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Macro-modelling of thermo-inelastic composites

CZ. WOZNIAK (WARSZAWA)

THis PAPER proposes a formulation of thermomechanics in which the thermodynamical processes can
be subjected to the known a rriori global constraints. On this basis the local (macro-constructive)
and global (related to the whole composite body) averaged computational models of certain thermo-
inelastic composites are derived.

W pracy przedstawiono podejécie do termodynamiki, w ktérym procesy termodynamiczne sa poddane

wnym globalnym wigzom. Na tej podstawic otrzymano zaréwno lokalne (makro-konstytutywne) jak
1 globalne (dotyczace calej struktury kompozytowej) modele obliczeniowe pewnych termo-niesprgzys-
tych kompozytéw.

B pa6oTe npeacTaBiieH NoAX0/| K TEPMOILIHAMHUKE, B KOTOPOM TEPMOAMHAMUYECKHUE TIPO-
1ecChl NOABEPrHYThI HEKOTOPBLIM riobanbubiM cBA3AM. Ha oToll ocHoBe nonyuennt Tak
JNoKanbHble (Makpoonpelenniolne), Kak U rnoGanbible (KacalouMecsa uesoit KoMIo-
3NTHON c'rpyiﬂ‘_ypu) pacyeTHhIe MOJIEJIM HEKOTOPbLIX TEPMO-HEYNIPYrMX KOMIIO3UMTOB.

1. Aim and scope of the contribution

THE AIM of this paper is twofold. Firstly, we formulate a general approach to thermo-
dynamics of nonelastic materials which takes into account the constraints imposed on
global processes. The proposed constrained thermodynamics makes it possible to pro-
duce in a consistent way different computational models for special problems and to
develop engineering theories involving thermomechanical fields. Secondly, on the basis
of constrained thermodynamics we also propose the method of a passage from micro- to
macro-thermodynamics of certain inelastic materials. This method comprises two steps:
(i) the local macro-modelling in which we deal with the fixed representative volume ele-
ment (r.v.e.) of a body and we determine the averaged properties of a composite material,
(i) the global macro-modelling in which we obtain a macro-description of a whole com-
posite body under consideration. It is assumed that the investigated composite bodies
which are micro-nonhomogeneous by the definition may also be macro-nonhomogeneous
and hence the known homogenization procedures [1, 6] cannot be applied. The proposed
macro-modelling method can be treated as an alternative to the known methods based on
the bounding principles or on the exact or approximate solutions, [2], including asymp-
totic approaches, [1, 3, 4, 6, 7] as well as non-standard analysis approaches, [8, 9], which
have played an important role mainly in the macro-modelling of thermo-elastic composi-
tes. It will be shown that the main features of the proposed method are: 1) the method
can be applied to an arbitrary dissipative heterogeneous material structure of the r.v.e,;
2) the method is effective from the engineering point of view; in particular no solution
to the boundary value problem for the r.v.e. is required; 3) the method is adaptive and
makes it possible to obtain different macro-models of composite materials on the diffe-
rent levels of accuracy. The main drawback of the proposed macro-modelling approach
lies in the specification of constraints which is often guided by the physical institution
of the researcher and in an ambiguous approximation introduced by the localization as-
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sumption. For the sake of simplicity we restrict ourselves to the thermo-elastic and to the
thermo-elastic-plastic materials with the perfect bonding between the adjacent constituent
of the composite. The considerations are also carried out in the context of infinitesimal
strains. It has to be emphasized, however, that the line of approach proposed in the con-
tribution can also be applied to more general physical situations where we have to deal
with the finite strains and imperfect bonding of adjacent materials.

Throughout the paper the subscripts 7, j,... run over 1,2,3 and the indices a,b,. ..
and A,B,...runover 1,2,...,nand 1,2,..., N, respectively. The summation convention
holds with respect to all aforementioned indices.

2. Introductory concepts

Let V be the regular region in 3-space occupied by the composite (or its part) in the
referential configuration. Introducing the decomposition V = M U I U8V, we denote by
M the finite sum of disjoined regions occupied by the homogeneous components of the
composite, by I the sum of interfaces between these regions and by @V the boundary of V;
hence M = 1UQJV. Let [, 7;] be the known time interval and \(7) = P (-,7) stands for
an arbitrary field defined on V, M or § M, related to the time instant 7 € [, 7;]. We intro-
duce the concept of the internal thermodynamical process as a sufficiently regular mapping

21 [r0, 7713 7 = (u(7),0(), o(7), h(7), e(7), (7)) ,

where the fields on the right-hand side of Eq. (2.1) represent the states of displacement,
absolute temperature, stress, heat flux, internal energy and specific entropy, respectively,
at the time instant 7. The field u(r), 8(r) are continuous and defined on V and the fields
o(7),h(7),e(7),n(r) are defined on M. We also introduce the external action process

