bao 
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[67), and references therein. Of particular interest is a special issue of the 
Journal of Cardiovascular Research (Dhein and Jongsma, 2004). The articles 
contained in this issue provide evidence for a central role of gap junctions in 
th.e functioning of the cardiovascular system, forming a complex and highly 
dynamic network of cells. We recall that intercellular communication is main
tained by gap junctional channels that connect neighbouring cells and allow 
electrical and metabolic communication, thus forming a functional syncytium 
instead of a simple agglomeration of cells. 

For various aspects of biomechanical investigations of arteries the reader 
is referred to recent investigations by Holzapfel et al. [239, 240), Coulson 
et al. [95), Ponomarev et al. [451), Stephanis et al. [544), O'Rourke [439), 
Spofford and Chilian [539), Williamson et al. [626), Mchedlishvili et al. [377), 
Shabrykina et al. [514), Prosi et al. [460), Schulze-Bauer and Holzapfel [510), 
Weydahl and James [621), Johnston et al. [288), Dixon et al. [137), Monson 
et al. [402), Zulliger et al. [658), Li et al. [348). 

Chordae tendinae are fibrous strings that connect anterior and posterior 
mitral valve leaflets to the papillary muscles on the inner wall of the left 
ventricle. They are stretched and relaxed cyclically during each heartbeat, 
cf. the relevant references in Chen et al. [73). The anatomy of the chor
dae tendinae and their attachment to other structures have been concisely 
described by these authors. The valve and chordae tendinae are composed 
primarily of elastin, collagen and glycosaminglycans (GAGs). Chordae ex
hibit a significantly higher collagen content and lower elastin content than 
the mitral leaflets, cf. the references in Chen et al. [73). The leaflets have 
a higher water content and more GAGs than the chordae. The structure of 
the chordae is layered concentrically, with a collagenous core surrounded by 
an elastin/GAG sheath. The composition of the tissue varies from leaflet to 
chordae. Previous measurements of collagen fibre angles in the mitral valve 
using Small Angle Light Scattering (SALS) have demonstrated that colla
gen fibres in the central region of the anterior leaflet are oriented parallel to 
the annulus, with a gradual transition to an orthogonal orientation of the 
commisures. These previous findings of variations in both composition and 
collagen fibre orientation provide the foundation for assumption by Chen et 
al. [73) that regional mechanical properties reflect the tissue microstructure 
in the leaflet-chordae transition zone (LCT). Chen et al. [73) quantified the 
structure-property relations in the strut LCT using a combination of exper
imental testing, histological analysis and theoretical constitutive modelling. 
Experiments on porcine valve leaflet were performed using a biaxial testing 
apparatus. The basis of mathematical description for valve tissue is trans
verse isotropy, for which the preferred direction is that of the collagen fibres 
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(as usual). The strain energy function is exponential: 

W=C(eQ-1), (10.8) 

where 
(10.9) 

Here h = trC = trFTF, a 2 = ID · FTF · ID with ID being the unit vector 
denoting the mean collagen fibre orientation. The directionality averaged 
formula for the Cauchy stress tensor u is given by formula (8) in Chen et 
al. [73). A fibre orientation probability distribution incorporates the degree 
of fibre alignment: 

!(e) = _1_ (-! (BJ- ~)) 
fie. exp 2 2 ' 

ay£-7f a 
(10.10) 

where B 1 is the local fibre orientation, ~ is the mean fibre orientation, and 
a is the degree of fibre alignment (standard deviation). The results obtained 
showed that collagen fibre angle and degree of alignment play a critical role 
in determining the regional mechanical properties of the mitral valve. 

It seems that in the coming years the nonlinear models of soft tissue 
behaviour, which have been proposed until now will be verified from the 
point of view of fundamental mathematical concepts of solid mechanics. For 
instance, Holzapfel et al. [240) discussed a fully 3D material description of 
healthy arteries in the passive state of the smooth muscles, proposed earlier 
by Holzapfel et al. cf. the relevant references in that paper. Only elastic 
behaviour of arteries was considered, without taking into account residual 
stresses. The strain energy function has a familiar form, cf. Section 5 of our 
paper, 

(10.11) 

As usual Ma =IDa® IDa, where IDa are directional vectors of two families 
of fibres arranged in symmetrical layers. These vectors differ in each layer 
(intima, media, and adventitia). Only one-layer and two-layer materials were 
investigated, and simplified form of the strain energy function was employed 

(10.12) 

where h = trC, 14 = trMfCM~, 16 = trMICM2. Obviously, incompress
ibility condition is incorporated in (10.12). One can easily find the constitu
tive equation forT, the second Piola-Kirchhoff stress tensor as well as for u, 
the Cauchy stress tensor. Holzapfel et al. [240] investigated only the following 
particular form of W: 

(10.13) 
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where J-L and k1 are material parameters with dimension of stress, and k2 is 
a dimensionless material parameter. For physical reasons these parameters 
have to be positive. 

