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Investigation of shock wave structure in elasto-visco-plastic bars
using the asymptotic method

V. N. KUKUDJANOV (MOSCOW)

THE PROPAGATION of a shock wave in a bar of elasto-visco-plastic material is investigated by
an asymptotic method. The influence of the transverse motion of the bar, the static diagram
of the material, as well as the strain rate influence on the shock wave profile are investigated.
It is shown, that depending on the ratio of geometrical and physical parameters characterizing
the bar, the shock wave is of a qualitatively different type, either monotone or oscillating.
The problem of the influence of approximative effects on the structure of the shock wave in
the numerical integration is investigated using the same method of solution.

Zastosowano metode asymptotyczng do badania procesu rozchodzenia sie fali uderzeniowej
w pretach sprezysto-lepkoplastycznych. Zbadano wplyw ruchu preta w kierunku poprzecznym,
statycznej charakterystyki materialu jak réwniez predkoséci odksztalcenia na profil fali uderze-
niowej. Wykazano, ze —w zaleznosci od ukladu geometrycznych i fizycznych parametrow
charakteryzujacych pret — typy powstalych fal uderzeniowych moga by¢ jakosciowo réine,
monotoniczne lub oscylujace. Ta sama metoda przeanalizowano zagadnienie wplywu przyblizefi
na struktur¢ fali uderzeniowej w procesie catkowania numerycznego.

B paGore acCHMIOTOTHYECKHM METOIOM HCCIIEYeTCA PACHpPOCTPAHEHHRE YAAPHON BOJIHLI B CTEPIK-
HE M3 YNpYyro BA3KO-IUIACTHYECKOro MaTepuana. lccrefyercsi BiMAHWE MOMEPEYHOro ABH-
JKEHHA, CTATHYECKOH auarpamMmbl MaTepHANIA, & TAKXKe CKOPOCTH AedopMalliH Ha mpodHIib
yaapHoro nepexopa. ITokasaHo, 4TO B 3aBHCHMOCTH OT COOTHOIICHHA MY FeOMETPHUECKAMEA
¥ (PH3AYECKUMH NapaMeTPaMH CTEPYKHHA, NPOdHIIb YAapHOH BOJNHLI GyAeT MO0 MOHOTOHHBIM,
mmbo ocummmpyrommm. Tem jKe METOIOM HCCNeAyeTcs BONPOC O BIAMAHAM HA CTPYKTYPY Coap-
HO# BOJIHBI AINIPOKCHMAIMOHHLIX 3¢(EeKTOB NPH YHC/ICHHOM pPelleHHA KOHEYHO-PasHOYTHEIX
VPaBHEHHMIi PaclpoCTpaHeHHsI BOJH.

1. Introduction

IT1s weLL known that the elementary theory of longitudinal waves in an elastic bar based
on the hypothesis of the plain sections gives satisfactory results, provided r, <€ A4, where
ro is the characteristic transverse dimension and A is the wave length. On the other hand,
the theory based on the exact equations of the elasticity theory is rather complicated.
This is why a number of authors tried to create an approximate one-dimensional theory
which would take into account the influence of the transverse motion and would permit
the correct description of the short impulse propagation.

The first work in this, field was the work of Love [1]. He considered that the trans-
verse displacement w = —»rdu/dx, where » is the Poisson coefficient and u is the longitudin-
al displacement component. Having additionally introduced the term corresponding to
the transverse motion in the expression for the kinetic energy, Love by the variational
method obtained the equation

do v ®v ou
(1.1) -a;—g——a?zgrﬁvzm, P
which differs from the elementary one by the right hand term corresponding to the kinetic
energy of the transverse motion.

g»
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MINDLIN and HERMANN [2] ,,weakened” Love’s assumptions. They asumed that
Uy = u(x, 1), Uy = — W, 1)
Fo

and from the precise equations of the elasticity theory by integrating over r they obtain-
ed a fourth-order equations system with respect to the derivatives over x for the functions
u and w. Still more precise equations were obtained in [3], where in the expansions u,
and u, over the radius r two terms in each equation were left:

Uy = “o(x, t)+r2u1(xs ‘)'i‘ reey
u, = rwo(x, ) +r3w,(x, )+ ....

This led to a sixth-order system of differential Egs. in x for the unknown functions u,
and w;.