(2.2) [0, 7113 7 — (£(7), t(7), a(7), B(7)) ,

where f(7), a(7) are the total volume forces and heat sources defined on M and t(7), 3(r)
are the total surface tractions and heat sources defined on M (except possibly some
lines or points on M), respectively, acting at the time instant . Setting v(y, 7) = u(y, 7),
k(y,7) = (1/0(y, 7)), y € V, we define the velocity v(r) and coolness rate x(r) fields.
The sets of all velocity fields and coolness rate fields constitute certain linear topological
spaces which will be denoted by V and K, respectively. Let 7 and A stand for the sets
of all force systems (f, t) and heat source systems («, ), respectively. To every (f t) € F
and every («,3) € H we shall assign the linear continuous functionals v*(f, t), x*(a, 5)
defined on V and K, respectively, setting

W)= [ L@u@dy+ [ tO)iy)da  forevery ve,
M oM

(2.3)
(s (@B = [ amsmdy+ [ ANy da  forevery xeK.
M aM

The functional (-|v*(f, t)) represents the rate of work done by the force system (f, t) while
the functional (-|x*(a, §)) can be interpreted as the entropy production rate done by the
heat source system («, £). It can be also observed that the set of all stress fields and the
set of all heat flux fields constitute linear topological spaces which will be denoted by D
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and G, respectively. On these spaces we shall define the bilinear forms

(2.4) @dloy= [ dMeoudy, (@)= [ g:(¥hi(y)dy.
M

M

We shall assume that for every v € V and every k € K there are defined the linear
continuous operators L : V — D and V : K — @, given by (Lv);;(y) = v j(y) and
(Vk)i(y) = ki(y), y € M, respectively. Hence (Lv|o) is a value of the stress power done
by the stress field & on the strain rate field Lv. Similarly, (V«|h) is a value of the entropy
production rate done by the heat flux field h on the coolness gradient field V.

3. Fundamentals

Using the concepts introduced in Sect. 2 and denoting by ov(7), ¢¢(7) and tr(e Lv)(1)
the fields defined on M by means of o(y)ii(y, 7), e(y)é(y, 7) and o4;(y)vi j\(y), y € M,
respectively, where o(-) stands for the mass density in the referential state of the compo-
site, we shall postulate the equations of motion and the energy balance equation in the
following weak form:

(Lvlle(r)) = (vl|v" (E(r) = e¥(r), t(1))) for every veV,
(Vi|h(7)) = (k|6*(a(7) — 0¢(7) + tr(aLv)(7), B(7))) forevery k€K,
which has to hold for an arbitrary r € [y, 7]

In order to introduce the constitutive relations in the presence of the stress constraints
(which will be investigated below), we postulate the following decompositions:

(3.2) v (7)) = (T) + ([ (r) n(r) = n°(r) + nR(r) ,  TE€[mn, 7],

where the fields dc(r) 1 (r) will be called the constitutive strain rate field and the consti-
tutive specific entropy field, respectively. The interpretation of the fields dfi(r), n"(r) will
be given below. For the sake of simplicity we shall restrict ourselves to the elastic-plastic

and elastic/viscoplastic materials which can be jointly defined by the constitutive relations
of the form

(3.1)

d(y, 7) = dij(y;0(y,7),6(y,7),0(y,7), 8y, 7)),
hi(y,7) = kij(y; 0y, 7))0;(y, 7),
(3.3) e(y, 1) = ¢y, 7) + 00y, TN (y, 7),
0 (y, 1) = @(y; Lu(y, 7),0(y, 7)),
n°(y,7) = 0(y; Lu(y, 7),0(y,7)), y€EM.

For every special class of materials the constitutive functions on the right-hand sides of
Eqgs. (3.3) have to be specified. In particular, for elastic/viscoplastic materials we get

(3.4)  d5(y,7) = aijuly; 0y, 7))érily, ) + bij (y; 0(y, 7))0(y, 7)
+67(y; U(Y! T)v 0(}’, T))/aaij(y) 7')
and for elastic-plastic materials we assume
(3.5) (y T) = a5 kl()’! o(y, 7),a(y, ))! O(y, T))d'“(y: T)
+b57 (y; oy, 7), 6y, 7), 0y, 7))O(y, 7)
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where the form of functions afi{;(y; -), b5F (y; -), 7(y; -) can be found in the recent literature

i b »Yij
on this subject.
The constitutive relations have to be considered together with the known dissipation
inequality

(3.6) eMily, ) — €@y, 7)/0(y, )]
+0i;(y, 7)) /0y, T) + hi(y, T)0,i(y, 7)/0(y, ) > O
which has to hold for every y € M and 7 € [r, 7¢].

Now we introduce the concept of loadings by assuming that in the problem under
consideration for every 7 € [, 7/] the relation £, C F x H is known. An arbitrary
(sufficiently regular) mapping [ry,77] 3 7 — (f(7),tE(7), o (7), B (7)) satisfying the
condition

(3.7) (FE (), (7)), a2 (7), BE(T) € Ly, T E M), r],

will be interpreted as a (mechanical and thermal) loading process of composite. The
relation (3.7) for any r € [r), ;] will be referred to as the loading relation.