The Fung-type model is described by 

1 w2 = 2c[exp(w)- 1)- p(J- 1), (10.14) 

where c > 0 is a stress-like material parameter and W is a quadratic form of 
strains Eee, Ezz, Enn, Eez, Enz and Ene· 

Essential novelty of the paper by Holzapfel et al. [240] lies in studying 
material stability and strong ellipticity condition, cf. also Lanir [329], Wilber 
and Walton [625]. 

The relevant papers contained in Holzapfel and Ogden [237] present a good 
introduction to modelling angioplasty. 

10.4. Atherosclerosis, stenosis, thrombosis, aneurysms 

Intracranial aneurysms are focal dilatation of the arterial wall that usually 
occur in or near the circle of Willis, the primary network of vessels that 
supplies blood to the brain. In general, these aneurysms occur in one of two 
forms: fusiform lesions, which are elongated dilatations of an artery, and 
saccular lesions, which are local sack-like out-pouchings, cf. Fig. 93 

Middle cerebral ertery 

FIGURE 93. Schema of the cerebral vasculature illustrating circle of Willis and 
surrounding arteries; shown, too, is a typical aneurysm at a bifurcation (where 
the fundus-pole) after Humphrey and Canham [258]. 
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Humphrey and Canham [258) reviewed findings up to year 2000 that 
discount limit instabilities in pressure and resonance under dynamic loading 
as possible mechanisms of enlargement of saccular aneurysms. The latter is 
treated as a nonlinear membrane obeying the following constitutive equation; 
cf. also the book by Humphrey [255) which includes a section on vascular 
disorders 

1 aw 
aa{3 = det F Fa,F{3K aE,K' a., /3, ,, K, = 1, 2, 

where W is a standard exponential hyperelastic potential. For further develop
ment pertaining to saccular aneurysms the reader is referred to Haslach and 
Humphrey [220), Seshaiyer and Humphrey [513), and Shah and Humphrey 
[515). 

Abdominal aortic aneurysms were investigated by Vorp and Wang (a pa
per in Casey and Bao (67]), Wang et al. (608) cf. also the references therein. 

Various aspects of atherosclerosis and atherogenesis were discussed in 
Cobbold et al. (89), Younis et al. (641), cf. also the relevant references therein 
and papers in Casey and Bao (67). 

The role of biomaterials in the treatment of vascular diseases, including 
arterial aneurysms, was examined in Metcalfe et al. [384), cf. also references 
therein. Biomaterial-associated thrombosis was investigated in Gorbet and 
Setton (194). 

For the studies of flows through stenotic arteries (in fact, fluid-solid in
teractions), the reader is referred to Bathe and Kamim (32), Claessens et 
al. (86), Ghalichi et al. (189], Kostin et al. [311], Meier et al. (380), Moayeri 
and Zendehbudi [401), Tang et al. [561, 562). 

10.5. Fluid-structure interactions of flowing blood with arteries, 
stenosis and stents 

Zamir [645) showed significant difference in blood flow in rigid and de
formable arteries. Pulsatile blood flow leads to wave propagation; this pheno
menon can only be described in the case of deformable arteries. The lectures 
by Hill in this volume treat the problem of deformability in a simplified man
ner, without taking into account complex structure of arteries, cf. also the 
review paper by Heil and Jensen [223) and the paper by Heil (222). 

In our future, comprehensive paper [571] we shall synthesize various as
pects of flowing (pulsating) blood with nonlinearly deforming arteries. To cite 
but a few papers the reader is referred to Bathe and Kamm (32), De Hart et 
al. [121), Gleason et al. (192), Damiano (111), Lakin et al. (325), Lemmon and 
Yoganathan (343), Tang et al. (561), Weston and Tarball [620). Mathematical 
aspects of fluid-structure interaction were studied by Beirao da Veiga [34) 
and Grandmont [197) . 
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For recent results on interaction between stents and vascular walls (includ
ing bioprosthetic heart valves) the reader is referred to Akutsu and Masuda 
[7], Etave et al. [159], Migliavacca et al. [389, 390], Prendergast et al. [457], 
Sun et al. [552], Zhu et al. [652], see also the references therein. 