In [4] it was shown that at t > r/c, where ¢ = EY?p~1/2, the solutions on the basis
of all the three theories are equivalent to that obtained on the basis of Love’s equation
(1.1). Moreover, for the problem of a constant velocity impact the solutions coincide
with the asymptotic solution obtained in [5] on the basis of precise equations of the elasticity
theory.

Since Love’s hypothesis is of a purely kinematic character, the results of [4] give every
reason to proceed just as well from the equation of motion (1.1) in the investigation of
nonelastic waves in the bars, when £, > r/c.

In [6] an asymptotic method was proposed for the solution of problems of wave propaga-
tion in elasto-visco-plastic bars, and on the basis of an elementary theory, the shock wave
structure was investigated. Let us examine this problem proceeding from Eq. (1.1).

2. Investigation of the shock wave structure in an elasto-visco-plastic bar

For the description of elasto-plastic properties of a material, depending on the strain
rate, let us proceed from the Sokolovsky—Malvern model

de 1 do  sgno »
_a? = EW+T¢[1U|_US(B)]'

D d(z), z>0,

‘5(2)40 z2<0

where the type of the function @(z) and the value of the constant v are defined on the
basis of dynamic experimental data given, for example, in [7]; ¢ = o5(e) is the static tension-
compression diagram of the material.

Let us introduce the dimensionless variables, where v, is the initial velocity and ¢,
is the characteristic time of the problem

2.2) X =Xx[cty,, t=1tlty, D=09/v,, G=alo,, & = &leo,
0o = 0%y, Ego = 0o.

By adding to Egs. (1.1) and (2.1) the equations of compatibility of velocity and deforma-
ion fields, we obtain a complete system of equations:
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3
ey L. v _ e (as do

- 'ha_‘ +? axZa‘ » .é-; - '_a't_i w 6‘ at) ¢[|ai as(s)]'

Here and further on the dash over the dimensionless variables is omitted.

We shall consider the case when both parameters ¥ and @ are simultaneously small,
but generally speaking, have different orders of smallness. It is convenient to note this
parametrically as follows:

(2.4) y =k 0" = kyo",

where 4 is a small value, k; ~ O(1), k; ~ O(l) and m and n are given integers. We shall
seek the solution of the equation as a power expansion over a small parameter §:

2.5) U=UQ43UD+82UP+ ...,

where U is the solution vector of the system (2.3).

By substituting Eq. (2.5) into Eq. (2.3) and equating the terms with the same powers
of d for a zero approximation, we obtain

de ov de v

c2 LBl i) Ot c2(e) =
)5 =7t o " ()
It is a well-known system of equations that describes the wave propagation in a bar of
a nonlinear-elastic material with the dependence ¢ = o5().

For the following approximations we obtain the same equations as for a nonhomo-
geneous linear plastic m aterial, the right hand parts depending on the previous approxima-
tions. For instance, the first approximation is described by the system

(2.6) di(s)

do®  Go® PERS e fp»
ax ot ‘oxtar’ ot ox
2.7
oM — dos ay _ k2 ( 0e® — 00
de |, = oo qj;o, ot 5(
etc.

The right hand parts with the coefficients k, and k, may be either present or absent
depending on the relationship between m and n. But the zero approximation (2.6) does
not change its form. Here we shall restrict ourselves to obtaining the solution of a zero
approximation uniformly precise over the whole region of motion. It is at once clear
that the solution of the system (2.6) does not give such a solution. Really, the system
(2.6) is a quasi-linear system of equations which admits the availability of discontinuous
solutions at continuous initial and boundary conditions if the function os(e) is concave
(o5 () > 0), and at the discontinuous boundary or initial conditions if os(e) is a piece-
wise function. (The last case is very important, as such an approximation is often used
in calculations for curves having o5 (¢) < 0) .

At the same time it is easy to prove that the original system of equations (2.3) is par-
abolic and odes not admit discontinuous solutions. That is why the solutions of the systems
(2.3) and (2.6) in the vicinity of the discontinuity lines x = x(t) will differ by O(1).

Therefore, in the vicinity of x = x(¢) the formal expansion (2.5) is unfit. The reason
is that we do not take into account the rapid change of the solution in the direction ortho-
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gonal to the discontinuity lines x = x(z). To construct the expansion in the vicinity of
the discontinuity line, let us use new variables in Egs. (2.3)

(2.8) - "“i‘x, -

Here 1 is a small parameter which characterizes the rate of the solution change in the
vicinity of the shock transition. The stretching over the coordinate f by the value of i1
is introduced for the derivatives over x to be the values of the order of O(1).

