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Direct and variational methods in forming theories of plates

G. JEMIELITA (WARSZAWA)

IN THE PRESENT paper general kinematic assumptions used in theories of plates are adopted and,
basing on them, rule for finding the energy-consistent Eovemm g equations is given by means of a
direct method, hence circumventing the need of using the variational calculus.

1. Introduction

IN THE THEORIES of rods, plates and shells the original three-dimensional problems of
deformable body mechanics are reduced to the one- or two-dimensional problems which
are easier to handle. Therefore, all fields describing the response of slender or thin
bodies should vary with respect to two or one direction in an @ priori known manner.
For instance, in the theory of plates all quantities should explicitly depend on the z
coordinate characterizing the distance of a point from the reference plane. One can
introduce this relation in various manners and that is why we face now a variety of plate
theories developed in the past and being still refined. Various kinematic and static (stress)
assumptions have been adopted. To arrive at the governing equations two approaches are
at our disposal:

¢ a direct approach, called here the effective causes method;
e a variational approach (final causes method).

The following beautiful words written by Euler in 1744 refer to both the approaches,
cf. [1, p. 31]:

“Since the fabric of the universe is most perfect, and is the work of a most wise Creator,
nothing whatsoever takes place in the universe in which some relation of maximum and
minimum does not appear. Wherefore there is absolutely no doubt that every effect in
the universe can be explained as satisfactorily from final causes, by the aid of the method
of maxima and minima, as it can from the effective causes themselves . .. Therefore, two
methods of studying effects in Nature lie open to us, one by means of effective causes,
which is commonly called the direct method, the other by means of final causes ... One
ought to make a special effort to see that both ways of approach to the solution of the
problem be laid open; for this not only is one solution greatly strengthened by the other,
but, more than that, from the agreement between the two solutions we secure the very
highest satisfaction.”

In the direct method the governing equations of the theory are obtained by using the
local equations of the theory of elasticity. Some of these equations are satisfied pointwise
and other are averaged. As usual we average the equilibrium equations by integrating
over the thickness with the z" weighting functions. The weighted functions can be suitably
chosen for particular equations. Hence the problem of choice of weight functions arises.
This choice would be optimal if for a given kinematic hypothesis both methods would
lead to the identical governing equations.
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The plan of the present paper is the following. We assume a certain general kinematic
hypothesis suitable for plates. Then we put forward a method of construction of weighted
functions and define a sequence of differential operations which make the governing
equations obtained by the direct method coincide with those found by the variational
method.

The domain occupied by the plate will be parametrized by a right-handed normal
coordinate system {z®,2* = z}. This system is defined by one family of planes parallel
to a reference plane and by two families of cylindrical surfaces orthogonal to these planes.
The 23 coordinate will be denoted by 2. Partial differentiation with respect to z* variables
will be denoted briefly by a comma. In initial configuration the reference plane of the
plate will by denoted by A.

{2 represent the domain occupied by the plate in this original configuration. It can be
represented by a Cartesian product

2 = A x (—ha(z®), hi(z)),

where z = hy(z®) parametrizes the lower face of the plate and z = —h;(z®) determines
its upper face. The boundary surface df2 can be defined as follows

+ =
02 = AUAUA,, A;=8x(=hy,h).

+ —_—
Here A, A stand for the upper and lower faces of the plate, A, being its lateral cylin-
drical surface. S denotes the boundary line of the reference plane. This boundary line
is determined by the intersection of the A, surface and the reference plane. The loads

of densities Ea, 63, P a» P 3 per unit of the reference surfaces acting on the lower face
(sign +) and on the upper face (sign —) are assumed to be conservative.

The summation convention over repeated Greek indices running over 1, 2 will be
adopted.

