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Optimum hypersonic wings and wave riders(¥)

J. D. COLE (NEW YORK)

HyprERSONIC wings and wave riders are considered in small-disturbance theory. Perturbations of flat
plate flow are worked out to improve performance. Similarity solutions for power law and exponential
shock waves are constructed. An air-foil based on the exponential shock is shown to be optimum.
Wave riders are constructed from these solutions and their properties are examined. Perturbations
of the simple wave-rider flows are studied, in order to optimize some properties.

1. Introduction

IN THIS PAPER special cases of hypersonic flows will be considered in order to illustrate
some general points about the design of efficient lifting surfaces at hypersonic speeds.

The framework will be the inviscid theory of hypersonic small disturbance flows
(HSDT). A similarity parameter of such flows is H = 1/M?2§* where M., = flight
Mach number, § = typical flow deflection. Most of our considerations concern the limit
H — 0, since in that case we can have similarity solutions. In this case also we need only
consider the flow on the lower surface since pressure on an expansion surface is O(H).

In Sect. 2 HSDT is outlined. In Sect. 3 special coordinates for plane flow are intro-
duced and H = 0 is considered. In Sect. 4 perturbations of wedge flow are considered in
order to demonstrate that a flat plate airfoil at hypersonic speeds is not an (inviscid) op-
timum. It is possible to have favorable interference between the body and its shock-wave.
The results of Sect. 4 indicate that concave airfoils have some benefit and a special class of
these is discussed is Sect. 5. This class is generated by shock waves of exponential shape,
and within this class an optimum shape is found. The performance is considerably better
than a flat plate airfoil. Finally, in Sect. 6 it is shown how, using the two-dimensional
flow behind an exponential shock wave, the geometry of a three-dimensional wave rider
is defined. The performance of such a wave rider is then studied.

2. Hypersonic small-disturbance theory (HSDT)

The theory can be constructed as a limit of the steady Euler equations, and shock
relations as § — 0, My, — oo (z,y = §/6, z = 7/6, H = 1/ MZ2.6?) fixed.

Here § — thickness ratio or typical flow deflection, M, — free stream Mach num-
ber, x, §, T — physical coordinates, body length is the unit, H — hypersonic similarity

parameter.

The asymptotic expansion has the form
(2.1) -‘q7 =i{l1+ 0(52)} +évr(z,y,z; H)+ ..., vr=(v,w), vr-i=0,
(2.2) ﬁ_pm=ézp(w,y,z;H)+...,

Poo V2

(*) Research supported by Air Force Office of Scientific Research under grant AFOSR 88-0037



578 J. D. CoLE

(2.3) pi =o(z,y, s H)+....

F1G. 1. Hypersonic wing.

See Fig. 1, for details see Ref. [1]. The derivative along a streamline becomes

a a 0
4 V== : ==,
(2.4) @+ V= s=tvr<Ve  Pr (89,82)
The Euler equations are simplified to
(2.5) g—z + V7« (ocvr) =0, continuity,
(2.6) (‘)av—; + vy Vrvy = -—%V'rp, transverse momentum,
9 p+ Hly

2. — 4+ . - = t .
2.7 ( e VT) ( 5 0, entropy
Let
(2.8) ys = G(z, 2)

be the equation of the shock surface on the lower side of a lifting wing in a uniform
freestream. Then the shock jump conditions can be written, for v, = v(z, G, z) etc.

2 G 2 1
@) ”"v+1(1+63)‘H7+1(G_x)’
2 G2 2
(2.10) ""Gf”"m(m)‘h’m’
1 y—1, 1+G2
(2.11) b b o
Let
(2.12) w = F(z,y)

be the equation of the lower surface of the wing. The boundary condition of tangent flow
is
(2.13) v = Fp +wpF,, v =0z, F,z).

