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On a constitutive theory for materials
undergoing microstructural changes

A.S. WINEMAN (ANN ARBOR) and K. R. RAJAGOPAL (PITTSBURGH)

A consTITUTIVE theory is discussed for materials which undergo microstructural changes, and
thus have different micromechanisms for the generation of stress in different regimes of response.
Of particular interest is a two-network theory of polymer response in which, at some state of
deformation, molecular cross-links are broken and then reformed in a new reference state, The
mechanical response then depends on the deformation of both the remaining portion of the
original material and newly formed one. A particular constitutive equation is introduced in
order to develop the methodology for performing calculations, and to study material behavior,
The original and newly formed material are both treated as incompressible isotropic nonlinear
neo-Hookean elastic materials, but with different reference configurations. Several homogeneous
deformations are analyzed, and permanent set on release of load is calculated. Nonhomogeneous
deformations are studied by means of the problem of the combined extension and torsion of
a circular cylinder. Unloading and loading response is determined, as well as permanent set on
release of load.

Przedyskutowano teori¢ réwnan konstytutywnych dla materialéw podlegajacych zmianom
mikrostrukturalnym, a zatem charakteryzujacych si¢ réznymi mechanizmami powstawania
napr¢zen w réznych zakresach pracy. Szczegblnie interesujaca jest dwusieciowa teoria zachowania
si¢ polimerow, zgodnie z ktora w pewnych stanach deformacji usieciowanie migedzyczastecz-
kowe ulega zalamaniu, prowadzac do nowego stanu odniesienia. Deformacja takiego ciala
zalezy wtedy od odksztalcenia obu jego skladnikow w stanie oryginalnym i po przemianie.
Wprowadzono szczegolne roéwnanie konstytutywne pozwalajace opracowa¢ metodologi¢ obli-
czen oraz bada¢ zachowanie si¢ materiatu, ktory w obu stanach oryginalnym i przeksztalconym
traktowany jest jako nie$cisliwy, izotropowy i nieliniowy material sprezysty (tzw. neo-Hookean)
charakteryzujacy si¢ jednak innymi konfiguracjami odniesienia. Przeanalizowano szereg przy-
padkow deformacji jednorodnych oraz niejednorodnych wywolanych rozciaganiem i skrecaniem
walca kolowego, ze zwrdceniem uwagi na procesy obciazania i odcigzania.

OGcyrxpaeTcsi TeOPHsL ONpeJe/IAIOIIHX YPaBHEHHH sl MaTEPHAJIOB IIOABEPralOLINXCA MEKPO-
CTPYKTYPHBEIM H3MCHEHHSAM, 4 3aTEM XapaKTepH3YIOLUHECA pasHbIMH MEXaHM3MaMH o00pa3o-
BAaHHA HANPSDKEHHMA B PasiMuHBIX paboumx AuanaszoHax. OcoObNii MHTEpec IpencCTaBIIAET
IByCeTeBasi TEOPHsA IOBEJICHHA TOJIMMEPOB, COTJIACHO KOTOPOH IPH HEKOTOPBIX COCTOSHMAX
IedopManyy B MEXKMOJIEKYISAPHOM CTPYKTYPHPOBaHHM HACTYNAeT IIEPEJIOM, BeAyluit K Ho-
BOMY COCTOAHMIO oTHeceHus. Jledopmanus Takoro Tena saBHCHT Torja or Aedopmanuy obeux
COCTAaBJIMIOIINX (B NMOJIMHHOM COCTOSIHHH M Tocie npeo0pasoBaHusa). Beuio BBeaeHo wacTHoe
onpejieNIAONIee YPAaBHEHHe, TO3BOJIAIOLIEE pa3paboTaTh METOJOJIOTHMIO PacueToB, a TaKKe
HCCTIEROBaTh MOBENEHNHE MaTepHaNa, KOTophlif B 06oMX COCTOAHMAX (MOA/IMHHOM ¥ mpeobGpa-
30BaHHOM) PacCMAaTPHBAaeTCA KaK HEC)KHMaeMblf, H30TPONMHBbI M HelHHeNHBLII ynpyruii ma-
Tepuan (TaKk HasbiBaeMblii neo-Hookean), xapaKTepH3yIOIIMIACA, OMHAKO, APYTHMH KOH-
durypammamu oTHeceHHA. BbLT NpoaHanu3npoBaH pAL CIyyaeB OMHOPOAHBIX K HEOMHOPOHBIX
Jedopmanuil, BEISBAHHBIX PACTAHKEHHEM M KPYUCHHEM KPYTOBOrO LMJIMHIPA C YUYETOM IIPO-
1iecca Harpy><aHWs U Pasrpy»KaHusA.

1. Introduction

MANY OF THE CONSTITUTIVE equations which have been developed in continuum mechanics
are based on assumptions which imply that the generation of stress is due to the response
of a single material micromechanism which does not change as the body is being deformed.
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In nonlinear elasticity, the current value of the Cauchy stress depends only on the gradient
of the current configuration with respect to the reference configuration, and this dependence
is expressed in terms of a Helmholtz free energy function. Such a constitutive assumption
can be motivated by a single molecular mechanism if one considers the kinetic theory of
rubber elasticity, where the form of the Helmholtz free energy is related to configurational
changes in macromolecules.

However, in many applications, the mechanical response of most materials, whether
polymer or metal, requires consideration of more than one micromechanism. The theory
of plasticity for metals is an example of this kind of behavior. Within a certain range of
response, the mechanical response is due to the elastic distortion of the underlying crystal
structure and is modeled by linear or non-linear elasticity theory. However, at some stage
the mechanical response also becomes affected by the action of dislocations at grain boun-
daries between crystals. When this second mechanism is induced, and the stress is released,
there is permanent deformation. The amount of permanent deformation depends on the
amount of deformation prior to the removal of the stress. The subsequent mechanical
properties also depend on the amount of deformation prior to the release of stress. For
example, an isotropic cylinder subjected to a sufficiently large uniaxial extension will
remain cylindrical upon removal of stress, but will have new dimensions. Relative to the
new state, the material will be anisotropic.

