Arch. Mech., 41, 4, pp. 543-552, Warszawa 1989

Can the finite memory of a simple material be nontrivial?
K. FRISCHMUTH (ROSTOCK) and W. KOSINSKI (WARSZAWA)

Direct implementation of the CoLEMAN-MIzeL theory [1-3] to continuous response functionals
of materials with finite memory implies the trivial (vanishing) memory of the materials, which
is characteristic of an elastic material. To overcome this drawback, another procedure is proposed
in which most of the convenient features of the original theory are preserved and, moreover,
on the history space every continuous functional represents a material with finite memory.

Bezposrednie zastosowanie teorii COLEMANA-MizeLA [1-3] do cigglych funkcjonaléw reakcji
materialéw ze skonczona pamiecia prowadzi do trywialnej (znikajacej) pamigci, charakterystycz-
nej dla materiatow sprezystych. Dla unikniecia tej wady zastosowano odmienna procedure
zachowujaca wigkszos¢ wiasnosci teorii oryginalnej, a ponadto kazdy ciagly funkcjonat na
przestrzeni historii reprezentuje materiat ze skofczona pamigcia.

Henocpeicrsennoe npumerenue teopitn KonEMAHA-Musgns [1-3] k HenpepbIBHBIM HyHKIHO-
HaJlaM peaKIMH MaTePHaIOB ¢ KOHEUHOH MaMAThIO NMPUBOOUT K TPUBHAJIBHON (Mcuesaronieii)
NaMATH, XapaKTePHCTHYECKOH JUIA YIPYrHX MaTepHasoB. [IJIA YCTPAaHEHHSA 3TOTO HEOOCTAaTKA
IpHMEHEHa Apyras Ipoleaypa, CoXpaHswas 0oJBIUHHCTBO CBOICTB OPUTMHAJIBHON TEOPHH,
M KPOMe 9TOr0 Ka)K/blil HeNpPepLIBHBIA (DYHKIMOHAJ HA IIPOCTPAHCTBE UCTOPHH TIPE/ICTABJIACT
mMaTepHas ¢ KOHEYHOH MaMsATBIO.

1. Introduction

A MATERIAL for which in the case of mechanical processes the present response, i.e. stress,
is a functional of the entire past history of the configuration, i.e. deformation, is called
a simple material with memory (cf. [4]). On the other hand it is clear that not every funct-
ional of the entire past history will represent a real material. Here we understand that
a functional represents a real material if there exists a material in real life such that modelling
its physical properties yields just the dependence described by the given functional.. Search-
ing for necessary conditions that would be satisfied for each functional having a real
counterpart, we obtain a minimal set of requirements to a mathematical theory of materials.
Among others, such a minimal set of the requirements should provide a continuity of the
dependence of the present response on the past events (i.e. on the history of deformation,
in the case of a mechanical theory, cf. [3-5]). Moreover, some empirical inequalities (cf.
[4]) and thermodynamic restrictions (cf. [5-7]) impose further requirements on the response
functional.

Our special interest here is to inspect the consequences of the continuity requirement
in the case of modelling a class of materials possessing certain observed physical behaviour,
namely the so-called finite memory.

It is obvious that the concept of continuity is strongly related to the topology. It will,
however, introduce no restrictions on a given response functional if the topology is just
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constructed to make it continuous. It was the case considered by W. NoLL in his funda-
mental paper [6]. If, on contrary, the topology is assumed as a primary notion, one can
obtain a framework for the description of material classes with some desired property.
This way was proposed by B. D. CoLEMAN and V. J. MizkL in their series of papers [1-3].
For the case of materials with fading memory this seems to be the mathematically most
attractive way. Hence there were many attempts to apply their idea to obtain other classes
of materials (cf. [7-9]).

There has recently been an increasing interest in studying materials with so-called finite
memory due to the possibility of numerical identification and carrying out simulations by
computational method [15, 16]. Unfortunately, a direct implementation of the Coleman—
Mizel theory together with the assumption that each continuous functional on the history
space should model materials with finite memory confines the possible framework for
description of elastic materials, only. This procedure is contrasted with the present approach
of describing materials with finite memory in which most of the convenient features of the
Coleman-Mizel theory are preserved, and still each continuous functional on the history
space represents a material with finite (nontrivial) memory, as well. This has been done by
changing the main strategy of forming the framework for description: the domain of
constitutive (response) functionals to be considered is restricted by a finite memory assump-
tion additionally to the postulates appearing in the Coleman-Mizel theory.