REMARK. In many problems (which will not be investigated here) the sets £, are
singletons uniquely determined by the fields u(7), 8(r), u(r), 6(r)).

Passing to the concept of the global constraints, we shall postulate that to arbitrary
displacement u and absolute temperature ¢ fields at every T € [, 77] there are assigned
the known (possibly empty) closed convex sets V; (u), K+ (0) in the linear topological spaces
V, K, respectively. If the fields uw and 6 cannot be realized at a time instant 7, then
V,(u) = ¢ and K,(0) = ¢. We shall also postulate that the closed convex nonempty set Dy
in the linear topological space D of all stress fields is known. Under foregoing notations we
shall assume that in the problem considered only such internal thermodynamical processes
(2.1) can be realized which satisfy the conditions

(3.8) V() eV:(u(r)), k(r) €K, (0(r), o(r)€Dy, 7E[m,7s].
The above formulae will be referred to as the global (thermomechanical) constraints.
REMARK. In more general situation, which will be investigated elsewhere, we also have

to introduce the heat flux constraints h(r) € Gy where G, is the known closed convex and
nonempty subset in the linear topological space G.

The concept of constraints is closely related to the notion of reactions which maintain
the above constraints. For the known loading process  — (f-(7), tE (1), a(7), #%(7)) and
an arbitrary external action process (2.1), define

(3.9)  (f7(r), 17 (r), af(r), B7(7))
= (f(7) — £(7), t(r) — t*(7), a(r) = a*(r), B(r) = B* (7))
Then the force system (f7(7), t?(7)) will be interpreted as the reaction maintaining kine-
matical constraints v(7) € V;(u(7)) and the heat source system (a®(7), 8%(7)) will stand
for the reaction to the thermal constraints () € K, (6(7)). The aforementioned reactions
will be termed perfect if the following minimum conditions hold in [, 7]
(Vo (17 (), () 2 (V(n)][o* (F¥(7), (7)) forevery ve V:(u(r)),

3.10 -
I (klx" (@), BR(T)) 2 ((r)|w"(afi(r), B7(7)))  forevery s € K, (0(r)).
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Remembering the decompositions (2.3), we shall interpret the fields d?(r), n®(r) as the
reactions to the stress constraints o(7) € Dy. These reactions will be called perfect if the
following maximum conditions hold in [y, 7;]:

(3.11) (o[ld"(r)) < (a()ld(r)) forevery o € Dy,

and if the entropy procuction due to the reactions d(r), f(r) is equal to zero; by means
of the inequality (3.6) we have

(3.12) o)y, 7) + 0ii(y, )R (y,7) =0, yeM, re[n,].
In the sequel we shall deal exclusively with the perfect reactions to the constraints (3.8).
The physical interpretation of the conditions (3.10) and (3.11) can be easily derived from
the interpretation of the pertinent functionals which were introduced in Sect. 2.

The variational field equations (3.1), constitutive relations (3.3), dissipation inequality
(3.6), loading relations (3.7), constraint relations (3.8), reaction relations (3.10)—(3.12) and

decompositions (3.2) and (3.9) represent the fundamentals of thermodynamics with the
global (or field) constraints.

4. Governing relations

Using the relations (3.2), (3.9), (3.1) and (3.10), we can eliminate the reactions
(E7 (), th(7), af(r), BF (7)) from the system of relations introduced in Sect. 3.
This way we arrive at the conditions

(Lv = Lv(7)||e(7)) = (v = V(7)|[o" (- (7) — o¥(7),t"(7)))

for every ve V-(u(r)),
(VK — Va(7)|h(r)) > (k — &(7)|&"(a () — 0¢(7) + tr(o Lv)(T), B(7)))

for every &€ K,(0(7)),

for v € [, 7¢]. Similarly, using the relations (3.11) and (3.2), we can eliminate the reac-
tions d”(7). Hence

(4.2) (o — a(7)||Lv(7)) € (o — o(7)||d° (7)) forevery & €Dy,

for r € [, 74]. The conditions (4.1) will be called the virtual power principle and virtual
entropy production rate principle. Similarly, the condition (4.2) will be referred to as the
complementary power principle. At the same time from the relations (3.6) and (3.12) we
get

(4.3) oWy, 7) — €@y, 7)/0(y, )] + i (y, T)d5;(y, 7)/6(y, 7)
+hi(y, 7)0i(y, 7)/0(y, 7}’ 20, yeEM,

for 7 € [, 74]. According to the line of approach of rational thermodynamics, we shall
assume that the inequality (4.3) has to be identically satisfied by the constitutive functions
‘ij(y; ), kij(y;-), #(y; ) and 7(y; -) on the right-hand sides of Eqs. (3.3).

