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Surface energy in liquids and the Hadwiger integral theorem

A. BLINOWSKI and A. TRZESOWSKI (WARSZAWA)

THE cONTRIBUTION of the interface curvatures to the surface energy density is discussed. The
attention is focused on the restrictions imposed on the possible form of this contribution
by the properties of the functional of total energy of the liquid body. The requirement of the
continuity, additivness and the invariance with regard to isometry in the case of convex
bodies give the linear dependence of the surface energy density on the mean curvature H
and the Gaussian curvature K. This results in the additional term in the expression for the
pressure discontinuity at the interface equal to «K, where « is the material constant describing
the contribution of the curvature H into the surface energy density. The contribution of the
Gaussian curvature is shown to be responsible for the discontinuous total energy change
associated with the change of the topological connection of the body.

Rozpatruje si¢ ograniczenia nakladane przez wlasnosci funkcjonalu energii ciala na postaé
hipotetycznej zaleiznosci ggstosci energii powierzchniowej od krzywizn powierzchni rozdzialu
faz. Zadanie ciaglosci, addytywnosci, niezmienniczosci wzgledem izometrii prowadzi dla cial
wypuklych do liniowej zaleznosci gestosci energii powierzchniowej od krzywizny $redniej H
i krzywizny Gaussa K. Taka zaleznoé¢ prowadzi do pojawienia si¢ dodatkowego czlonu réw-
nego oK w wyraZeniu na niecigglo$¢ ciénienia na powierzchni rozdzialu faz, gdzie wspoélczyn-
nik « opisuje wklad krzywizny $redniej H do wyrazenia na gesto$¢ energii powierzchniowej.
Wykazano, ze wklad krzywizny Gaussa do gestodci energii powierzchniowej powoduje skon-
czone przyrosty energii calkowitej przy zmianie spdjnosci ciala.

PaccmaTpuBaloTCA OrpaHHYEHMs HaKIa[blBaeMble CBOHCTBaMHM (DYHKLMOHANA SHEPTHM Tena
Ha BMJ THNOTETHYECKONH 3aBHCHMMOCTH IJIOTHOCTH IOBEPXHOCTHOM SHEPTHM OT KPHMBHM3H IO-
BepxHocTeit paspgena ¢a3. TpeGoBaHHA HepaspbIBHOCTH, IJHTHBHOCTH, HHBaPMAaHTHOCTH
N0 OTHOUIEHHIO K H30METPHH INPUBOMAAT, [UIA BBINYKJIBIX TeJI, K JIHHEHHOH 3aBHCHUMOCTH
TJIOTHOCTH MOBEPXHOCTHON 3HEPTHM OT cpefHeil KpuBu3Hbl H 1 KpuBusHel [aycca K. Taxan
3aBHCHMOCTb NPHBOJHT K MOABJIEHHIO JONOJHMTENBHOTO WieHa, paBHoro ok, B BEIpa)KeHHH
JUIA pa3pbIBa JaBJIeHHA HA NOBEPXHOCTH pasfena ¢as, rae KoaddHUIHMEHT o« OMHChIBaeT BKIAX
cpemHeli KpuBH3HEI H B BRIpaKeHHMH INIA IUIOTHOCTH IIOBEPXHOCTHOM sHepruu. ITokasamo,
YTO BHKJIAJ KpMBH3HEBI I'aycca B NJIOTHOCTE NOBEPXHOCTHOH SHEPTHH BBI3BIBAET KOHEUHbIE
npHpalleHNA MOJTHOH SHEPrHH NPH H3MEHEHHH CBA3SHOCTH TeJa.

1. Introduction

IN ROCK analysis and in stereographic metallography the so-called first theorem on the func-
tionals on convex bodies (Hadwiger theorem) is employed [1]. This theorem has been
recently applied to the problems of mechanics by A. TRzesowskr [2, 3].