2. Variational approach

The virtual work equation of the elasticity theory can be written in the form

@1) [ [tP%6uap + 16(ta s + us,6) + (P6us 5JdV
7}
= [[X%8uq + X36us)dV + [ [p6uq + p*Sus]dA.
Q 80
Here t*f,t3* 13} are components of stresses; u,,u3 represent displacements; X, X3
are components of the body force vector and p,, p3 are components of the loads applied

to the boundary surface of the body.
Let us represent the components of the displacement vector in the form

M P
22) wa(@,2) = — > mp(2)Mp(wi(27),0) — O Fe(2)Fr(Oak(z™))

k=1 k=1

N
+ Z nk(Z)mk(qsak(z—y))’

k=1
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(2.3)  uz(2",:z

k=1

A P
=Y 5k(2)Gk(wi(x") + 3 pr() P87 (2).0)

k=1

R
+ 3 () Re(vr (")),

k=1

where my(z), ng(2), fr(2), pr(2), sx(2) and r,(z) are known functions of the z variable

and the functions wy, duok,

04k, vi are unknown functions defined on the plane of

reference; M, N, P and R are arbitrary integers.
The differential operators My, Ny, S, Py, 5 and Ry, are defined by

My,

My = Z a; V¥,
i=0
Ry

Ry = Y d; V%,

i=()

(2.4)

N
k=Y bR,

P
P =D eV,
i=

M)

6;,- = Z C;VZi,

1=0

Pk .
Sk = Zfivha

i=0

where My, Ny, Ry and Py are given integers and a;, b;, ¢c;,d;, e; and f; are given coef-
ficients. These operators will be called accompanying operators with proper functions of
the z variable (e.g. operator Mk(..) , accompanies function m(z) and so on).

Let us define the averaged quantities

hy
]E[ﬁa(l'fy) = ftjjamk(z)(lz.,

h;\_

h
I{ﬁa(m‘y) = ftﬁaik(z) dz,
—h,
h
Pcv(‘r’y) = t3n
—hy

dng(z)

“~

(2.5) 5
1‘;’0(3;"’) = ftk(z)ta,g, dz,

_hz

h
Gale) = [ PuleMlasdz,

k
Y = deg(z)
Re = [ 02,
—hy

hy
Npa(a") = [ toame(2)dz,

—h,
h
Qa(a") = ftxadmf( )tz,
k 'y 1z
h >
Fa) = [ 1T g
k dz
—ha
h
To) = [ s(2)tas dz,
k o
h v
S(.Tf‘y) = ft33 dﬁk(~) (lZ,
k - dz

" dp,(2)
S = . LS
[é(l ) ffl‘ dz

—h;

On substituting (2.2), (2.3) into the virtual work equation (2.1), performing z-integration,
making some rearrangements and using the notations (2.5), one arrives at

M
26 X [ 1M g

k=1 A

= Q% +m0) + BT o + qi)]6wr dA
¢ ;
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N R
(2.6) + 3 [ MUNPap— Po+pa)idf dA+ Y [ RV o + gr)bvi dA
[cont] k=1 A * b k k=1 A .
P
=3 [ B ap = Fa+ mo) + PG’ pa + ak.a)166F dA+
k=1 A

JL.1ds+[..]1=0.

S

The following new quantities have been introduced

hy
mi(h1) Do + Mi(—h1) P o + f m(2) X, dz,

my =
k ks
" B h
mo = fuh)bo + i~k Ba+ [ i) Xadz,
—hy
% h
gk = sk(h1) p3 + sk(—h2) ps + fﬁk(z)»Xs dz — -2',
_hz
N _ h
(2.7) Qe = Pr(h1) 3+ pr(—h2) p3 + fpk(z)Xs dz - I,
—h,
+ - .
pE = ne(i) Do+ mi(=ha) P+ [ m(2)Xadz,

—hs

i
g = ti(h) s+ t(—h2) D3+ f‘k(Z)Xs dz — IE,
k 5
+ o+ + + o+ - — e — - -
Pa = PaWw, P3=p3wW, Poa=PaW, P3=P3w,
o 5

=,/1+ h1,oh1,%, 1+ hyoho o

Since we shall not deal with boundary conditions, we shall not specify the integrands
of the boundary integral and the possible jumps [[. . .]] at points of the boundary.