10.6. Ligaments and tendons 

Comprehensive article by Woo et al. [630] synthesizes basic results on 
structure and biomechanical properties of ligaments and tendons, including 
influence of biological factors (aging, immobilization, etc.), nonlinear vis
coelastic properties and modelling, and healing. In these Notes, at many in
stances we have already discussed various aspects of ligaments and tendons 
and their properties. For recent developments, covering experimental inves
tigations and mathematical modelling the reader is referred to Abramovitch 
and Woo [2], Funk et al. [177], Lavagnino et al. [332], Lin et al. [352], Kuhl and 
Steinmann [315], Gupte et al. [211], Maganaris and Paul [363], Derwin and 
Soslowsky [131], Lakes and Vanderby [324], Maurel et al. [374), Thomopoulos 
et al. [580], Silver et al. [522], Pini et al. [448], Yamamoto et al. [639), Lynch 
et al. [361], Komatsu et al. [306], Schechtman and Bader [506], Robinson et 
al. [487), Moore et al. [404], Yin and Elliott [643], and references therein. 

10. 7. Soft tissues remodelling, growth and residual stresses 

As we have already mentioned various aspects of growth and remodelling 
as well as residual stresses and strains are discussed in the volume containing 
a set of lectures (Telega ed., [570]). Here we only refer the reader to the book 
edited by Singal et al. [526) on biological and clinical aspects of heart fail
ure and therapy, remodelling and heart failure, and the papers by Driessen et 
al. [146], Rachev [467), Humphrey and Rajgopal [259], Lappa [330], Schellings 
et al. [509], Kasikcioglu et al. [296], Matsumoto et al. [373], Wakisaka et 
al. [602], Khan et al. [301], Garikipati et al. [184], Rachev et al. [470], Rachev 
and Greenwald [468], Fridez et al. [171], Wentzel et al. [619], Gleason et 
al. [192], Humphrey [253], Yamamoto et al. [638, 639], Lu and Gregersen 
[359], Summerour et al. [550], Omens et al. [437], Taber and Chabert [555], 
Gregersen et al. [200], Dou et al. [141], Zamir and Taber (646], Zulliger et 
al. [657], and the relevant references therein. We observe that though the pa
pers by Gregersen et al. [200] and Lu and Gregersen (359] dealt with residual 
stresses in oesophagus, yet Vanags et al. [590] completely ignored this aspect 
in their study of biomechanical properties and structure of the wall of the 
oesophagus in cases of both norm and pathology. 
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10.8. Cartilage and meniscus 

In Section 6.3 we have provided some comments on investigations of car
tilage treated as a multiphase medium. In reality, the body of publications 
on biology and biomechanics of cartilage and meniscus, including cellular 
aspects, is enormous. The reader interested in acquiring deeper insight into 
those various aspects of cartilage and meniscus structure and behaviour is 
referred to comprehensive and excellent review papers (Guilak et al. [208], 
Mow and Ratcliffe, [410]) and to Ateshian et al. [19], LeRoux and Setton 
[344], DiSilvestro and Suh [136], Federico et al. [162], Ehrlich et al. [154], 
Fortin et al. [169], Gu and Justiz [205], Garcia et al. [182], Garon et al. [183], 
Heiner and Martin [224], Han et al. [214], Korhonen et al. [310], Li and Her
zog [346], Nalim et al. [415], Nieminen et al. [421], Quinn et al. [465], Toyras 
et al. [584), Wang et al. [606), and the references therein. 

The articular disc of the temporomandibular joint (TMJ) provides a mech
anism by which frictional forces are reduced during the initial mandibular 
movement. Understanding the biomechanical nature of the degeneration of 
the TMJ requires a coupling between experimental measurements and nu
merical simulation. Donzelli et al. [143] measured geometry using MRI while 
motion was obtained from a specially designed optoelectronic system. Those 
data were fed into a 3D biphasic finite element analysis to generate the spatial 
and temporal response of the disc. 

10.9. Intervertebral disc, TMJ disc, annulus fibrosus 

The book by Adams et al. [4], with over 800 bibliographical items, con
stitutes a good introduction to the structure and properties of these tissues. 
Let us proceed to a brief presentation of recent results. 