In the present paper the authors present some possibilities opened by using the Had-
wiger theorem for the analysis of the nonclassical mathematical model of surface tension
proposed in 1971 by A. BLINOwSKI [4].



134 A. BLINOWSKI AND A. TRZESOWSKI

2. Surface energy of liquid bodies

In this paper we shall consider a simple model of incompressible fluid without memory
effects, whose internal energy is entirely determined by the temperature. We shall assume
also that the temperature is held constant, i.e. we confine our attention to the strictly
reversible isothermal processes.

In the theory of capillarity a finite energy density is attributed not only to volume but
also to the surface measure, thus we should define the body in such a way that the limit-
ing case of the thin film (infinitely thin, in the sense of the phenomenological approxi-
mation used here) should be also considered as a body.

Following HADWIGER [5] we shall define the convex body as a compact convex sub-
set of Euclidean three-dimensional point space. If such a subset contains internal points,
we shall call it a proper convex body, otherwise we shall call it an improper convex body.

These definitions are strictly geometrical. In the physical sense we shall understand
bodies as the materially homogeneous one phase (say A-phase) domains (or improper
domains), all of them made of the same substance and surrounded by the same homoge-
neous internal medium (B-phase).

In line with the classic capillarity approach, that is assuming the existence of the con-
stant surface energy density o, we can endow every convex body under consideration with
the energy functional E(4) = &V(4)+0S(4) where V(4) and S(4) are the volume and
the surface of the body and ¢ denotes the volumetric energy density.

According to the Hadwiger theorem [5], such a functional meets the following con-
ditions (cf. [2]):

a) Invariance with regard to isometry, i.e. when 4, and A4, are isometric bodies of the
same phase then

| E(4,) = E(4y).
b) Additiveness in the following sense:
E(A,0A4,) = E(A,)+E(4;)—-E(4;nA4,).

¢) Vanishing for empty sets
E(¢) = 0.
d) Continuity
A, - A= E(A4,) = E(4).

By A,— A we mean convergence in the sense of the Blaschke metrics in the set of all
convex bodies:

d(A,, 4;) = info{d, < Ayp, A, = Az, 0> 0},
where
A’ﬂ Lo UK(O, 0)

aed
and K(a, ) is a sphere of radius ¢ and with the center in a (see Fig. 1).
~But, again according to the Hadwiger theorem, the functional E(4) = eV(4)+0S(4)
is not the only possible functional which meets the conditions a)-d).
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The theorem claims that the general form of the functional which méets these condi-
tions can be represented as follows:
@.1) E(A) = eV(A)+0S(A)+aH(A)+pK(A),
where ¢, 0, a, f are some constants and H(4), K(A) are, respectively, the integral mean
curvature and the total Gaussian curvature of the body surface.

The relation (2.1) will serve us as the starting point in our attempt aimed for the gen-
eralization of the mathematical model of capillarity. Thus we shall assume that the energy

FiG. 1. Convex body 4, .

functional of every convex body within the framework of our model can be expressed as
in the relation (2.1) where &, o have the same sense as in the classical model and a, § are two
additional material constants. (We remind here that the temperature is assumed to be
constant and uniform).

In the case of the smooth surfaces 94 the magnitudes H(A4) and K(A) can be expres-
sed as

@2 H(4) = [ Hds,
a4
where H denotes the mean (local) curvature and

(2.3) K(4) = [Kds,
aAd

where K is the Gaussian curvature.

Let us mention that the expressions (2.2) and (2.3) are also valid and strictly deter-
mined in the case when the surface is only piecewise smooth, i.e. it contains some edges
and corners (cf. [1]). Here, however, for the sake of simplicity we confine our attention
to the bodies with the smoth bounding surfaces. For such bodies the relation (2.1) can
be rewritten as follows:

(2.4) E4) = [ edV+ [ (o+aH+pK)dS.
A a4

On one hand it is obvious that the expression (2.4) can be, at least formally, applied
to describe the behaviour of an arbitrary (not obviously convex) body bounded with a
smooth surface. On the other hand it can hardly be supposed that the energy functional
suffers drastic changes on the transitions from the convex bodies to the other shapes.
Thus we will assume that:
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¢) The energy functional of an arbitrary shaped body bounded with a smooth surface
can be expressed as in Eq. (2.4).