In this approximation it is not necessary to consider z-momentum. The system of equa-
tions and boundary conditions is exactly analogous to that for unsteady flow in a (y, z)-
plane, with z playing the role of ¢.
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3. Two-dimensional flow; limit /' — 0 (M., — o0)

For simplicity, and in order to be able to obtain similarity solutions, we will further
restrict considerations to the limit H — 0. For two-dimensional flow:

do  dov .
1 —t = = ty,
(3.1) e + Ty 0, continuity
v v\ _ Op
3.2 o (E + v@) = —%, momentum,
0 I\ (p\_
3.3) (a + v%) (;) =0, entropy.
The bow shock conditions are
2 2 1 v-1
.4- Us = 0 s = 62 Tl
(3.4) 3 y+1’ < ¥y+1 ' o, 41’
where § = G’(2) — shock angle (scaled). The tangent flow condition is
(3.5) v =F'(z), O<az<l, FQ)=1.

In order to use the entropy integral, which shows that the entropy ~ log(p/o”) is constant
on a streamline, a stream function ¥(z,y) is introduced such that

(3.6) o=y, OV=—t,.
Then
(3.7) p/o” = k(¥),
where k(1) can be related to shock geometry. Note that ahead of the bow shock
(3.8) c=1 sothaty, =y=G(z).
Writing Eqgs. (3.1) and (3.2) in (=, ¢) we have

o 2 0v

v | dp _

(3.10) 32 + 7" 0.

A further change of coordinates is useful so that the flow domain between shock and body
is mapped into a known region; the unknown shock shape then appears in the equations.
Let

§) = =,
coordinate where a streamline ¢ crosses the shock (see Fig. 2). Then, from Egs. (3.7)
and (3.4)

p_ 2 0%
(3.11) L= :/_1“_1(—7:?7
7=1

Thus, is terms of rescaled variables the basic system (3.9) and (3.10) is (z,£) is

0(e)5 ! op Lo
t%‘%l ar aE

(3.12) & =0,

p
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F1G. 2. Airfoil problem in various coordinates.

ap* ov* _
(3.13) ¥+0(5)El—_ =0,
where
2=7—1 ,=7+1 _='y+1
C —-—7 y P -—--——~2 p, v 2 v.
The shock conditions are simply
(3.14) pe = p(€,€) = 0%(€), v =0().
The shape of the airfoil is given by
(3.15) v*(z,0) = v} (z) = 7T“F'(a;).

4. Perturbed wedge flow

A flat surface provides optimum ¢y, for a given cp in linearized supersonic theory. In
this section we consider as a basic flow that on the flat undersurface of a lifting airfoil

. +1\2 , y+1 +1
(4.1) P()=(7T), Uu=7T, 90=TT-

Because of the assumption H — 0 it is not necessary to discuss pressures on the upper
(expansion surface). Perturbation of the flow (4.1) are studied in order to find out if
the flat surface is still an optimum. Consider the flat surface to be disturbed O(¢) and
linearize Eqgs. (3.12), (3.13), (3.14), (3.15) according to

(4.2) P =py(1+ ep(z, ) +..),

(4.3) v =y =1+ ev(z,)+..),

(4.4) 0 = 0y(1+eb(€)+..).
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Then
cza—p + 8 0,
(4.5) dr = O
| o 0T _g
0¢ Oz ’
This system is equivalent to the wave equation and has the general solution
(46) ﬁ(t,f)=f(z—cf)+g($+c§),
4.7) U(z,€) = cf(x — c€) — cg(x + €£).
% /‘ibf(ff) : e /‘1
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F1G. 3. Geometry of reflected waves.

The boundary conditions at the shock can be linearized to read (Fig. 3)

(4.8) ps = 20, ,
while the body shape can be described by
(4.9) 9(z,0) = y(z) = F'(z), F(1) = 0 (say).
The reflection at the shock (4.8) shows that

1-2¢
4. = — - ,
(4.10) o(1 + 0)6) = — 755/ (1 = 0)6)

A compression wave thus reflects from the shock as an expansion wave with the reflection
coefficient A

1-2¢

4. = =0. i = y
(4.11) A T30 0139 if y=17/5
The geometry of the reflections is given by
(4.12) B C ST B =TS

1+¢

A disturbance arriving at z on the airfoil left the airfoil at kz, struck the shock and
reflected. The boundary condition (4.9) now shows that

(4.13) p(z) = f(z) + Af(kz), O<z<l1.
This functional equation for f can be solved by iteration (Ref. [2, 3])

(4.14) f@)=%z]-nmmwm@, O<o<l.