The equation (2.6) should be satisfied for arbitrary variations of displacements within
the plate domain and at its boundary. Due to this arbitrariness all the integrals can be
(separately) equated to zero. In general the variations dwg, @k, 60,k and dv, can
be assumed as independent and arbitraty within the A domain. Hence we obtain the
following local equations of equilibrium

(2.8) Mp(MP* po = Q%0+ mT0) + GR(T* o+ qx) =0, k=1,2,..., M,
k
29 Ful ap— Fotma) + PG’ pa+ Qo) =0, k=12,....P,
(2.10) mu’y"a,ﬁ ~Pa+pa)=0, k=12...,N,
k
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(2.11) Re(V o +gr)=0, k=12 R

If we assume for instance w; = w; = W3 = W, Pa1 = Po2 = Do, V1 = V2 = v then
Eq. (2.6) implies the local equations of the form

9371(1‘1460,% - ?a,a 4 T?G,a) + 61(?0(,0 +q)
+9J't2(]\2/1ﬂ°',/3a - ?O‘,a + 1;1"',(,) + 62(%“"’_0, + q2)
MM o = Q0+ m®.0) + ST 0+ 45) = 0,
sﬁku{_fﬁ’iﬂa - ckg“,a +m )+ k(T 0 +qi) =0, k=45, M,
(@12) MNP = P +p%) + M7 5 = D +p) =0,
mk(llyﬁ“,g - Py Ea) =0, k=3,4,...,N,

ER1(‘1/O{.¢:r +g1) + mz(‘zfa.a +g)=0,
ERk(Ik/“,a+gk)=0, k=3,4,...,R,

§k(H a5~ Fo +ma) + Bu(G’ g+ Qko) =0, k=1,2,...,P.

If we put
dmyp(z
" M = Sk, sk = (Ik~( ),
2.1 it
( dfi(2)

Sk = q3k7 Pr = dz ’
then one can reduce Egs. (2.8), (2.9) to the form
(2.14) zmk(zkfﬁa,ﬁa + Ta"* +q) =0, k=12,...,M,
(2.15) sk(fkiﬁaﬁ of Uk {ﬂ,ﬁa Mo+ Qra) =0 k=12, P

All equations obtained above are energy-consistent.

3. Direct method

The differential equilibrium equations of the body can be written in the form
3.1) P s+ 3% 3+ X* =0,
3.2) P s+t¥ 3+ X3 =0.

Let us multiply Eq. (3.1) by m; and integrate with respect to z in the limits (-5, h;).
We obtain

h h h
(3.3) f m(z)tﬁo’ pdz + fmk(z)t“@, dz + fmk(z)Xa dz = 0.
) —h2 —h;
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The following identities hold

fmk(z)tﬁc” pdz = fmk( )P dz }

—ha -nz
—my(hi)hy 517 (@7, hy) — mi(—ha)ha,5tP% (z7, —hs)
= A‘;fﬁ“‘ﬁ — by pme(h )P, hy) — ho pmp(—h)tP% (2, —hy),

dmk( )([4 + my(h) 3% (27, hy)

(3.4) ka(z)t3°’_3dz =— f s

—hz —h—v
—mi(—ha)t** (27, —h2)
= _?a + m(h)P (27, hy) — me(—ha)t (27, —hy).
The following boundary conditions should be satisfied on the faces z = hy(z%), z =
—hy(xz%) of the plate
6 a = tﬁﬂ’(xﬁ, hl) ﬁ el + 330,(.73", hl) ;_135
3.5 l_)a = tﬂa(lﬁm_hﬂﬁﬁ + t3cv(3:‘yv —hz)ﬁ.’n
(5 Y s i it 4
pi =1l h)ng + tss(a”, hy) n s,
p3y =15, ~h))np+1n(2", —hy) na,

+ + = =
where n 4,73, n o, n 3 represent components of vectors outwardly normal to the lower
and upper plate faces. These components are given by the formulae

£ hl,ot + 1
Ng = T 9 ni= T
w w
(3.6) } |
- _ Ma =
Ng = ——, ni3= —
w w

Using notation (2.5), (2.7) and considering (3.4)-(3.6) one can rearrange Eq. (3.3) to
the form

(3.7 MPs—Qa+ma=0, k=12,..., M.
k h k k

Performing now the differential operation 91 (...) o for the subsequent values of k we
obtain (do not sum over k)

(3.8) MM 5, — Q% o+ M ) =0, Ek=1,2,...,M,
k Vﬁ k 2 k A

Now, let us multiply both sides of Eq. (3.2) by si, perform integration through the
thickness and then perform the differential operation G;. After making rearrangements
similar to those that had lead us to Eq. (3.3), we find the equation

(3.9) Sk(T%a+ ) =0, k=12.... M.
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Adding Eqgs. (3.8) and (3.9) we obtain Eq. (2.8).
Let us average Eq. (3.1) with a weighting function f,(z) and then perform the differ-
ential operation ¥ . We arrive at

(3.10) S(Ii’ﬁaﬁ—fu-l»r’]c]a):& k=1,2,...,P

Let us average now Eq. (3.2) with a weighting function p,.(z) and then perform the
differential operation P.(...) o. We find

(3.11) qsk(cg"ﬁa +Qka)=0, k=12,... P

Upon adding equations (3.10), (3.11) we obtain Eq. (2.9).