With new variables the system of equations (2.3) will be noted as

1aa_y(pa a)a’-v D dv v
TR

TH T H ) T H wm P=¥®

1 dv de D 0e D @ d -

7B " wmt TR A(Ta_ﬁ+"a?)(£_°) = Plr—usal.
Since two small parameters of different orders are present in our system, three dif-

ferent cases depending on their order should be considered separately for the case of

a concave static diagram os(e) and for the case of a segmental linear diagram, where

0'(exs1) < 0'(&) at g4y > &.

.9)

The concave diagram

The small parameter A characterizing the rate of the solution change is defined — on
the basis of the comparison of the orders of senior terms in each of the equations of the
system (2.9).

1. If 2n > m, then in the first equation the senior terms corresponding to the inertia
of the transverse and longitudinal motion are of the same order and 4 = y'/2,

2. If 2n < m, then in the third equation the terms corresponding to elastic and visco-
plastic forces are of the same order and 1 = w.

3. If 2n = m, then in Eqs. (2.9) all the above listed terms are of the same order and
A=pli2 = g

We shall look for the solution in the vicinity of the discontinuity line in the form of
a power series over A

U= U+ AU, + 22U+ ... + 2"U,+ ...

For the zero approximation U, we get the following system of equations:

doy _ (0 ,, Poo) poe _ _m
3B _D(ﬁﬂ+b‘63)’ ==

Dlo—os(eq)] = bzn% Ry

(2.10)

The coefficients b; are introduced for the convenience of notation b, = b, = 1, when
2n=m,at2n>m, b, =1, b, =0 and 2n < m, b, =0, b, = 1. We shall investigate
the general case when both coefficients differ from zero. The system (2.10) is a system
of common differential equations. It is interesting to note that at S = const it coincides
with the system of equations describing stationary solutions of precise equations (2.3).
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Boundary conditions for the system (2.10) are found from the coalescence conditions
of the slowly changing solution of the system (2.6) and the quickly changing solution
(2.10). If we denote the solution (2.6) before the front U~ and behind the front U+, then
B the boundary conditions may be noted as follows

(2.11) Uolp=-o = U~, Uolp=e = U*.

As a rule, in most metal bars D? < 1; then, in the constitutive equation (2.10) for the
sake of simplicity we may neglect the term corresponding to elastic deformation in com-
parison with visco-plastic deformation.

Integrating the first equation (2.10) and excluding o and v, we obtain

d*e de

Here F(2) is the inverse function of @(z).

Let us conduct qualitative research of the integral curves of Eq. (2.12). For this purpose
let us examine the phase plane (e, ¢) and transform Eq. (2.12) to the form of

(2.13) e=de/dB, delde = [D*e—as(e)+ (0~ —D?*e”)—F(b,De)l/bye = M(e, &)/L(e, &).

Equation (2.13) has two singular points which correspond to the values before the front
e =¢", e=0 and behind it ¢ = ¢*, e = 0. Thus the integral curve corresponding to
the unknown solution of the shock transition must pass through both singular points.
Let us prove that the solution of this problem exists and is unique if M(e, &) is a dif-
ferentiable function. The curves M(e, &) = 0, L(e, &) = 0 shown in Fig.-1 and 2 divide

) —D%¢+as(e)— (6~ —D?*e") = 0.

E“ e

FiG. 1. FiG. 2.

the semiplane in the vicinity of singular points into four domains, where the components
M and L change their sign. The field of directions of the integral curves is shown in |Figs. 1 .
and 2. The type of singular points is defined on the basis of the type of the roots of the
equation

oM oL

e * e
oM oL =
e e %

Substituting the values M(e, £) and L(e, &), we find

b, DF'(0) , j
X2 = = =7 i]/lm] +by[D?—a4(e%)].
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Taking into account the fact that D?—gs(¢”) > 0 and D?>—os(e*) < 0, we conclude
that in the point ¢ = ¢~, e = 0 is always the saddle point and in the point ¢ = ¢*, e = 0

b, DF'(0) ]
2

is the focus if b,|D?*—as(e*)| > [ and is a nod of the reverse inequality

bodies.
The type of the integral curves passing through both singular points corresponding

to these two possibilities is shown in Fig. 1 and Fig. 2, respectively.
The character of change ¢ in the shock transition zone is shown in Figs. 3 and 4. From
those figures one can see that when viscous forces prevail over the forces of transverse
]

E]}

et et /
£ & o
B ]
FiG. 3. FiG. 4.

inertia, the wave profile is smooth and when the inverse inequality holds, oscillations are
observed behind the front.