In this paper, we consider a large class of materials which undergo microstructural
changes when deformed. That is, a second micromechanism arises in the mechanical
response of these materials which leads to permanent set on release of load and induces
anisotropy. One such micromechanism in polymers is provided by the two network theory
of ToBoLskY and co-workers [, 2]. In this theory, a certain number of cross-links are
present in the initial stress-free state, and additional cross-links are introduced in a later
state. The initial system of cross-links produces one network or micromechanism. The
second micromechanism is produced by the appearance of the new cross-links. TOBOLSKY,
PRETTYMAN and DILLON [3] postulated another example of materials undergoing micro-
structural changes in which molecular cross-links are broken and reformed in a new refer-
ence state. A two-network theory was used by LoDGE [4] to discuss permanent set in
rubbers caused by uniaxial and biaxial extensional deformation. FONG and ZAPAs [5]
used both two network theory and the molecular model of Tobolsky, Prettyman and
Dillon to discuss chemical stress relaxation and permanent set in rubber. They also discussed
aspects of the development of anisotropy associated with permanent set. A third example
of material responses in which a second micromechanism occurs might be that of strain-
induced crystallization. PETERLIN [6] suggested that this mechanism develops when a num-
ber of macromolecular chain segments associate together to form a bundle-like cluster
with fairly good orientation. The remaining segments may be in an amorphous region.
Thus, a new constituent or micromechanism is formed which contributes to the mechanical
response. A discussion of various aspects of anisotropic mechanical behavior due to such
microstructural changes is presented in the book by Warbp [7].

Thus, in these materials, there are different constitutive expressions for the stress tensor
in different regimes of response of the material. We shall focus our attention on such a class
in our discussions. We hasten to add that we discuss a specific example in order to elucidate
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our point. However, the ideas proposed herein are applicable whenever there is more
than one micromechanism responsible for the development of stresses in a continuum.
In an earlier paper [8], we have discussed a possible method for modeling changes from
one manner of response to another, based on the ideas of bifurcation and the selection of
the appropriate branch.

2. Theoretical preliminaries

Let x, denote the reference configuration of a solid body in its unstrained, unstressed
state. Let X, denote the position of a particle in #x,, i.e., positions of particles in », will
have the suffix 0. Let »(#) denote the current configuration of the body and x,(¢) denote
the current coordinates of the particle which was initially at X,. Let the deformation
gradient with regard to the reference configuration be denoted as F, (t) = dx(#)/dX,.

The constitutive equation for the Cauchy stress for elastic materials (TRUESDELL [9])
has the form

2.1) T(t) = F,,[F,, (1))

Now, suppose that at some later state of deformation there is a change in the microstruc-
ture of the material. The precise change depends on the situation under consideration.
There may be a conversion of a portion or all of the material to a new microstructure,
while the rest of the material retains the original microstructure. The changes could occur
gradually with changes in deformation or time, or they could take place very quickly.
After the change has occurred, it is assumed that a point in space is occupied simultaneously
by two particles, or material elements. One represents the remaining portion of the material
with the original microstructure, and the other represents the portion of the material with
the new microstructure. Such an assumption that two particles occupy the same point
in space is not entirely new to continuum mechanics. The theory of interacting continua
(cf. TRUESDELL [10], BoweN [11], ATKIN and CrRAINE [12]) is founded on the basis of such
an assumption.

We shall regard », to be the reference configuration for particles which represent the
portion of the material comprising the new microstructure. Henceforth, we shall refer
to such particles as the “newly formed material”. As we shall see in a later section, it is
possible that the spatial formation of the new material due to nonhomogeneous deforma-
tions requires the consideration of an infinite sequence of new reference configurations.

Let X; denote the position of a particle of the new material in configuration #,. Also,
let x(¢) denote the position of the same particle in the current configuration which is
achieved by deforming x, further. Denote the deformation gradient with respect to the
new material configuration », as F, (1) = dx(¢)/dX,. We shall assume that the consti-
tutive equation for the stress depends on the deformation of both the remaining portion
of the original microstructure and the newly formed microstructure, and is given by

22 T() = F[F,(t); F,(1)).

If a second microstructure is to affect the generation of stress in the material, then it
is necessary to introduce a criterion which determines when exactly the change in the
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material microstructure occurs. In general, this criterion, which we shall refer to as an
‘activation’ criterion, depends on the history of the deformation of the original material.
For instance, it could be denoted by a functional of the history of the deformation gradient:

(2.3) A[F, (9)l5=0] = 0.
Thus, when the functional reaches a certain value, the new microstructure emerges.

The constitutive equations must be subjected to the restrictions of material symmetry
and frame indifference. We discuss these briefly here. A detailed discussion of the conse-
quences of material symmetry will be discussed in a separate work.

Let G, denote the set of material symmetry transformations (cf. Peer group, TRUESDELL
[9]) for the original material whose reference configuration is %,. Let G, denote the ma-
terial symmetry transformation for the newly formed material whose reference configu-
ration is %, . Then, the material symmetry restriction on the constitutive equation (2.2) is

2.4) F[F, (?); F, ()] = Z[F, (H)H; F, (1)M],
HeG,, MEeG,.

Note that the newly formed material need not have the same material symmetry prop-
erties as the original material. An example of such a situation might arise during the
process of strain-induced crystallization in polymers. Due to the orientation of macromo-
lecular segments into lamellae, the crystallized portion would be transversely isotropic,
while the remaining portion is randomly coiled, and hence considered isotropic.

In order to consider the restrictions of material frame indifference, consider a motion
of the material, x(¢) = x(X, t), # > 0, where X € %,. Then F,(t) = dx(t)/0X. Suppose
that the activation x, criterion is satisfied at time #,. The configuration #x, is defined by
the mapping

2.5 X; = x(Xo, t1)-

For times ¢t > t,: _
(2.6) F,. (1) = (9x(1)/0X,) = F, (1) (0Xo/0X,) = F, ()[F,,(1,)]™".
Now consider a second motion of the form

2.7 x(t) = Q) x(X, 1)+d(t), >0,

where x(X, ¢) is the first motion, d(z) is independent of X and Q(#) is an orthogonal trans-
formation, i.e.,

2.8) QM QM =Q® QM) =1, =0
In this second motion, the deformation gradient for the material with the original
microstructure is

(2.9) F,.(1) = Q()F, ().