Ferguson et al. [163] developed computer models to calculate the fluid 
flow patterns within the intervertebral disc resulting from the average diur
nal spinal loading and to determine the relative contribution of diffusion and 
convection to solute transport in the intervertebral disc. Moreover, the influ
ence of obstruction of the endplate or annulus flow paths on the timing and 
fluid exchange were evaluated. Walsh and Lotz [604] tested experimentally 
the hypothesis that dynamical mechanical forces are important regulators in 
vivo of disc cellularity and matrix synthesis. 

Elliott and Setton [157] determined the tensile moduli and Poisson's ra
tios of human annulus fibrosus (AF) along circumferential, axial and radial 
orientation. Test samples were prepared from 10 fresh-frozen intervertebral 
discs from the lumbar spine levels L1-L2 and L2-L3 from 7 human tissue 
donors. The average tissue donor age was 53 years old (range 27-72 years). 
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Anisotropy was evident at both outer and inner sites in the AF. For specific 
values, the reader is referred to the results obtained by Elliott and Setton 
[157]. 

In situ intercellular strains in the outer annulus fibrosus under an applied 
biaxial tissue strain were measured by Bruehlmann et al. [59]. Specimens were 
obtained from eighteen upper (CC1-CC2) bovine caudal discs from 12 to 24 
month old steers. The specimen was placed in a custom-built load apparatus 
mounted on the stage of an inverted laser scanning confocal microscope, see 
Bruehlmann et al. [59] for details. The in situ mechanical environment of 
the AF was shown to be complex and nonuniform. Intercellular Lagrangian 
strains did not correspond with the Lagrangian strains applied to the tissue 
and varied substantially in both magnitude and directions. 

Elliott and Setton [156] modelled the AF as a continuum containing two 
families of fibres assumed to be of equal density and uniform distribution with 
and isotropic matrix. Only linear behaviour was considered; consequently use
fulness of the model is very limited since the response of the AF is nonlinear. 

A nonlinear model for human AF was developed by Klisch and Lotz [305]. 
These authors introduced a special theory of an intrinsically incompressible 
mixture of an elastic solid and an inviscid fluid and quantified the mechanical 
properties of the AF using experimental data from a confined compression 
protocol. Thirty two specimens of the AF were harvested from the middle
lateral portion of intact intervertebral disc from the L23, L34, L45 motion 
segments of seven intact human spines. Though the authors considered only 
isotropic free energy for the solid part of the mixture, yet, as we know, it is 
not difficult to include anisotropy of the AF, cf. Section 9.5. 

Intradiscal electrothermal therapy has been recently introduced as a min
imally invasive, nonoperative, therapy, in which a temperature elevation is 
applied in order to treat discogenic low-back pain. This procedure is thought 
to produce temperatures sufficient to shrink annular collagen and ablate an
nular nociceptors, cf. the relevant references in Bass et al. [30]. The aim of 
the experimental investigations performed by Basset al. [30] was to examine 
the acute biomechanical effects of heat on annulus fibrosus of porcine lumbar 
spines. 

10.10. Very soft tissues (abdomen, brain, kidney, liver, nerves) 

This particular class of soft tissues was mostly studied from the point of 
view of trauma caused by impact loading (traffic accidents, sport accidents or 
falls) cf. Farshad et al. [161], Melvin et al. [381), Brands [54), Viano et al. [598], 
Waxweiler et al. [610], Schmidlin et al. [507], Bschleipfer et al. [62], Lau 
and Viaro [331), Rouhana (491], Rouhana et al. [492], Snedeker et al. (531]. 
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We observe that the experimental results on brain, kidney and liver deal 
mainly with compression, indentation, impact and torsional tests, cf. Miller 
[392, 393] and the relevant references therein. The last author [392] performed 
a theoretical analysis of uniaxial tension of brain sample, employing isotropic 
constitutive models used for the description of rubber. In our opinion such an 
assumption is not very convincing, cf. our previous discussions on soft tissues. 
Typically, in experiments on brain tissue cylindrical samples of diameter 
"'30mm and height rv10mm are used, cf. Miller [392]. 

We proceed now to a concise description of modelling of brain and kidney 
tissues. 

According to Peters et al. [446] injuries of the human head can be divided 
in two groups. First, the head and brain can be injured by impacts, deforming 
the skull and also the brain. The second group are injuries caused by fast 
and large rotations or translations of the human head. These movements 
are regarded as responsible for injuries like diffuse axonal injury and acute 
subdural hematoma. 