In the next section we shall examine some mathematical consequences of this assump-
tion.

3. Mechanics of bodies with curvature dependent surface energy

The model of the curvature dependent surface energy considered by A. BLINOWSKI
[4] did not assume any certain form of the expression w = w(H, K) describing the sur-
face energy density as a function of the invariants of the second metric form of the sur-
face.

It does not follow from the considerations presented in the previous section that there
exists a surface energy density function, but it does follow that if it exists, then being
integrated over the whole surface it should give rise to the surface integral in Eq. (2.4).

If we assume, however, that the density function exists, then again we cannot claim
that it is equal to the expression under the surface integral sign in Eq. (2.4); we may sus-
pect that the density function contains some terms which identically vanish being in-
tegrated over the arbitrary closed surface. On the other hand, however, the authors can-
not point out any regular enough function of H and K having the mentioned property.
This fact as well as the close correspondence with the classic model leads us to assume
that:

f) The energy functional E can be defined for an arbitrary domain D of the body sur-
face and it can be expressed as follows:

(3.1) E(D) = [ (o+aH+pK)dS.

This assumption implies the existence of the surface energy density function w = o+
+aH+ K.

In [4] and, indirectly, in [6] it was shown that the membrane model of the surface
tension is not adequate for the description of the mechanical behaviour of such an inter-
face for which the energy density depends on the curvatures; in that case a more complex
Cosserat two-dimensional model (shell model) should be used (cf. [7]).

For the sake of completeness and to avoid unnecessary complications due to exces-
sive generality, we prefer to re-derive all the necessary relations rather than to make re-
ferences to the paper by A. BLinowski [4] (it should also be noticed that the mentioned
paper contains some minor mistakes).

We assume that for every regular material domain S of the surface and for every ve-
locity field, the following integral energy balance law should be obeyed:

(32 [wds = [pvdS+ [ Tovdi+ [ Moy ntileydl,
5 8 a8 a5

n' denote the components of the unit normal vector pointing outside the A-phase do-
main, p° — components of the vector of the surface density of external forces acting on
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the surface (i.e. the resultant of the forces exerted by the 4 and B-phases), 7" — com-
ponents (in the mixed basis) of the surface stress tensor (7", = T, where T — compo-
nents of the contact force acting across the unit length of 4S), M** — components of
the moment tensor (M, = M’, where M’ — vector of the moment acting across the
unit length of the contour) ('). For the other symbols — see Appendix. In the Appendix
we also quote all necessary relations which will be used in the further transformations
of Eq. (3.2).

Using Eqgs. (A.23)-(A.27) and (A.15) we can rewrite Eq. (3.2) in the form of the sur-
face integral

(3.3) f { [a(Ha* —b*) ts— BKa* tk + ca™ 1§ — SPsn* — T**+ §%b,, a7 1§l vy o
s

+ [; a*’n*+ p(2Ha* —b*)n* — 5 ""]vk.aa— [T.*:+p‘]vx} ds =0,
where
Sa'ﬁ 2 Miag”t.:,ejﬂ.

The relation (3.3) should hold for every material surface domain. Therefore, for every
velocity field the expression under the sign of integral must identically vanish; this is
possible if and only if all the the terms in Eq. (3.3) which are multiplied by the velocity
gradient of the same order identically vanish (values of the gradients of each order at

any given point can be chosen independently).
Thus the following relations should hold:

G4 T +p* =0,
(3.5) T* = o(Ha* —b™) s — BKa**1k + 0a*P 1k — SP3n* + SPeby, a7tk
(3.6) S@b — _°2‘ a* + B(2Ha* —b*),

where the indices in parentheses denote the symmetric part of the tensor.