Summarizing the obtained results, we conclude that the governing relations of the
constrained thermodynamics (under the assumptions introduced above) are given by: (i)
virtual power principle and virtual entropy production rate principle (4.1), (ii) comple-
mentary power principle (4.2), (iii) constraint relations (3.8), (iv) loading relations (3.7),
(v) constitutive relations (3.3) which have to be restricted by the dissipation inequality
(4.3).

(4.1)



76 Cz. WOZNIAK

5. Special constraints

Define U, = {u: V;(u) # ¢}, T, = {0 : K;(0) # ¢} for every 7 € [r), 7;] and assume
that

(5.1 u(r)eU., O(r)eT,, oa(r)eDy, T€[n, 1],

imply the constraint relations (3.8). In this case the kinematical and thermal constraints
will be referred to as the configurational constraints.

Let V(u;7),K(8;7), for every 7 € [, ;] and every u € U.,0 € T,, be the closed
non-empty linear subspaces in the linear spaces V, K, respectively. Let us also assume
that V;(u) = V(u;7) +v, K,(0) = K(0;7) + & for arbitrary v € V. (u), & € K,(8); this
means that every non-empty set V. (u) and K, (#) represent a certain linear manifold in
V and K, respectively. Under this assumption the virtual power principle and the virtual
entropy production rate principle (4.1) reduce to

(L¥llo(r)) = (Vl[v* (€5 (7) — e¥(7),t'()))  forevery vE V(u(r);7),
(-2) (Vklh(r)) = (k[&*(a"(7) = eé(7) + tr(oLv)(7), B*(7)))
forevery k€ K(0(r);7),

for every T € [m, 74]. In this case the kinematical and thermal constraints will be called
bilateral. Similarly, assume that D is the closed non-empty linear subspace in the linear
space D. Then the complementary power principle (4.2) will take the form

(5.3) (o||L¥(T)) = (o||dC(7)) forevery o €Dy

and the stress constraints will be called bilateral.

6. Local macro-modelling

In the local macro-modelling we restrict ourselves to the investigation of thermody-
namics in a certain arbitrary but fixed representative volume element of the composite
structure under consideration. The analysis will be based on the relations of constrai-
ned thermodynamics, summarized in Sect. 4; the foundations of the modelling reduce to
the specification of the constraint relations (3.8) and loading relations (3.7) and to the
following:

LOCALIZATION ASSUMPTION. The relations of macro-thermodynamics have to be in-
variant under arbitrary rescalling V — ¢V, ¢ € (0,1), of every representative volume
element of the composite structure.

The forementioned assumption is motivated by the fact that the macro-modelling
procedure has a physical sense only if the maximum length dimension of the r.v.e. is
negligibly small as compared to all length dimensions related to the problem for the
whole composite structure. It follows that from the computational point of view the r.v.e.
has to be treated as infinitely small; hence the methods of the nonstandard analysis can
be used as a tool of modelling, see [8].

Let V be the neighbourhood of the point y = 0 in R*. We shall specify the configura-



MACRO-MODELLING OF THERMO-INELASTIC COMPOSITES 77

tional constraints (5.1) by assuming that
ui(y, 7) = Ui(1) + Fij(r)y; + LU (), yeV,

(6.1) ey, 7)=0(y,7)" ' = C(r)+ Ci(Ny: + L.(Y)C*(r), yeEV,
aij(y, 7) = Sii + maiji(WSH(T), yEM, 71€[m,T1],

where [,(-), maijri(-) are postulated a priori (in every special problem) shape func-
tions and- Ui(-), Fij(-), UR(-), C (), Ci(-), C°(:), ST (), SH () are ar})ilrary sul)ﬁcientli regu-
lar functions called macro-parameters. We also assume that Sﬁj (y) = S}i(y),Sﬁ(y) =
S#(y) and

det[6;; + Fi;(7)] > 0, fla,i()') dy=0, maijri(y) = marii; (y)
1%

and that the shape functions are independent.
The specification of the loading relation (3.7) will be assumed in the form

f,-L(y,T)=Q(y)b¢'(y,T), YEM, tf‘(y,‘i’)=0, yel,
tr(y,7) = (T() + Te(Du)ni(y),  y€OV, Tu(r)=0 if j#k,
of(y,7) = oW)(y,7), yEM, p'(y7)=0, yel,
BH(y, m) = (Hi(r) + Hij(D)y;)ni(y), yedV, Hu(r)=0 if i#k,
where n;(y) is a unit normal outward to 9V, the functions g(-), b;:(-), ¢(-) are known in
every problem under consideration and T3; (-), H;(-), Ti;«(-), Hi;(-) are arbitrary sufficiently
regular functions.

The specifications of constraints (6.1) and loadings (6.2) together with the localization
assumption make it possible to determine the averaged thermodynamics of the r.v.e. To
this end we introduce the well-known mean value operator

(63) () = WE) = o [ b 2)dy,
v

(6.2)

vO

where (-) is an arbitrary integrable function and = is a finite sequence of parameters
which are independent of y € V.