The activation criterion should also be satisfied at time #, for the second motion. The
reference configuration for the material with the newly formed microstructure #,, is
defined as in (2.5) by the mapping

(2.10) ix = X(Xo, 1) = Q(t;) xXo, t,)+d(t,) = Q(ty) X, +4d(1,).
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For times ¢t > t,, the deformation gradient is given by:

@.11) Fa(r) = »a;;i’—’- — Q()F, (1) Q).

1

In virtue of Egs. (2.2), (2.9) and (2.11), the requirement of frame indifference imblies
that:

(2.12) FIQ(F,,(1); QU)F, (1)Q(t)"] = QO)F [F,,(2); F, ()]Q(?)".
The relevant forms of the polar decompostions of F, and F,, are denoted by
(2.13) F,, (1) = Ro(1)Uo(2), F, (t) = Vi(1)R,(2).

Let Q(s), 0 < s < ¢ be defined so that Q(z) = I and Q(¢,) = R,(¢?). It follows from
Eqgs. (2.12) and (2.13) that

(2.14) F[F,(1); Fo (1] = F[F (8); Vi (1))
It follows from the polar decomposition of F3 (z), (2.11) and (2.13), that
(2.15) Q(F,, (1) Q(1)" = Q) V(1) Q)™ Q()R, (1) Q(#)".
The statement of frame indifference in Eq. (2.12) reduces to
(2.16) FQM)F,,(1); QO)V.()Q()] = QUZ[F,,(1); V1()] Q)"

Now let Q(s), 0 < s < ¢ be such that Q(z) = Ry (2)”. In view of Eq. (2.13), we find
that

(2.17) F[F,,(); Vi(1)] = Ro(1)F [Uo(1); RE(2) V1 (1) Ro(1)IRE(2).

By Egs. (2.2), (2.14) and (2.17), and without loss in generality, the constitutive equation
can finally be written as:

(2.18) T = Ro(1)Z[C,,(1); RE(2)B, (1)Ro()]RE(2),
where
Cxa(t) = Fn“(t)TF;én(t) = UO(t)21

(2.19) B, () = F, (1)F, ()T = V,(1)%.

3. A specific microstructural change — two-network theory

In order to illustrate the application of our theory, we introduce the following specific
model. Both the original and newly formed material are assumed to be incompressible,
isotropic and neo-Hookean nonlinear elastic solids. The form of the constitutive equation
in (2.1) for the original material, before new material comes into play, is:

G.1) T = —pl+uB,, B, =F,Fl,

where u is a constant. The activation criterion (2.3), which determines when the new
material forms, is given by:

(3'2) A(II)I2) = 01
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where I, and I, are the invariants of B, . The constitutive equation (2.2), which applies
once Eq. (3.2) is satisfied, has the form

(3.3) T = —pl+{, pB,, +(1-Ly) B,

where B, = F, FI . We have also assumed that the shear modulus of the newly formed
material is different from that for the original network. The parmeter {; denotes the mass
fraction of the original network which remains and 1—{, is the mass fraction of the
newly formed material,

Equation (3.3) represents the special case of (2.18) in which & is given by:

(3.49) & = 5 uC, (1) +(1—{,) uREB, () Ro.

Notice that when the activation criterion is satisfied, there is an instantaneous change
from a continuum consisting of the original material to one consisting of the remainder
of the original material and the newly formed material. It is assumed that no further
change occurs.

Although this model is very simple, it incorporates the essential features of the ideas
being considered here. It is also very convenient for presenting examples. As will be seen
in later sections, analytical solutions to several important problems can be obtained within
the context of such a theory. The model also provides valuable insight for situations in
which features such as compressibility and stress relaxation are incorporated.

4., Homogeneous deformation — triaxial extension

Let the components of X, with respect to a Cartesian coordinate system be given by
X{®, Consider a cube of material which undergoes the following triaxial deformation
from reference configuration »,:

@.D x(®=4@OX® i=1,2,3, no sum over i
with
21(2)A2(2) A5(2) = 1.
Then
A®) O 0
“.2) F.=| 0 4@ o0
0 0 A;(1)

Suppose the activation criterion (3.2) is satisfied at time ¢, . Since the triaxial deformation
(4.1) is homogeneous, the activation criterion will be satisfied simultaneously at all particles
of the cube. Then the coordinates of a newly formed material particle, denoted by X}V,
are related to coordinates X{® by:

43) X =4)X®, i=1,23.

The mapping in Eq. (4.3) defines the reference configuration »; of the newly formed ma-
terial.
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For times ¢ > ¢,, the mapping of the original material from reference configuration
%o to current configuration = () is still given by Eq. (4.1). For the newly formed material,
the mapping from reference configuration », to the current configuration x(z) is found
from Egs. (4.1) and (4.3) to be:

4.9 x() = [A@)/A@)IX", i=1,2,3, nosum overi.
Then
[A(8)/2,(2:)] 0 0
4.5) F, = 0 [22(2)/22(t))] 0 :
0 0 [A3(2)/A3(11)]
The stress, by (3.3), has the following form for all further triaxial deformations:
(4.6) Ty = —p+& pdi(6)*+ (1 =) plA(0)/ ()1,

i = 1,2,3, no sum over i.

Suppose that the stress reduces to zero at time ¢ = . If £, # 1 or £, # 0, the stress-free
configuration will coincide with neither », nor »,. The stress-free configuration is found

by solving Eq. (4.6) for strech ratios 4,(1) = 4; and then using these in Eq. (4.1).
In order to solve for these stretch ratios, let (4.6) be rewritten as:
@7 —p+Lipd[A/A(t))? =0, i=1,2,3, nosum over i,
¢ = (A1) + [2(1 = C)/ut,).
Equation (4.7) implies that
(4.8) 1[4/ ()P = §2[Aa/ 22 (0)]* = 323/ As(t)P.