Peters et al. [446] investigated cylindrical samples with a height of 1-2 mm 
and a diameter of 10-12 mm. The samples were prepared from white brain 
matter of a six month old calf and placed between the flat parallel disks in 
the rheometer; the upper plate, on which the torque was measured, was kept 
stationary while the lower one was forced to rotate. The temperature was kept 
constant and a moist chamber was used to prevent dehydration of the sample. 
Oscillatory dynamic experiments were performed with frequencies between 
0.16-16 Hz. The maximum frequency was limited by inertial effects of the 
RFS II (Rheometric Fluids Spectrometer II). The relaxation experiments 
were done with strain steps of 50% (maximum strain at the outer radius 
of the plate), and lasted for about 300 s while the sampling rate for these 
experiments was 1 Hz. We observe that the typical duration of the loads in 
traffic accidents is 1-50 ms. Roughly, this range corresponds to a frequency 
range in dynamic measurements of 20-1000 Hz. 

The aim of investigations was threefold. First, the assumption that brain 
tissue shows linear viscoelastic material behaviour for sufficiently small strains 
was investigated. Secondly, the reproducibility of the measurements was dis
cussed, and finally, the results from oscillatory and relaxation experiments 
were presented. An example of results achieved is presented in Fig. 94 

For dynamic measurements a sinusoidal strain ')'(t) was imposed on the 
sample: ')'(t) = ')'o coswt. 

Bilston et al. [42] performed shear relaxation tests and strain sweep ex
periments on fresh bovine brains. Brain was sliced into a 30 mm diameter 
disk, 1.5 mm thick, using a custom jig. The results indicate that the brain 
exhibits nonlinear viscoelastic behaviour from very low strains (0.1 %). Bil-
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FIGURE 94. Dynamic modulus (a) and loss angle (b) as a function of the strain 
1o = 0.2- 2% (angular frequency is 16.0 Hz, after Peters et al. (1997). 
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ston et al. [42] also discussed earlier investigation on cadaveric brain tissue, 
and human and monkey brain tissues. 

Mendes et al. [382] carried out a finite element analysis of cylindrical 
brain tissue sample under transient dynamic conditions. It was assumed that 
the brain tissue material is isotropic, what is not quite true, cf. Prange et 
al. [456, 455]. These authors underline that a confined specimen test protocol 
would reveal the volumetric stress-strain response which would completely 
overshadow shear deformation effects due to approximately 105 ratio of bulk 
to shear moduli of brain tissue. Consequently, the authors employed the 
Mooney-Rivlin strain energy density function for the description of incom
pressible hyperelastic behaviour, being a specific isotropic case of Eq. (5.100). 
A simple form is that proposed in 1940 by Mooney: 

W = A10(h- 3) + A01(I2- 3), (10.15) 

where It= >..i + )..~ + >..5, !2 = >..i>..~ + >..~>..5 + >..5>..i. 
To include energy dissipated by viscous means, it is assumed that the 

coefficients Aij in the Mooney-Rivlin stored energy function depend on time 
(Prony series): 

Aij(t) = [Aij' + t ( Af;- Aij) e-tfr•] H(t). 
k=l 

Here Aij is the steady-state value of the coefficient (determined from the 
quasi-static test) and H(t) is the Heaviside step function. Then a simple 
strain energy function, corresponding to Mooney function (10.15), due to 
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time varying strain invariants is expressed in terms of a convolution integral: 

t 

W(t) = j [Aw(t- s) :. h(s) + A01(t- s)! I2(s)] ds. 
0 

Similar constitutive modelling was also used by Miller and Chinzei [394]. 
These authors carried out unconfined compression experiments of porcine 
brain tissue and compared experimental results with the experimental data, 
cf. also Miller [393]. An alternative hyperelastic-linear viscoelastic model was 
employed by Miller [391]. The author claims that his model requires fewer 
material coefficients than the model used in Miller and Chinzei [394]. How
ever, there are no convincing results that simpler models are more advanta
geous. On the contrary, as we know from the papers by J emiolo and Tel ega 
[279, 278] apparently simpler nonlinear models can lead to physically unac
ceptable results, cf. Section 5 of our paper. 

Kyriacou et al. [319) discussed the following issues pertaining to quasi
static behaviour of brain tissues: poroelastic vs. viscoelastic and compressible 
vs. incompressible material behaviour, a fluid vs. solid approach, differenti
ating between gray and white matter properties, the effect of tissue weight, 
fluid filled cavities (ventricles, subarachnoid space) and falx/tentorium. Also 
different constitutive models are compared under various simple 1D simula
tions. 