The present paper brings a positive answer to the question posed in the title, provided
the classical procedure of the Coleman—Mizel approach is replaced by a more physical one
described further in the paper. Section 2 brings some of the most important facts from the
CoLEMAN-MIZEL theory [1-3] together with the proof that in the original theory simple
materials with finite memory are trivial. Section 3 contains the discussion of possible
improvements of that theory. In Sect. 4 another approach is proposed in which instead
of the whole history space the domain of definition of a constitutive functional is rzstricted
by a finite memory assumption additionally to the postulates identical with those appearing
in the Coleman-Mizel approach. An example of a constitutive functional of a material
with finite memory is given together with some concluding remarks in this section.

2. Materials with finite memory in the Coleman-Mizel theory

In order to be able to answer the main question put in the title, let us recal in this
section some of the most important facts from the Coleman-Mizel theory(').

Let us first consider the set o of all nonnegative functions defined for all nonnegative
real numbers, and measurable with respect to a nontrivial, ¢ — finite, positive, regular
Borel measure w, called further an influence measure. Let » be a nontrivial function norm
with the sequential Fatou property (cf. ZAANEN [10] or [2, 8]). Now, if ¥ is a nentrivial,
separable Banach space with the norm | | and by #°° we denote the set of V-vilued u-
measurable functions of the half line R* = [0, c0), then on the set

¥ 1= {$ ¥ P(I$]) < o0}

(Y) For brevity we shall write C-M theory.
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the function norm » will define the semi-norm || || by
ol :=»(¢]).

Identifying two functions whenever the semi-norm of their difference vanishes, we
obtain a normed function space (%, || ||), which is complete because the sequential Fatou
property implies the Riesz-Fischer property for » (cf. [10]).

The functions ¢ in ¥ are called histories(?) with ¢(0) as the present value, while the
past values ¢ (s) are those for which s > 0. Further, to every ¢ in ¥~ we relate its restriction
to the open interval (0, o) denoted further by ¢, and called the past history of ¢. The
collection of all those ¢, forms the Banach space #,, in the natural way, with the norm

H(err = H(ﬁl(o.m)l‘u

where 7.0, denotes the characteristic function of the interval (0, o).

Now, the concept of a material with memory consists in introducing a continuous
constitutive operator r defined on a cone 2 < # with its values in a finite dimensional
vector space S.

Let us cite the first three postulates admitted in [3] and some of their consequences.
They form the structure of the C-M theory. If ¢ is in ¥™° and ¢ > 0, then we define

HO(s) — {45(0), se [0, 0),
¢(s—o0), s€ o, 0),
do(8) = ¢p(s+0), se[0, o).

In terms of that two families of transformations (the first is called a static continuation,
the latter — the section or the right translation), the three postulates read as follows.

PosTULATE CMI.If ¢ isin ¥, then ¢® isin ¥ for all & > 0, and the conditions ¢, p € ¥
with [[¢p—»|| = 0 imply |[¢” -y =0 for all o > 0.

PostuLATE CM2. If ¢ is in ¥7, then so are all functions ¢, for all ¢ > 0.

PosTULATE CM3. If « € V, then so is the constant function «f, where of(s) = o for
any s 2 0

As consequences of CM1-CM3 one can receive among others the following results
[1-3]:

LemmA 0. A) If we put E% := ¢ for any ¢ = 0, then E is a well defined operator
on # with values in &. (We call it static continuation by the amount o).

B) The measure x must have an atom at s = 0 and be absolutely continuous on R** =
= (0, o0) with respect to the Lebesgue measure A. Furthermore, either w(R**) = 0 or 4
is absolutely continuous on R** with respect to u.

C) The space # is algebraically and topologically the direct sum of V and 4,., i.e.
A = V@A, and the norm || || is equivalent to || ||° defined by

lpll" == 19| +|l¢ll,- M
The points of Lemma 0 state that each element of ¥~ has its trace at s = 0; the value
of ¢ at 0 contributes in the same degree to the norm at s = 0 as the whole past history.
This observation will be crucial in getting the next result.