Using Eqgs. (6.1) and (6.2), from the virtual power principle (5.2) we obtain
Tir(7) + (bi) () = (0)Ui(r),
(6.4) Tyj(r) = Sij(r) + (maije) Sii(r)
(la,jmaijra) Sii(r) = 0.
Similarly, from Egs. (6.1) and (6.2) and the virtual entropy production rate principle (5.2),
we get

(6.5) (ee)(1) = Hii(r) + T (1) Eij(r) + (0)(7),  Eyj = Fii)-

At last, the complementary power principle (5.3) and the condition (6.2) for the stress
components yield

Ei(r) = (d5)(7),  Dai(r) = (maijud)(r),

(6.6) . )
(TnAijkl)Ek[(T) + (171,1,'_,'“1(1';;)(],‘](7') = DA,'J' (T)
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In order to obtain the averaged form of the dissipation inequality (4.3), we introduce
the denotations

67)  OM=C()Y, Gi(r) ' =-Gi(Ne(r)?, Gr) = —C*r)B(r)?,

and we take into account Egs. (6.1) and (6.2). Hence

(6.8) (onC) — (0} /O + S% Eij /O + SADAi; /O + HiG; /0 = 0.

It has to be emphasized that Eqgs. (6.4)—(6.6) and the inequality (6.8) as well as all
subsequent relations of the averaged thermodynamics of the r.v.e. are obtained under the
localization assumption, i.e., we reject all terms of an order of the length dimensions of
V. It can also be shown that the following formulae hold true:

1
Tij = (035), Tice = (Oir k) — oIV f [eix]nrda, (oijla;) =0,
I
sz <hs)1 Hn (hz,z) VO].V []‘ [[h-z]]?l, da, (h.,la',> 0,

TiiBij = {0ijv6,5) -
All the formulae derived above are independent of the material properties of the r.v.e.

Now, taking into account the constitutive relations in their general form (3.3), from
Eqs. (6.6) we obtain immediately

By = (d;)(5,8°,6,8",0,0), s={s',...,s"},
Dai; = (mAijlik{)(S,S“, $,8".0,0).

From the constitutive relations (3.3) for the heat flux k;(y, r) and from the formulae (6.9)
we get

(6.10)

H; = (kij)Gj + (kijla;)G*,
0 = (kijla;i)G; + (laikijls ;)G kij = kij(y,0).

At last, the constitutive relations (3.3) for the internal energy yield

(6.11)

(0¢) = (09®) + O(en®),
(00°) = (eP)(E,U,0), (on°) = (e)(E,U,0), U={U! ... U"}.

It has to be emphasized that the averaged constitutive relations (6.10)-(6.12) were obtai-
ned with the aid of the constraint relations (6.1) and under the denotations (6.7).

So far, no restrictions were imposed on the form of the constraints (6.1); hence some
unphysical situations may take place if the shape functions in Eqs. (6.1) are not properly
chosen. To avoid such situations, we introduce the following:

(6.12)

DEFINITION. The constraints (6.1) are said to be well posed (for a class of thermo-elasto-
inelastic materials under consideration) if the material homogeneity of the r.v.e. and the
uniform distribution of the inelastic part of the constitutive strain rate in the r.v.e. at every
T € [, 74] imply the uniform distribution of the displacement gradients u; ;(y, T), temperature
gradients 0 ;(y, 7) and stresses o;;(y,7) at every T € [, 7], provided that Uf(y, ) = G,
S:;(Yv TU) =0 yeM.
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It has not be noted that the materials defined by the constitutive relations of the form
(3.3) are called thermo-elasto-inelastic if

(6.13) d5 (v, 7) = aijra(y; 00y, 7))Era(y, ) + bij (y; 0y, 7))0(y, 7) + nij(y, 7), YEM,
where the tensors a;;ri(y; ), bi;(y; ) describe the elastic properties of a material and
(6.14) nij(y, 7) = i (y;0(y, 7), 6y, 7), 0(y, 7), 6y, 7))

is the inelastic part of the strain rate tensor; the functions n;;(y;-) can also depend on
the hardening parameters not specified here. We also have to remember that using the
constraints (6.1), we tacitly assume that the localization assumption holds true, i.e., we
neglect all terms of an order of the length dimensions of the r.v.e.

In the sequel we shall use the matrix notation, representing a symmetric tensor d;; =
d;; by a column matrix d = {d11, d22, d33, d12, d23,d3;}T and a tensor mi;ri, such that
MijRl = Mjikl = Mk, by 6 x 6 matrix m = [m]sy6. Moreover, any product of the form
gim;;r1, where g; is an arbitrary vector, will be represented by 3 x 6 matrix denoted by
gm = [gm]sx.

PROPOSITION. The constraints (6.1) are well posed if the block matrix [(msamp) —
(mua)(a)~!(amp)] has an inverse denoted by [BAZ]snxen and the block matrices
[(Vi1ama)BAZ (mp Vi) 30 x3n, [(VIekV1) ] xn are non-singular.

