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Appropriate solution and its application to problems in fluid dynamics
IL. Accuracy of approximate solution

A. SAKURAI (TOKYO)

THE NoTION of an appropriate solution and accuracy of approximate solutions are defined in
the paper. These notions are applied to the theoretical test for the accuracy of M2Z-expension
solution of two-dimensional compressible flow past a profile in a uniform stream. It is shown
that the basic equation is approfriate under a certain condition, and this property is utilized
to check the accuracy of the M?*-expansion solutions for various types of profiles, leading to
error estimates in terms of Mach number M and the ratio of specific heats y.

W pracy zdefiniowano pojecie rozwiazania wlasciwego oraz okre$lono dokladno$¢ przyblizo-
nego rozwigzania rownania. Pojecia te zastosowano do sprawdzianu teoretycznego dokladnosci
rozwinigcia M? przedstawiajacego rozwiazanie dwuwymiarowego, $ci§liwego oplywu profilu
w strumieniu jednorodnym. Pokazano, ze podstawowe rownanie jest wlasciwe przy spelnieniu
pewnego warunku, a wlasno$¢ te wykorzysta¢é mozna do sprawdzenia dokladnosci rozwigzan
w postaci rozwinie¢ M? dla réznych typéw profili, co prowadzi do oszacowania bledéw za
pomocy liczby Macha M i ciepla wlasciwego y.

B paGote onpe/eneHo MOHATHE MPABIILHOTO PelUEHHsT W OMpEe/eHa TOYHOCTh IMPHOmDKeH-
HOTO pellieHHsl YPABHEHMA. DTH NMOHATHA MPHUMEHEHBI K TEOPETHYECKOH MpPOBEpKEe TOYHOCTH
pasBnoxxennsa M, npefcTaBnsiomero pellieHle JBYMEPHOTO CHKHMaeMoro obTexanua npoduna
B ogpopogHoM moToKe. ITokasaHo, UTO OCHOBHOEe ypaBHEHME ABJIACTCA MPABIIEHBIM IPH
YAOBNETBOPEHHH HEKOTOPOMY YCJIOBHIO, 3 3T0 CBOHCTBO MOMKHO HCHONL30BaTh JULA MPOBEPKH
TOYHOCTH pellieHmit B Buje pasnoykenuit M? mna pasHeX THOOB mpodwueii, YTO MPHBOMMT
K olleHKe OIIAGOK mph momomiy uucna Maxa M i yaensHOR TEnmoeMKocTH y.

1. Introduction

THE PURPOSE of this paper is to give an application of the concept of “appropriateness”
introduced in the previous work [1], to an estimate of accuracy of an approximate solution.

The appropriateness and the accuracy here is defined as follows.

Let X, Y be normed spaces, Dc X, T:D— Y, yo € Y and ¢, & > 0 be given, and let
S(yo, &) = {x|[|ITx—yol| < &, x € D}. The equation Tx = y, is called (¢, &')-appropriate,
if ||lx—x'|| < & for any x, x’ € S(yo, €"); and any x € S(yo, ¢') of an (s, &')-appropriate
Tx = y, is called its (g, ¢')-appropriate solution.

The solution set S(y,, ¢') is introduced to enlarge the conception of solution from
x of Tx = y, to ones of Tx ~ y, in compliance with the situation that an equation for
problems in science and technology is usually an idealized approximation to a certain
natural law, which can be written down more precisely by an expression such as Tx = yo.
The appropriateness is to meet the requirement of a mathematical idealization of the real
problem, which can not be reasonable without having the property of “stability” and
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“uniqueness”, representing the feature that a corresponding physical phenomenon in
reality should appear determinately.
Consider an approximate solution x, of an equation Tx = y, and let

§= S(y()’“wa'"yO“)s d= Sgpsllx—x’“.

The accuracy of approximate solution is then defined as ||Tx,—y,||+ & or more con-
cisely by 4 itself when the magnitude of ||Tx,— y,l| is the same as or less than that of 4.

Note that é gives a conventional error bound of the approximate solution if a true
solution of Tx = y, exists. Moreover, it is evident that d < 2¢ for any (e, ||Tx,— yol|) —
appropriate solution x, of Tx = y,.

As an example, we consider below the accuracy of the classical M2-expansion solution
of a two-dimensional compressible flow past a profile in a uniform stream. For this, the
basic case of the flow past a circular cylinder without circulation is considered first in
Sect. 2, and it is then extended in Sect. 3 to the cases of more general profiles.

2. M?-expansion solution of flow past a circular cylinder without circulation

We consider here the basic case of the unit flow past a circular cylinder of unit radius
without circulation [2].
We start with the equation of a two-dimensional compressible flow [3],

OF 1-p 0 -
e % =3 & FFh

where z = x+iy, F is the complex velocity potential and p is the dimensionless density
based on the density at infinity. For a polytropic gas of adiabatic index y (> 1),
1

22) 0= [1 —y—;lM‘(Iqiz—I)]?_',

where M is the Mach number of the uniform flow at infinity, and ¢ is the complex velocity
defined here as

@.3) o %(F+F‘J.