(*) In the mechanical theory of continua V is usually the space of symmetric second order Euclidean
tensors in which the positive cone represents all possible values of the Cauchy—Green strain tensor. Then ¢
is a strain history. &
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As it is well known, the concept of fading memory was put in the precise mathematical —
functional analysis setup for the first time in [11] (cf. also [12]). In the C-M theory it
appears in the form of two postulates, namely the separability of %4 and the relaxation
property of the norm. Not introducing those postulates, we would like to check whether
the finite memory is possible in the framework of the general theory of material with
memory restricted by Postulates CM1-CM3, only.

The finiteness of the memory will be introduced by the following

PoSTULATE 4'. There exists a finite positive w such that for arbitrary ¢,., ¢, €%,
the condition

(2.1) ®1lt0,01 = P2lto,01  implies b, = ¢,.

For further discussion we introduce

DEFINITION 1. A material with memory represented by the operator v defined in the
space # satisfying Postulates CM1, CM2, CM3 and 4’ will be called a material with finite
memory.

We see that for a material with finite memory two histories do not differ (they are
equivalent) if they are the same on the (final) time interval of duration w. The minimal
amount  the same for all histories and for which Eq. (2.1) is true, if existing, can be
treated as an intrinsic (constitutive) value.

The next observation has a fundamental meaning.

REMARK 1. The material with finite memory has the relaxation property for its norm
and, consequently, it has fading memory(3).

Proof. Let ¢ be in ¥ and consider its static contiruation by the amount w, We
obtain

(E°)ro.w1 = 9(0) 210, cnlto. 01 = ¢(0)10. w1-
Hence, by Eq. (2.1), we have [|E“¢p—¢p(0)f|| = 0 and, consequently,
lim|[E°p—¢(0)1]| = 0.

In view of the arbitrariness of ¢, the last relation expresses the relaxation property and
hence the proof is complete. |l

Since in # the norm is introduced through the function norm », the latter being based
on the measure y, the following observation is essential

REMARK 2. The requirement formed by Postulate 4" implies that

2) (@, ) = 0,

and in view of B) in Lemma 0O the finite memory is trivially short.
Proof. Let ¢, and ¢, be two different elements of ¥, then

€1 X @, 2)/[0,01 = €2 X(w, 0)l(0, w1-
From the requirement (2.1) of Postulate 4, we infer
Ci Xw.0) = C2X(®,0)-

This, however, in view of the fact that ¢, # ¢,, is equivalent to
({5 € RY ey Yw. my(8) # €2 Xo, 0 8)}) = p((w, 0)) = 0.

(*) According to the classical definition [C-M 2] # should be separable.
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From the condition B) in Lemma 0 follows u((0, 00)) = 0. This, however, means that
whenever ¢,(0) = ¢,(0) the histories ¢, and ¢, are equivalent, i.e. |[¢p;—¢,|| = 0. H

In terms of the constitutive properties from the above follows that for a given constitutive
operator t there exists the function r:¥ — S which realizes 1, i.e.,

(@) = r(¢(0).

Since just elastic materials (in the sense of Cauchy) are characterized by trivial (instantan-
eous) memory, we can formulate the final result of this section as follows:
THEOREM 1. Every material with finite memory in the sense of Definition 1 is elastic.

3. Searching for a material with finite memory

Theorem 1 of the above section was obtained as the result of strengthening the relaxation
property. This was done in order to get the finiteness of the memory. Theorem 1 cannot be,
however, treated as a satisfactory solution. In this section we shall try to find another
formulation of Postulate 4" that could help us to give a weaker condition than Eq. (2.1).

Searching for a gap between the relaxation property and the trivial outcome of Theorem
1, let us note that the relaxation property for the norm is equivalent to the following condi-
tion: for every continuous functional r: # — R and any ¢ €8

limr(E%) = r$?(0),

g—>c0

which is in fact expressed in terms of constitutive operators(*). Now we formulate the
following

PosTULATE 4. There exists a positive @ such that for every continuous functional
r: # — R and every pair ¢, ¢, € B, the condition

{b1%10,07 = b2 A0,07)  implies  {1(¢d;) = r(¢2)}.

LemmA 1. Postulate 4’ is equivalent to Postulate 4.

