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The linearized theory for submerged thin hydrofoil
of infinite span

A. CARABINEANU, LDRAGOS and I. OPREA (BUCHAREST)

IN THE FRAMEWORK of the linearized theory we study the Elane-parallel uniform flow of an incom-
pressible, ponderable, inviscid fluid in the presence of a submerged thin hydrofoil. We represent the
complex velocity potential by a continuous distribution of sources and vortices potentials. From the
boundary conditions we derive a singular integral equation for ~ (the vortex circulation). A numerical
method is used in order to solve the integral equation and to calculate the lift, drag and moment
coefficients. Numerical results are given in the case of an oblique flat plate of small inclination.

W ramach zlinearyzowanej teorii przeptywu rozwazono oplyw plata zanurzonego w wazkiej, nielepkiej
i niescisliwej cieczy. Zespolony potencjat predkosci przedstawiono w postaci ciaglych rozkladow po-
tencjatow zrodet i wirow. Z warunkéw brzegowych wyprowadzono osobliwe réwnanie catkowe dla ~.
Roéwnanie to rozwigzano numerycznie w przypadku oplywu ptaskiej plytki o malym kacie nachylenia
wzgledem kierunku przeptywu.

B paMkax nuneapu3oBaHHOW TeOpUM TeueHMA paccMoTpeHo obTexkaHue Kpbina, Norpy-
YKEHHOI'O B BECKOM, HEBA3KOM U HECXKMMaeMOM KU AKOCTU. KoMnekcHbI noTenumnan cko-
POCTH npencraBJieH B BUE HellpepbIBHLIX pacnpe,ueneuuﬁ NMOoTEHIIMANOB MCTOYHMUKOB M
Buxpeit. M3 rpannunbIx ycnosuii BolBe1eHO CHHIY IAPDHOE UHTErPa/ibHOE YPABHEHHUE INA
Y. DTo ypaBHEHNE PEIIEHO UMCIIEHHO B cllydae oOTeKaHUA NJOCKOM NAACTUHKMA C MaJibiM
YrJIOM HAKJIOHA 110 OTHOWEHHUIO K HANPaBJIEHUIO TEUEHUA.

Notations
2Lg  length of the hydrofoil,
(z),y1) Cartesian variables,
(r,y) dimensionless Cartesian variables
z =+ iy complex variable in the (z, y)-plane,

i versor of the Ox-axis,

j  versor of the Oy-axis,

k=ixj,

y = n(z)

yp = —hy + h'f(a,‘)
y = —h+ hE(r)

equation of the free surface (in dimensionless variables),

equations of the upper surface and inner surface of the hydrofoil,

equations of the outer surface and inner surface of the hydrofoil in dimensionless
variables,

ng,n  inward normal of the hydrofoil surface,
vy fluid velocity,
U  speed of the unperturbed flow,
v =(u,v) dimensionless perturbation velocity,
p1 pressure,
Patm atmospheric pressure,
o fluid density,
g gravitation constant,
p{ = p1 +egy  reduced pressure,
p*  dimensionless perturbation pressure,
w  dimensionless potential of the perturbation velocity,
f  dimensionless complex potential of the perturbation velocity,

dfJdz = w = u—iv

complex perturbation velocity,
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ky = gLo/U?  (1/kgy is the Froude number),
[p*] jump of the perturbation pressure over the hydrofoil,
Cp  drag coefficient,
Cy  lift coeficient,
Cps  moment coeficient.
In the incompressible irrotational hydrodynamics the potential of motion is represented by a continuous
distribution of sources and vortices. We denote by:
q(z) source intensity at point z,

~4(z) vortex circulation at point z.

1. Introduction

IN THE FRAMEWORK of the linearized theory, a numerical method of calculation of the
lift, drag and moment coefficients for arbitrary submerged thin hydrofoils of infinite span
is given. Numerical results are obtained in the case of an oblique flat plate of small
incidence.

2. The velocity potential

Suppose that the uniform motion of an incompressible, ponderable inviscid fluid boun-
ded by a horizontal free surface is perturbed by the presence of a submerged hydrofoil of
infinite span.

The motion is plane-parallel and the hydrofoil is considered to be thin, ie.
hif (21)

Ly

Let the Oz;-axis be in the plane of the unperturbed free surface, parallel to the
unperturbed velocity (Fig. 1).

2.1) <e, e<1, hf(+Ly) = hi(+Ly).

Ehf
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FiG. 1.

Introduce the dimensionless Cartesian variables z, y by the relation:

(2'2) (rlvyl) = L[)(.T, y) )
hence
(2.3) hE = Loh®.