Let [A%]3,43, and [F'*],x, stand for the block matrices which are inverse to
(VI;ma)BAB (mpViy)] and [(VI,kV(;)], respectively. Then, from Eqs. (6.13), (6.6) and
(6.4); we obtain

§4 = BAP((mpVi,)U + ((mp) — (mpa)(a)"")E + (mp)(a)~' () — (mph)),
(6.15)  U® = A®(Viymp)B " (((maa)(a)~" — (m4))E + (m4n) — (maa)(a)~'(n)),

G* = —F"”(Vlg,k) -G, ﬁ,;j =n; + b,‘jﬁ. ;
provided that the conditions in the above proposition are satisfied. Bearing in mind the
definition of the well-posed constraints and the condition (V{;) = 0, for the homogeneous
material structure of the r.v.e. and the uniform distribution of n(:, 7), under the localization

assumption, we obtain from Egs. (6.15) that §4 = 0, U¢ = 0 and G* = 0. Hence we
conclude that the above proposition holds true.

COROLLARY. For the well-posed constraints the macro-heat flux H; is related to the
macro-temperature gradient G; by means of

(6.16) H; = ((kij) — (kikla k) F(Is1ki; )G -

In the sequel we tacitly assume that the constraints (6.1) for the class of thermo-elasto-
inelastic materials under consideration are well posed.

Now assume that the material of the r.w.e. is thermo-elastic/viscoplastic. From
Eqs. (3.4) and (6.13) we obtain

(6-17) nij(y, 7) = 9y(y; o (y, 7), 0(y, 7))/ Boij(y, 7) -
Eliminating U? from Eq. (6.15); 2 and using Eq. (6.17), after the denotation
B'Y =B — B (mc VI, ) A" (VI,mp)B"P | G* = B*P (mpa)(a)~",

(6.18) A — RAB -1 A — RAB =1
D* = B"Y((mp) — (mpa)(a)™"), B” =B*7((mpa)(a)” (b) — (mph)),
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we obtain
(6.19) $4(r) = DAE(r) + BAO(r) + G*(7)/9S"(r) — BABA(y)/0SE (7).
Combining Eqgs. (6.6)1, (6.13) and (6.1) and denoting

A = (a) — ((ama) — (a)(m4))B7 ((mpa) — (mp)(a)),

= (b) + ((am4) — (a)(m4))B*5 ((mpa)(a)~' (b) — (mph)),

C=1+ ((amy) — (a)(m4))B*? (mpa)(a)~"',
C* = ((amp) — (a)(mp))BZ4,
under the assumption that the 6 x 6 matrix A is non-singular, we get
(6.21) E(r) = (a)A~Ya)T(r) + (a)A~!(BO(7) + CA(7)/38"(T) + C10(7)/08" (7)) .

It is to remembered that the matrices defined by Eqs. (6.18) and (6.20) depend on the
macro-temperature @, and the averaged potential () is a function of the macro-par-
ameters S", § = {S',..., SV} and ©. At the same time S = T — (m,4)S* by means of

Summarizing the results obtained above, we see that the macro-constitutive (avera-
ged) relations for thermo-elastic/viscoplastic composite materials are given by Eqs. (6.21)
where the macro-parameters S;} play a role of the internal variables being governed by
the evolution equation (6.19). The above equations have to be considered together with
Eqgs.(6.16), (6.12) (6.15); and (6.17).

If the material of the r.v.e. is thermo-elastic-plastic, then instead of Eqs. (3.4) we take
into account Eqgs. (3.5) where the elastic part and inelastic part of the constitutive strain
rate tensor are combined together in the elasto-plastic constitutive matrices aZ” bE?; the
possible dependence of these matrices on the strain hardening parameters is not specified
here but has to be remembered. It is easy to see that Eqs. (6.15); 2 can be written now as

$4 = B ((mpV1,) U + ((mp) — (mpa)(a))E
(6.22) + ((mpa)(a)~'(b) — (mph))o),
U = A" (Viymp)B"* (mA3) (@) " — (ma))E + ((mab) — (m,3) (@) (B))E,
where we have denoted a = a®%, b = bf” and where

(6.20)

[_AB]EI\':xf,NE[(mAﬁmB) (m43)(3) " @ms)Jonxon ,
AL 5, = [(V6ema) B (mp Vi) 30 x3n ,

under assumption that the above inverses exist. Eliminating U¢ from Egs. (6.22) and
denoting

(6.23)

ﬁAB = EAB == EAC(mCVIG)KGb(Vlme)EDB 5

(6.24) D* = BAZ((mp) — (mpa)(a)~?),
* = BAB((mpa)(a) "' (b) — (mph)),
we obtain
(6.25) S”‘.(r) = ﬁA(T(r), S(r), (), T(r), S(r))E(r)
+B*(T(r), S(r), O(7), T(r), $(r))O(7),
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where § = {S'(7),...,S¥(r)}. Combining Egs. (6.6)1, (3.5), (6.1)3 and (6.4); and setting

D= (a)" + ((m4) — (@) (@ma))B*? ((mp) — (mpa)(a)~"),

B= (@) (b) + ((ma) — (a)~'(am,))B*E ((mpa)(a)~'(b) — (mph)),
we also obtain

(6.27) T(T) = ﬁ(T(T),T(T), S(r), S(T), @(T))E('r)

+B(T(7), T(r), 8(7), S(7), O(r)O(r) .