Proof. The proof of the implication “=" is obvious. To show the opposite implica-
tion, let us assume that there exists a pair ¢,., ¢, € B, such that ¢, # ¢, and ¢; ¥r0,0; =
= (5 %0,07- Then there exists(®) a continuous functional (even linear) r: B — R, such that
t(¢,) # r(¢p,), which contradicts Postulate 4'. |l

The equivalent formulation of the requirement (2.1) gives some hints for the direction
in which a weaker postulate could be looked for. Namely, by exchanging quantificators
the uniform existence condition P4 could be replaced by the pointwise existence. To this
end we propose

PosTULATE 4a. For every continuous functional r: & — R there exists a positive o
such that for every pair ¢,, ¢, € #, the condition

(3.1) {b1 410,01 = 240,00} implies  {r(y) = v(¢h)}-
(*) Compare CoLEMAN and MizkiL [1, p. 109] and the weaker version of the relaxation property in the
form of the constitutive asymptotic stability property in KosiNsk1 and VALANIS [9, p. 544].
(®*) Note that % is a Banach space.
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Unfortunately, in the new version the requirement of finiteness of the memory leads
to the same result as that of Remark 2. To make this obvious, we take for r the norm,
i.e.,

(@) = ||¢||] for every ¢e 2.

Then, in view of Postulate 4a, there should exist an @ > 0 for which Eq. (3.1) becomes
true. In particular, if ¢l0,0; = 00,0, then r(¢$) = r(0f) = 0, and, consequently,
Eq. (2.2) holds.

According to the authors, the last possible improvement of the finiteness requirement
in Postulate 4 can be done in the following form:

PosTULATE 4b. For every continuous functional r: Z — R and for every ¢, € # there
exists an @ > 0, such that for every ¢, € # the condition

3.2) {®1 0,01 = P2 X0.0;} implies  {r(d;) = 1(ch,)}
holds.

In this case, however, the outcome is not alluring, either. Namely, for a fixed ¢* from
4 we can define the continuous functional r by

(3.3) t(@) = llg*—¢ll.
If we take ¢p; = ¢*, then from the last formulation we can conclude the existence of a posi-
tive w with the property

(34) d)l [0,@] = d’?—‘[o,m]

which leads to r(¢p,) = r(¢,). However, in view of Eq. (3.3) r(¢,) = 0; it means that the
condition (3.4) with fixed ¢, and an arbitrary ¢,, implies ¢, = ¢,. As in the previous
case, the proposition of Remark 2 remains unaffected by our efforts to weaken it. It means
that our efforts do not lead to the desired result, mainly due to our way of the improvement
preserving the first three postulates of the C-M theory. We are forced to choose another
way and to neglect some of the primitive notions of the classical theory. It will be done
in the next section.

We conclude this section with a remark of general nature. It concerns the concept
of a state space, for the first time introduced by NoLL [6] in the theory of simple materials
and subsequently discussed by PErRzyNA and KosiNsk1 [13], and the present authors in
[8, 14]. The starting point for the domain of definition of an arbitrary constitutive function
of a simple material with memory in the C-M theory is the space #. In terms of the concept
of a state we can say that the space 4 restricted by Postulates CM1-CM3 differs, in general,
from the state space of the material in the sense of NoLL [6] and others [9, 13, 14]. The
difference can even appear for the case of a viscoelastic material (in the sense of Boltzmann),
not mentioning a material with finite memory. The latter case is certain.

4. The finite history space

The procedure which we are attempting to formulate now has to modify the framework
of the C-M theory. It will be done by allowing the representation of histories by functions
defined on a finite time interval and preserving the convenient features of the C-M theory.
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In this way the procedure becomes alluring through its direct applicability to computer
simulations, especially in the description of non-elastic material behaviour.

We are not going to reject the main concept of the C-M theory which requires that
each continuous functional on a given history space ought to exhibit the demanded features
(i.e. the finiteness of memory), since it could lead to great difficulties. One of them could
be observed in the identification problems, for in the space 4*, regarded as a space of all
continuous (linear and nonlinear) functionals on %, there would be functionals of materials
with infinite memory in each neighbourhood of a functional of a material with finite
memory.