The dimensionless perturbation velocity and pressure v, p are given by the relations:
(2.4) vi=U(i+v),



THE LINEARIZED THEORY FOR SUBMERGED THIN HYDROFOIL OF INFINITE SPAN 31

(2.5) Pl = Pam + oU%p”.
In the linear approximation the perturbation is determined by the system
(2.6) g—; +gradp® =0, divv=0, lim (p*,v)=0.

From Eqs. (2.6) we deduce that rot v = 0. Introduce ¢(z, y), the potential of the pertur-
bation velocity given by the relation

(2.7) v = grad p(z,y) .

The linearized conditions imposed on the free surface are [3, 4].

op _ dn(z)
(2.8) Ay oy dz '’
0
(2.9) 8—_f(r,0) = —kp.
From Eqgs.(2.9) and (2.9) we get
%o Jyp _ _

In order to determine the perturbation produced by the hydrofoil, we represent it by the
perturbation produced by an a priori unknown continuous distribution of sources and
vortices.

As it is known from [3, 4], the complex velocity potential of the flow around a sin-
gularity consisting of a source of intensity ¢ and a vortex of circulation v at point z
is

@11)  f() = ”’ In(z — 20) + L5 1n(z — )

2w
q exp(zkot)
ki
exp( tkyz) f =

The limits in the integral result from the requirement for the perturbation to vanish at
r — —CQ.

We can easily prove that ¢(z,y) = Re f(z) satisfies Eq. (2.10).
Let

1
(212) [G) =5 [ 14€) = (@) In(z + ih — &) de
1 1
o f [4(6) + ir(©) In(z — ih — ) de

SR f{q(&)+w(€)] f °"'°(”“"‘) }d€

be the complex velocity potential of a continuous distribution of sources and vortices on
the segment z € [-1,1], y = —h.
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3. Distribution of velocity on the hydrofoil

As in the thin airfoil theory [1], we linearize the boundary condition vin; = 0 on the
hydrofoil and impose it on the segment z € [-1,1], y = —h

b
(3.1) vi(:c, —h) = 3;2: (), ze[-1,1],

with
vY(z,—-h) = lim v(z,y), v (z,—h)= lim v(z,y).
y——h y——h
y>-h y<-h
From Eq. (2.12) we get the complex velocity

5.2 =17 ' 1
3.2) w(2)= Z_W_{ {[q(f)—W(f)]m

1

—[a(€) + i‘r(f)}m

+ 2iko[q(€) + i7(€)] f %ﬂ dt} e

From Eq. (3.2), according to the Plemelj formulae, we have

63) wie—in=L [ (- no12
27 5 z—¢

-

+ 2iko[g(€) + iv(€)] f

CXp[ZkU(i + th — )] dt} df

. 1
_17(‘5)]1: _é- lh —E

2ih

] ;
F1(0(2) - i7(2)).
where
wt(z — ih) = Iimh w(e +1iy), w (z—ih)= limh w(z + 1y) .
v>—h v<-h

The first of the integrals is taken in the sense of Cauchy’s principal value. In order to
calculate the integral

’j"' explik(t +ih = 2)]
t—ih—¢ ’

— 00

the relation

r—th . : £—ih . 5
exp[iko(t + ih—z)] , exp[tko(t + ih — z)]
(3.4) f = dt = f - dt

— 00 —0C

z—th . .
+ f expliko(t + th — I)] dt

—ih —
Y t—1 13
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is used, where

£—ih i . £—ih 5 .
expliko(t + th—2z)] . exp[iko(t + ih — z)]
{5 J rpor el ) J i—h—€ &
-0 —a—ih
X
FiG. 2.
To calculate the last integral, the relation
_rexpliko(t + ih — )]
(3.6) 0= | el

is used, where
C = Ci(a) U Cy(a) U Ci(a, ) U Ca(e) U Cs(e)
is the path of integration consisting of (Fig. 2) the following segments:

Ci(a) = {t =t + i3ty € [—a,&],t2 = —h},

Cala) = {t =ty +itajty + ity = € — ih + (a + €) exp(i0); 0 € [%,w]} ,
Cila,e) ={t =t +ity;t) =&, 17 € [h +£,4d]},

Cale) = {t =ty + ity ty + ity = € + ih + e exp(if);t € [%, 7},

Cs(e) = {t =ty +ity;t1 =&t € [-h,h—¢]}.