The results obtained above represent the macro-constitutive relations for thermo-
elasto-plastic composite materials, given in the form (6.27) where S7}(r) can be treated as
internal variables governed by the evolution equation (6.25). The forementioned equations
have to be considered together with Eqs.(6.16) and (6.12) where the macro-parameters
Ug(7) are determined by Eqgs. (6.22),.

The macro-constitutive relations for composite materials have to be consistent with
the macro-dissipation inequality (6.8). Independently of the macro-constitutive relations,
we have derived from the proposed method of the local macro-modelling also the lo-
cal averaged equations of motion (6.4); and the local averaged equation of the energy
balance (6.5);, the form of which is independent of the material structure of r.v.e. The
macro-constitutive functions defined by Eqs. (6.18) and (6.20) or Eqgs. (6.24) and (6.26)
and those in Egs. (6.16) and (6.12) will be identified with the macro-material proper-
ties of the composite structure under consideration. It has to be emphasized that we
consider here only a certain mathematical model of the composite material and hence
the macro-material properties depend also on the form of the constraints (6.1) and have
been obtained under the localization assumption. Let us observe that the constraints (6.1)
have a form similar to that used in the finite element method and hence the adaptive
procedures can be used.

Now we shall pass to the averaged form of the loading boundary conditions for the
composite structure. To this end we introduce the concept of the representative bound-
ary element (r.b.e.) which will be treated, roughly speaking, as a small element of the
composite boundary (compared to the whole structure) but large enough to describe the
oscillatory character of surface tractions and heat input. The r.b.e. will be analyzed as a
smooth part S of a boundary W of a region W occupied by the composite; for the sake
of simplicity we assume that on S both surface tractions 1 (y, T), Yy € S and a heat input
B(y,7),y € S, are known a priori. Moreover, we assume that W is sufficiently small and
the macro-modelling procedure can be applied to W. In order to do this, the formulae
for t*(y,7) and B%(y, 7) in the loading relations (6.2) (with V' replaced by W) have to be
substituted by

(6.26)

th(y, ) = (Tij(r) + Tijr(m)y)n; (y)
BE(y,7) = (Hi(r) + Hie(Dy)ni(y) it yedWw\ S,
thy,7) =tily,7), B (y7)=Bly7) il yes.
We also denote

(6.28) () = —

areaS

J %) daty)
)
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for an arbitrary integrable function {(-). It can be shown that the macro-modelling pro-
cedure described above leads to the averaged relations of thermomechanics in W and to
the extra conditions

(6.29) Tii({(ny)) = (EN(), Hi(r){(ma) = ((B)(7), 7€ [m,y],

which represent the averaged form of the natural boundary conditions for the composite
structure.

7. Global macro-modelling

In order to formulate the governing relations for the whole composite structure, we
have to make precise the intuitive concepts of the r.v.e. and r.b.e. which were introduced in
Sect. 6 without any relation to the composite material structure under consideration. For
the sake of simplicity we restrict ourselves to the macroscopically regular structures, i.e.,
we assume that the macro-properties of the composite do not suffer jump discontinuities.

Let £2 be the regular region occupied by the composite body in its referential confi-
guration. Let for every t € [r), 7] on the part I', I' C 32, of the boundary the surface
tractions #;(-, 7) and heat supply B(, ) be known and on the remaining part 62 \ T
the displacements u;(-, 7) be prescribed. Let us assign to every x € {2 and z € I" the
non-empty open sets Vx and S,, respectively, such that x € V, C 2,z € S, C I'. From the
purely formal point of view and under the assumption that V, and S, are sufficiently small
(compared to length of dimensions of {2 and I', respectively), we can substitute V5 = V
and S; = S in the macro-modelling procedure proposed in Sect. 6, obtaining the fields
of the macro-relations defined on §2 and the averaged boundary conditions defined on I'.
The idea of global macro-modelling is based on the physical fact that in many engineering
problems there exists a special choice of sets V4, x € {2, and S,, z € I', such that every
Vx, S can play a role of a certain representative element. To specify such elements, we
introduce the following;:

GLOBAL MACRO-MODELLING ASSUMPTION. There exist the mappings
(7.1) R3x—-V, I'sz— S5,

such that:

(i) For every x € §2, z € I', the maximum length dimension I of V, and the maximum
length dimension [, of S, are negligibly small as compared to the minimum characteristic
length dimensions of {2 and I, respectively.

(ii) For every x € £2 and every Ax € 2 — x, | Ax| < Iy, all macro-constitutive functions
related to V4 ax can be approximated by the pertinent macro-constitutive functions related
to V.