Miga et al. [388] claim that at loading rates consistent with brain surgery, 
purely viscoelastic description can be limited, given the hydrated nature of 
the brain and inherent coupling between deformation and hydrodynamic be
haviour cf. the relevant references in that paper. These authors had developed 
an in vivo experimental porcine protocol that was intended to be represen
tative of clinical conditions during surgery. The constitutive model used is 
an adaptation of (linear) Biot 's description of consolidation theory (a solid 
isotropic, linear elastic matrix and an interstitial fluid). The fluid flow is 
governed by the Darcy filtration law. 

Surgery for craniosynostis aims to decompress the brain, and to remodel 
the deformed skull into a normal shape. Vander Sloten et al. [529] introduced 
a simulation system developed in a computer aided design environment where 
a 3D mathematical model of the skull is entered. 

Taylor and Miller [566] performed a finite element study of the biome
chanics of hydrocephalus, with special emphasis on a reassesment of the 
parenchyma elastic modulus. Unfortunately, the constitutive modelling is 
not quite lucid. 

Brands et al. [53], to model the nearly incompressible brain tissue, de
compose the Cauchy stress tensor as the sum of a volumetric part, uv, which 
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depends on the volumetric changes only (an acceptable limitation), and a de
viatoric part ud, which depends on change of shape only: 

Here 

O'v = K( [ii- 1)1, 

where K denotes the bulk modulus. If denotes the third invariant of the 
elastic tensor Be = Fe(Fe)T, and the deformation gradient tensor F is split 
multiplicatively as follows F = FeFp. Obviously FP denotes an inelastic part. 

The deviatoric part of the stress is modelled as a nonlinear and viscoelas
tic. It is decomposed in a number of viscoelastic modes, uf: 

N 

ud = L uf. 
i=l 

The model is written in a differential formulation as opposed to the quasi
linear viscoelastic formulations in explicit FE packages. For details of the 
constitutive modelling and numerical implementation the reader is referred 
to the thesis by Brands [54]. Other related issues on brain investigations and 
modelling are discussed in Zhang et al. [648], Donnely and Medige [144], 
Guillame et al. [210], Bilston et al. [43], Pamidi and Advani (442], Walsh 
and Settini [603], Darvish and Crandall [114], Galbraith et al. (179], Sahay 
et al. (498], Kumaresan et al. [317]. 

Meaney (379] developed a structurally based material models of the optic 
nerve. The models relate tissue strain to the deformation and stress of sub
cellular elements that occur during simple elongation of the optic nerve; see 
also Ommaya [438], Gennarelli et al. (188] . 

A series of three papers (Farshad et al., (161); Snedeker et al., (532, 533]), 
is concerned with experimental investigations and simple constitutive mod
elling (much similar to that used for brain tissue) of kidney, cf. also Her
bert et al. (230]. It seems that these are the first studies related to kidney 
deformability modelled by using isotropic models. Experimental results re
vealed that mechanical behaviour of the kidney tissue is anisotropic. It seems 
that anisotropy can be incorporated into the models of very soft tissues avail
able in the literature. For instance, one can use models of type (5.100) and 
generalizations including viscous effects (by applying time convolution). 

Finite element model of the human abdomen was developed by Lee and 
Yang (340]. 
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10.11. Tumours 

According to Araujo and McElwain (13], cancer is now poised to over
take heart disease as the major cause. of premature death in the Western 
World. In our opinion, not only in that part of the world. Obviously, the 
study of tumour growth, and the development of anti-cancer therapies are of 
primal importance. One of such therapies, hyperthermia, has been discussed 
in the previous section. An excellent review paper by Araujo and McEl
wain (13] pursues the important mathematical contributions to the study 
of solid tumour growth with historical comments. The paper includes also 
seminal experimental publications (see also Thoumine and Ott, (581]; Thapa 
et al. [579]; Ambrosi and Mollica, (12]; Ambrosi and Preziosi, (10]; Basse et 
al. (31]; Cristini et al. (109]; Villasana and Radunskaga, (600]) and some sig
nificant papers which employ stochastic approaches. The paper covers the 
following topics: earliest mathematical contributions to the study of solid 
tumours, beginning with Hill's study of diffusion in tissues (Hill, 1928), and 
leading to Burton's often-cited paper on tumour growth dynamics as a diffu
sion problem (Burton, 1966); some early theoretical approaches to the study 
of avascular tumours and multicell spheroids in the wake of Folkman's im
portant discoveries relating to angiogenesis and prevascular stage of tumour 
development (see also Ambrosi and Mollica, (12]); seminal contributions to 
this theoretical study of tumour invasion and metastasis in the 1970s; the 
development of mathematical approaches in the 1980s; an overview of ma
thematical papers on solid tumour growth published in the 1990's, including 
those relating to cell migration in multicell spheroids and tumour rods, mul
tiphase models, mechanical models and models of residual stress formation, 
models of invasion and metastasis and models of avascular and vascular tu
mour growth, cf. also Whyne et al. (624] and the releveant references therein. 