Note that at F’(0) = 0 the singular point ¢ = &*, e = 0 will be the centre, i.e. behind
the wave front the investigation on the basis of the linear approximation gives nonattenuat-
ing oscillations. However, the oscillations will be attenuating if we take into account the
nonlinear terms of Eq. (2.13).

When b = 0, from Eq. (2.13) we see that the integral curve tends to the line segment
M = 0, connecting the singular points; the solution in this case is of the type shown in
Fig. 4.

Piecewlse diagram

The given solution in the shock transition field is true if only the square of the shock
wave velocity is D? # o5(¢). This condition is severed when the diagram ¢ = os(e) is
a piecewise convex one, i.e. os(gx4;) < o5(gy) at g4, > &. In the case of such a diagram,
shock waves appear in the solution of the system (2.6) at the discontinuity boundary and
initial conditions, and they coincide with the characteristics of the system. Provided
D? = o5(¢), some of the main terms of Egs. (2.9) disappear and this makes it necessary
to take into account the terms omitted earlier. To make it obvious, let us substitute z =
= o—os(e) in Eq. (2.9)

1 D év v D o *v
@14 [ o5 + o) aﬁ] EX] +E‘L(Ta_ﬁ aa) g

o _ a0  poe (? 3?8 )(e —z—05(e)) = P(2).

T T "B
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In the first equation the underlined terms were reduced; the force of inertia in the
longitudinal direction corresponds to the term dv/dw; thisis why the conditions 4 = y'/3
and z ~ O(4) should be observed. Since we consider the general case, when the terms
corresponding to the inertia of the transverse motion and viscous resistance are of the
same order, from the third equation we get A**! = w. The value of k is defined by the
behaviour of the function @(z) ~ Cz* at z — 0. Hence we find that @ ~ O( %)
From the above analysis it follows that the solution of Egs. (2.14) is to be sought in the
form of the following expansion:

(2.15) 0= 0o+ A0, +A%0,+ ..., &= go+Aeg+ ... ++ ...,

z = Azo+ A%z + ... +A%2,+ ..

A comparison of the power expansions for concave and A convex diagrams makes it
clear that the differences in the solutions for two types of diagrams are connected with
the deviation of the actual dependence o = ¢(¢) in the transition zone from the static
law o = os(e). For a concave diagram this deviation is of the order O(1), and for a convex
one — O(A). Substituting the expansions (2.15) into Eqgs. (2.14), we find the following
equations for the zero approximation

620 = &’o ] asﬂo awo - 680
a_ﬁ‘z‘?a? b‘DaﬁB’ aﬁ‘_D B’
de v
z5 = —D(I—Dz)-bg-‘% = (1—1)2)-:;2-%.
Excluding z, and ¢, we get the equation
3 [dv,\? ) &
(2.16) Aa—ﬁ( aﬁ) =2 a: -b,D 6;’;’, A=b,(1-D¥*, p=k

The solution of this partial differential equation should satisfy the condition (2.11).
In the problem considered the initial conditions are of no importance; they may be of
any type not contradicting the conditions (2.11). In the general case, the solution of
Eq. (2.16) in the closed form is impossible to obtain. Nevertheless, in a particular case
when the conditions before and behind the front do not vary, we can get the solution
of the posed problem in the class of automodel solutions. Supposing that v, = v(%),
where & = fo4, from Eq. (2.16) we find

2.17) PAY"(¥')P~1e4P+D = 29/~ f—b, Dv'"".

We can see from Eq. (2.17) that there always exists an automodel solution when both
effects act simultaneously at p = 2, g = —1/3. From Eq. (2.17) we find that it should
satisfy the equation

(2.18) b,Du"+2Au’u+-§—£u =0, u=9¢

and the boundary conditions

Ve =07, Ve =9", u<M, - Foo.
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The qualitative research of this problem shows the solution gives a smooth profile
at b; <€ 1 and finite b,, and behind the wave front there will be oscillations about the
value v = v, when b, is the finite value and b, is small.

Besides, the automodel solution of Eq. (2.17) always exists if b, = 0 or 4 = 0.

In the considered case of the piecewise diagram of the material b, = 0, if n < m(k+1)/3
and 4 = 0 either in the case of a purely elastic material when D? = 1, or at b, = 0, when
n > m(k+1)/3.