Similarly, let us multiply Eq. (3.1) by nx(z) and perform the integration in f_’f;zz (..)dz,
and then perform the differential operation M. After appropriate rearrangements the
equation (2.10) is found.

Let us multiply Eq. (3.2) by vx(z), integrate over the thickness and perform the oper-
ation Ry. We arrive then at (2.11).

Therefore one can readily see that correct, energy-consistent, two-dimensional equilib-
rium equations can be obtained by the direct method if we perform a series of operations
as follows:

1. The differential equilibrium equations (3.1) are multiplied by the known functions
(mx(2), fx(2), ne(2)) of z variable and integrated across the plate thickness, respectively.
As a result, for given a (a = 1,2) the three groups of differential equations of the two
variables ® are obtained.

2. The differential equilibrium equation (3.2) is multiplied by the known functions
(p(2), 8x(2), vk (2)) of z variable and integrated along the plate thickness, respectively.
As a result, the next three groups of differential equations of the two variables 2 are
obtained.

3. The differential equations obtained in the step 1 are subjected to the differen-
tiation operations by means of the accompanying operators 9M;.(..) o, §k, Nk, respect-
ively.

4. The differential equations obtained in the step 2 are subjected to the differen-
tiation operations by means of the accompanying operators &y, P, (..) o, Ry, respect-
ively.

S. Since the unknown function w(z®) simultaneously described the displacements %,
and u3, hence we sum up the equations obtained as a result of the operations M(..) o
and &y, respectively.

6. Since the unknown function 6, (2?) simultaneously described the displacements
1, and u3, hence we sum up the equations obtained as a result of the operations § and
PB.(..),a respectively.

7. 1If the unknown functions of the 22 variables (e.g. w,w;) are the same (i.e.
w, = w; = w) but the differential operatprs or the known functions of 2z variable
(accompanying them) are different, then we sum up the appropriate differential equations
obtained in the way given above.

Thus we conclude that the method described above, which augments the direct method,
makes it possible to derive the correct differential equations coinciding with those derived
via the variational calculus.
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4. Examples

The method of deriving energy-consistent equations of equilibrium will be illustrated
by some examples.

In many energy-inconsistent plate theories the equations of equilibrium are usually
derived by averaging the Eqs. (3.1) with the weights (1, 2) and averaging Eq. (3.2) with
the weight (1). Then we obtain the following five differential equations

(4.1) NP g+ p* =0, MP*3-Q*+m*>=0, VI+q=0,
where
h h h
Npa(z7) = ftﬁa dz, Mpa(z") = fztﬁa dz, Qa(z")= fth dz,
—hs —hy —ha

h h
(42) Vol = [tasdi=Qu@™, Pa=patpat | Xadz,
=hs i

h h
My = hl;Sc, —hypa+ sza(lz, q= 133 +p3+ fX;(lz.
—h2 —-.’12
These equations are compatible with the Hencky-Bolle hypothesis [2-4]
Ua(27,2) = Ua(27) - 2¢q,
(4.3) .
u3($'v,z) = w(:z:'*),
which can be found from (2.2) by assuming
nm=1 m=-z M=M;=1 KR,
o1 = Ha(.’l}ﬁ), ba2 = Pay U =W,

(4.4) 112(1"7) = 09 Ilvﬂo'(lrﬂr) = N‘@a(.’l:)y), ]2\7,@0,(1'7)

1, T =1,

_M,@av g1 =9,
I:a(z”r) =0, ‘I/a =V, = —I;O,(IE‘Y) = Qas Ilja = P lz’a = —Mg.