m=()
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The resulting pressure distribution is

Q| =

() + %Z(—A)”%(k"r).

n=1

(4.15) po(z) = p(z,0) =

This formula represents the pressure at a point as a local effect and the sum of single,
double, etc. reflections from the shock wave. Lift L and drag D follow from

1
+1 N
(4.16) L= pooUzc‘izlz—{l +e “fp(x,()) dz},

1
+1 _ -
(4.17) D= pmuzga‘fT{1 +e [ ((,0)+ va(m,O))dw}.
0

A figure of merit, independent of the angle of attack §, is to O(e),

1

f’ﬁb(x)dm)}.

0

3? 1
(4.18) L= (y+ 1)1/2{1 + e(- [ @) dz -
cp 2 3

By virtual of (4.9) this quantity can be expressed in terms of the ordinates of the airfoil
at discrete points which reflect to ¢ = 1.

c? — [—A\" =
(4.19) L o=(y+ 1)1/2{1 +€ (_> F(k")} .
2 n=] k
In view of the alternating signs in the sum, c‘:i_lz/cD can be increased and a type of optimum

can be found if (k") alternates sign, to produce a corrugated airfoil (see Fig. 4). For
example,

o 3/2
(420) F = (=), l=(v+l>”2{1+f
cp

IAA}, v=17/5 (y+1)/?=15492.

FI1G. 4. An optimum airfoil.

This result shows that a flat bottom is not optimum. Since the main effect comes from
the aft sections of the airfoil, it can be asked if a smooth cambered airfoil could perform
better. This question is studied in the next section.
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5. Similarity solution, exponential shock waves

The problem of the airfoil shapes generated by exponential shock waves was consid-
ered in Ref. [4]. The results are summarized and will be used later to construct three-
dimensional wings. Solutions are sought for the system (3.12), (3.13) with

5.1) o) = A%, GE) = (e -1y,
a > 0 yields concave airfoils. Correspondingly,

(5.2) p(z,6) = A% pP(z), X=z-¢,
(5.3) v (x,€) = Ae®V (z).

The shock is located at = 0 with the shock conditions

(5.4) P,=P0)=1 V,=V(0)=1.

The zero streamline (£ = 0) can be considered to define the airfoil shape
2 T
(5.5) y=F(x) = ed Of V(z)dz.

The normalization
(5.6) F(1)=1

shows that A = A(a), so that we have a one parameter family of solutions. The basic
system (3.12), (3.13) becomes

¢ dP dV
(57) ———P%-HH‘I.GV_E_O,
dP dVv
.8 2aP — — + — = 0.
(B£) wrm=t
el a=avi g
_ P ox
L N \\\\4‘
L \\\ 5 |
\< )
O
\v
NN
: N

FiG. 5. Similarity solution exponential shock.

The boundary value problem is shown in Fig. 5. From Egs. (5.7), (5.8)
dP _ V +2P

(5.9) I i
Vv y22py

and

c? dP
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Shock

L
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1 v

F1G. 6. Phase plane for exponential shock.

The integration takes place in the (P, V) phase plane (Fig. 6) and only that P(V)
integral curve is needed that passes through (1,1) for a given «. The integration of
Eq. (5.10) proceeds from X = 0 to X = 1, the tail where P(1) = Pp, V(1) = Vp.
Numerical calculations have been carried out for various values of a. Lift and drag now
follow from

(5.11) L= U252A~ fp(\')d,\

(5.12) D= pe U253A3 . . f P(X)V(X)dX .

09 | ] | |
ao 10 2.0 3.0 4.0 50

FiG. 7. Curves showing optimum a.
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These integrals can be expressed in terms of tail values
GF 3 v+ 1\ (Pp — V)2
(5.13) = .
2 5 =l
a{PrVy — VE - 1P, 7 )

The dependence of this figure of merit on « is shown in Fig. 7 from which it is seen that
an optimum value of a exists

3/2

(5.14) a=0368..., (CL_) =1.58...,
D

OoPT

a value considerably better than that of the flat bottom 1.542. The airfoil shows a slight
camber.