At A = 0 we find that p = —1/3 and Eq. (2.17) becomes

d*v
aE
The solution satisfying the conditions (2.11) is of the type

2 dv T
+"§—51E—0, & = ¢&D .

&
(2.19) v = v +(0* —o )x[73~ [ Ai()d1],
0

where Ai(x) is the Airy function. At D = 1 the solution (2.19) coincides with the asymptotic
solution obtained for an elastic bar on the basis of the precise solution of a three-dimens-
ional theory [5]. The character of the solution is qualitatively the same as in Fig. 3.

Let us consider more carefully the case when b, = 0

dv \"¢*? g2 Ap2
v (&) -
The solution is of different types depending on the value of k.
At k =1 we find
T ¢
v =0+ 2‘0 [1_ ]/2_ [-e“'dﬁ"],
(2.21) %3

x—Dt
- wlfz 1-D?)-12,
2yt ¢ (

The effective shock wave width is defined according to the formula

Ao lot—v~| _ (Zm
w

a dx

wherefrom one can see that it does not depend on the shock wave intensity and increases
in time proportionally to t4/2,
If &k > 1, the solution (2.20) is of the type

12
) (1-DYA,

A A A f dz ,
(2.22) U= ) E 211 ) (l +zz)|P| ’

1
_ 1B _ k(1=k) n T (v‘-—v* 1!2) ~20p[+1
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(22.2)
[cont.) 5 =

i 1
5Dty 1 =J. iz _ HI/Z)P(IN—T) .
(KIGk+1) . J T+ 2I(|pD

Here I'(z) is a gamma function. In this case the transition layer over the variable & has
an infinite width, the tendency to the values v+ and v~ over the infinity being nonexponen-
tial as in the case of k = 1, but a power one, so that the effective width Ax increases con-
sider ably faster than in the linear case

Ax — w—l;‘l-{-l‘l,‘ki-ldg’

where A& is the effective width of the transition layer over &.

At k < 1 the transition layer over the variable & has the finite thickness 2&,; instead
of the conditions (2.11) one should take the boundary conditions over the interval [0, &,]
(2.23) 2(0) = (v*—v7)/2, v() =v", ©(§)=0.

The solution of Eq. (2.20) satisfying these conditions is
&/&

_ot4o” ot -0 j‘ -
D= ) + 21-0 p (l'_z ) dZ',
) . ot —gp~ VP k
L fo= (_zB'I_) P

1
0

The shock wave width increases with time in this case but is slower than the effective

width in the case of a linear function
1 k

Ax = 2500) k+1 !k+l .

Figure 5 shows the change of the shock wave profile with the change of k.

FiG. 5.

3. Shock wave structure at the difference approximation of equations

Now let us see how small additional terms arising in the process of numerical integra-
tion of equations as a result of a difference approximation influence the shock wave
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structure. It is convenient to investigate the simplest case of a discontinuity wave in plastic
bar on the basis of an elementary theory. The system of equations

(3.1) do|0x = pdv[dt, 0Jo/dt = Edv[dx

may be written in dimensionless variables

(3.2) Xx=x/l, t=tcfl, T=oalecv,, ©=vfvg
and in terms of Riemann invariants ¢ = 649, p = 0—9

(3.3) op/ot+3dp/ox = 0, dglot—0dq/ox =0

Let us consider the numerical predictor-corrector scheme for Egs, (3.3)

P’l“i”% = _Z'(PN+P.+1)—‘_ (Pls1—pD)s
1

(3.4) P = 5 (P+PL)— T (1P,

T
pitt = pi— T (PHH:‘P;-H:)H”:-

The notations are clear from Fig. 6 where the scheme pattern is shown.

n+1
'\ [
=== _._.,k;'__.'.__‘_‘.*.__q_..[. =

" InsY21 E|

; wr L at"n e
= 7 7R ()

h

FiG. 6.

First, the solution may be defined at the intermediate step at the points with half-
integral indices shown with crosses at the Lax scheme; and then at the points of the basic
network shown with circles according to the “cross” scheme.