As we know in the approach given by C-M, the domain of a constitutive functional
of a material with memory is defined in a formal way in terms of u-measurable functions.
This attempt leaves only one object unspecified for the further analysis, namely the influence
measure . Consequently all postulates impose restrictions on this measure. In the procedure
we are now suggesting the same general postulates to hold, but they should restrict the
domain rather than the measure.

Before the new definition of the domain is given, we would like to point out one more
problem. Namely, if ¢ is a given history, then in the case of a material with finite memory,
characterized by a positive number (amount) w, the whole information contained in
®lw. ) has no influence on the response of the material. This observation, expressed
by the property (2.2) of the influence measure u, unables to satisfy Postulate CM2 by an
arbitrary u-measurable function, because the function

0 on [0,w],

v(s) = {oo on (w, )
is in Z and no a-section y,, of y is in 4, if o is greater than 0. This fact implies the question:
why, in the case of a material with finite memory, do physically non-admissible histories
have to be regarded as proper objects for the derivation of the restrictions on the influence
measure if the domain of definition of the corresponding constitutive functional does not
contain them? Now we are well prepared for the following:

DEFINITION 2. The domain of definition of a constitutive functional of a material with
finite memory is a cone G*

(4.1) 6= {¢ €| ‘g’ov(!fﬁ(a)!) < @},

in the Banach space # defined(®) in Sect. 2 (together with its cone 9 < B), the space B
has to be restricted by the postulate CM1 and CM3. Furthermore, the measure p has to have
the following splitting in the Dirac measure at s = 0 and an absolutely continuous with respect
to the Lebesgue measure 2 on (0, c0)

(4.2) u=c;0(0)+ 4,
where ¢, is a positive constant and dA[(dA') # 0 on (0, o).

Using the results of [3] concerning the consequences of Postulates CM1-CM3, we get
the point A) of the Lemma 0, as well as the point C). The second part of the point B)

(°) Another interesting case occurs when one changes the norm of # into the alternative one
1P| := Sup{v(|¢(a)[)2 o= 0}.
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is no longer true, for Postulate CM2 has not been assumed, and, moreover, Eq. (4.1)
introduces the restriction on the domain rather, than on the whole space 4. Now, if we
identify u — a.e. ‘equal histories and choose representatives vanishing on (w, o), we
obtain now a new space of “histories” of finite duration. The new space will be exemplified
in what follows.

Let & be a Banach function space, the elements of which are u’ — measurable functions
on [0, w] where the measure g’ is the restriction of u to [0, w]. If || || denotes the norm
in # then the first property of the finite history space is given by the following:

PostuLATE Fl. If ¢, ¢, € F and |lg, —@,l]l = 0, then ¢,(0) = ¢,(0).

From this requirement it follows that the measure u’ must possess an atom at s = 0.
To formulate the next property, let us now notice that the function ¢ (or more precisely —
an equivalent class) from # can be regarded as a history of finite duration and, con-
sequently, the static continuation map T° defined by
@.3) (T9)(s) = ¢(0), ?f' s € min(o, w),

g(s—o), if o<s<o,
and reflecting the properties of the map E° given in Sect. 2 for the case of infinite memory
does not have any sense for 6 > w. However, for any ¢ <  this map should be well defined
in %, and should be continuous, as E” was (cf. [8]). Hence the next requirement will be

PosTULATE F2. For any ¢ € [0, »] the map T” defined by (4.1) is continuous as a map
from % into #

The image of ¢ under the map 77 can be regarded as the result of a composition of an
element from % with a constant function ¢(0)" on [0, 6]. We would like, however, to be
able to compose elements from .# with nonconstant functions, as well. The latter can be
called processes. To this end we introduce the following requirements:

PoSTULATE F3. There exists a class /1 of S-valued functions defined on the closed
intervals of the type [0,d], d = 0, such that:

a) for every ¢ € # and P €I the superposition ¢*P, called continuation of ¢ by the
process P, and defined by

P(dp—s) if s< min{dp,m},

(4.4) (@*P)(s) := gs—dp) if dp <5<,

belongs to #, where domP = [0, d,];
b) for every g € # and o€ [0, w], Plo. N1, # &, where

@(s) := ¢(w—s) and I, := {Pell|ldurP = a};

c) for every P ell and each pair (t,,t;) such that 0 < t, < 1, < d, and 1,—#; < w,
there exists an element ¢ € # such that(") Pl 1€ ¢lio.e,—1,s-