Another class of similarity solutions starts with power law bodies and power law shock
waves F(z) = 2%, 0 < z < 1. These solutions for concave lower surfaces are studied in
(Ref. [5, 6]). In addition to the original airfoil surface (¢ = 0) any streamline £ = const
can be chosen as the lower surface of an airfoil. These stream-surface are two-dimensional
wave riders. A two parameter family (x, £) of such flows is thus generated. The optimum

Cilz/CD was sought in this family of flows. It was shown that the optimum approaches
that generated by the exponential shock wave just discussed.

6. Three-dimensional wave riders

The original wave rider concept was introduced by NONWEILER (Ref. [7]) and the
ideas have been generalized by many authors. The basic idea is to fit a solid surface along
a stream surface of a known flow. In most examples the basic flow is the uniform flow
behind a plane shock and the three-dimensional wave rider supports a two-dimensional
flow. The caret wing of Fig. 8 is Nonweiler’s simplest example. According to HSDT this
flow has all the properties of the two-dimensional flow so that

3/2 3/2
(6.1) ()
e . 2D
ForH =0
cs/z 7
(6.2) Lo =(y+)/2=15492..., y=_.
cp 5
b4
U X

FiG. 8. Nonweiler wave rider.
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Since the two-dimensional flow generated by the exponential shock wave had a better
performance that the wedge flow, it can be expected that a three-dimensional wave-rider
based on the exponential shock wave would have better performance that a flat caret wing.
It is now shown how to generate the surface of such a wave rider and how to calculate its
performance.

FiG. 9. Planform of similarity wave riders.

The planform can be defined by its projection into the plane y = 0 (see Fig. 9)

A
(63) §=&(z) or z=-f). fO)=0 fO)=1,
A — wing span. The wing area is given by
A2

(6.4) wing area = 6 f (1-&u(2))d=.
—-A/2

The streamlines of the flow behind the exponential shock wave follow, generalizing
Eq. (5.5) to arbitrary &, from

(65)  yz6)= (-1

xr
73_1/16“5 fV(E—f)dE,
13

(6.6) = %(e“f -1+ 2 li:ieﬂf{l/(x —&) =1+ y3E(P(z-€)-1)}.

v+
Thus the wave rider surface is defined by

(6.7) y=F(z,z)= i:-(aaf('(‘) -1)
* 7%16“&'(”“”(31 — &0(2)) = 1+ 7[P(z = £o(=)) — 1]} .

The function P(X), V(X) are of course defined as in Sect. 5. Expressions for ¢, cp
follow and we have

5 &% _ 2y + 2 (Jy F(E)eat V(1 - €)de)*/?

0 (fy SOV [} f()erae (V21 - €) - P (1 - €))de

From this optimum can be sought for various planform f(£) and values of a. No general
results are available but it has been shown (Ref. [6]) that the limit of special planforms
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has
A2

(6.9) L _.1579..., with a=.369.
)]

Thus the three-dimensional wave rider can approach the two-dimensional optimum value.
For example, consider f(§) = ¢M as M — 0.

References

1. W. HAYES and R. PROBSTEIN, Iypersonic flow theory, Academic Press, 1966.

2. G. G. CHERNYI, Introduction to hypersonic flow, Academic Press, 1961.

3. 1. D. CoLE and J. AREOSTY, Optinuen hypersonic lifting surface close to flat plates, AIAA j., 3, 8, pp. 1520-
1522, August 1965.

4. 1. D. CoLk and J. AROESTY, Hypersonic similarity solutions for airfoils supporting exponential shock waves,
AIAA J., pp. 308-315, February 1970.

5.  B. A. WAGNER, Hypersonic similarity solutions for airfoils supporting power law shock waves, RPI Math.
Rept., 169, Rensselaer Polytechnic Institute, Troy, New York 1989.

6. B. A. WAGNER, Optimal hypersonic airfoils with attached shocks, Ph. D. Thesis, Rensselaer Polytechnic
Institute, Troy, New York 1989.

7. T. R. F. NONWEILER, Delta wings of shape amenable to exact shock wave theory, J. Roy. Aero. Soc., 67,
p. 625, January 1963.

RENSSELAER POLYTECHNIC INSTITUTE, TROY, NEW YORK. USA.

Received August 26, 1991,