In the case of Navier-Kirchhoff hypothesis
Uo(27,2) = ua(27) = 2w(27),q,
(4.5) o
u3(z”, 2) = w(z"),
one should put
m =z, m1=1, nl':lv ml=lv 51=15
Gi=1 v=0, ¢u= %a(-";ﬁ)a w = w, Mﬁa(aﬂ) = %Iﬁa("'ﬂ)a

Npa(z?) = Npa(2?),  Qal@”) = Ta(z"),
}‘30(.’1:7) =0, f("rq) = 0.

(4.6)

In this case, according to the rules indicated in Sec. 3, one should perform integration
with respect to z* on Eq. (4.1);, and then add this new equation to the Eq. (4.1);. In
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this way we arrive at the equilibrium equation of the Kirchhoff theory, cf. (2.14)
(4.7) MP 5o + g+ m® o = 0.
The theory of VLASOV [5, 6] is based upon the following kinematical assumption

47>
Y 2) = 4 WYY —
- 0l",2) = o) = a0 = 2(1- 222 )b,
us(z7,2) = w(z"),
where hy = hy; = h/2 = const.
By comparing (4.8) with (2.2) one finds
422 422
32’ m=1 m= —3(1 - m),
Sm1=‘3'll=‘ﬁz=61=l, w = wy, ¢a=¢ah 51=1'
On using (4.9) we can express the stress resultants (2.4) by the formulae

h

Mool = 55 [ Ptpadz, Npal@™ = Npale?),
—hy

h
422
Noa@ = = [ 2(1- 35 )tgadz, Pae™ =0

_hZ

4 Mo 3 z*
6120,(.1:"')= e fl"t:m dz, 0,(17 = - f(1—4§)t3ad2,

" —hy —hy

(4.9) T =

(4.10)

h
To@) = ftm dz, .?'(.1'7) = (.

—hs

The energy-consistent equilibrium equations of the theory of Vlasov can be obtained
via the variational method by using (2.7), (2.8), (4.9) and (4.10), or via the direct method
following the rule of Sec. 3. Here the equations are(!)

Nﬁa"@ +p° =0,
11 M 0= @t + T b0 =0

]}rﬁa,ﬁ _ Il;ya + pa =
1

where
h N _ h/2 23 h/2
Tlna=_6'(por—pa) f’21\ dza G = P3+])3+ f‘Xg,dZ
-h/Z —h/2

(!) In the paper of Vlasov the equations of equilibrium were given in the form (4.1). The displacement
equations of the layered plate theory based on the Vlasov kinematical assumptions at ¢o = W o — ¥, o Were
derived by the BoLoTiN and NovicHkov [7] variational method and the BHIMARADDI and STEVENS [8] one.
Certain case of Eqgs. (4.11) was found by REDDY [9] by the variational method.
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hy
(412) pa=pa=pa+tDda+t [ Xadz,
1 .

- hz

L,/ _ j*~ 422\ .
ga——gh(po—pa)— J ~(1—m)‘\a42-

a

Mushtari assumed the following displacement field, [10]

pa3 52
; # 2 -
Uy = =2V o — 61 = V)V Vot z(l )q&a,

C3n2
(4.13)
52
vz 2
Uy = v+ .
) 2(1-v)
This field follows from (2.2), (2.3) by putting
vz (l 22)
m(z)=12 m(2)= ; z)=2z1- ;
1(2) O =iy MO e

vzl h

4.14 2) =1, )= ——, hy=hy=—-,

(4.14) 51(2) 52(2) -y M=h=3

m=1, M=V, M\=1 G =1 6=V

To find by the direct method the energy-consistent equilibrium equations one should
perform the following operations:

I. Average Eq. (3.1) with the weighted function m;(z) and then perform the differ-
ential operation 2(. . .) o;

2. Average Eq. (3.1) with the weighted function m;(2) and then perform the differ-
ential operation 95(. . .) o;

3. Average Eq. (3.2) with the weighted function 5,(z) and then perform the differential
operation &,(. ..);

4. Average Eq. (3.2) with the weighted function s;(z) and then perform the differential
operation Gy(. . .);

5. Average Eq. (3.1) with the weighted function n;(z) and then perform the differential
operation (. . .).

At the first four weighted functions (m;, m;, 51, 5;) the same function v(x®) appears.
Hence all the four equations obtained according to the rules given above should be added.
Then we find

(4.15) MP® o+ VEMPY o 4+ m® o+ qu + VI o+ 42) = 0.
The algorithm given in clause (point) 5 leads to the system of equations

(4.16) (VPap = Pa + pa) = 0.