Excluding the values with half-integral indices, we get

x1?
(3.5 pitt = pi—1/2h(ply1—pi-1)+ 7 (Prer=2pi+Pi-)

where 1/2 < % < h/2t and 7/h = 1. The scheme (2.5) at » = 1/2 turns into the Lax-
Wendroff scheme of the second order of accuracy and at » into the scheme of Courant—
Isaacson-Rees [8]. Expanding all the terms of the finite-difference equation (3.5) at the
point with the indices (n, i) over the powers of 7 and %, we get an equivalent differential
equation of an infinite order:

5p ap ij 72k azkﬂp (h)zt a””p
(3.6) o o T 4 k) (arnﬂ 7] o

-1 h\*"? 6%p
+2(2k)' [ar“ 2"( ) W]‘O'
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Since in any explicit scheme 7/h = K, K < 1 Eq. (3.6) contains one small parameter
7 € 1 at senior differential terms.

To solve this equation, let us apply the same asymptotic methos we used in Sect. 2.
As before, we seek the slowly changing solution of the type

(3.7 p=pO+pV+ . +7p™ + ...

Substituting the series (3.7) into Eq. (2.5) for p we get the equation

(3.8) op@/dt+dp®Jox = 0

coinciding with the approximated equation. Since our aim is to find a uniformly exact
zero approximation, we shall not write out the rest of the approximations, but turn to

the solution in the vicinity of the discontinuity x = t. As before, let us introduce the
variables

—¥
ﬁ—— o =t,

then Eq. (3.6) will be of the following type:

Zm+1 h 2m 32m+1p 1
) —+2(am+n>r (s (%) Gt ]

o iy 2k 2k—=2 g
e ._6__,1_,1) ﬁz,,(i) p 11
2k! oo A o T op** A%
We shall seek the solution in the form

(3.10) P = Po+ip;+ ... +A"pu+ ....

It is easy to see that at »# > 1/2 the main term of the expansion will be in the second sum,
then A = 7'/2 and from Eq. (3.9) for the zero approximation p, we find

(3.11) 0po/0a = b*(*p/0p?),
where
b2=12< (2x-1), x=> %

This equation differs from Eq. (2.16) only by the coefficient; consequently, the effect
of the approximating terms is qualitatively the same as that of viscosity. The solution
of Eq. (3.11) will be of the same type as Eq. (2.21) and we can easily find the effective
shock wave width with the help of the formula

(3.12) Ap = P8R _ py/ar

From Eq. (3.12) it is clear that the shock wave width is directly proportional to the value »
and is independent of the Courant number K, what is quite unexpected.
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At » = 1/2 the scheme is of the second order of accuracy. In Eq. (3.9) now the first
term of the first sum becomes the main one, then 2 = 7%/, and for a zero approxima-
tion we find
°po 5po 5. ¥ e
P = b*=—(K*-1)

Equation (3.13) at 4 = 0 coincides with Eq. (3.16). Thus the effect of the approxima-
tion terms is the same as the transverse motion inertia one. We see that the approxima-
tion effects do not always look like viscous resistance, as it is often referred to identifying
all the approximation effects at the discontinuity with the approximational viscosity
influence.

For the effective shock wave width we find

(3.13) b?

(3.19) 48 = i (0) abt*3,

wherefrom one can see that for the second order schemes the dependence of the shock
wave width on time 1 is weaker than for the schemes of the first order of accuracy.
It is interesting to note that the obtained results for the scheme (3.4) are common for any
known schemes of the first and the second orders of accuracy. In Egs. (3.11)-(3.14) only
the coefficient b changes. For example, for the Lax scheme of the first order of accuracy [8]
it can be shown that 5> = 1/4(K~2—1) and for the “cross” scheme of the second order
of accuracy b® = 1/2(K~2—1). That is why, by comparing the value of the coefficient b
one can speak of a scheme of the minimal effective width. One can draw a conclusion
about the stability of the scheme in the case of smooth solutions taking into account the
first differential approximation in the parabolic form [9]. It was obtained from Eq. (3.6)
leaving only the main term with the smallest power 7 and using Eq. (3.3):

dp  p = a%p
then » = 1/2, we have

p , Op _ e
(3.16) E-'-Ft_ = (K 1) ax"

The nonnegativity of the coefficients of the right hand part in Eqs. (3.15)-(2.16) is the
necessity conditions of the stability of the scheme (3.4). These conditions coincide with
the conditions of nonnegativity of the coefficients in Egs. (3.11) and (3.13). Thus, for
linear equations the conditions of stability for the continuous and discontinuous solutions
are the same, For the nonlinear equations the situation is more complicated. One can
show that such coincidence does not take place. The stable scheme for the smooth solu-
tions can became unstable for the discontinuous one.
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