Diaz and Tello (134] studied the controllability of the growth of the tu
mours by the internal localized action of inhibitors in a simplified mathe
matical model. The tumour, formed by live cells is assumed to have the 
density proportional to the concentrations of a nutrient a(Xi, t), i = 1, 2, 3, 
mainly oxygen and glucose. These authors studied the behaviour after an
giogenesis, the formation of capillary sprouts from blood vessels, in response 
to externally applied chemical stimuli. Once the angiogenesis occurs, the tu
mour receives nutrients from the vessels. To simplify the analysis Diaz and 
Tello (134] assumed that the tumour is a radially symmetric ball of JR3 of 
radius R(t), which is unknown. Hence the problem belongs to a class of free 
boundary problems. Denoting by CJB the constant nutrient concentration in 
the vasculature, f1 the rate, per unit length, of nutrient transferred to the 
tissue, a satisfies the equation, cf. also Diaz and Tallo (133] 
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aa- d A A A ( A ) A {3A 0 &t - 1ua- r1 aB- a + a1a +a = , lXI < R(t), t E (0, T). 

Here, d1 is the diffusion coefficient of the nutrient concentration, and aa, a/3 
represent the consumption rate of nutrient and inhibition respectively. 

The density of the inhibitor /J(X, t) is assumed to satisfy a similar reaction
diffusion equation: 

with d2 the diffusion coefficient, f3B the critical value of the inhibitor concen
tration for vasculature, f2 the rate, per unit length, of inhibitor transferred to 
the tissue, and a2{3 is the inhibitor consumption rate. The permanent supply 
of inhibitors is assumed to be localized on a small domain wo with a rate 
given by f (the control function of the problem). 

According to the mass conservation principle, assuming the cell mass den
sity constant, the tumour mass is proportional to the volume 47r R( t )3 /3. The 
balance between birth and death of cells is determined by the concentration 
of nutrient and inhibitor. Denoting the above balance by Z, after normalizing 
we obtain the law: 

~ G7rR3(t)) = J Z(it(X, t), {l(X, t))dX, X E JR3
. 

{IXI<R(t)} 

The main result due to to Diaz and Tello concerns the approximate con
trollability of the internal distribution of density of cells, that is proportional 
to the concentration of nutrients, injecting the inhibitor in wo. More pre
cisely, the inhibitor allows to approximately control (in the usual weak or 
variational, sense typical for parabolic problems) the tumour density. Ap
proximate, and not exact controllability is typical for parabolic equations, cf. 
Telega and Zuazua [578]. In the last book the reader will find a good introduc
tion to various mathematical aspects of controllability, including historical 
comments, deterministic and stochastic controllability of finite dimensional 
systems as well as parameter distributed systems. Many applications to con
trol of solid bodies and structures like beams, membranes, plates and shells 
are also provided. 

10.12. Biomaterial-tissue interactions 

The biocompatibility of biomaterial is an important issue in interaction 
with bones (e.g. orthopaedics) and soft tissue (e.g. grafts). Available results 
are mostly restricted to experimental data, cf. Silver and Christiansen [521]. 
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In our opinion the issue is worth of mathematical modelling. Of particular 
interest is the interface tissue-biomaterial. 

Let us provide a recent example of a new thin film material, tetrahedral 
amorphous carbon ( ta-C), that combines some of the more desirable prop
erties of carbon and diamond films. This material has strength, hardness, 
and modulus close to that of crystalline diamond, yet can be produced as 
a smooth and stress free (or controlled stress) film that can be micro machined 
to produce microelectromechanical systems (MEMS) and large unsupported 
membranes. For earlier experimental findings on tissue (including cells)-thin 
film interactions the reader is referred to the relevant papers in La Van [334]. 
We also observe that in the literature on mathematical modelling of hetero
geneous materials, one finds many contributions concerned with thin films, 
cf. the paper by Bhattacharya in Ponte Castaneda et al. [453]. 