This, together with the condition that the deformation be isochoric, leads to the following
relations,

}'—1 = {$203/d1}' %A1 (1)),
4.9) k= {p103/03}11152,(1y),
Ay = {d192/P3}1%A5(1y).

Thus, each of the stretch ratios which define the stress-free configuration depends on
the ratio of the moduli, 4/, the ratio of the mass fraction of newly formed material to the
mass fraction of the original network which remains, and the corresponding stretch ratio
at time ¢, when the activation condition is satisfied.

S. Simple shear deformation

Suppose that a cube of material in reference configuration x, undergoes the simple
shearing motion:

xy (1) = X{?+K(1) X{”,
(.1 x2(2) = X5%,
x3(t) = Xéo).
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As is well known for simple shear, I,(¢) = I,(¢t) = 3+ K(¢)2. At some time t,, the amount
of shear K(#,) is such that

(5.2 AGB+K(,)% 3+K(1)*) = 0,

and the activation criterion (3.2) is satisfied. Letting K = K(¢,), the coordinates of the
newly formed material particles, X{" are related to coordinates X{® by

X = X0+ Kx{®,
(5.3) X = x©
X§0 = X§2.

For times ¢ > ¢,, the mapping of the original material particles from reference config-
uration x, to current configuration x(¢) is still given by Eq. (5.1). The mapping from
reference configuration %, of the newly formed material particles to the current configu-
ration x(t) is found from Egs. (5.1) and (5.3) to be

x (1) = X{V+ [K(t)— K]X1",
(5.4) x,(t) = X§Y,
x3(t) = XV,
The stress, by Eq. (3.3), has the following form for further simple shear deformation

1+ (K(r))* K@) O 1+ (K(r)—K)* K(t)-K 0
(5.5 T=—pl+&pu| K@) 1 0]l+(1-¢pu| K@)-K 1 0].
0 0 0 0 0 1
According to this model, the shear stress-shear strain relation is initially
(5.6) T> = uK@).

After the newly formed material appears, (5.5) gives
(56)  Tiz = &uKO)+(1=L)i (KO —K) = (G~ +ATK@O - (1~ E)AK.

For K(¢) < K, the shear stress-strain graph is linear with slope u. At K the graph has
a jump discontinuity downward by amount u(1—¢,) K. For K(¢) > K, the graph is again
linear with slope ,(u—p)+ . The jump discontinuity downward occurs because the
newly formed material is assumed to be in a stress-free state.

Now suppose that we wish to determine the new traction-free configuration. Becus:
of the presence of distinct normal stresses in Eq. (5.5), the stress-free configuration cannot
be related to %, or x, by a simple shear deformation. In [13], RAJAGOPAL and WINEMAN
considered the shearing of a cube of a nonlinear elastic isotropic material in the absence
of normal tractions. They showed that the corresponding deformation consisted of shear
superposed on unequal triaxial extension, and determined the extensions.

Although the total traction on the material is to vanish, the terms in Eq. (5.5) associated
with B, and B, will not equal zero. The newly formed material can be thought of as
exerting normal and shear tractions on the remaining material. As in [13], these will not
be what is necessary to maintain simple shear deformations from #, and #, to the traction-
free configuration. Guided by the work in [13], we now let the deformation from », to
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the traction-free configuration be given by shear superposed on unequal triaxial extensions.
Let the deformation from configuration #, to the traction-free configuration be given by
X = I1X{l)+Ia;X§.”;
(5.7) Xy = A, XY,
By = A XLY,

In view of Eq. (5.3), the deformation from configuration », to the traction-free configu-
ration is given by

x; = L X0+, K+Ki)XP,
(5.8) X; = IngJ),
X3 = Ingo).

If the tractions of the cube are to vanish, then T = 0. By Eq. (3.3), 4;, 4,, 43, K, and
p must be chosen to satisfy

100 A2+ (K*? K*2, 0 A+ (KA)? K23 0
59 -plo1o|+tiu|l K¥A4 A3 O |+(0-Cop| KA 2 0l=0
001 0 0 A 0 0 A2

where K* = 1, K+ KA,. According to Egs. (5.8), K* represents the residual shear dis-
placement of the surface X, = constant. The condition that T, = 0 implies

K1, = [—KA/(1+ D)),
(5.10) D = [(1-C)pfpl,

K* = [D/(1+D)]K4,.
Moreover, the conditions T,, = 0 and T5; = 0 imply that
(5.11) B=24, p=I[Lp+r-L)H.
On setting T, = 0 and using Egs. (5.10) and (5.11), we find that

(5.12) 23 = {1+ [D/(1+D)4K?}13.

The condition that there is no volume change, 4, 1, 2; = 1, together with Egs. (5.11)
and (5.12), leads to the result that

(5.13) I = {I+[DJA+DPIK*} 1P < 1,
| Ay =23 = {1+[D/(1+D)*]K*}'I% > 1.