The foregoing considerations give no cue on the skew-symmetric part of S (we de-
note it by S<A),

Let us suppose for now that S<# does not necessarily vanish. We are able then to
write the following identities:
3.7 S = S,
where

dar 1
S = o Seey.

Substituting Eqs. (3.6) and (3.7) into Eq. (3.5) and taking into account Eq. (A.18),
we obtain

(3.8 T = g (Ha"‘»" - —-é— b"") th+0a*tk — (Se*by,a”ts— S 5 en¥).

(') On the correctness of the concepts of 7/* and M® tensors see [7].
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Divergences of the terms in parentheses vanish (cf. Eq. (A.28) and (A.29)); therefore,
substituting Eq. (3.8) into Eq. (3.4) and using Eq. (A.12) we obtain

(3.9) r+ u(Ha“"— —;-b“ﬂ) n*b,p +aa‘ﬁb¢n* =0,
thus
(3.10) Pagu = 0()

i.e. the surface cannot transmit tangential force, it means that there is no discontinuity
of the tangent stress across the surface. Using Eqgs. (A.16) and (A.17) we obtain the fol-
lowing result:

@G3.11) p'n, = —aK—20H,
which, for a = 0, reduces to the Laplace formula.
(3.12) Ap = —=2He.

4, Discussion

In this section we present some further arguments in support of the assumptions
introduced in the previous sections, as well as some consequences of these assumptions.

Let us notice that in choosing the sense of the normal we determined in fact the sign
of the mean curvature in such a way, that for the convex domain containing the 4-phase
(A-convex body) the sign of the mean curvature will always be nonpositive and vice versa
for the B-convex body — nonnegative. Generally speaking the mean curvature will be neg-
ative if the centre of the bigger curvature (we mean bigger in the sense of absolute value),
lies on the A-side of the interface, and positive in the opposite case.

Defining the A-convex bodies and B-convex bodies we find at once that all the consid-
erations of the previous section which were conducted for 4-convex bodies can be re-
peated without change for the B-convex bodies.

We are now able to examine the assumptions made at the sections (2) and (3) from
a slightly different viewpoint.

If we employ the Hadwiger theorem separately to A-convex and B-convex bodies and
assume the existence of the surface energy (neglecting possible terms which do not con-
tribute to the surface integrals), then we are left with the following situation:

@1 {04 +a,H+p,K for A-convex bodies,

op+agH+pPsK  for B-convex bodies.
For obvious reasons we should put ¢, = o, otherwise we would obtain two different
values of w for the flat surface. The expression (4.1) do not suggest whether a, = a5

and f, = f or not; they also give no information about the expression for w in those
parts of the surface of arbitrary (neither 4-convex nor B-convex) bodies on which X < 0.

(*) This result is due to the hidden assumption of the continuity of the velocity vector across the sure
face, i.e. the possibility of the introduction of the unique material coordinates at the surface.
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In the sections (2) and (3), by introducting the assumptions (e) and (f) we have cho-
sen in fact the simplest possible answer for these questions, i.e. we have assumed that
ay = ag, a4 = P

Despite the whole arbitrariness of such a procedure, the simplicity and the aesthetic
value of the mathematical description which has been obtained incline the authors towards
the opinion that it is worthwhile to discuss some properties of the model.

As regards the local properties of the interface, we should point out that the nonclas-
sical behaviour of the pressure discontinuity can be detected only on the double-curved
(i.e. with K # 0), single interface. For obvious reasons (see Eq. (3.11) if K = 0, then the
pressure discontinuity has the classical form. As regards the pressure discontinuity on
the double surface (modelling the physical behaviour of the thin film), its behaviour does
not differ from the classical one even in the case when K # 0: on the two opposite sides n
has the opposite sense and the pressure discontinuities due to — aK-term cancel each other
(contrary to the contribution of 2¢H, which is doubled in this case).