The boundary conditions are Im(F) = const (= 0, say) on the surface of the body,
and

OF[0z -1 as z- .
In addition to the above, we postulate that the flow velocity ¢ belongs to a certain

class of functions, which bears the characteristics of M?-expansion solutions of the present
case. Introduce for this a normed space X = {f}, where f(r, ) is a function given by

[0,0)= D fal)e™

m=—oo
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with complex valued, continuous f,(r), and

A1l = Z Sup £ < .
Now let g, be the complex velocity of the incompressible flow of the present case or
go = 1—=72 and let
(2‘5) q o= 40+Qs Q € D! D = {QErQ EX! Re(Qe_ie)r—_-l = 0}'
Observe that g in Eq. (2.5) satisfies the boundary condition in Eq. (2.4), and the class
of ¢’s includes any M?-expansion solution to the flow velocity past a circular cylinder

without circulation [4].
It can be shown then that

1
(2.6) (1-g)geD, and Q = N{7 (l—e)q},
where N'D — D is a bounded linear operator defined by @ = Nh through Q = g—¢,,
(F+F), 6{? = heD.

Deﬁne T:D - D by

@7 r0=0-n{} 1o

and rewrite Eq. (2.6) as TQ = 0.

The equation 7Q = 0 is proved to be (2¢'/G4(4,, M?, ), ¢ )-appropriate, where
G.(A4, M2, y) is the derivative of a given function G(4, M?, y) with 4 = 2+||rQ|| and
A, is the smallest root of G(4, M?,y) = 2+¢' for a given M2, y, ¢'. Thus the accuracy 9
of an approximate solution Q of 7Q = 0 is given by

(2.8) 8 < 2[IrTQI1/Ga(Ao, M2, 7).

Now the M2-expansion solution g of order n can be written as

n

g™ = go+0™, QO™ = Z‘MﬂRm’ n=0,1,...,

i=0

where R = 0 and R® for i > 1 are determined successively from R using Eq. (2.6).
The accuracy d of the n-th order approximation Q™ is given by Eq. (2.8) as

(29) 8 < 0™ = 2||IrTQ™|1/G 4((4o, M?, 9),
which can be expressed, in principle, in terms of y, M and A™ (= 2+([rQ™||) as
(2.10) d™M < 5’{«:(‘4“), M2, y).

Actual computation to determine 8™ is roughly equivalent to the derivation of the
next approximation Q"+ from Q™. The magnitudes of 8 and " computed for two
cases y = 2 and y = 1.4 are shown graphically in Fig. 1, where their relative values
8/|Ig0l| and 3Y/l1g0ll expressed as percentages are plotted against the Mach number M.
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Fi1G. 1. Relative accuracies of the zero-th and the first order M 2-expansion solutions.

3. M?-expansion solution of a flow past an arbitrary cylinder

The above procedure for the determination of the accuracy of the M?-expansion so-
lution to a circular cylinder shown in the previous section is extended here to incorporate
a cylinder of a more general profile P and a circulation around it.

Let us assume that the region outside the profile P in the z-plane is conformally map-
ped onto the region outside a unit circle with the center at the origin in the Z-plane by
the transformation function z = P(Z):

(3-1) zZ = b...lz+b|)+blz_l+ weny b—.l. = aew.

Then the complex velocity g, of the incompressible flow past a profile P is given generally
as

@2 =37 =4 |z

_ dF, _ dF, / dz
with
Fo = a{e®YZ+ e '0-DZ-1} tixlogZ,
where « is the angle with the x-axis of the direction of the undisturbed flow at infinity,
2nx is the amount of circulation around the profile.
Introduce here the same space X and D as above in Eq. (2.5) in the Z-plane and assume
for the complex velocity g that ¢ = go+Q, with
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(3.3) 40,|ZIQ, dz/dZeX.

It should be noted that the assumption in Eq. (3.3) excludes some singular profiles
such as a flat plate.

With these assumptions, the equation 7Q = 0 in Eq. (2.7) can be extended to
T'Q = 0 with

" dz\"* (1 dz
T =0-(gz) Mzu-oagz):

which can be shown to have a similar property as to the appropriateness to that of Eq. (2.7).
This property is utilized for the accuracy of the flow past various profiles with circulation.

Actual computations are done for the zero-th approximate solutions to cases including
a circular cylinder with circulation, an elliptic cylinder and Joukowski aerofoil. The results
show the general tendency that the larger a profile deforms from the circle, and the larger
the amount of circulation is, the less the accuracy becomes.
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