La Van et al. [334] focused on the in vivo tissue response of ta-C. The ta-C 
films were produced by pulsed laser deposition to be rich in either 3- or 4-
fold content. The bonding character was analysed using Raman spectroscopy. 
Tissue reaction to the materials over a period of 6 months was assessed 
following subcutaneous implantation of ta-C coated silicon die. Moreover, 
the authors studied the reaction to ta-C particles injected near the sciatic 
nerve. These particles were used as a simple analogue to small free floating 
ta-C devices that might be used in vivo, and as a well-characterized system to 
study tissue reaction to possible J-tm scale debris from a ta-C-coated device. 
The vicinity of the sciatic nerve was selected because it contains a variety 
of tissues (nerve, blood vessel, muscle, loose connective tissue), and the local 
reaction to injected microparticles in this area has been well characterized, 
cf. the relevant references in La Van et al. [334]. 

10.13. Properties of cadaveric tissues 

Van Ee et al. [153] characterized the time-dependent properties of skele
tal muscle through the perimortem and postmortem periods using an ani
mal model (twelve New Zealand white rabbits). The immediate postmortem 
properties were not significantly different from the live passive properties (for 
instance, the stress-strain response of muscle and tendon). In contrast to the 
immediate postmortem response, the mechanical properties of the muscle 
varied significantly over the postmortem period. For results on postmortem 
properties of bone, ligament, tendon, skin, articular cartilage, and spinal seg
ments the reader is referred to the relevant references in Van Ee et al. [153]. 
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10.14. Tissue engineering 

The field of tissue engineering has developed to meet the tremendous 
needs for organs and tissues. In the most general sense, tissue engineering 
seeks to fabricate living replacement parts of the body. The special issue of 
the well-known journal "Biomaterials" (Jansen, [271]) presents an overview 
of animal models currently available for tissue engineering research. The in
cluded papers cover models that can be used to test tissue engineered con
structs designed, to replace the most relevant tissue structures and organs. 
One paper included discusses the ethical implications of animal research for 
tissue engineered applications. 

The paper by Drury and Mooney [149) reviews the use of hydrogels as 
scaffolds for tissue engineering. Adequate scaffold design and material selec
tion for each specific application depend on several variables, including phys
ical properties (e.g. mechanical, degradation, gel formation), mass transport 
properties (e.g. diffusion), and biological properties (e.g. cell adhesion and 
signalling). All these properties were briefly discussed. 

Motlagh et al. [411] critically assessed the shortcomings of conventional 
cardiac systems and proposed a new cell culture system that provides a three
dimensional environment enabling the maintenance of the in vivo cardiac my
ocyte phenotype. Myocytes were plated on nontextured, micropegged (5 J-Lm 
high), microgrooved (parallel groves with a depth of 5 J-Lm) or combination 
(micropegged and grooved) substrata. 

In contrast to research on blood vessels and heart valves, research on 
cardiac muscle tissue engineering has been delayed because of the difficulty 
of establishing myocardial cell sources, cf. Ramamurthi and Vesely [474] and 
Ogle and Mooradian [433]. However, recent progress in stem biology has 
shown the possibility of implantable human myocardial cell sources and has 
accelerated myocardial tissue engineering, cf. Shimizu et al. [517] and the 
relevant references therein. At present, researchers attempt to repair not 
all of the myocardial tissue, but part of it. Shimizu et al. [517] presented 
the progress achieved in myocardial tissue engineering and discussed future 
perspectives. Figure 95 presents tissue engineering methodologies, used also 
for the construction of 3D myocardial tissue. 

Mahoney et al. [366] produced microchannels using litographic technique 
to pattern polyimide walls (11 J-Lm in height and 20-60 J-Lm in width) onto 
a planar glass substrate. These authors characterized the properties of neurite 
growth in such channels. 
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FIGURE 95. Tissue engineering methodologies. A. Isolated cells are poured onto 
prefabricated, highly porous scaffolds. The scaffolds are biodegraded, and extra
cellular matrix (ECM) occupies the space within the cells, leading to 3-D tissues. 
B. A mixture of isolated cells and biodegradable molecules is poured into an 
appropriate mold, and then the molecules are polymerized. The construct is re
generated into tissues. C. Intact cell sheets released from temperature-responsive 
culture surfaces are layered. Cell sheets adhere to each other via biological ECM, 
resulting in 3-D tissues containing no biodegradable scaffolds, after Shimizu et 
al. [517]. 
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