We can see that this representation of the finite history space # contains an additional
object in the description, namely the class of processes /1. That class is introduced in a
way, which makes it possible to lengthen a finite “history” by such a process to obtain
a new finite history. The properties of the prolongation are natural for the model of material

(7) Note that processes are functions while histories are classes of equivalent functions.
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with finite memory. Thanks to this, the properties of class /7 are similar to that required
by NoLL in his framework of “a new mathematical theory of materials” [6].
At the end, let us notice that the space & serves as a complete example for the domain
of definition of a material with finite memory if we put w = 1 and &'/dA(zx) = 1 -1,
te[0,1], and p' = 6(0)+»". With this measure at hand we can put
F =1L12,(0,1) and II=\Jll,
t=0

with

1
11, = {P:0, 1~ 8| [ (1= ) P2(x)dr < oo}.
0
A particular form of the constitutive functional could be

1
1g) = E((@@ + [ (1- ) p(x)d1).
0

The functional will describe a viscoelastic material if we identify the values of 1 with the
stress tensor and of ¢ — with the strain. In case of a beam made of such a viscoelastic
material, further identification is necessary. It will be done in the next paper [15] together
with the investigation of a vibration problem.

References

1. B. D. CoLEMAN and V. J. MizeL, Norins and semi-groups in the theory of fading memory, Arch. Rat.
Mech. Anal., 23, 87-123, 1966.

2. B. D. CoLeMaN and V. J. MizEL, A general theory of dissipation in materials with memory, Arch. Rat.
Mech. Anal., 27, 255-274, 1967.

3. B. D. CoLeMAN and V. J. MizEL, On the general theory of fading memory, Arch. Rat. Mech. Anal.,
29, 18-31, 1968.

4. C. TruespeELL and W. NoLL, The non-linear field theory of mechanics, Handbuch der Physik, Band
I11/3, S. Fliigge [ed.], Springer, Berlin, Heidelberg, New York 1965.

5. B. D. CoLeMaN, Thermodynamics of materials with memory, Arch. Rat. Mech. Anal., 17, 1-46, 1964.

6. W. NoLL, A new mathematical theory of simple materials, Arch. Rat. Mech. Anal., 48, 1-50, 1972.

7. B. D. CoLEMAN and D. R. OWEN, On thermodynamics and elastic-plastic materials, Arch. Rat. Mech.
Anal., 59, 25-51, 1975.

8. K. FriscumutH and W. KosiNsK1, The asymplotic rest property for materials with memory, Arch., Mech.,
34, 4, 515-521, 1982.

9. W. Kosinsk1 and K. C. VALANIS, Temporal memory as a constitutive principle and its limitations, Arch.
Mech., 35, 4, 541-547, 1983.

10. A. C. ZAANEN, Integration, North-Holland, Amsterdam 1967.

11. B. D. CoLeman and W. NoLL, An approximation theorem for functionals, with applications in continum
mechanics, Arch. Rat. Mech. Anal., 6, 355-370, 1960.

12, A.E. GreeN and R. S. RivLIN, The mechanics of non-linear materials with memory, Part I, Arch. Rat.
Mech. Anal., 1, 1-21, 1957.

13. P. PErzyNA and W. KosiNsKI, A mathematical theory of materials, Bull. Acad. Polon. Sci., Série Sci.
Techn., 21, 647-654, 1973.

14. K. FriscimutH, W. KosiNskl and P. PERzYNA. Remarks on mathematical theory of materials, Arch.
Mech., 38, 1-2, 59-69, 1986.



552 K. FriSCHMUTH AND W. KOSINSKI

15. T. Lekszyckr, K. FriscamuTH, W, KosINsK1, Optimal design of elastic beams damped by a layer of finite
memory material, [prepared for public. in Arch. Mech.].
16. P. VILLAGGIO, The thermodynamics of fatigue-sensitive materials, Meccanica, 14, 1, 48-54, 1979.

UNIVERSITAT ROSTOCK

SEKTION MATHEMATIK, ROSTOCK, DDR

and

POLISH ACADEMY OF SCIENCES

INSTITUTE OF FUNDAMENTAL TECHNOLOGICAL RESEARCH.

Received May 6, 1988.