Finally, the residual shear displacement is
(5.14) K* = [D/(1+D)IK/{1+[D/(1+ D)’|K*}'* < K,

since D > 0.
Equations (5.13) and (5.14) show how the traction-free deformed state of the cube
depends on the amount of new material and the shear deformation when it forms.
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6. Shear superposed on triaxial extension

Suppose that a cube of material in reference configuration s, is subjected to a motion
consisting of shear superposed on triaxial extension

x1 (1) = L (O X[+ K(1) A, (1) X§°,
6.1) x2(1) = A2(1) X5%,
x3(1) = A3() X5,

where A,(¢) 2,(¢) A23(z) = 1. Let 4, A,, A5, K denote the values of the stretch ratio and
shear when activation criterion (3.2) is satisfied. The coordinates of the newly formed
material particles in reference configuration s, are given by

X = 2, X4 K2, X5,
(6.2) X{0 = 2, X5,
X0 = 2, X5

For any subsequent deformation, the mapping of the original material particles from
reference configuration x, to current configuration x(r) is still given by Egs. (6.1). The
mapping of the newly formed material from reference configuration %, to current con-
figuration x(#) is found from Egs. (6.1) and (6.2) to be

xi (1) = [A()/ )X+ {K(2) [2;(2)/ 2] = K[2,(2)/ 4,1} X7,
(6.3 x5(t) = [42()/2:) X5,
x3(2) = [A5(¢)/23]X5".
The stress, by Eq. (3.3), is given by
A+ (K(1)A,(0))* K@) 2,(1)2 0

(6.4) = —pl+ip K(t) 2,(1)* A2(2)? 0
0 0 23(1)?
[G@ar+K K@) 0
+(=C)ul  KQ,(0)/2:)  (A(1)/12)? 0 ,
0 0 (A3(1)/23)?
where

K = Ky(1) [22(1)/Aa) — [KA () [ A4).

Consider now the problem of determining the traction-free residual shape of the original
cube. Recalling the discussion in Sect. 5, we can expect it to be related to #, by a deforma-
tion of form Egqs. (6.1). Let the value of the parameters for the traction-free state be

A(t) = il, A1) = 22, A3() = 71,, K@) = K. Expressions for 11, 12, 1., K in terms
of £;, 4, 4,, A5, K can be obtained by solving Eq. (6.4) with T = 0, i.e.,

100 M+ (Ki)? K3z o
65 0= —plo1 o|+&pu| Ki2 20

001 0 0 i3



ON A CONSTITUTIVE THEORY FOR MATFRIALS UNDERGOING MICROSTRUCTURAL CHANGES 63

(6.5) (/n)3*+K? K(ha/2) 0
P +(1-0)a|  K(z/d)  (B/A)* 0 |,
0 0 (As/As)?

where K = E[iz/lz]—K[f‘Ml]. This system of equations can be solved by a procedure
similar to that in Sect. 5. The details are quite tedious and are omitted for purposes of
brevity. The results are

Ay = (4124351413 4,
(6.6) 1, = (4115435/43%) 4,
Js = (445744 2,,
K7, = (A3/°4}2[41%)[2, D (2} + D)] K,
where
A, = A}+D, i=1,2,3,
(6.7) A=A A+ 3DK?,
D= (1-{) i/t p

7. Nonhomogeneous deformations

We consider nonhomogeneous deformations of an incompressible homogeneous solid
circular cylinder. Each material element of the cylinder undergoes a different local homo-
geneous deformation. The activation criterion will be satisfied at different elements at
different stages of the global deformation. In this and the next section, we provide examples
which illustrate how such problems can be treated and the physical consequences of two-
network material response.

The examples to be considered involve uniaxial extension and torsion of the cylinder.
In the present section, we consider the following deformation history. The cylinder is
first subjected to a uniaxial extension which is sufficiently large that the activation criterion
is satisfied at all material elements simultaneously. The cylinder is then stretched further
and twisted. This causes local extension and shear of material elements of both the remain-
ing original and the newly formed material.

The initial radius and length of the cylinder are R, and L,. Let the Z-axis of a cylin-
drical coordinate system coincide with the centerline of the cylinder. Denote the coordi-
nates of a material particle in reference configuration %, by (R, @, Z) and let (r, 0, 2)
denote its coordinates in current configuration x(¢). The extension of the cylinder in x,
to a cylinder in =(¢) is described by the mapping

r = r(R),
(7.1) 0=06,
z = AZ.
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The physical components with respect to cylindrical coordinates of deformation gradient
F,, are given by

dr/dR 0 0
(7.2) F.,=| 0 r/ROJ.
0 0 2

According to the incompressibility condition, det |F, | = 1,

(1.3) r=(1/y )R
Let the value of A, when activation criterion (3.2) is satisfied, by denoted by A. Let the
coordinates of a newly formed material particle in %, be denoted by (7, 0, z). By Egs. (7.1)

and (7.3) these are related to the coordinates in %, by
r= (V)R

(7.4) 6 =0,

= 1Z.

31}

In the second phase of deformation, the cylinder is subjected to additional extension and
torsion. The deformation from #, to the current configuration x(?) is given by

r = (),
(1.5) 0 = 6+piz,
z = ﬁ_i,

where 1 is the stretch ratio of the centerline in configuration x(t) with respect to that in
configuration x,, and ¥ is the angle of twist per unit length of the cylinder in configura-
tion x(t).

The deformation from configuration x, to configuration x(¢) is obtained as the com-
position of the mappings in Egs. (7.4) and (7.5),

r = riF(R)),
(7.6) 6 = O+piiz,
z = )’:A—Z.

The physical components of the deformation gradients with respect to cylindrical coordi-
nates are given by

(dr/dR 0 0
F.=| 0 /R r(db/dz)|,
0o 0 i
@ rdr/dF 0 0
F,=| 0 F r(d0an)]|.
0 0 i
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Incompressibility conditions det |F, | = 1, det |F, | = | imply that

r= (I/V’i)f,
r= (ViR

(7.8)

and thus, by Egs. (7.7),

(W32 o 0
F,, = 0 (1/1/,1,1) rpad s
0 A
(1.9) C
ayv2) o
F,=| o (1/l 1) rwa
0
The stress, by Eq. (3.3), has the form
(1/43) 0 0
(710) T = —pl+&ip| 0 (/AD+(Ep)? GD? rp(Ad)?
0 rp(AR)? (A7)
(1/2) 0 0
+(0=0al 0 (/D+p)riz pi

0 rpi? A2
The individual components of Eq. (7.10) have the form

= rplul (AD*+ (1= DAk,

(7.11) e
Ty = —p+o,(4, A, ry), ii=rr, 00,z

In view of Egs. (7.11), the equilibrium equations reduce to

dT, [dr+ (T, — Typ)[r = 0,

7.12

W » = pl®.