Thus the possible deviation from the Laplace model cannot be detected, e.g. in ex-
periments with straight capillary waves at the interface or in any experiment with thin
films.

Let us now turn to some other quantities introduced in Sect. 3. The vector of the mo-
ment M’ = My, represents a generalized force performing work on the normal vector
rotation. We can see that the normal component of M equal to M'n; does not contri-
bute to the work being performed, indeed,

4.2 MrPen v nintiley, = 0.
At first glance one would suppose that the quantity M n; should be determined using
some additional assumptions. Let us, however, represent M as follows:
(4.3) Mi® = (M**n)n'+ M**g,, tiaP"t}
and demand the following integral moment balance equation to be satisfied:
(4.4) [ Mieydi+ [ Ty, g, Ry ttidi+ [ Ryp,eidS = 0,
a5 as 5

where R* are the components of the position vector in the arbitrary fixed coordinate sys-
tem. Performing rather long, however quite elementary transformations, and using the
relations (3.4)-(3.8), we obtain

(M*n,) . =0,
(4.5 ; t).o
(M mﬂi)bar o 0’
hence we are able to claim that

(4.6) M™n, = 0.

The other quantity S = -;—S@’)s,, however, still remains undefined.

Projecting Eq. (3.5) on the normal and tangent directions we obtain the following
expressions: ' '

@.7 T*n, = S8,
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(4.8) Te> = HSe*e,

where the brackets stand for the skew-symmetric part and 7% - T™t5ga*F. According
to Egs. (4.2) and (4.6) the quantity M™ is completely determined by its projection M%,
for which, in virtue of the definition of S* and the relations (3.6) and (3.7) we obtain

(4.9 M%* = Sa%*+ (ZﬁH + —;—) e —Bb*e gar.

Preserving S # 0 would mean that for the spherical interface we could expect from Eq.
(4.8) the presence of non-vanishing 7« and the twisting moment (from. Eq. (4.9)) but
that would mean the violation of the invariance with regard to the complete orthogonal
group of space transformations. Thus, so far as we stand on the ground of the mentioned
invariance, we are rather inclined to put S = 0.

Let us also mention that (independently of the possible value of S) we obtain the fol-
lowing relation:
(4.10) p'ny = — T*b,,,

(compare Eqgs. (3.8), (3.9) and the definition of T in Eq. (4.8)) The same formula was
obtained by L. E. Scriven [8] applied to the different physical situation, namely under
the assumption of the anisotropy of T* due to the surface viscosity and surface tensions
inhomogeneities. Thus in the authors’ opinion Eq. (4.10) can be considered as the gener-
alized Laplace formula which in the case of the classic theory reduces to

(4.11) p'ny = —0a*b,.

In our discussion of local properties we quote for reference the representation of T

and M in the orthonormal basis of the principal curvature coordinate system (for which

%, 0 '
b= IO "z])‘
10 afx; O 10 a[*: 0
Lin ‘“”*“)[0 1]‘7[0 x2]=_"[0 1]* '2'[0 xll'

BRI

At the last point of this section we shall discuss the physical meaning of the p-coeffi-
cienf in Eq. (3.1). As it has been already shown this quantity does not affect the local
equilibrium, thus at first glance one would claim that it can be assumed to be equal to zero
without loss of generality.

On the other hand, however, some authors [10] have pointed out that the usual di-
mensionless criteria which can be formulated using such quantities like surface tension,
density, vistosity etc. give no cue for the description of the flow discontinuities (i.e. the
changes of the topological connection of the bodies such like the rupture or the film perfo-
ration (Figs. 2, 3).

We shall show here that our f-coefficient can be possibly regarded as such a quantity
(missing in the classical theory) which can supply some information about this subject.

(4.12)
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According to the Gauss-Bonnet theorem, (cf [9]) for any smooth surface domain §
bounded with the smooth contour 9§ the following relation holds:

(4.13) [ kds+ [ Kqdl = 2,
s as

where K, denotes the geodesic curvature of the bounding contour.
Every closed, connected and orientable surface S can be characterized by a topolog-
ical invariant y(S) called the Euler-Poincare index.