Taking into account that

(3.7) lim [ explikolt +ih = 2)] )y _ g

a—00 t—ih —
Cy(a) ¢

and (from the semi-residue theorem) that

. ikg(t + th — ; ;
(3.5) ) J exp[ztu_( ih = € Ny = i exp[iko(§ — z) — 2hky],
Cale)
we obtain
g=in . .
co(t + ih —
¢9 J exp[lf "_( ih i.s it = — imexplikie - ) - 2hko]
—00

~ lim exp[iko(t + ih — z)]

a—00 t—1h —
=0 Cy(a,e)uCs(e) ¢ §

dt,
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whence

" expliko(t + ih — )]
(3.10) f Xp tﬂ_ o dt = [wi + Ei*(2hky)] exp[iko(€ — z) — 2hky],

-00
where

[oexp o exp
e 3 T Xp § S
(311) Eq (2/&.{()) = slinga [ f __s ds + f . ds]
s -

is the exponential integral function.
On the other hand
r—ih
expliky(t + th — )]
@12 | D

2—th

B f” {(s — &) coslko(z — 5)] + 2hsinfko(z — 5)]}
B : (s — £)2 + 4h2

__ ti{2hcosfk(z — )] — (s — ©)sinfko(z — 5)]}
+(s—€)2 + 4h? ‘

From Eqgs. (3.4), (3.10) and (3.12) we obtain
@13) wre-i) =5 [ {160 - 5Ol - 1O + (€]
-1
1

:c—f———ZJh + 2“‘30[(1(6) + 17(5)] : [Ei* (2kh(l) + Tri] ’ exp[_ik()(-” - f) - thl)]
+2iko[q(€) + 17(£)]

j {(s — &) cos[ky(z — )] + 2h sin[ko(z — 5)]}
’ : (s — &) + 4h?

+i{2h cos[ko(z — 8)] — (s — &) sin[ko(z — 5)]}
- +(s—£)2 + 4h2 ds} a%

Falae) — (@)

By separating in (3.13) the real part from the imaginary one, we get

a(6) 1 [ —q(&) — &) + 2hy(€)
Skt o f{

1
|
(3.14) “*(’”—”1)—27_{ z (z = &) + 47

+2ky exp(—2hko)g(€) sinlk(z — £)] — 7(€) coslko(z — E)]] - Ei* (2hko)
~[7y(€) sin[ko(z — €)] + 7q(€) cos[ko(z — E)]]

—Zk(]q(f) f 2h COS[ku(.’L' —(:)1;)(28—:45}325111“’(](1' - 5)] ds
£




THE LINEARIZED THEORY FOR SUBMERGED THIN HYDROFOIL OF INFINITE SPAN 35

(3.14) r (s — &) cos[ko(z — s) + 2hsin[ko(z — 9, (2),
[cont] = Zkov(8) f “(:-‘_ ES)Z + 4h2 . } “F < 2

3 1(©) | 2hg(§) + (2 = )1(§)
(3.15) v¥(z—ih) = 5~ f{ R ey VYY)

¢ (s — &) cos[ko(z — s)] + 2k sin[ky(z — ) 4,
_Zk()[Q(E) f (s__ )2 +4h2

() f iy —(:)]_;)(:; LECICER ]

—2kgerp(—~Zh)lir ) sinlku(x — €)] + q(€) coslko(z — €)]] - Ei* (Zhk)
+mg(§) sinfko(z — £)] ~ () cos[ku(z — E)H} d + -q—(z—) .

From Eq. (3.15) and from the boundary conditions (3.1) we obtain the relation
dh* z) dh (z
(3.16) o= 206

dx
and the singular integral equation for 7(5)
1 1
1 1 -
(3.17) T e+ L [r@Ead = feo),
-1 -1

where

o E-x [ 2hcoslko(z = 5)] — (s ~ ) sinlko(z — )] |
(3.18) K(¢,z) = m-zn,j S

+2kyEi* (2hky) sin[ko(z — £)] exp(—2hky) — 2kom cos[ko(x — )] exp(—2hkq)
and

» dh* dh(z i o 2hq(€

—2koq(§) f (s —£) cos[lco((:_— Es))z] :— fll:zsin[ku(f —8)] .

+2kqy exp(—2hkp)q(€) cos[ko(z — E)]Er* (2hky) — 2k exp(—2hko)mq(€) sin[ky(z — f)]} d€.

4. The lift, moment and drag coefficients

The lift and drag coefficients are

(4.1) Cr=j [ p'nds,
aD
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(4.2) Cp=i [ p'nds.

aD

The moment coefficient with respect to the point M (0, k) is

(4.3) C'M=I2—‘ f X x p*nds,
oD
where
4.4) D={z+iy;z €[-1,1],-h+h (z2) <y < —h+ h*(z)}
and n, the inward normal, is
(4.5) n* = d:;i—j, n- = —%i +j.