It is easily shown that

(71.13) P() = ot [ (@ —o)/r]dr,

To

where the outer surface of the cylinder in configuration (), with radius r,, is assumed
to be free of traction, i.e. T,,(r,) = 0.

In the remainder of this section, we confine attention to small angles of twist, i.e.,
|#| < 1. Then, by Egs. (7.10), (7.11) and (7.13), we find

5 Arch. Mech. Stos. 1/90
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G = Cop(1/A2)+ (1= L) R(/A),
&6& = O'rr+0(17)2)’
(7.14) 5, = Lup(ADP+ (=0 i,
G+ O(9?),
T, = &ipl(A2? = (1/AD]+ (1= C)all /Al + 0.
The axial force N and twisting moment M required to maintain the deformation are given
by

Q
nN
N

|

=)

—
~

—’
I

N = an rT,.dr,
0

(7.15) B
M= an r2T,edr.
0

Upon substituting T, in Egs. (7.11), T;, in Egs. (7.14), and making use of Egs. (7.8),
it is found that, to within terms of O(3?),

(1.16) N = R3/AD) {Cyul(AD? ~ (1/AD+ (1 - E)AlAIA — (/A A2~ (/D)
M[p = (RS/2) [1/(AA)2{Ey w(AA): +(1— ) ud? ).

The ratio of the torsional stiffness for small angles of twist, M/, to the axial force can be

written as

(7.17) (M[Q)N = (R3/2)[1+D/32]/{[(A2)—1/(A1)?1+ (D/AD) [ — 1/4]},
where
D = (1=L)i/ (¢4 1),

If £, = 1, so that no new material forms, Eq. (7.17) reduces to Rivlin’s global universal
relation for the torsional stiffness in terms of axial force (cf. [14]). If £, = 0, so that there
is total conversion of the original material, Eq. (7.17) again reduces to a global universal
relation. Otherwise, if 0 < £, < 1, the ratio (M/#)/N depends on ¢, and no universal
relation is possible.

In concluding this section, we wish to point out that this analysis has been carried out
using a more general constitutive equation. The original and the newly formed material
have different constitutive expressions for incompressible isotropic nonlinear elastic
response. In the present section both materials are taken to be neo-Hookean for purposes
of simplicity.

8. Extension and torsion of a cylinder — II

In this problem, the cylinder is first subjected to a uniaxial extension of an amount
less than is needed to cause the activation criterion to be satisfied. The bar is then twisted.
At some angle of twist, the additional strain, and its radial dependence, causes the activ-
ation criterion to be satisfied initially at the outermost material elements of the cylinder.
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As twisting increases, the interior material elements become further deformed. At any
angle of twist, there is an interior radius at which the activation criterion is satisfied.
Inside this radius, the material elements consist only of the original material. Outside this
radius, there are material elements of both the original and newly formed material.

Let (R, ©, Z) denote the coordinates of a particle in %,. Let %" denote the configuration

of the cylinder at the end of the uniaxial extension portion of the deformation. Let 4 denote
the corresponding axial stretch ratio. If the particle coordinates in »' are denoted by
(r',0', 2"), then the mapping from x, to »' can be written as

r = (V)R
8.1) o =0,
7 = 1Z,

where we have incorporated the restriction of incompressibility which led to Eq. (7.3).
Now let the cylinder be twisted to configuration x(¢), in which particle coordinates
are denoted by (r, 6, z). The deformation from »' to »(t) is given by

Fo=
8.2) 0 =0 +yz,
z=7,

and from x, to x(¢) is given by
s (I/l/i)R,
(8.3) 0 =O+yiZ,
z = AZ.

The physical components of the deformation gradient F, with respect to cylindrical
coordinates are given by

drldR 0 0 Wi o o
(8.4) Fo,=| o R r@ddz)|=| o 1¥V7 rpi
0 0 a 0 0o 2

Clearly, det |F, | = 1. The strain tensor B, = F, Fy is given by

(1/2) 0 0
(8.5) B,=| O (UH+(pd)?* rya?|,
0 ryA? A2

and its invariants are given by

Iy = 2/A4 22 4 (rp)2 22,

(8.6) = ’
I = 2A+1/22+ (ry)?A.

5%
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When y = 0, I; and /, have the same value at all material elements of the cylinder,
that for uniaxial extension. Consider the material element at a typical radius r. As ry
increases, both 7, and I, increase. At some value of ryp, say K*, the activation criterion
will be satisfied at that material element. By Egs. (8.6), the dependence of I, and I, on
ry is the same for all material elements of the cylinder. Since all material elements have
the same activation criterion, this criterion will be satisfied whenever

8.7 ry = K¥,

Let y* be the angle of twist when Eq. (3.2) is satisfied at the outermost element. Then,
by Eqgs. (8.3) and (8.7),

(8.8) row* = (Ro/V 7)yp* = K*.

Now consider values of y > y*. By Egs. (8.7) and (8.8), the relation between the
radius of a material element r, and the angle of twist p when the activation criterion is
met at that element is given by

(8.9) rap = ro¥*,

or
R,y = Roy*.

Accordingly, given the angle of twist ¢ > v*, the material elements with r < (p*/y) r,
consist solely of the original material, while for r > (p*/y) r, there are elements of both
the original and the newly formed material. We will refer to r, = (y*/y) r, as the activation
radius.

Now consider a typical radius r between the current activation radius r, and the outer
radius. The deformation gradient for the original material is given by Eq. (8.4). The defor-
mation gradient of the newly formed material element relates its current configuration in
%(t) to its configuration when it was formed. However, the latter configuration varies with
the material element because the activation criterion is satisfied at different radii at different
angles of twist., Let x,(r) denote the local configuration of material element when it is
formed, and let F, (, denote the deformation gradient relating x, (r) to the current config-
uration in »(t).