= = %

F1G. 2. A-rupture.

FIG. 3. A-puncture.

For the surfaces of bodies topologically equivalent to the sphere y(S) = 2 for the
torus x(S) = 0 and for the most general case — surface bounding a body equivalent
to the “sphere with » handles” x(S) = 2(1—n)([11, 12]). As a straight conclusion from
the Gauss-Bonnet theorem the following result for the connected, closed and orientable
surface can be obtained [9, 12]:

(4.14) [ Kds = 2rx(s).
5

Let us consider now the two main schemes of incompressible flow discontinuities.
The process resulting in the disconnection of a compact simple-connected (i.e. topolog-
ically equivalent to the sphere) domain of phase A forming two (simple-connected) do-
mains will be called the A-rupture (Fig. 2).

Another process resulting in the perforation of the simple connected 4-domain (i.e.
transformation of a domain equivalent to the sphere into a domain topologically equi-
valent to the torus by “making a hole”, e.g. by indentation with two spherical punches)
we will call 4-puncture (Fig. 3).

With certain caution we can generalize these notions on infinite domains — roughly
speaking we should demand such processes to be semi-local, i.e. confined to the finite
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space domain outside of which the form of interface does not change (cf. Eq. (4.13)).
With such generalizations we realize at once that the process inverse to the A-rupture
can be considered as the B-puncture, the process inverse to the A-puncture in turn can be
considered as the B-rupture.

We do not consider here such a flaw discontinuity as the isolated void opening inside
the one phase domain — this case does not occur for the incompressible media. Of course
the situation when the A-body includes a domain of B-phase can appear, but it can be
easily seen that this can happen by “swallowing” a piece of B by “A4-meduse”, i.e. by

O-(G-©

Fic. 4. Transformation of a sphere-like body into a torus-shaped, body by B-puncture.

FIG. 5. ,,Swallowing” of B-body by A-body with B-rupture.

B-rupture (Fig. 5). If we considered the phase transformations we would not be able to
exclude the mentioned case of discontinuity modelling a nucleation of the second phase,
but such a situation lies beyond the bounds of the present model. This is so since if the
phase transformation process occurs, then the interface can no longer be considered as
a material surface. The only exception here is the case when the second phase can be
considered as the vacuum, then all the considerations of the previous section remain
valid and we have two additional schemes of flaw discontinuities: void opening and void
closure.

Comparing Egs. (4.13) and (4.14) with Eq. (3.1) we can easily see that any of the four
elementary flow discontinuities is strictly connected with the discontinuous jump in energy
of absolute value equal to 4nf, namely:

Discontinuity

type Energy change
A-rupture (Fig 2) 478
A-puncture (Fig. 3) —4nf
B-rupture Anp

- B-puncture —4nf
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Let us notice that no matter how we transform the A4-sphere into the A-torus either by
“drilling a hole” (A4-puncture), or elongating it with subsequent bending and joining
its ends (B-puncture Fig. 4), the net result remains invariant — energy change equal
to 4np.

5. Final remarks

At the present time the authors can scarcely point out any significant physical consid-
erations or experimental results which can point out that the introduction of the two
additional constants « and g has any practical significance. On the other hand, however,
as it has already been shown, the detection of the influence of these constants requires
quite special experiments which at the authors’ best knowledge have not yet been
conducted.

Appendix

For any smooth surface specified by the vector function x = x(u®), (a = 1, 2) the
following notions can be introduced: ([8, 12, 4])

ox
(Al) e = 73 base vector,
(A.2) a, =e, e; covariant representation of the metric tensor,
(A.3) a* contravariant representation of the metric tensor defined by the
relation
a‘“’aﬁ = (5§,

(A.4) €— unit skew-symmetric tensor which can be defined by its
representation in orthonormal basis in which &!! = ¢22 =,
2 =1, & = —1,

: 1 . 2
(A5 n= Tt; t}e* e, components of the unit vector, normal to the surface,

where
(A.6) tt=¢e"e (i=1,2,3),
¢’ being a contravariant space basis vector, the set of ¢ quantities form the representation
of some tensor (shifter) in the mixed basis (e;®e).