(iii) Forevery z € I" and every Az € ['—z, |Az| < [,, the averaged boundary conditions
related to S;+a, can be approximated by the averaged boundary conditions related to S;.

Under this assumption every V; will be referred to as the r.v.e. of the composite
material in the vicinity of x. Similarly, every .S, will be called the r.b.e. in the vicinity of
z. For the periodic material structure all r.v.e. coincide and we pass to the trivial case of
the global macro-modelling which is known under the term homogenization.

In the sequel we shall assume that the global macro-modelling assumption holds and
hence all macro-entities introduced in Sect. 6 depend onx € 2 (oronz € " in Egs. (6.29)).
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From the computational point of view we can also assume that all macro-fields defined on
2 and I also satisfy the regularity conditions required below; to this end a certain formal
regularization of the composite structure may be necessary. Then, for an arbitrary but
fixed x, x € £2, and under the localization assumption, the “micro”-coordinates y € V, in
Eqgs. (6.1) and (6.2) represent the infinitesimal increments (in the sense of the nonstandard
analysis, see [8]) of the “macro”-coordinates x € {2. In order to interrelate both kinds of
coordinates, we have to assume that

F,-j(x,r)= U,"]'(X,T), G,‘(X,T)=9'¢(X,T),
Tier(x,7) = Tig k(x,7), Hiy(x,7)=H;;i(x,7), x€, 71€([n,T].
The above conditions imply the continuity of a passage from an arbitrary (infinitely small)
representative volume element to any adjacent element and can be referred to as the
macro-compatibility conditions. It has to be emphasized that the form of an arbitrary
macro-constitutive function in every V4, x € {2, from a numerical viewpoint, can be treated
as constant but it can be quite different in distant parts of the composite. If such a

situation takes place, then the composite structure under consideration will be referred
to as macro-inhomogeneous structure.

(7.2)

8. Averaged thermodynamics of composite materials

Summarizing the obtained results, we conclude that the averaged thermodynamics is
governed by the following relations:
(i) The equations of motion and energy

T35 (%, 7) + (ebi)(x, 7) = (0} (¥)Ti(x, 7),
(0e) (x,7) = H;i(x, 7) + Ti; (%, T)Eij(x, 7) + (o) (x,7), XE 2,
with the averaged boundary conditions

(8.1)

~

(82)  T(x,n){(m)®) = (LN, 1), Hilx,7){(n))(x) = ((B))(x,7), x€T,
and macro strain — displacement relations
(83) E,-j(x,r) = U(,-,j)(x, T), XeE .

(ii) The macro-dissipation inequality

8.4 (en®)x,7)- @Q(X, )"+ .S'g (x, T)E*,-_,- (x, )O(x, )7}
+S’{} (x, 7)Da;j(x, 7)O(z, 7')_l + Hi(x, 7)0 i(x, 7)O(x, -r)‘2 >0.

(iii) The macro-constitutive relations for a class of inelastic materials under conside-
ration

Eii(x,7) = (d;:)(x;8°(x, ), S(x, 7), 8°(x, 7), 8(x, 7), O(x, 7), O(x, 7)),
(8.5) s={s'...,s"},
Daij (x,7) = (maijudia) (x8"(x, 7), 8(x, 7),8°(x, 7), 8(x, 7), O(x, 7), O(x, 7)) ;
(0e)(x, 7) = (09°)(x, 7) + O(x, T)(en°) (%, 7) ,

(8.6) (ggoc)(x, 7) = (@) (x; E(x, 7), U(x, 7),0(x,7)), U= L
(en“)Y(x, 7) = (M) (x; E(x, 7), U(x,7), O(x,7));
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Hi(x, 1) = (kij)(x)0 j(x,7) + (kijla ;) (X)G*(x, 7),
0= (ki,-la,,-)(x)@,j(x, T) + (k,’jla_ilb’j)(X)Gb(X, T), X e .
(iv) The extra interrelations between the macro-parameters
Tij(x,7) = S (x, 1) + (maijer) ®)S{i(x, 7)),
(8.8) Dari(x,7) = (mari;) () Eij(x, 7) + (marnisla o) XU (x, 7)
(lajmaije)(X)SP(x,7) =0, x€R2.

The above equations have to hold for every r € [, 7;]. Under the condition that the con-
straints (6.1) are well posed for the elasto-inelastic materials considered, Eqs. (8.1)-(8.8)
represent a certain macroscopically equivalent medium for the inelastic composite me-
dium with highly oscillating material properties. The specifications of the constitutive
function d;;(-), discussed in Sect. 6, lead to the macro-models of elastic/viscoplastic and
elasto-plastic composites, governed by Eqgs. (6.19) and (6.21) and Eqs. (6.25) and (6.27),
respectively, where all functions also depend on the macro-coordinates x € 2. The analy-
sis of special cases of Eqs. (8.1)—(8.8) and certain engineering applications of the proposed
averaged thermodynamics as well as various specifications of the constraints (6.1) will be
presented in the forthcoming papers.

(8.7)
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