In Egs. (4.15), (4.16) the following averaged quantities have been used
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h/2 h/2
1, Y — - - N7 o -3
Mpa(@) = [ #tpadz, Mpa(a") = o [ #tpa d,
—h/2 —h/2
h/2 2 h/2
4z
]YBG(:E‘Y) = f Z(l - ﬁ)tﬁadw Qa(m‘y) =T (r'Y) = f ta3 dz,
—h/2 —h/2
i h/2
- " L2 _
Qo) =Tale) = 37— | Faadzs §eM =0,
-h/2
h/2 2 ,  hi2
ll:)a(.'l,'ﬂy) = f (1 = 45) t3a (tZ, ;g(ﬂl’y) = : f zts3 (lZ,
—hf2 —h/2
h o+ _ h/2 . B h/2
(4.17) Mo = i(po, —Pa)t f z2Xodz, ¢ =p3+pi+ f Xidz,
—h/2 —h/2
h/2
o = _h3 a—Pa)t ? oz
e T B1-) (o= o) 6(1— v) J #Xad
—h/2
v me
@ = gyt Pa P+ g ”’-J«Z Xdz - §,
h — ¢ 427\ _.
?a=§(§a_pa)+ _!Z(l“:i‘—h_z‘)“adzs
=2

+ + + + - - = - + -
«=Pa> P3=P3 Pa=Pa» P3=p3 w=w=1l

In the present author’s paper [11] it has been assumed that in isotropic, homogeneous
plates of constant thickness the following state of displacement holds.(?)

4z 2
Uy = —2V o + z(l - 3h2)9

v h? o 2 .
uy =v+ l——uﬁ(l 4h2) [(5 = 4?)00(’0 - 6V 1;],

v = uz(z®, £h/2).
This hypothesis follows from (2.2), (2.3) by putting

v h‘Z ;;2
» m()=2z, s@@)=1 sm=-7— u?(l —4ﬁ),
o

4z v h? o z*
1) hA)= —Z( w) M) =1 Vﬁ(l“‘ﬁ) (5“%)’
m =1, 31 = 1y 6 =1, 6, =V, “Bl = L

(4.18)

where

h1=h2=

(SR~

(?) In this paper only the case of bending was considered. We recall here a simplified version of the
hypothesis used in [11].
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Upon considering (4.19) in (2.5) we find the stress resultants

h/2 h/2 2
Mool = [ stgads, Hao) == [ 5(1= 35 )tsadz,
—h/2 —h/2

h/2 hf2 2
?a(mW)=:ll“a(_ﬂ)= ft3adz, Fal@") = - f(1—4h2)t;ad~,

—h/2 —h/2
h/2 22
no__v ¥ L
(420 Ta(@") = -1 J( 45 Jtas dz,
_.h/
’1/2 2 =
ST 2 = e at Ty =
Cl;c,(:L ) = T f (1 4,12)(5 4h2)ta3dz, Si(x") =
—h/2
h/2 2 h/2 4z
9(1"’)— 1—— fzt33dz, II\(:L”)= - fz(l 3h2)1‘;3d~.
~hif2 —h/2

After performing the operations described in Sec. 3 on Eqgs. (3.1), (3.2) we find, by
a direct method, the energy-consistent equations of equilibrium relevant to the (4.18)
hypothesis

(1‘]'1/30.00 - ?o,a + 7?0.0) + (Tlm,cv +q) + Vz(ru,a +q) =0,

(4.21)
(H%ap = Fa+ ma) + (G° pa + 10) = 0,
where
h + - ha + - A =
1pa=§(po—pa)+ szadz, G =p3tp3+ | Xsdz
—h’v —hz
. T (1 ) Xsdz - 8,

(4.22) = 1-v 8 h h? 7

=
I

v hzjl 22 Y ’
]—[/:1_8'_11 (l hz)(S 4’2).X3(l:.—jl\,

+ = 4 + + + - - -
w=w=19 Pa=Pm P3=PpP3, Pa=p01 P3a=Pps.

These equations were found by LEWINSKI [12] by the variational method.
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