Surface covariant differentiation is introduced the same way as for the three-dimen-
sional space e.g.

da’ i
i ]
A7 to= 2+ L,
da, 4
(AS) az,p = JuP —{dﬁ} ay,

crm S5l
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where
(A.10) { ¢ = L. e¢*  surface Christoffel symbols.
By ou’

At the arbitrary coordinate system the following relations are valid:
(A.11) I
(A.12) la,p = Nhag,
where b,; — representation of the second fundamental form of the surface.
(A.13) nly = —byga®t,
(A.14) bus,, = bay,s  (Codazzi-Patterson theorem),
(A.15) [atds = [a,al,

s éas

where a(u*) — arbitrary tangent vestor field, v — unit tangent vector normal to 25 (Gauss—

Ostrogradskii-Green formula).
Mean curvature H and Gauss curvature K obey the following relations:

(A.16) . H= %aaﬁbnﬂ,
(A17) K = o [(b%a,,) ~b2b,,),
(A.18) baya?bgy — 2Hbs +Kags = 0

(Cayley-Hamilton formula).

If the u* coordinates are material convective coordinates, and the dot over the symbol
denotes the material time derivative, then the following relations are valid ([4, 13]) (if
e; vectors are fixed):

(A.19) Qup = 150, g+ 150, 4,

where v stands for the velocity vector, and é; is the material derivative of the representation
of the metric tensor (it is not the representation of the material derivative of the metric

tensor)

(A.20) = —a%ara,,,

(A21) it = v,

(A22) bap = 110y, 43

(A.23) ik = 7k = —njol tha”,

(A29) [ fas = f ( j5 a“"a) as,
5 5

where S denotes the material domain of the surface and fis any density function (with
respect to the surface measure).
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The relations (A.16) and (A.22) yield the following formulae:

(A.25) H= —b""t},v._u+%a"’n‘v;.,ﬁ;
(A.26) K = (2Ha"® —b*)n'v; .5—2Ka%t}v, ,.

From (A.5) and (A.23) taken together with well known relation
Eip €8 = &imErn—EinGkm>

we get the following relation:
(A.27) n*itey, = 17 frg,nPy, .

Finally we inspect the two particular differential expressions

(2Ha*—b%); and  (fe*b,pa?ts—f 5 e*n¥) ,,

where f = f(u®) is an arbitrary scalar function. For the first of them we have

(2Ha** —b*) 5 = (b"a,,a%? —b*) 5 = (bga®a® —b,,a¥a™) 5 = b,, s(a”a* —a®*a™P)
however, by virtue of the Codazzi identity (A.14) we have

brp,50°"a™ = b,, pa™’a*
hence
(A.28) (2Ha* —bp*) 5 = 0.
For the second one we write
(fe*b,pa”t5—f, 5 e*n") 3

1 = f o €%b,pa"t}

Il +fe*b,, 0"t}

I +f&*b,za"by,n*

IV —f ga 6n*

A% +f. 5 £%b,, 0715 .

We have used here Egs. (A.12) and (A.13) and the fact that ¢4 = 0.

The term (II) vanishes in virtue of the Codazzi identity, the term (III) is also equal

to zero in view of the symmetry of C = ,5a"°Days the next term (IV) vanishes in view

of the symmetry of f,.5. The sum of the (I) and (V) terms can be rewritten in the form
a?t§ e (f,abyp+1,pbya)

but the term in parentheses is symmetric with respect to « and g indices, thus the whole

product also vanishes. Hence

(A.28) (fe*b,pa"t5—f 5 ePn*) , = 0.
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