Denote the deformation gradient for the local homogeneous deformation of a material
element from its state in %, to x,(r) by F, . (. This is given by Eq. (8.4) with ry = K*,
by (8.7). Making use of Eq. (8.8), we see that

Vi o 0
(8.10) Fron=| 0 1/VZ rop*].
0 0 i

Recalling Eq. (2.6), the deformation gradient F, ,, is given by

(8.11) Focr = Fu,Fry i)
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Since

[V o 0

(8.12) Free)™ = | 0 V7 —rop*V|,
[ 0 0 /A

it follows from Eqgs. (8.4), (8.11) and (8.12) that

10 0
(813) F,‘l(,.)= 01 r!p—rolp* .
00 1

The form of the matrix in Eq. (8.13) represents the fact that there has only been shear
and no extension since the new material element was formed, and the amount of shear
is ry—roy*. The local homogeneous deformation represented by F, (., is analogous to
that in Eqs. (5.4).

The stress distribution for 0 < r < r, is given by

1/ 0 0
(8.14) T = —pl+uB, = —pl+u| 0 (1/A)+(rpi)? ryi?|,
0 rpA? 22

where B, = F, F; and F,_is given by Eq. (8.4). The stress distribution for r, < r < ro
is given by

(8.15) T = —pI+{uB, +(1-{)uB. o

1/ 0 0
= —pl+iu| O (1/A)+(rpd)? rypi?
0 rpA a2
1 0 0
+(L=2)p|0 1+(y—rop*)? ry—rop*|,
0 ry—roy* 1

where B, ,, = F, (nF, (» and F, ,, is given by Eq. (8.13).
A discussion similar to that leading up to Eq. (7.13) shows that the equilibrium equa-
tions are satisfied when p = p(r), and

(8.16) P = Gt [ [Gro—n) ),

where T;; = —p+6y;,ii = rr, 00, zz. Using Eqgs. (8.14), (8.15) and (8.16) the scalar field
is found to be given by following expressions for 0 < r < r,,

17 pO)u = (Gt [ [Gu—)/r1dr' + [ [Goo— )/}

= (1D +[(pA)?/20(r2 = r®) + [E: (wd)?/2)(r§ —12)
+ (L= E)[@?[2) (r§ —r2) = 299*ro(ro— ra) + (row*)*In(ro/ro)],
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and forr, < r < ry,

©18)  p()p = Gt [ (GG ldr} s = CQU/D)+ (1= )+ [E1 (A0~ )

+(1=8) [@* 12 (18— 1) = 29p*ro(ro— 1)+ (roy*)* In(ro/r)).
The twisting moment on the cylinder is given by

(8.19) M =2n [ r*Tydr.
0

When p < y*, T, is given by Eq. (8.14) and
(8.20) M = ulyy,
where J, = 7R$/2. When v > y*, Eq. (8.19), T;, from Eq. (8.14) for 0 < r < r,, and
Eq. (8.15) for r, < r < ro, and Eqgs. (8.9) give
B21)  M/(uoy) = (y*/p)*+ 81— (*/p)*]
+ [(1=C)/22{[1— @* [9)*]— (4/3) (v* ) [1 = (v* )] ).
A plot of M[(uJ,) versus y is shown in Fig. 1 for the case in which A > 1. When y = y*,

M i
Py | il
P
1
1 h
-
s | -
@ ¥

FiG. 1. Torque-twist curve; OP; — loading portion, P, P, — unloading portion, during which 2 = 1.

the activation criterion is met at the outermost material elements. As was discussed follow-
ing Eq. (5.6), there is a sudden decrease in the stress transmitted by these elements, As
v increases there is a stress drop at material elements in the interior of the cylinder, and the
stress in the outer material elements begins again to increase. This accounts for the decrease
in slope. "

The axial force on the cylinder is given by

(8.22) N =2a [ rT,,dr,
0

in which T, is found from Egs. (8.14), (8.15), (8.16) and (8.17). For purposes of brevity,
this calculation will be omitted.
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9. Untwisting and axial recovery of the cylinder

We now consider the response of the cylinder as the twisting is reversed and axial
extension is reduced. Let p denote the maximum angle of twist and % denote the corre-

sponding configuration. If (r, 0, z) are particle coordinates in %, then by Eq. (8.3),

©.1) 0= O+pizZ,

By Egs. (8.9) the interaction radius is given by R, = (yv*/9) Ro.
Configuration »(¢) at any state of deformation reversal is related to configuration % by

r=(WV2)F
9.2) 6 = 0+9iz,

z = E.E,
where 1 < 1 and ¥ < 0. The composite mapping which relates x, to »(t) is found from
Egs. (9.1) and (9.2) to be

r=OWV32)R,

(9.3) 0 = O+@HA+pidZ,
Z = iiZ

For notational convenience, let
9.4) R = Vi+pil = Ap+ph).
By Eq. (8.4)

iVia o o
(9.5) F.=| o 1/ k|-

0 0 il

The corresponding strain tensor and its invariants are

137 0 0
(9.6) B, =F,F. =| 0 (/i)+(K)? rKid,
0 PKIL (A2

I, = 2/(A2)+ QAP+ 2@+ ph)?,
I, = 202+ 1/ +r2 A+ i),
Let I? and I§ denote the first two terms in the expressions for 7, and I,, respectively. These

correspond to pure uniaxial extension, and are monotonically increasing functions of the
axial stretch ratio. Since 4 < 1, the values of I? and 1§ in Eqgs. (9.7) are smaller than the

.7
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corresponding values in Eqs. (8.6). Since ¢ < 0, the value of the last terms in /, and I,
in Egs. (9.7) are smaller than the corresponding terms in Eqs. (8.6). It follows that the
values of I, and I, decrease during the reversal of deformation, as might have been expected.

In the configuration at maximum angle of twist y, the activation radius, by Egs. (8.9),
is R, = (p*/9)R,. The preceding discussion shows that for the elements of the original
material in the inner core, 0 < R < R, = (*/9)R,, the activation criterion will not be
satisfied during deformation reversal. As it was assumed as a part of the constitutive
model, the elements in the outer layer, R, < R < Ry, undergo no further change. We con-
clude that the activation radius R, does not change during deformation reversal.