From Egs. (4.1)-(4.5) we obtain (taking into account that the order of magnitude of
the terms we have in view is ¢)

1
(4.6) Cr=- [ [pldz+0(?),

-1
with

[p°] = P (2, —h) = pL(z,~h), Pi(z,~h) = p"(z,~h + h*(2)),
1

Ldht  dh™ 3
(4.7) Cp = ! (o -5 ) da 4+ O(),
;|
= * 2
(4.8) Cm =5 [ [p*]zdz + O(e?).
From Eq. (2.6) we deduce that p* = —u; therefore, taking into account Eq. (3.14), we
obtain
(4.9) [P"]=7.
Hence
1
(4.10) Cr=- [ 7()de,
-1
1
_ _dh~ +dh*
(4.11) Cp = ! (u ——-u T;) dz |
;|
(4.12) Cu = -5 [I'y(:c)d:x:,
where

ut(z,—h) = u(z,—h + h*(z)).
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The drag, the lift and the moment of the hydrodynamical forces are

(4.13) Rp=i [ pmds=i [ (o] egy)mds,
a7, D,
(4.14) Ry=j [ pmds=j [ (- egy)mds,
8D oD,
(4.15) M = +k f X1 x piny ds = —k f (] — ogy)ny x X ds .
oD, D,

D; denotes the transversal section of the hydrofoil. If we know the drag, lift and moment
coefficients, we get from Eqgs. (2.2), (2.4), (2.5) and (4.1)-(4.3).

(4.16) Rp = %QUZQLU)CD,

1
(4.17) Ry = %902(21;.,) [C‘L + kg f (h*(z) - h'(:r))d:;] ,
(4.18) M= %QUZ(ZL())Z [CM ¥ 2 f 2(h*(z) - h™ (.L))d.’r]

5. Approximate evaluation of the lift and moment coefficients

First of all we seek for an approximate solution of the singular integral equation
(3.17). From the Kutta—Jukovski condition we deduce that the solution must be finite at
the trailing edge (i.e. for £ = 1). Therefore we represent it as

(5.1) 1O =\ T ).

The Gauss-type quadrature formulae [2] are used,

(52 j F(s) dg = 5= 3 (1= &)F (&),
a=1
a G(s) 2 —a
(5:3) T [ —zj af = 2n +1 Z ‘fa - G(EG)’

where £, are the roots of the orthogonal polynomial of degree n, associated with the

weight function /(1 —&)/(1 + &), namely

2am
(54) &a—cos'zn—_‘_l, C\’—l,...,’n7
and
(5.5) l-jzcoszj_l, i=1,...n.
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Formulae (5.2) and (5.3) make it possible to replace Eq. (3.17) by a system of linear
algebraic equations for the approximate values of the unknown function I" in the nodal
points

n

(5.6) S (Aja+Bi)l =f;, j=1,...,n,
a=1
where
2 1=& 2 3 . _
(57) A]u = 2n T lm, BJO’ = m(l EQ)I\(éa,:L'J),
and
(5.8) Fo=T(), fi=f(z;).

From Egs. (4.10), (4.12), (5.1) and (5.2) we obtain the approximate values of the lift
and moment coefficients

2r =

(5.9) B, = =~ (;(1 —&a)la,
T n

(5.10) Cm = —5—7 2(1—£a)sara-

6. The oblique flat plate. Numerical results

Let
(6.1) y=—h+h%(), h*(z)=h"(2)=—ez, exl
be the equations of the surface of obstacle (Fig. 3). From Eqgs. (3.16) and (3.19) we obtain
(6.2) 1(2) =0,
(6.3) f(z) = 2¢.
gl

FiG. 3.

The numerical results obtained by means of the relations (3.18) and (5.1)-(5.10) for
various values of k) and h are presented in Table 1. For ky = 0 the results obtained in
this paper are very close to those obtained in [2].
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Table 1.

h ko N = Cr/2xe Ny = Cy/me
1 0 1.19082 1.10320
2 0.25 2.73542 2.66303
2 0.50 143311 1.52497
2 1 0.89607 0.99266
2 2 0.91086 0.95187
2 4 0.93400 0.96462
2 8 0.94319 0.96908
2 16 0.92465 0.97629
4 0.10 1.44423 1.42608
4 0.25 1.24306 1.25392
4 0.50 1.10079 1.03257
4 0.75 0.97271 0.99151
4 1 0.97329 0.98724
4 1.50 0.97855 0.98905
4 2 0.98066 0.99013
4.5 0.10 1.37773 1.36492
4.5 0.25 1.17175 1.18300
45 0.50 0.99712 1.01569
4.5 0.75 0.97810 0.99143
4.5 1 0.98003 0.99016
4.5 1.50 0.98363 0.99168
4.5 2 0.98502 0.99239
5 0.10 1.32444 1.31535
5 0.25 1.12332 1.13413
5 0.50 0.99235 1.00648
5 0.75 0.98253 0.99235
5 1 0.98461 0.99231
5 1.50 0.98710 0.99346
5 2 0.98806 0.99396

10 0 1.00249 1.00124

10 0.25 1.00378 1.00719

10 0.50 0.99609 0.99811
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