Equation (9.5) represents the deformation gradient for the original material in the
inner core and for the remaining portion of the inner material in the outer layer. In order
to calculate the deformation gradient for the newly formed material elements in the outer

layer, recall the discussion preceding Eq. (8.10). By Egs. (8.11), (8.12) in which ro = R/} 4,
and Eq. (9.5),

Wioo0 o
9.8) Foo=| o /1 »|
0 0o 2
In Eq. (9.8), o
©.9) y = [R@+9D)—Row* IV 1% = r(p+Ph)—rop*,

the latter following by Eqgs. (9.3).
The stress distribution for 0 € r < r, is, by Eq. (9.5),

137 0 0
(9.10) T = —pl+uB,, = —pl+u| 0 (1/AD+r2K?> rKiZ
0 rKid (A2
The stress distribution for r, < r < rq is, by Egs. (9.5) and (9.8),
1/42 0 0
©.11) T = —pl+{uB, +(1—C)uByo, = —pl+ G| 0 (1/AD)+(K)? rkil
0 rKiA (2’:1')2»

1/4 0 0
+(1=tn| O (/D+y* yi
0 yA A2
As discussed earlier, the stress field given by Egs. (9.10) and (9.11) will satisfy the

equilibrium equations if the scalar field p is given by Eq. (8.16). This is found to be, for
0<r<r,

9.12)  p()/p = (AR +(1/2) R2[A2r3—r21+ (1/2) 2, K231 — 47]
+(1=2)) [(1]2) (K/2)*r3(1— 43— @K y*rd|3) (1= A) = (roy*)*In 4],
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where 4 = p*/p. Forr, < r < ro,
©.13)  p()u = &2+ (=L (/D +(1/2) ¢ K2 (r3—r?)
+ (1= ) [(1/2) (KID?(rd— r?)— 2Ky*ro/Z) (ro—r)+ (rop*)* In(ro/r)].

The axial force on the cylinder is given by

(9.14) N =2 [ rTydr = 22| [ rTdr+ [ rT,.a0),
0 0 ra ’
in which
9.15) T..= —p+u(A3)?, 0<r<r,
with p given by Eq. (9.12) and
9.16) T.. = —p+LuC+(=0Duk, ri<r<r,

with p given by Eq. (9.13).
Upon combining Egs. (9.12)-(9.16) we find

©9.17)  [N(AD)/(uR3)
= [(A2)? = (UAD) A+ {8, [((AD? = (1 AD]+ (1 =) [A2—(1/D]} (1 - A7)
— [(Kro)* /4] [A*+ (5, + (1 =£)/42) (1— 4%)]
+ (=) (BRI 2/3) A1 = A3 p—(1/2) 4> (1 - 4§ } 13
The shear stress distribution is, from Egs. (9.10) and (9.11),
(9.18) Ts = ,urkAZjL 0<r<r,
= LKA+ (L=E)pyd,  ra<r<re.

Upon substituting into the twisting moment

(9.19) M =2 [ T+ 2n [ 12T dr,
0 ra

and integrating, it is found that

(9.20) MG/ (o) = BA+P) A1 {4+ (1= 4% [&y+ (1= L)/ 2]}
—pA4/3) (1= A(1-43).
There are many possible sequences of untwisting and axial stretch recovery that can
be considered. We will consider the case in which the cylinder is allowed to untwist while
at maximum axial stretch, A = 1. The M-y relation during deformation recovery is then
021) M[(udo) = G+P{A*+ (1= 4% [Li+ 1 =£)/271} = @/3) [(1=8,)/27](1 - 43) 4.
The linear relation between M and % is a consequence of both the original and newly
formed material being neo-Hookean in response.
The loading and unloading curves are shown in Fig. 1. The point at maximum deform-

ation is denoted as P,. It has coordinates (M, ) which are related by

(9.22) M((ulo) = ¥fi—fa,
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where
fi = A%+ (1= 4% [+ (1-£1)/23),
fr = (413 [(1-£,)/3%] (1— 43 4.

Note that since 4 < 1, {; < 1, then f; > 0, f; > 0. It can be shown that if A > 1, then

fi < 1.
Equation (9.21) can be written in terms of Egs. (9.23) in the form

9.24) M|(ulo) = vfi+9fi—fo

According to Eq. (8.20) the loading portion of the curve in Fig. 1 has a slope whose value
is one. It is seen from Eq. (9.24) that the slope of the unloading portion of the curve is
fi < 1 and is thus less than that of the loading portion.

According to Egs. (9.3) the angle of twist of the cylinder at any stage of deformation

reversal is (17)+ﬁ:i)7. From Eq. (9.20) the residual angle of twist when M = 0, for any
axial elongation recovery A, is given by

4 =iy (-a)dA
VPR T S X
©.29) VY B ra- G-t

(9.23)

which is positive since 4 < 1, {; < 1. The recovered angle of twist from the configuration
of maximum deformation is z);l by Eqgs. (9.2). This can be calculated from Eq. (9.25) to be

o L=/ = (/3 A+ (1) A4+ [+ (1~ E) A%
A=
@2 ¥ A (=A% G+ (1=C)/7

It is straightforward to show that 4 < 0 and |p4] < .

When M = 0, the axial force is calculated by recalling that K = A(p+#4), and then
substituting from Eq. (9.25) into Eq. (9.17). The result is

©0:27) NGB (uJo) = (A2 {A2+[2+ (1= £,)/A2)(1 - 47)}
— (/AR {A? + [y + 21 = E)I(1 — A%+ a),
where « is defined by the expression,
(9.28) & = [p2R34%/2]
[(1 —E)/AP[(—A4%) - (8/9) (1— A1+ (1-¢,) (1—4?) [L,+4%( “Cn)].
A*+ (1= 4% [L+ (=8,
The expression «, which depends on ;, 2, ¥, A can be shown to be positive when 4 < 1.
When N = 0, the residual axial stretch ratio is given by
T { [47+ G+ A(1=8) A=A +a] |1
A+ [+ (1=8)A (1-42)

9.29)

When 4 > 1, it is seen that 1_2.. > 1.
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